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1. MHO>XXecTBeHHasl perpeccud

[TycTh umeroTcst ciaydaiinbie BeJMUnHbl &1, ..., &, ¢ COBMECTHON TJIOTHOC-
10 f(x1, T2, ..., T,). Perpeccueit ujm ycjoBHBIM MaTeMATHUECKUM OXKUJIa-

HUEM CJlydalHON BeJimuuHbl & 1PU (DUKCUPOBAHHBIX 3HAUYEHUSX CJIydalHbIX

BesinauH &;, © = 2,...,n, Ha3bIBaeTCsd (DYHKIINSA, 3aBUCAINAs OT MEePEMEHHBIX
T9,...,Tn, BUIA
o
f xlf(xh R 7xn)dxl
E(fﬂfz =29,...,& = CUn) = m1($2, cee 7xn) = _Oﬁfo

[ flar, ... an)dr

[ToBepXHOCTH PErpecCur ONUCHIBACTCS YPABHEHUEM T1 = My (X1, ..., Ty).

1.1. JImaeliHag cpeaHEKBaApATUYIHAS perpeccusd

st yrporenust BbIBOJOB OyjieMm cuntarh K& = 0. @opmysibl Jijist TPO-
U3BOJILHOT'O IEHTPA Ts¥KECTU OYJIyT MOJIydaThCs MPOCTOM 3ameHoi & Ha & —
m;. CpegHekBaipaTndeckasi Perpeccun BeJUIuHbl £ OTHOCUTETHHO &9, . .., &y

onupeneJdaeTcd Kak IruliepiijioCKOCTb

&1 = P&+ ...+ Binéa, (1)

Jdaroliad HaWJIYUIIIYIO allllPOKCUMaIliI0O MaTEMATUICCKOT'O O2KNAaHWA KBaJpaTa

pPasHOCTU

E(& — B2& — ... — Bin&n)” — min, (2)

T.e. TIpaBas J9acThb (1) ABIACTCA HAMITYHIICH JTHHEHHON OTEHKOM &1 BeTnInHAMN
2y, &, B eMbicsie MuHEMYMa (2). f1; HA3BIBAIOTCS %ACTHOLMU KOIPPHULueH-

Mamu pe2peccu.



st ux Boraucienust npojguddepennupyem (2) o [y;.

p

dgu : _2E§2(€1 - 61252 I ﬂlngn) =0
< o« e e
\ dﬁdln D 2B, (& — B2k — ... — Pinén) =0

OTO paBHOCUJILHO 1PU A;j = F§;§; cucreme ypaBHenuit

(

A2 B12 + ...+ AopSBin = Ao
4 L (3)

\ An2B12 + oo+ AnBin = A

OnpeeauTenb 3TOM CHCTEMBI paBeH aJredpamdeckKoMy AomoaHennio Ay Mar-

punbl BTOPbIX MOMEHTOB

Al A2 .. A
Aot Ao ... Agy

)\nl /\n2 )\nn

ITo Teopeme Kpamepa, (512 paBHO OTHOIIEHHUIO OIPEICIUTEIsT

Aot A2z ... Aoy

)\nl >\n3 >\nn

KOTOPBIH paBed —Aq9, K onpegenureio A, T.e. S92 = —A19/A11. Kosddpuru-

eHT (313 pPaBeH OTHOIIEHUIO OIIPEIeTUTE s

)\22 /\21 >\24 /\Qn
: (4)

>\n2 )\nl )\n4 /\nn

OJIYI€HHOTO B pe3yJIbTaTe 3aMeHbl B MAaTpHIle A1 BTOporo c¢roJdIa Ha crojbderr

cBODOJTHBIX WieHOB cucreMbl (3), K onpegenutesnio Aqy. [lomensiem mecramu
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nepsbie JBa crosbdia. Onpejenurens (8) paBen

A21 >\22 )\24 >\2n

- - _A13> (5)
)\nl >\n2 )\n4 SR )\nn
T.C.
A3
By = -2,
A1y
AHaJIOruaHO 1oJIydaeM, 4To
Ay
By = ——. 6
AL (6)
[IpocToii mepecTaHOBKOM MHIEKCOB MOJTyYIaeM
Aig
o= ) 7

1.2. OcraTk;u m ocTaTOYHas JUCIIEPCUd

Orpannanmcs paceMorpenueM ciydast, korna [Aqp| # 0. Ciyuaitnas Besu-

YUHa BUJIA,

M23.n =& — B12&a — ... — Binén (8)

Ha3bIBAETCS OCTATKOM BEJUYUHBI £ OTHOCUTENbHO &9, ..., &,. Tlokaxkem, 1uTo
0CMaAMox He Koppeauposar Hu ¢ 00not u3 "evivumaemoix"cayuatinoxr sesunun.

N3 (6) u u3 Toro, uro 1 = A1 /A1 umeem

1 n
m.23..n = A_n ; Alkfk- (9)

Orcroza, ¢ yaerom Toro, aro B¢ = 0, noixydaem

Enios.n = 0. (10)
7



n

n A .
1 1 —, =1,
E&m.os. n = A E E&i& My = A E Aiphy = Mo

(11)
0, i+#1,

n n
Tak xkak > A = A, a > N\ipAyx = 0 paBen ompeesuTesio MaTPHUIIbL,
KOTOPOIl BMECTO TEPBOil CTOUT % -asl CTPOYKA, & €CJN B MATPHUIE JIBE CTPOUYKH
OJIMHAKOBBI, €€ OIPEJICJINTE/Ib PABEH HYJIIO.

2
Bblanciaum ocraTouHyio JAUCIEPCHIo 0793 .. C yaerom (10)

0%.23...71 = E(n%-%...n)-

Bamenum oy u3 1) Ha (9). B cuny (11) nosyaaem

A

o (12)

1 n
Olog.n=E o Z Aii&imas.n | = E(&1m23.n) =
i=1

DTO Mepa MPHUOJMKEHUS CJYUIANHON BeIMINHbI &1 TUHEHHOW KOMONHAIIEH

ff = 61252 +...+ Blnfn

1.3. YacTHaga Koppeadaius

YacTHbIM KOI(DMHUITUEHTOM KOPPEJIAIUU MEXK/JLy JABYM:A CIydaliHbIMU Be-

JmanHaMu & u o Ha3bIBAETCA KOIDPUIMEHT KOPPEJSIUN MEXK /1y OCTaTKaMu

012:34..n = COT(N1.34. n12:34..0) (13)

AMEIONNA CMBICJ Mepbl JUHEHHON 3aBUCUMOCTH MEXKY BeJIUYUHaAMU I[OCTe
yCTpaHeHus U3MEHEHU, BbI3BAHHDIX BJIUAHUEM 53, . ,fn. Tax xkax Eny.34.n =
0u Engss.pn =0, 10

E(n1-34...n772~34...n)
VEM31.0)2E(n2.34.n)?

012-34..n =

Nrak, B cuy (11)

Aoy Ao

Bifisgs.n = B(&imain) = - = 1
Ay

By = E(&2m234.n) = A11122'
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Hautee,

E(ms4. nh234.n) =

TaK KaK

12.34..n =

nosromy (14) umeer Buj

E(€1n2.34. n A11 22

Takum obpasom,

Z Ao B &L =

012:34..n. = —

E&im2.34..m

Vv A11A22

E(€1n2~34...n)a

(14)

(15)

Mexk 1y 4acTHO# KOoppesisiueil 1 COOTBETCTBYIONUM YaCTHBIM KO3 DuIim-

EHTOM DEerpeccun MMeer MecTo JuHeiiHas 3asucumocth. Coryacho (15) u

nMeem
Ao Aqp
012:34..n =
A11A22 Ago
s cayaass n = 3 MaTpuiia BTOPLIX MOMEHTOB A MMeeT BU/I
2
01 0102012 0103013
_ 2
A= 0102012 09 0903023
2
0103013 0203023 03
A 2 _
12 010201203 — 01030130203023

612 34..n

012 — 013023

0123 = — = =
VA2 o9034/1 — 03301031/ 1 — 034

9

- @%3\/1 - 9%3

(6)

(16)



[IPIMEP. B kauecrse "saBucmmvoii" mepemennoii £; 6y1eM paccMaTpHBATL CPETHION
HPOJAOJIZKAUTEJBHOCTh B TO/LY, & B Ka4eCTBE HE3aBUCHUMBIX IEPEMEHHBIX — HAIMOHAJBHOE 0O-
rarcTBo & 1 00beM &3 MPOTABaeMOil BOJKH 3a TOJ, HPUXO/AIIUICS HA OJJHOTO YesioBeKa (B
OyThiikax). B kadecrBe waamBngo N = 7 Gyaem paccmarpubarh roabi: 1970, 1975, 1980,
1985, 1990, 1995 u 1998. 3Be3goukamMu OTMedeHbI apTeDAKThl WJIN HEMOJHBIE HAOTIOIEHNS,

3aMEeHeHHbIe CpeIHUMHU.

j | Tomer | IIpomonxk-te | Ham.6orarcso Bonka
KUBHA &1 (mapa.mgon.) & | (GyT.B rox;) &3
1| 1970 68.9 2372%* 25.3
2| 1975 68.1 2372% 28
3| 1980 67.6 2489 30
4| 1985 69.2 3379 23.5
5 | 1990 69.2 4130 18
6 | 1995 64.6 1171 384
7| 1998 67 689 29.6

Bribopounbie cpegame n cTaHIaPTHBIE OKJIOHEHUST M; +S; paBHBI COOTBETCTBEHHO 67.8+
1.6, 2372 + 1182.7, 27.5 £+ 6.3. Marpuna BTOpHIX MOMEHTOB (ee jeTepMUHAHT paBeH A =

3882374) u ee anrebpandecKux JOMOJHEHUH UMEIOT BUIL:

/\z‘j fl 52 53 Az‘j 51 52 53

& 231 1291 -8.32 & | 13214148 | -368 | 138823
& 1199027 | -5294.52 & 10,1 | 1468
& 34.40 & 1097860

Kosdpdunuenrsr koppesisinuu pasubl 10 = 0.78, 013 = —0.93, 023 = —0.82. BoruucJjisiem

yacTHble Ko puimennbl perpeccun 4actTubie KO3IMPUITMEHTH KOPPEIAIUN U JUCHEPCUIO OC-

TaTKa:
At —368 i As
b2 ==X = T 13214148 O A, ’
A3 138823 A3
g= o8 90089 (94 pap = —— B 08D
s = = = 13214148 Y oy v ’
, A 3ssasT4

12T N T 13214148

CBOOOIHBIN YIeH BBHIYHCISETCHI HEIOCPEeICTBEHHO (311 = My — [1amsy — Pi3mg = T4.28.
Hab6mropaemast moI0:KUTeIbHAS KOPPESIIS MeZK Iy TPOI0TKATEIbHOCTHIO XKU3HA U POCTOM
HAIMOHAJILHOI'O 00raTcBa OO'bsICHSAETCS T€M, YTO 1IPU CHUKEHUHU €0 YPOBHS YBEJIUYUBACTCH

IIpoJdazKa BOAKHU, KOTOpad U IIPUBOAUT K CHHUZKCHUIO IIPOAOJZKUTE/IbHOCTH ZKU3HU.
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1.4. Muo>XecTBeHHbII KO3 DUITMEHT KOPPEeadaIum

MuozkecTBeHHBIM KO3(DMUIMEHTOM KOPPENAIHUA 01(23..,) MEXKJLY CIlydaii-
HOW BeJTMIMHON & ¥ MHOXKECTBOM CJYyJalHbIX BeaudIuH o, . . ., &, Ha3bIBAETCs
Ko DUIMeHT Koppesdiun £ U ee HAWJIyUIleil cpeJiHeKBaPATUIeCKONH OlleH-
KO, MOCTPOEHHO 110 HADOPY ciyuaitHbIx Benunt &, ..., &,. B ciaydae EE = 0

MHOXKECTBEHHbIN KOI(MDMUITMEHT KOPPEJIAIT UMEET BHU/L

01(23..n) = 2GSy
" VEGE(EE)?

rie & = P12éa + ... + Pin€n — Hansyumas onenka & 1o o, ..., &,. o (8)

(17)

& = & — Mi.23..n, HOTOMY C yaeToM (11) u (12)

A
E(Slfik) = E(fl(fl - 771.23_”71)) = Ef% — E£1771~23...n — )\11 o AH
E(&)" = E(§ — 26m23.0 + Ma3.n) = A1 — A_ll

CuietoBaTesibHO,

- AAH /1 A 18
01(23..n) = \/)\—11 = A ( )

JIJ1s1 9MCIeHHBIX BBIYUCICHUN OKA3BIBACTCS MOJIE3HOM (hOpMYyIIa

2 2 2
2 — 1 01.23.n _ 91 01231 (19)
01(23..n) = o2 o2 ,
1 1

2 _ A _ 2

TaK Kak 10 (12) 0{93 , = 3, a A = 07.
KBajipaT MHOXXeCTBEHHOI'O KO3 (DUIIMEHTa KOPPEJsIUd Ul K03hdhuuu-
enm demepMunayuy PABEeH JI0JIe TACIEPCHH, 00bsICHIEMO perpeccreii, To eCTh

BJINSAHUAEM CIy9aiiHbIX Beqnan &o, ..., &, Ha &.

[TPUMEP (npogosxkenne). Koadbdunuenr perepMunaliym paBen

B2 o7 — oty  2.31-0.29
A T T T T

— .87,

MHOKECTBEHHbIHA KOI(DPUIMEHT KOPpeIAluE paBeH 01(23) = 0.93.

11



1.5. OTHoOIIEeHMe aUCTIEPCUT 1 YACTHBIM

KO3 PUIMEHT KOPPEJIAIUN

2 2 2
B1905.34..n _ 0O12:34.n (20)
2 - 2
01.234..n L — 079340

JI0Ka3aTesIbCTBO 9TOTO YTBEPIK ICHHS OMUPACTCA Ha PaBEHCTBO YIKOOH:
A-Appge =A1 - Aoe — Apg - Ay (21)

Wcnonbays u3 (6) u (12) BoIpakenus Jiis

2
52 _ Aty
12 7 A2
Aty
o2 _ A o2 . An
123.n — X 2:34.m — A
An A2
1I0JIy4aeM JIEBYIO 4acThb B BHUJIE:
2 2 2 2 2
B1205.34. - Aty ) A _ A - Aty - Afy

2 — A2 = = :
01.934..n A11 Aoz A A A A1 - Ao — App - Ay
¥ 2 Al
C apyroit croponsl, u3 (15) 0p34. ., = F 45+ CIEAOBATEINLHO,
2 2
Q1234.n Afy
2 o 2 :
1 — 01934 A1y (1 _ A )

Aq1As

12



2. IIpoBepka runore3 B MHOYKECTBEHHOII perpeccun

2.1. OueHnBaHNEe TapaMeTPOB

Pemaetca 3agaua npeicKkazaius MepeMeHHOR ¢ ¢ TOMOIILIO P IePEMEHHBIX
x1,...,%Tp DB maxerax anaimsza OObIYHO IepEeMEHHYIO Y Ha3bIBAIOT 3aBUCUMOIL
IIepeMeHHoll, a lepeMeHHbIe T, ..., T, — He3aBUCUMBIMU. 3aMETUM, YTO 3TOT
TEPMUH HE SKBUBAJICHTEH HE3aBUCUMOCTH B BEPOSITHOCTHOMN CMBIC/IE. Y pPaBHEHUE
MOJICJIN, BbIPAXKAIONee 3aBUCUMOCTDL MEXKJLy Y U X1, ..., T, MOKHO 3allUCATh B

BUJIE

y=f(x1,...,2p; By, Bm) + e,

e P, ..., 08y, — HEM3BECTHBIE MapaMerpbl, € — onmbKa alnpokcuMalu. B

YaCTHOCTH, eciu m = p + 1

f(xla"'axp;ﬁlw";Bm):50+61x1+-"+6pxp7 (22)

TO MBI IMEEM MOJIe/Ib MHOXKECTBEHHON JIMHeiHO# perpeccun. K sToit Momenn
CBOJIATCA MHOTHE JPyTrue BapUaHThl MOJIeJeil, eCiii He3aBUCUMbIe ITepeMeHHble
SIBJIAIOTCs (DYHKIUSIMHU, HAIIPUMeED, y = [P + [18in 21 + [osin 29 + € apisercs
MOJIEJIBIO MHOXKECTBEHHOM JIMHENHOI perpeccun ¢ x; = Sin z;, WIN T; = a:i, B
9TOM CJIydae K MOJEJIN MHOXKECTBEHHOUN JIMHEHHON perpeccuu CBOJIUTCS MMOJIN-
HOMUAJIbHAs MO/IEJIb.

[TapameTpbl OIEHUBAIOTCS IO BHIOOPKE 00beMa 1

Y| x| xp
Y| T |- Tpl
Y2 | T12 | ... | Tp2
Yn | T1in Tpn

13



Ilepemennnbie xy,...,x, cuuTaroTcd JerepMuHupoBanubiMu. [Ipejncrasum

MO/I€JIb MHOXKECTBEHHOM JIMHENHON perpeccuu B BUJIC CUCTEMbI YPaBHEHUN

Yi = Oé—f—ﬂl(l'li —51_71) —f—...—f—ﬁp(xm —i'p) +6;, 1=1,...,n, (23)

rae nesasucumbie §; ~ N(0,0). Ouenku &, By, . .. ,Bp, KOTOPBIE MUHUMU3UPYIOT
n

S= (yi—a—Pilxi—21) — ... — Bylry — T,))", (24)
i=1

HA3BIBAIOTCS YACTHBIMU KO (DUIMEHTAMHI PErpeccui. DTa MOJIENb CBOIUTCS
K Mojesnn (22) BbpaxkenueM it napamerpa ) = a + (1% + ... + BpTp.

Oboznauum 4epes

1 < ) _
lij = o Z(ﬂfzu - Zl?z‘)(iﬂju - l“j)y (25)
v=1

loj = % > (= 0)(xjy — 7)) (26)

OLICHKM BTOPBIX IEHTPaJIbHLIX MOMEHTOB, a 4epe3 L n L;; Oyjem obosnauarh

OonpeaeJIimTes b MaTPUIlbl BTOPBLIX BbI60pO‘IHbIX INEeHTpaJIbHBIX MOMEHTOB

l11 llp

b o Ly

n ero ajgrebpamveckue jornonnenusi. Bygem mpepmnonarars, aro L # 0, y ~

N(a, o), tne
Ey=a+pi(v1 — 1)+ ...+ Bplxy, — Tp).

. p
[To merojsy HayMeHbIIMX KBaJApaToB, & = ¥, [3; = % > lojLij, a onenkoit
j=1
MaKCUMAaJILHOTO TIPABJIONOA00UsT JUCIEPCUN ABJISICTCS BhIPAsKeHUE:

n

1
/\2:_ I/_AI/Z 2
o n;:l(y Uu)*, (27)

e depes 4, = & — Bi(z1, — 1) — ... — Bp(xp, — Tp) 0003HAYTEHO HamMIyHIIEe
JIMHEHOe IIpeJICKa3anne nepeMeHnon .

14



2.2. MoMeHTBI OIIEHOK YaCTHBIX K03((puImeHToB perpeccun

1. Fa = a. Ilokaxkewm, 4T0

B camowm jiele,

E&¢=FE(a+0) =

2. EB; = B;. HeiictBuresibHO, U3 §j = v + 0 1OJIydaeM, 9TO

p

yo—G=a+ Y Bulww— ) +0, —a—d=

k=1
p —
Z ZL’]W — ZCk 5,/ — (5 (29)
k=1

Borauciasgem Maremarnueckoe OXKUJJaHue:

= F— Zloj lj_E ZL'LJ Z )(:CJV_:E]'):
v=1
1N 1 - .
= EZ;LWE ;(‘rﬁ/—jj) (kzgﬁk(xku _fkr) + 4, _6> -

n

11—1 Z sz Zﬁk% Z Ty — )(xku — xk)

j=
|2 P
=7 D L Y Bilky = 17 Z B Z Lijly; = Bs,
j=1 k=1 k=1 j=1
P 0, k#1,
TaK Kak L;:l;
Z:: T L, k=1

3. E(ad—a)?= %2 (0ueBmIHO).



4.

E(a—a)(Bi - ;) =

C ool CTOPOHBI, & — v = J, ¢ ApyToii, u3 (29) momydaem

E(Bl — 51)(32 — Ba) = UiLL”. JHeitcrBuTesibHO,

1 & 1 —
EEZLUE Z(fju ﬂ LZLQZ?llZ 3721/_ 1)51/ =
j=1 pn=1 v=1
9 n p
= nZL2 Z Z Loj(xju — 7)) Z Loi(ip — 7:) =
n2L2 Z Lo Z Lo Z Tip = 25) (Tiw — Ti) =

2
n2L2 Z Ly Z Laintij = ng

B uacrtHoCTH,

(31)



2.3. CooTHOIIEHNS OPTOTOHAJBHOCTH JIJI CTATUCTUK

2 gBnsgeTcs BBIOOPOUHOE

Ornenkoit MaKCUMAaJILHOTO MPaBIONOI00UsT JIIsT O
3HaYeHUe OCTATOYHON JUCIEPCUN BeJUUUHDBl § OTHOCUTEIBHO X1, . .., T)

2

L1 = )
=3 y—a—=Y Biley —) | =, (32)
k=1

v=1

TL(')'2

52 HezaBUCHMa OT & U [3;, U 4TO “F MMeeT pacupejiesienue

Ilokaxkem, 9TO O
XU-KBaJIpaT ¢ N — p — 1 cTenensiMu ¢BOOO/IHI.
Paccmorpum cHadasia dacTHBIR ciiydail, KOrja MaTpPUila BTOPbIX MOMEHTOB

L juaronajibHa.

re. s7 = l; = L%_, D(5;) = % Boipaenust /n(& — a) u si/n(f; — 5;) ectb

JMHeHbIe KOMOUHATUY OT 0,,. [eiicrBurensho, cormacuo (28) u (30),

p 1 n
Sz\/_(ﬁ 52) - Sz E Z ﬁ Z iy — fj)du -

Lii . 1
= Si\/ﬁ E ;(.CUW — LUOCSM = —

DT JIMHEHbIe KOMOWHAIMHT OT ¢, Y/IOBJIETBOPSIIOT YCJIOBUSIM OPTOTNOHAJBHOCTH:

> () -



2.4. Pa3noxeHne cyMMbI KBa/IPATOB OIMNOOK

PazyioxkuMm cymMMmy KBaJpaToB, 0ObsACHAEMYIO 0DIeil Bapualueil, Ha cJja-

raemble, 00bsiCHsieMble Bapualldeii, oOyCJIOBJIEHHON perpecueil, U Bapualueii,

00 bACHAEMOI ONMMNOKOI:

u=1 k=1
P P 2
+& — &+ Zﬁk(xku — i‘k) — Zﬁk(ajku — $k)> =
k=1 k=1
n p
= ((?Ju — Q- Z Bk(xku — Zp))+
p=1 k=1
p 2
+(@—a)+ > (B — B (wry, — xk)) =
k=1

PP
=né*+n(a@—a) +n Z Z U (B — Br) (Be — By).-

[IepekpecTHbIE CYMMBI paBHBI HYJIIO:
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<Z — Be) (w1, — xt)) (@ —a) =0,

pn=1 t=1

(yu Z xkﬂxk>(é¢oz):

= (& — )(nynozZﬁkZ xkyxk>> =0,

[Ipu cupaseggmBoctu (33) nocseaee ciaaraemoe u3 (34) umeer BujL:

2 (e = )7, ran Z(Z ﬁk—ﬁw(xku—xk)) =
k=1 k=1

pn=1

(- (v )

pu=1 \k=1 t=1

:ZZ(Bk_Bk Bt Zxku—xk xtu_ft):
p=1
p p
=D (B =B - ﬁtnzkt_znskﬁk_ﬁk

k=1 t=1

O6osHauus uepes 1y = /(& — &), mp = v/nsi(Br — Bi), noayuaem, 4o
(Z(SQ m — Zm) ~ xX’(n—p—1). (35)

2.5. IIpoBepka 3HaunMoOCcT KO3 PUIIMEHTOB perpeccun

B obmiem cirydae, Korjga MaTpuila BTOPbIX MOMEHTOB HE siBJISIETCS JIUATO-
HAJILHOMN, BeJIMUMHBL T; CJEYyeT IIPU IOMOIIE OPTOIOHAILHOIO PEodpa3oBaHust
3aMEHUTb HA BEJIMYUHBI T, JIJIsi KOTOPbIX MATPUIA BTOPbIX MOMEHTOB Oyjer
Juaronaibioit. K napamerpam (3 ciejyer npuMeHuTh KOHTPIPaAUEHTHOE Hpe-
obpazopanue. T.e. ecin Y = A+ BT (X —X)u (X —X) = CZ, e Z — Bektop
C HEeKOppeJMpoBaHHbLIMU KommonenTamu, 10 Y = A+ BTCZ = A+ (CTB)TZ
n Bl == CTB, B = CBl
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Orcrona caeyer, 9T0 BeJTUINHbI

(@—a)y/n a—«

5 - n—p-— 17
L no2  Sp12.
g n—p—1 o2 b
— nsy. — B1)s1.
(51 61)\/_ 123..p _ (51 51) 1-23..p \/m’ (36)
o 1 no? $0-12...p
n—p—1 o2
¥ aHAJOIMYHble Besmuunbl ¢ o, ..., 5, umeor pacupejenenue Crpiogenra c

n —p— 1 crenensimu cBoGOIBI. PacmpejiesieHnst STUX CTATHCTUK UCHOJIB3YIOTCS
JIJIS1 TIOCTPOEHNUS JIOBEPUTETbHBIX HHTEPBAJIOB TAPAMETPOB U TTPOBEPKU MUIIOTE3
O paBeHCTBe HyJI0 dacTHOro Kosddurmenta perpeccnn. ['unoresa Hy : f; = 0
MOKeT ObITh MCIOJIL30BaHa, JIJIs TPOBEPKU PABEHCTBA, HYJIIO YaCTHOIO KO(Du-
IIMEeHTa KOPPeJIsu, Ho BMecTo cratucTuku (36), corsacho (20) ucnosb3yercs

9KBUBaAJIEHTHAasA €il CTaTUuCTUKA BHUJTa

9012324...19 \/m ~ T(n—p—1). (37)
\/1 — 001.234..p

2.6. IIpoBepka 3HAYMMOCTH TIPOTHO3A

st TpoBepKM TUTIOTE3BI O 3HAYMMOCTH TIporHo3a Hy @ f1 = o = ... =

PP . .

By = 0 ucnonesyercs 1o, uro X5 > > ly(Bp — Br) (B — B;) umeer pacupepee-
k=1i=1

HUE XU-KBaJpaT ¢ p crenensivu ¢Bobobl. [lpu (33) 910 odeBuiHoO,

nkz: 21: Ut (B — Br) (B: — Bi) = ;nsi(ﬁk — Br)?,
=1 t= =1
mie Vnse(Br — Br) ~ N(0,0).

B obiem ciiydae ucnosib3yeMm yTBEPXK/JEHUe O TOM, 4TO JiJjisi JiIF0OOIo HOpMaJib-
HOT'O BEKTOpA Z C HYJEBBIM CPEJHIM M KOBAPHAIMOHHON MaTpuiieit ¥ = EZ 77
cipaseuso Z1 Y17~ y2(p). HeiictBurensno, mycts Y = BZ Bektop c

HE3aBUCUMbBIME KOMIIOHEHTAMHU, TakK 410 Y'Y ~ Y2 (p). C apyroit cTOpoHbI,

Y'Y =Z'(B'B)Z ~ x(p),
20



a KOBapuallMOHHAasi MaTPHUIla BEKTOPa Z C KOPPEJUPYEMbIMU KOMIIOHEHTaAMU

nMmeeT ToT 2Ke BUJL
Y=FEz2Z"=EB'YYT(BH =B (BH = (BB

[TockosibKy KOBapHallMOHHAS MATpPHIa BEKTOpa mapamerpoB (m.2.2, 5)

nmMmeeT BUJ:

zLi' b 2
cov(f) = {GnLJ} = U—L_l, TO
ij=1

n
o2

G-p" (ZL7) (5-0) = S(-87LG -5 -

p P
= 52> B = BB = B) ~ ().

k=1 t=1

C.HGILOBELTG.HI)HO, CTaTUCTUKA

S S B — B) (i — )
k=1i=1 : ~ Flpon—p—1) (38)
p S0-12..p

-1
p=""P

Crarucruky F MOXHO BbIPa3uTh 4depe3 MHOXKECTBEHHbIN Ko duimeH
KOppeHHHI/IH s sroro, ucnonssys To, uTo npu B = ... = [3, = 0 BbIpaxkenue

lop = + 2( 7)? cormacho (29) npespamaercs B

n

_ i - 2 <2
loo = — > (6, - 6) Z 62 — 6%, s (34) nomyuaen

= oo — 6% = lyo (1 — O.ZZHP> = loo™5(12...p)-

A mak Kak 519, = loo(1 — 7'(2)(12.”]9)), TO CTaTUCTUKY (38) mpejicTaBuM B BHJIE:

n—p—1 Ty
F = - Uzp F(p,n—p—1). (39)

p 1 - TS(lQ...p)
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2.7. 3ajmaga perpeccum B MAaTPUYIHOM BU/IE

N _ T
YpaBHeHHsI JIUHEHHOI perpeccun mpejcraBuM B Buje ¥ = X' 3 + e, e

3aBUCHMag IepeMeHHas 3ajaercs Bekropom Y = (yi, ..., y,)T, Marpuna
11 1
X _ 11 T12 oo Tin (40)
Tpl Tp2 ... Tpn
HasbIBaeTCA Marpuneil miana, 5 = (0, .. .,Bp)T — BEKTOpP IIapaMeTpoB, € —

HOPMAJILHO PACIPEICICHHLI BEKTOP ¢ HYJIEBLIM CPEJHUM ¥ KOBAPUAIMOHHOI
Mmarpureit Buga o1

[Ipu MunnMusanun Ksajaparuanoi dopmbt S = (Y — XT)T(Y — XT3)
)7

BeKTOp O1eHoK b = (by,...,by)" sBisieTCs peleHneM CHCTEMbl HOPMAJIbHBIX

ypaBHeHU
(XXT)8 = Xy (41)
HeitctBurenbho, gudpepeHimpoBaine 1Mo BEKTOPY HapaMeTPOB IIPUBOIAT K
2X(y — X'B) =0 <= XY = XX'3.
CuieroBaTesinbHoO,
b= (XX)'Xy (42)

O6oznaunm yepe3 ¥ = X 1'b BeKTOp HAMIYHITIero B CpeHEKBAIPATHIHOM CMbIC-
Jie JIMHEeHHOTO IpejicKa3anus nepeMeHHoi Y 1no nepemennbiM Xq, ..., X,
U3 rabaunpr 1 jguciepcMoHHOr0 aHaJiv3a Jiisd MOJIeJIM MHOXKEeCTBEHHOM
2 _
perpeccun MOXKeT OBITh TOJIYUIeHa OlleHKa Ko puimenTa rerepMunamm R =
SSr MSgr

55, W BBIDa’KCHHE VI CTATHCTUKH F = A7, KOTOpas IPH CIPaBe/THBOCTH

HYJIEBOII T'MIIOTE€3bl O PABEHCTBE HYJIO YaCTHBIX KO MUIIMEHTOB perpeccun

uMeer pacupejienenne Quiepa ¢ p u n — p — 1 creneHsaMu cBoOO/IbI.
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3. Ilomarosblii perpecCuoHHbBI aHAJIN3

ajaueit monmaroBoit perpeccuu SIBISeTCsT YIOPsiI0TMBaHe HE3aBUCUMbIX
nepeMeHHbIX X7, . .., X 110 Ba2>KHOCTU UX Jjisd IIPeJICKa3atnsd Y. TO O3HAUAET,
4TO HEOOXO/IMMO HaWTU TaKOe IMOJIMHOXKECTBO U3 HE3aBUCUMbBIX II€PEMEHHDIX,
KOTOPOMY OBl COOTBETCTBOBAJ MaKCUMAJbHBI MHOXKECTBEHHBIN KO DUITUEHT
Koppesanuu. MoxKHO TpocTo paccMOTpeTh BCEBO3ZMOXKHBIE TTOJIMHOYKECTBA, HO
KOJIMIECTBO HEOOXOMMBIX yPaBHEHUI PEIPECCUU CYIIECTBEHHO YBEJTMINBACTCS
¢ BO3pacTaHMeM YNC/Ia HE3aBUCUMBIX MEPEeMEHHBIX p. UMCI0 3TUX ypaBHEHU

onpeneJsdaeTcCd Kak CyMMa BCEBOSMO2XKHBIX YUCEJI COYeTaHUM u3 D:

1 2 _
Cp+0p+...+05_2p—1.

Permenne mpobsieMbl 3aKJIF09A€TCS B TOMMATOBOM PErPeccruu, KOrja mepe-
MEHHbBIE BKJIIOYAIOTCS B PACCMOTPEHME 10 NpejBapuTesibHoMy Kputepuio. Co-
BOKYITHOCTb KPUTEPUEB, OMPEJIEISIONINX, KaKie IepeMeHHbIe BKIIUaTh, 3aMe-
HSITh, YJIAJISATh, HA3bIBACTCS IIOIIArOBOM IIPOIe/y pOii.

CranjapTHas IoIIaroBast IpoleIypa 3aKjIrdaeTcd B ciaeayromeM. [Iycrs
nMmeercss Habop S u3 k He3aBUCHMBIX ImepeMeHHbIX. st mepemennnix X; & Sy
nposepsiercs runoresa Hy : 1.5, = 0 0 paBeHcTBe HYJI0 4acTHOrO KO3 huIm-
eHTa KOppeJIdlur Mex 1y repemeHtbiMu Y u X; npu (PUKCUPOBAHHBLIX 3HAUE-

HUSX TlepeMeHHbix u3 Habopa Si. Crarucruka F-pkitodenus no (39 ) umeer

Wcrounnk CymMma KBagpaToB CTeNeHn cpeHuit
JIUCIIEPCUT cBOBOIBI KBaJIpar

n
Perpeccus SSr=>Y(9: —9)? VR =D MSgr =SSgr/vr

i=1

Orkmor perp. | SSp=>. (i —9:)? | ve=n—p—1| MSg = SSg/ve
i=1
n

HOJTHAS SSr =3 (i — 9)? vp=n—1 MSy =SSy /vp

i=1

Tabmuna 1. JTucnepCHOHHBIN aHATN3 JJTsi MOJIETH MHOYKeCTBeHHO# perpeccun (SSp = SSr —

SSr)
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BU/JL

P B TZi~Sk(n_k_2)
yrbk 1 —r?
Y-Sk

(43)

['nnoresa o3uavaer, 9To npedckasanue Y e yaywwaemcs npu ekaovenun X;.
Ecnu HyneBas rumore3a BepHa, TO 9Ta CTATUCTUKA UMeeT F-pacipejesieHue ¢
1 un—Fk— 2 crenensimu cBobojibl. Ecim HyJsieBas ruioresa OTBepraeTcs B
CJIyvae HECKOJIbKUX MepeMeHHbIX (crarncruka F-BRIOYeHust GoJbile 3apaHee
3aJIAHHOTO 3HAYEHUsI MUHUMYMa F-BKJIIOUEHNUS ), TO BKJIOYACTCS [IEPEMEHHAs,
y KOTOPBIil 3HAUECHUE CTATUCTUKKU F-BKIIIOUEHUs JJOKA3BIBACTCS HAUOOJIBIIIIM.
Cratucrtuka F-ynajennss IpUMeHsIeTCsl JIJI IepeMeHHbIX U3 MHOXKEeCTBa
Si. g xaxkioit nepemennoit X; € Sy, nposepserca runoresa Hy : ry;.s, , = 0,
rie Sip_1 eCTh MHOXKeCTBO S) 0e3 3jemenTta X;. DTa Iuiore3a 03HAYAET, UTO

nabop Si_1 npedckasvieaem Y makoce ropowo, kak u Habop Sj.

2 /
. B Tois,,(n— K —2)
yiugk,l - 1 . T2~ I
yi-Sk—1

(44)

rie k' =k — 1. Ecsin runoresa BepHa, 10 9ra crarucruka umeer F(1,n — k' —
2)- pacupejiesierue. DyeMenT X; yIaJsercs, eC/au MMIoTe3a [IPUHUMAETCs, TO
ectb [' - yjaJienusi MeHbllle 3apaHee OI'OBOPEHHOI'0 MAaKCUMYyMa, KOTOPBIH Jijisi
YCIIEIIHON pabOThl MPOIEIypPbl NPUHUMAETCS MEHLIINM 3HAUEHUS MUHUMYMA,
F-Bxyrouenns.

HTAT" 0. Beramcnsrorea mpoctble KO3 DHUIMEHTB KOPPEJIAUN Ty U Be-
aannel F-primodenns Fy; gaaa ¢ = 1,...,p. 9TOMY COOTBETCTBYET CIIyvaif
k = 0 upu nycrom nabope Si. Crarucruka kpurepus nosydaercs u3 (43)
nojicranoskoit &k = 0. Besuunna Fy; umeer F-pacupejenenue ¢ 1 nun — 2
CTeleHsAMU CBODOJBL M CILy2KUT Ul HpoBepKu runoresst Hy @ o, = 0, ¢ =
1,...,p.

HIAT 1. Tlepemennas X;,, KOTOpOii oTBedaeT HAMOOJbIIEe 3HAUEHUE CTa-

TUCTUKH ['-BKJIIOUEeHUS (‘ITO QKBUBaAJICHTHO H&I/I6OJIbH_IeMy SHA4YE€HHNIO KBaJpaTa
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koadduirenta Koppessun ¢ YY), BoIOMpaeTcs Kak HaWIydIuil MpejanKTop
Juist Y. BbIunciisiioTest COOTBETCTBYIONIEE YpaBHEHME HAUMEHbBIINX KBa/IPaTOB,
Ta0JIMIa JIMCIIEPCUOHHOI'O aHAJIU3a U MHOYXKECTBEHHbIH KO3 PUITMEHT KOppeJisi-
nmuun IR,.;,. Jangee ana nposepku runoressl Hy : gy, = 0,7 =1,...,p, 1 # 11,
BBIUUCJIAIOTCA YacTHDbIe KOA(DMUIMEHTBI KOPPEIAUI Ty, U 3HAUCHUS CTATUC-

TUKUA F-BKIIOYCHUSA

7"2i-i1 (n—3)
Fyii, = —yl 2 (45)

yi-iq
KoTOpas uMmeeT 1 u n — 3 crenenu ¢Bobosibl. Ecu F-BKJIIOUEHUS MEHbIIE YCTa-
HOBJIEHHOT'O MUHUMYMa, TO BBITIOJTHSAETCS TIar S, nHade 1mar 2.

HTAT 2. [lepemennas X;,, KOTopoii oTBedaeT HaubOJIbIIee 3HAUEHNE CTa-
TUCTUKY F-BKIIIOUeHNsT (4TO 9KBUBAJIEHTHO HAMOOJIBINIEMY 3HAUEHWIO KBa/paTa
koadduienta Koppessun ¢ Y), BbIOMpaeTcs Kak HauIydiiuil mpejuKTop
JUist Y 1pu ycsoBuu, 4TO yrKe BblOpaHa 1epeMeHHas X;,. Bbrancistiores co-
OTBETCTBYIOITICE ypaBHEHUE HAMMEHBIITUX KBAJIPATOB, TAOIUIA JIUCTIEPCUOHHOTO
aHaJIN3a U MHOXKECTBEHHBIIl Koaddunuent koppejadanuu I, ;,. Hanee Bprauc-

JAI0TCs YacTHbIe KO3(DMUIUEHTBI KOPPEJAIUHT Ty, j,, 3HAUCHUA [ -yiajienns

F L T;h 12 <n o 3) o T;’Lz 11 (n - 3) (46)
Yi1-l2 2 ) Yia-1q 2
L= ryll 12 1— TyZQ i1

Onu ucnonb3yIoTcs s IPOBePKU runoresbl Hy @ 0y, = 0 u Hy @ 0yiy.ip = 0
cooTBeTCTBEHHO. HakoHell, Bhraucsiercss 4acTHbIil KO3(MUITMEHT KOPPEssInn

Oyi-ivis = 0 J1s iposepku runoresnvl Hoy @ 0yiii, = 0 1 3Hadenust F-pK/iouenns

2 _
F... = Tyi-ivia (n 4) (47)
Y111y T 1 . 7’2
yi'iliQ
Tt Beex ¢ = 1,...,p, 1 # 11, # 9. Ecan Bce 3Hadenns: F-BKIOUEHNS MEHbBIIE

YCTAHOBJIEHHOI'O MUHAMYMa, TO BLIMOJIHSETCS Iar S uwHade mar 3.
HIAT 3. A) Ilycrs L oboznadaer HaOOp U3 | HE3aBUCUMBIX MEPEMEHHBIX,

KOTOpbIE€ BKJIIOUEHbl B ypaBHEHHEe perpeccuu. Ecim Kakoe-mnboO U3 3HaUYCHUI
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F-ynanenus: jjsi nepeMeHHbIX 3 L MEHbIE yCTAHOBJIEHHOIO MHHUMYMAa, TO
IepeMeHHasi ¢ HAMMEHbBIIUM 3HadeHueM F-yjajieHusi UCKJII0UaeTcsi u3 Habopa
¥ BblOsIHsieTCst mar 30) ¢ 3amenoit [ na [ — 1.

Ecnu jj1s1 Bcex nmepeMeHHbBIX, He BXOIANINX B HAOOp L, 3HauUeHus [-BKIIi0O-
YEHUsI MEHbIIE YCTAHOBJIEHHOI'O MUHUMYMa, BKJIIOUEHUs, TO BBIIOJIHSIETCS Iar
S. B nporusnOoM cirydae 100aBiIsieTCs epeMeHHas ¢ MaKCHMAJbHBIM F-BKJIO-
yennrieM u [ 3amensiercs Ha [ + 1.

B) Boruncisitorcsi ypaBHeHre HaUMEHBIIUX KBaJPATOB, TabJIuIa JUCIep-
CHOHHOI'O aHaJ/Iu3a U MHOXKECTBeHHbII Koaddunuent koppesanun R, Hanee
BBIYUC/ISIOTCS YaCTHBIE KOIMDDULMEHTHI KOPPEJIsIK Tyi;-(1-1), 3HAYCHUS F-yna-
nenns Fy; 1) s nepeMennbix u3 nabopa L. [IpoBeparoTes runorespl pased-
CTBa HYJIIO YaCTHBIX KOI(MMUIIMEHTOB KOPPEJIAIIH.

Haxouer, BerauciisieTcs 4acTHbLE KO3 UIuenT Koppenanuu gy = 0 s

IPOBEPKK Iunoresbl Hy @ 0y;.i,5, = 0 1 3Havennsa F-BKJIIOYCHUA

2
re,(n—1—2)
Fyi~l =L (48)
1 - szrz
Jist Beex ¢ = 1,...,p, ¢ € L. Dta craructuka umeer 1 u n — [ — 2 crenenu

¢B00OIBI. Eciin Bee 3navenust F-BKIIIOUEHNST MEHbBITE YCTAHOBIEHHOIO MUHUMY-
Ma, TO BBINOJIHSETCs Iar S, B MPOTUBHOM CJIy9ae CJIEYIONUil TIIar.

IIAT S. list Kaxkji0ro mara medaraercs HoOMep Imara, HoMepa BKJIIOYeH-
HbIX M HMCKJIOYEHHBIX [IEPEMEHHbIX, 3HadeHusi F-Brjiouenus, F-ynajenust u
MHOYKECTBEHHOI'0 KO3 (DUIIMEHTa KOPPESIIUT MEXKIY Y U BKJIIOUCHHBIMU I1e-

PEMEHHbIMU.
[TPUMEP (mpomosikeHue).y - mpoao/KuTe IbHOCTD AKU3HE, 71 - 00beM HaIIo-
HAJILHOI'O BOIATCTBA, To - KOJIMYECTBO LPOJIABAEMbIX 33 I'0Jl OYTHIIOK BOJIKH, IPUXO/IAIIEECs

Ha OJHOI'O 4Y€JIOB€Ka, YpaBHEHHNE PDErpeCCHH:

= 74.27634 + 0.00003z; — 0.23754x2,

MHOKeCTBEeHHBIH Kodddunuent koppendiun R = 0.9341, kosddunuenrt perepMuHanuun
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R?* = 0.8726, p < 0.01624 3maunmocts cratuctuku Dumrepa F(2,4) = 13.696, yacThbie
ko3 bunuentor Koppeasiun: 1123 = 0.0318, p = 0.9523, r130, = —0.824, p = 0.0437.

st TOoro 94robn! caesarh 00pabOTKY MO MHOXKECTBEHHON perpeccuu B mporpamme StatSoft, HyKHO
zamycruTh nporpammy Statistics - Multiple Regression. Hanee nyxuo Boibpars nepementbie (Variables).
ITpu HeoGxoxmuMOCTH IPUBJIEYEHNSs IOMIArOBOI IPOLEly bl CTaBUTCA raiodka B Advanced options (stepwise
or ridge regression). Hanee OK. B takoM ciydae HyKHO Oyuer BbiOparb meron: Forward nnu Backward
B 3aBUCHMOCTH OT TOTO, TIPOUCXOAUT JIH OTOOP MH(MOPMATUBHBIX WJIM UCKJIOUEHHE MAJTOMH(MOPMATUBHBIX
mpusHakoB. KosddurmenTsr perpeccnn, ux 3HAYNMOCTH MOYKHO TONYYIUTH U3 Summary : Regression re-
sults, Tabmuna aucnepcuonnoro anasiusa uz ANOV A (Overal goodnessof fit), wacrubie K03 dunuenTo:

perpeccun coorBercTBeHHO M3 Partial correlations.

3.1. 3agmanue o teme ,,MHOXKecTBeHHas perpeccus‘

1. ASTIANY% — mpouenT JmI; a3UATCKOTO TPOUCXOZK ICHNUSI;

2. BLACK% — nponent adppoaMepuKaHIEs;

3. TEMPER - cpenneuntosibckast TemMieparypa;

4. GROSS — cpeness apergHas IJiaTa;

5. PRECEP - romoBoe KoJndecTBO 0CAIKOB;

6. TRANSP — npomeHT JIHII, HCIOJB3YIOMUX B TOPOJe OOIMIECTBEHHBIN TPAHCIIOPT;

7. DEGREE — npouent miozeit ¢ obpazopannem GakaaaBp W BHIIIIE.

[TocTpouth ypaBHEHHE PErPECCUU MO JAHHBIM U3 Ta0JI.2, B35SB B KaueCTBE 3aBUCHUMOI
IEPEMEHHOM OJIMH PU3HAK (HOMED BapHaHTa), B KAYeCTBE HE3aBUCHMBIX — BCE OCTAJbHbIE.
[IpoBepuTh 3HAUUMOCTH PETPECCHH M YACTHBIX KOIPMHUIUEHTOB, MOCTPOUTDH YACTHBIE KO-
durmenTs Koppeaainud. Jnsg mpoBepKu BBIYUCIUTH KOXDMUIMEHTH KOPPEIAInE MexKLy

OCTAaTKOM M BblYHUTa€MbIMHU II€PEMEHHBIMUA.
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Bapuant 1 2 3 4 b) 6 7
city st | asian% | black% | temper | cross | precep | transp | degree

COLUMBUS | 1 24 22,6 73,2 422 38,1 4,7 24,6
CLEVELAN | 1 1 46,6 71,9 322 36,6 14,1 8,1
CINCINNA | 1 1,1 37,9 76,4 329 40,7 11,2 22,2
TOLEDO 1 1 19,7 72,1 378 33 3 14,1
AKRON 1 1,2 24,5 71,9 360 36,8 3,3 14,9
HOUSTON | 2 4,1 28,1 83,5 390 50,8 6,5 25,1
DALLAS 2 2,2 29,5 85,9 426 36,1 6,7 27,1
SAN ANTO | 2 1,1 7 85 369 31 4,9 17,8
EL PASO 2 1,2 3,4 82,3 349 8,8 3,1 16,2
AUSTIN 2 3 124 84,5 410 31,9 5,1 344
FORT WOR | 2 2 22 85,3 403 33,7 1,7 21,5
ARLINGTO | 2 3,9 8,4 85,3 444 33,7 0,2 30
CORPUS C | 2 0,9 4,8 84,1 373 30,1 1,9 17,8
LOS ANGE | 3 9,8 14 74,3 600 14,8 10,5 23
SAN DIEG | 3 11,8 9,4 71 602 9,9 4,2 29,8
SAN JOSE | 3 19,5 4,7 69,5 755 14,4 3,5 25,3

SAN FRAN | 3 29,1 10,9 59,1 653 19,7 33,5 35
LONG BEA | 3 13,6 13,7 73,1 605 11,8 6 23,2
SACRAMEN | 3 15 15,3 75,7 495 17,5 4 23,5
FRESNO 3 12,5 8,3 81,9 441 10,6 2,1 19,1
OAKLAND | 3 14,8 43,9 62,1 538 24,3 17,9 27,2
SANTA AN | 3 9,7 2,6 72,6 736 12,3 8,4 10,6
ANAHEIM | 3 9,4 2,5 72,6 712 12,3 3,8 18,8
RIVERSID | 3 5,2 74 77,9 575 9,6 1,6 19,3

STOCKTON | 3 22,8 9,6 7,7 476 14 2 15

Tabmuna 2. Crarucrudeckue JaHHbIE 00 aMEPUKAHCKHX T'OPOIAX.
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4. Pacnpejenenune YuniapTa u ero mpuMeHeHIe

4.1. OnpeneseHne MEHTPAJILHOTO pacIipeiejieHus Y UIiapTa u ero

CBOICTBA
ITycrs Bektopbr U; ~ N,(0,X), 7 =1,...,n, He3aBUCHMBIL.
v ... U,
YI| Uy ... U,
=U"
T
YT Uy oo Uy
Yyt L', ... L'U,
Bekropsr U; = (Uyj, .. .,Upj)T, J = 1,...,n COOTBETCTBYIOT T WHJWBUJIAM,
sextopnl Y; = (Ujt, ..., Up)T, i =1,...,p, COOTBETCTBYIOT P NPU3HAKAM.

Onpepenenne. Cosmecmmoe pacnpedeenue Mampuy bl
n
S =(Sy) =) UU =Yy
r=1

HA3BI6AETNCA YeHMPAILHolM pacnpedesenuem Yuwapma Wy(n,X).

Tasiee MbI OyeM obpamarses K JjuHeitnoi Gyuxnun LU .~ N(0, 0?),

rje Juis Kaxkjaoro j = 1,....n 0%:LTEL. BekTop
LTUl U11 Upl Ll

Y=1| .. |=|... ... .. |-|...|=UL
LTUn Uln Upn Lp

HE3aBUCUMbBIX HOPMaJIbHO pacCIIpeJeJICHHBIX CﬂyqaﬁHbIX BECJIMYUH HUMeEET IIpeJl-

CTaBJIeHHe

V=LYt +LY,= || ... |Y, ]|

29



Vreepxgenue 1. UTAU ~ W,(n,Y) <= YTAY ~ o2x%(n).
= O6ozuaunm uepes S =UTAU ~ W,(n,X), To ectn S = U UL .
r=1

n

— LTSL=Y (L"U)(L"U,)" = (L"U,)* ~ oix*(n),
r=1

r=1

¢ apyroii cropoust, L'SL = L'UTAUL = UL)" A(UL) = YT AY.

<= He ymausas obmmocTn 6yjem cunrars o2 = 1. [yers YTAY ~ x%(n),

torna A - mmeMmorenTHas MaTpuIla paHra n. JeidcTBUTEILHO, CYIECTBYET

opToronajbHas marpuna C, uro npu npeodpasopanun ¥ = CX

YTAY = XTCTACX = M2 + ...+ A2,
YTY:XTX:x%—I—...eri,

rie A, . .., Ay HeHyJIeBble cobcTBennbie unciaa Marpuusl A. Tak kak YT AY ~

x%(n), To xapakTepucruieckast GyHKIUA CyMMBI A 23 + . . . + A\, @2, UMeeT Buj;

o=

[(1 = 2iM\t) ... (1 —2id,t)] 72 = (1 — 2it) "2

orciona n = m, \; = 1, CTAC - nnaronasbHasi MaTpulia, Ha JMATOHAIA HET
HUYEro, KpoMe HyJIeil Wiy eJMHuIL.

CTAC = CTACCTAC = CTA%C, —= A% = A.

W emniorenTHasi MaTpUIla JIONYCKAET Pa3JIOKEHWE 10 OPTOHOPMHUPOBaH-
HBbIM BeKTOpaM
T T
A=DBBy +...+B,B,,

UTAU =U"BBTU + ... +U"B,B U =V VI + .. .+ Vv,V

rae V; = UDB;. Tax kak BekTopbl B; opTOHOpDMaJbHBI, TO V) He3aBUCHMBIC
HOpMaJsIbHbie N, cirydaiiHble BeIMINHBI, U yTBEPK/ICHHIE CIIYYeT U3 ompejieie-

HUSI pacipejiesieHnst Y uimapra. AHAJOIHIHO JTOKA3bIBAETCS CJIEIyIoIee,
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Vreepxaenne 2. Marpurst U7 AU u UT Asld nvetor nezaBucHMBbIE pac-
npejiesieHust Tora 1 ToJIbKo Tora, korma Y AY u YT AyY umeror nesasucu-
Mble 2 pacupejesenns st oboro L. UT B u UT AU pacipeeiienbl He3aBu-

N, Y'BuYTAY
cumo kak N, u W), B ciyuae, ecin n pacrpeeenbl He3aBUCHMO
kak N u x? 1 soboro L.

YTBepxkieHue 3 (COBMECTHOE PACIPEICTICHAE BEIDOPOTHOTO CPEJIHErO U

aucneperonnoit Marpunpt). [Iycrs Uy, ..., U, nesasucumbie Ny(u, X)) ciaydaii-

Hble Besinunbbl, U BRIOOPOUHOE CpejiHee,
_ }: T 77T
(SU) = UJ]Z —nUU
MATPHUIlA CYMM KBaJPaTOB M IIPOU3BeIeHNI yKoHennii. Torma

- 1
U ~ j\/j-D (M? EZ> ) (SZJ) ~ Wp(n - 172)7

a rakxke U u (S;;) HE3aBUCHMBI.
P N (LT p, LTS L -
Hoxka3zareanscTBo. Paccmorpum nesasucumbie Ni(L' g, CJIy daif

uple Besumanssl LT Uy, ..., LTU,,.

1 _ 1
=3 L'U;=L"0U ~ N, (LTM, —LTZL) :
n n

ST - n(1TD) =

j=1
n
= (Z U,UT - nUUT> L=L"(S;)L ~ x*n—1).
j=1
Takum obpazom u3 nesapucumoctun LTU u LT(S;;)L nna moboro L (yTs.2)
cieyer Hezapucumoctb U n (S;;) M COOTBETCTBYIONMI BUJ| PACTIPeIe/ICHHUIL.
Yreepxkaenne 4. [Iycrs Uy, ..., U, wesasucumbie N,(0,%) ciydaiinble

sesmunnbt, S ~ W,(k,X), B marpuna pasmeprnocru ¢ na p. Torma BSBT ~
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W, (k, BEBT).

k k
S=>Y UUl, = BSB" = B() U,U)B",
j=1 j=1
rak kak BU; ~ N, (0, BEBT) nesasucumbl,
2

BSB" = "(BU;)(BU;)" ~ W,(k, BEBT),
j=1
Yreepxkaenue 5. [Iycrs cymecrsyer obparhbie Marpuipl (S¥) u (o),
S ~ Wy(k,%). Torna

PP

2
o ~ X (k—p+1), (49)
LTYS1L 5
—_— ~ k — 1). o0
Hoxkazarenscro. Obosnaunm uepes 1 = Uy — Bi1Uyj — ... — Bp—1Up—1 5,

rae (i KoahPuunenTs HanIy diero JIMHEHHOro npeackasanns nepementoit Uy;
no p — 1 nepemenusiv Uy, ..., Up_1;, En; = 0. Cornacuo (12), Dn; = J—})p
Ucnonnays (32) n 3amenns B (35) n Ha k, p Ha p — 1 U yuuThIBast MEHTPUPO-

BaHHOCTDb JJaHHBIX, UME€EM

2 k
i 2 2 1 1 2
o~ Xk=(=1), = ;nj—% ~ Xk —p+1).

]~

obp
j=1

Bmecro komnonentst Uy MOXKHO ObLIO BLIOpAThH JIIOOYIO JIPYI'YI0 KOMIIOHEHTY,
IO3TOMY

O.ZZ

5~ (k—p+1). (51)

Tyt oKazaTebCTBa BTOPOro Ipejiozkenus paccmorpum BSBT, tne B
OPTOTrOHAJIbHAS MATPHUTIA, Y KOTOPOI IepBas CTPOKa IPOIOPIHOHAIbHA BEKTOPY

L. N3 yrBepxienns 4
BSBT ~ W,(k,BEB"), (BSB")™' = BS™'BT,
(BEB")' = Bx'BT.
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Ilepsbiit gnaronanbhbiii saement BS~'BT nponopimonanen LTS~ L, nepsbiii
AnaroHasbhbli ssement B marpuiie BY BT nponopimonanen LTY 1L ¢ ox-
HUM U TeM Ke Kodbduiuenrom nponopuuonaibiocru. [Ipumensis (51) npm
1 = 1, monyyaem

LTY-1L

- A~ 2 -
77T X (k—p+1). (52)

4.2. Paconpenenenne XoOTeJJIMHTA

Omnpenenenne. S ~ W,(k,X), d ~ Ny(p, c'3) - nesapucumble ciyuaii-
Hpie Besnanbl. Torga 06001meHHast craTucTuKa XOTeIIHHTa OTNPEENIeTCs Kak
kd"S—'d

2 To—-17 __

cd'x7d. (53)

Bynem paccmarpuBaTh HamOoJiee BayKHBIN dacTHBIH caydail p = 0. CoryacHo
(52),
d'v1d )
——— ~ XY k-p+1).
Sro pacupesesnenue ne 3apucut ot d, a nockosbky d ~ Ny(0,¢71E), To

cd'S7d ~ x(p).

Pacnpeiesienus He3aBUCAMBI, TI03TOMY
k— 1 T? k- 1
L-?:i-chS_ldw Fp,k—p+1). (54)

p p

PaccMmoTpuM ¢ 9TOit TOUKHK 3peHust npu obbeMe BbIOOpKK N BbIpaKeHue Jijist

BLIOOPOYHOI KOBAPHUAIIMOHHON MATPUIILI

- 1 &
N —_—— L o T r = — .
Y= N1 (i —2)(x; —2)", THe T sz, (55)
=1
1, obo3HauMB Yepe3 d = T — T, BBeJieM paccrosinre Maxajganobuca oT BEKTOpPa

X0 X1,..., TN

A

D= (@z—-5)'S e —2)=d'S7ld. (56)
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D(z — %) =X+ +% = &% orcioga ¢ = NLH

N
S= (xi—2)(2; —7)" ~ W(N 1Y), roecrn k=N — 1,
=1

S A

N=—e =N = (N-1)ST!
N_1 (V=157
D2
=d"'S™'d
N—1 ’
[Toncrasisiem 1w 3Hadenust B (54) v mosydaem:
k — 1 N — N D?
F=p+l rg-1g_ P . ,
P P N+1 N-1
Taxum obpasom,
(N—=p)N
XY D%~ F(p.N — ). o7

4.3. Kpurepun, OCHOBaAaHHbIE HA CTATUCTUKE XOTEJJINHTA

Ha ocnoBanmm cratncTukn XOoTeJJIMATE MOXKHO IIPOBEPUTDH runoresy Hy :

[L = [tp O PaBEHCTBE BEKTOpa CPEJIHUX [ HEKOTOPOMY HamepeJs 3aJlaHHOMY
&g
BEKTOPY fo. Kak u panee oboznaunm vepes X u X = 125 COOTBECTBEHHO BEKTOP

BBIOOPOYHBIX CPEJIHUX U BHIDOPOUHYIO JIUCIIEPCHOHHYI0 MaTpuIly. OCHOBHasT CTa-

TUCTUKa UMeEEeT BUJIL:

T2 = N(X - )" (X - p),

p

Wcnombsyem (54), e d = X —p ~ N(0,5%), ¢ = N, S = ﬁf],
k=N — 1. Torna

= cedt ST =
p A
N—-1-p+1 NX-—p)'S(X—-p)
p (N-1)
N—p 2



AHAJIOrTIHO MOYKHO MOCTPOUTH KPUTEPHA JIJIsT PAZHOCTH MEXK /1y CPEIHUMA
snavenusimu. Ilycrs umerorcs jiBe Bbibopku oobema Ny u No, 10JiyUeHHbIE
H& P-MEPHbIX I'€HePaJibHbIX COBOKYIIHOCTSIX. BbIOOpOUHbIE cpejiHue 0003HAY UM
qepes Xl )41 XQ.

Sy S~ BHYTPUBLIGOPOUHBIE MATPHIIBI CYMM U IIPOU3BEICHIH C THC-
JioM creneneit ¢Boboapl N1 — 1 u Ny — 1;

SO = 5() 4 §?) _ opnequHennas MaTpHIA ¢ YUCIOM CTEreHel ¢BOGO b

N+ Ny —2. % = %, ¥t = (SO)"HN, + Ny — 2). Crarucruka

MaxaJsanobuca onpejenasieTcs: Kak

D2 = (X; — Xo)"27H (X — Xo),

O603naunm epes d = X;—Xg ~ N(0, 0_12), e ¢ = N — N4 Ny—2.

Ni+Ny?
Ucnompzyem S = SO ~ W,(N; + Ny — 2, %), Torna ns (54)
— 1
FboPtl g =
p
Ni+Ny—2—-p+1 NNy o o 1 % %
= : X; - X)T(SN X, - X,) =
p NN, T X) (5T (X = )
_ M+ No—p—1) N1 Ny n?
D (N1+N2)(N1+N2—2) P

~ F(p,Ni+Ny—p—1).

4.4. Ananu3 BbIOPOCOB ITPU U3BECTHBIX M HEM3BECTHBIX

nmapameTrpax

B paszjiesie 2.6 O6b1J10 1TOKa3aHO, UTO €CJIU CIyJaliHbli BEKTOP X € P KOMIIO-
HEHTaMU UMeeT MHOTOMEPHOE HOPMAaJIbHOE PACIIPEJIeJICHIE ¢ BEKTOPOM CPEJIHIX

{4 ¥ KOBapUAIMOHHON MaTpuiein >, To

X = (X —p)"'S™HX —p) ~ X(p). (58)

HpI/I N3BECTHDLIX ITapaMETpaX 3Ta CTAaTUCTHKa MO2KET MCIIOJIb30BATLCA JJIA ITPO-

BEPKM aHOMAaJILHOCTHU cJiydaitHoro Bekropa X . Eciu npu nabsonennn X, KOTO-
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pOMy'COOTBGTCTByGFSHaquHe(HﬁTHCTHKHﬁXE,ﬂOBepHTeﬂbeﬁiypOBeHb BEPO-

ATHOCTHU

p=P{*>x} <a

MEeHbIIIE 3apaHee 3aaHHOI0 YPOBHsI 3HAYUMOCTH (v, TO 9TO HabJIIOJIeH1e CUnuTa-
eTcsl AaHOMAJILHBIM, & €r0 KOOPJAMHATHI JIOJZKHBI OBITH IIPOBEPEHLI Ha HAJTUYNE
OIMOOK.

B GosibnHCTBE CJlydaeB mapaMeTpbl He HU3BECTHBI W ONEHUBAOTCA (55)
10 BBIOOpKE 1, ...,Txn ~ N(u,X). Beibopounbiv anasorom Bejuaunbl (58)
siBJIsieTcs paccrosinne Maxasanobuca (56), [yist TPOBEPKK 3HAUUMOCTH KOTOPO-
1O MCIOJIb3YeTCst craTucTuka (57).

st kaxkoro BekTopa ;, ¢ = 1,...,n, 1o Bcem N = n — 1 BekTOpam
HAOJIIOJCHNI, UCKIIIOYAsd T;, BBIYUCIAIOTCS BEKTOP CPEIHUX Tj, BLIOOPOUYHASI
KOBAPUAIIMOHHASL MATPUIA Y, paccrognus Maxasanobuca D? mexnay x; u T
1 COOTBETCTBYIONIME P-3HAYCHUS P;.

Eciu Bce p; < «, T0 cumraercs, 4To B BLIOOpKE HET BLIOPOCOB. Eciu

HEKOTOpbIE P; > (, TO HaOJIIOJIEHNE C HAUMEHBIITUM P; UCKJIOYAETCs, W I1PO-

1[e/1ypa, OBTOPSIETCS JIjisi OCTABIIUXCsE . — 1 HADJIIO/ICHUIA.

4.5. 3aganue 110 Teme ,, AHaJIM3 BIOpOCOB* u ,,CTaTucTNKa

XoreauHra‘

UcerenoBaTh HA HAJIHYIHE BBIGPOCOB JAHHBIE 00 aAMEPUKAHCKUX ropojax (tabi.2) u
[TpoBepUTH OJHOPOJHOCTH CTATHCTHYECKUX JAHHBIX B mrarax 2 u 3 (1abms.2) mo Habopy
npusHakos: Bapuantsl 1 (1, 2, 3), 2 (4,5, 6),3 (1, 3,5),4(2,4,6),5(1,4,7),6 (2,5,7),7

(3, 4, 7).
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5. /IlncnepcuoHHbI aHAJN3

5.1. JIuneitnaga momesns ¢ pukcupoBanubiMU 3ddeKkTamu

I[Ipeanonaraem, 9To y HAC €CTh T HOPMAJBHO PACIHPE/ICTCHHBIX MOy AT
N(u1,0), ..., N(pr, o), oae gepes ji; 0603HaIEHbI TeHEPAJIBHBIE CPEJIHAE BHY-
TpH KaxK0il momysnsanuu. [lepemennas x;; o3nadaer j-e nabsojenne B i-it moji-

HONYJISUI. DTO NPEJIIOJI0KEHNe MOKHO 3alucaTh B BUJIE:
Tijg=pi+ej, i=1....r j=1...,n; (59)

e "onmbku” e;; He3aBUCUMBL U pacipeienenbl HopMasibho 1o N (0, o). Coot-
worienus (59) npejcraBisior coboit ojHy U3 HOPM MOJEIH JUCIEPCHOHHOIO
AHAJIM3A.

Bo MHOruX ciydasx »KeJaTeJbHO BBIPA3UTD i-€ CPeJHee [i; B BUJIE CYMMBbI
reHepaJbHOTO CpeJIHero i U auddepeHnnaabHbIX WM TJIaBHBIX 3P DEKTOB vy,
olIpeJiesIseMbIX JIJIsd KayK 10l nojmonysanuu. [lepemnuiinem Mojiesb 0jiHO(paKTOpP-

HOT'O JUCHEPCUOHHOI'O aHaJIUu3a B BUJEC
xij:,u—l—ozi—l—eij, 221,...,7“,]:1,...,7%. (60)

Hanyamumu onenkamu napamerpos mojesu (60) B cMbicie MeTojia Hau-

MEHbIINX KBa/JAPaTOB ABJIAIOTCA

T n;

n;
. 122 . 12' _
u:xzﬁ .TEZ'j, ai:xi.—x:; xij—l'.

Zj:l

i=1 j=1
OmunbKoit B 3TOil MOJIe/IN sIBJISIETCSI BhIpaXKeHue
r n; r n;
PN — 2
Q=) Y (wy—fr—a) =) Y (w;— )"
i=1 j=1 i=1 j=1
Ee uwuciio creneneit ¢Bobojibl paBHO V9 = n — 1. [Ipunsgrue runoresst H

a1 = ... = a, = 0 o3HaUaeT cIpaBeUIMBOCTL SKBUBAJIEHTHON runore3nl Hy :
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1 = ...= by = [4, 9TO BCE CPEJIHUE TIO MOJIIONYJIAIUAM PaBHbI M€HEPAJIHHOMY

cpejiHemMy. ljisi mpoBepku 9TOH TMIIOTE3bI UCHOJb3yeTcst Kpurepuit Duiiiepa.

[Tpusejiem obocHoBaHUE TOIO KpUTEPUst B paMKax OOIIEel JIMHERHOT MO/ie/1u.
[Ipu cmpaBegnuBocT HyseBoil Tumoressl Hy @ o = ... = a, = 0 nmeer

MECTO yCccdeHHad MOJEJIb BUA
ajijzu—i—eij,izl,...,r;jzl,...,ni. (61)

Hawnyureit onenkoit napamerpa mogeu (61) B cMbIcie MeTO/[a HAMMEHBIIIX
KBa/IPATOB ABJIACTCs
A - 1 T n;
=T =— E E Lij.
n < ,
=1 j=1

Ormmmubkoit (Jo B 3TOW MOJIE/IN SIBJISIETCST BhIPAYKEHWE

«F
1-a
NEMRANUR frecy
Nigd ,a)
&
\\__—
al = I 3
Puc. 1. Moaenn ¢ bukcupoBanubiMu 3pdekramu. [Iposepsercsa runoreza Hy @y = ... = ji,
umn Hy: oy = ... = o, = 0; 3Ha9eHUA U1, . . ., 4 BBEIOUPAIOTCS IO TLJIAHY.

T n;

Q2 = ZZ(%J‘ — fi)? = ZZZ(%J' — 7 =Q.

i=1 j=1 i=1 j=1
Ee guciio creneneit ¢ceoboipl paBHo Vo = n — 1. Crarucruka KpuTepusi pas-

JIONO00MsT UMEET BUJI:

G- Q) )—)  (Q-Q)n—1—n+r) Q1)
P, @ ) @
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EcrecrBenno, uro ommbka, C/QVQ B ycedeHHoit mogiesin (61) Godibiiie, uem onubka B
pacipennoit Mojesn (60). Ecin pasnocrsb @;—Qz MaJla, COOTBETCTBEHHO MaJIO
3HAYeHNe CTATHCTUKKM F, TO ycedeHHas MOJETL HE Xy»Ke OCHOBHOI MOJIEJIH.
Ecym pasnocts Qg — Qs BEJKA, TO COOTBETCTBIE YCEUEHHON MO PeATHHBIM
JAHHBIM TOpa3Jio XyzKe, O3TOMY BangHue (PaKTopa, Pa3IesaIonero Habo ie-
HUA 10 HOAnonyasuusaM, snaunmo. Crernenb 3HAYMMOCTH OINpejlesideTcs 1Ipn

IMOMOIIIM JJTOBEPUTEJILHOT'O YPOBHA BEPOATHOCTH
a, = P{F > F,},

rie F, nabmaopaemoe 3nadenue cratucruku F. Ilpn a, < a = 0.05 runoresa
Hy: oy =...=a, =0 orsepraercsi.

Mogesib (60) nHatMe HA3BIBAETCS MOJIENBIO ¢ (DUKCHPOBAHHBIMEU (D heKTa-
MHU. DTO 03HAYAET, UTO IIPHU IIOBTOPEHUH SKCIIEPUMEHTa OYIyT pacCMaTpPUBAThHCS
BBIOOPKH M3 TEX K€ CaMbIX IIOJ[IOILYJ/ISIINIA.

5.2. MarpuyHasg MOA€eJb AUCIEPCUOHHOTO aHAJIN3a

Mogesns ogrOdGaKTOpHOrO AuctiepcuonHoro anaansa (60)

r
xij:,u—l—ozi—l—eij, izl,...,T,j:L...,ni, rae E ai:()?
=1

MO2KHO 3allMCaTb B MaTPUYIHOM BHJIEC!:

Y = XB +e¢,
Y = ( - -
e Y = (T11, oy X1y B0y« oy L2y« + s Tply - -y Tpp, )| —BEKTOD HAOIIOCHNIA,
T
>n;=mn, 8 = (g,a1,...,,_1)" — BeKTOp MapamMeTpoB W MATPUIA TJIAHA
i=1

39



pa3MepHOCTU N Ha " UMEET BUJI;

1 1 0 ... O
1 1 0 0 - .
1 0 1 0 s
o
X _— , ﬁ _— OKQ
1 0 1 0
(075
1 -1 —1 . —1 - -
1 -1 -1 ... —1

OHGHKI/I nmapamMerpoB 110 METOZly HaMMEHbIINX KBa/JAPaTOB MMECIOT BH/IL:
B=(X'X)"X'Y.

Jns npoepku runore3sl Hy : o = ag = ... = o, = 0 UCIOJAB3YIOT MOJETD C
OrpaHUICHUEM Ha MAapAMEeTPhI IPU TTIOMOIITH MATPHIBI H pasMepHOCTH T (IUCIIO

mapamMerpoB) Ha § =1 — 1

0 1 0 0 0

. . 0o 0 1 ... 0 0
HpB =0y tne H = n Gy =

0O 0 0 ... 1 0

Mozkno nokasars, uro Z = H'f ~ N,(H'S8,02D), rne D = H'(X'X) H u
RZ= (Y —XB)(Y —XB) ~ o2x%(n—r) pacupesencunt nesasucumo. Kpowme
roro (Z —00) D HZ — 0y) = R2 — R2 ~ 02x*(s), ye R? = (Y — X3*)'(Y —
X 5%) , 5* ouenka napamerpon yceuennoit mojiesu. Toryia npu cipaseijinBocTu

HYJIEBOY TUIIOTE3DI

n—rR} — R}
F = ; I ~ F(s,n—r).
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5.3. BcrmomorarenbHbIEe 3aaa49n

Omnpenenenune. A~ - obobIennass obparHass MaTpHIla, TaKas, 9TO JIJIsT
qaoboro BekTopa Y, npu koropom cucrema AX =Y coBmecrna, X = A7Y
SIBJISIETCST €€ PeIeHeM.

A~ cymecrByer <— AA™A = A.

Hononnurensrnoe cpoiicrBo: AAA™ = A~

3amaga 1. Ilycrs B — marpuna m ua n, BY — m juneitnbix GyHKiuit
or Y = (y1,...,yn)T. dna nezasucumoctn BY u YT AY nocrarouno ycnosus

BA = 0. Bocrionbayemcst crieKTpaJibHBIM pa3jioKenneM MaTpuibl A pamra r:
A=\NPPr+. . . +NPP', N#0 i=1,...,r

U3 ycnosus BA = 0 caenyer, aro BP; = 0, r.e. BY = BP;(P/Y) ne 3aBucur
oT PZ.TY. Ho

YTAY =) N(PTY)%
3agada 2.

a) X = X(X'X)"X'X,
0) I — X(X'X)” X' unemnorentHa.

a) G=X(I—(X'X)X'X),

— GG=(1I—-(X'X)X'X)X'X(I—-(X'X)"X'X) =

= (I - (X'X) X'X)(X'X - X'X(X'X)"X'X) =

=(I— (X'X)X'X)(X'X - X'X)=0, = G=0.

6) (I —X(X'X) X)I-X(X'X)X)=

=1 - X(X'X) X' - X(X'X)" X'+ X(X'X) X'X(X'X) X' =

-~

X
=1 - X(X'X)X'.
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Bagada 3. 5 = ((1,...,0n) Bekrop napamerpos, X - marpulia IJjiaHa
panra 7, (X'X)~ obobiiennas obparHasi, B = (X' X))~ XY, 3 pemenne ypas-
nenust (X'X)B=X'Y. Marpuna H'pasmepuoctu s na m paura s. [Tokazars,

4TO pacrpejesennl nezapucumo £ = H' B u
Ry = (Y = XB)' (Y — Xp).

Bsegem marpuiyy C rakyio, yro H = X'C'. Torna

H3=TX(X'X) XY = BY.

R=Y'Y-FXY-Y'XB+FX'XB=Y'Y -Y'X3, (63
0 B B+ X/yﬁ B, (63)
RE=Y'Y -YV'X(X'X) XY =Y'(I-X(XX) XY =Y'AY .
A

Taxkum obpazowm,

BA=C'X(X'X)"X'(I - X(X'X) X') =

= C'(X(X'X)" X' = X(X'X)" X'X(X'X)"X') =0.
X

3agada 4.
a) Z=H'( ~ N,(H'S,0°D), rne D = H'(X'X) " H n

6) B3 ~ o?x*(n —r), rje r — panr Marpuiipl iiaHa X.

/

a) [leiicrsurensno, E(3 — EB) (B — EB) =
= E((X'X)"X'(Y = EY)(X'X)"X'(Y = EY)) =
= (X'X) X'o"I(X'X) X') =
=’ (X'X) X'X(X'X) =0*(X'X)"
Orciona D = H'(X'X) H .
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6) R:=Y'(I - X(X'X)"X")Y, marpuna I — X(X'X)™ X msesmorenra,
()

ren—r="Trl —TrX(X'X)"X' =
—n—Tr(X'X)"X'X =

=n—rang(X'X)=n—rang(X)=n—r.

Bagaga 5. [lpu quddepennuposanun (Y — X5) (Y — X3) no 8 upu

yenosuun H'8 = 6y nonyuena cucrema ypasnenuii (pasi. 5.2):

X'XB+ H)= XY,
H'3 =0,

(64)

A u B* — ee pemenne. [lokazaTh, 94T0
R=Y-XB)Y -XB)=(Z—0,)D(Z—0)+Rj.

3aMeTuM, ITo

RE=(Y - XB +XB—XB)(Y - XBXS—XB) =
= (Y - XB)(Y - XB)+ (B - B)X'X (- B,

~

rak kak (B — ) X' (Y — XB) =0 1o oupenenerno f3.
JlocTaTodHo 1moKasarb, 4To
(B—BYX'X(B—B") = (Z—06))DNZ—b).

[Iycre H = X'XC, rorpa D = H'(X'X)"H = C'X'X(X'X)" X'XC =
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C'X'XC. Boruuraem uz X' X3 = XY ypasnenue (64) X'Xp*+ H\* = X'Y.
X'X(5— ") =HN = X'XON, j-5 =(X'X) X'XON,
(B—B)YX'X(B— ) =N CXX(X'X) X'XC\ =

(3—B)
—\O'X'XCN = D)

Z_eo :H/B_H/ * :Hl(B_ﬁ*) :C/X,X(X/X)_X,XCA* —

= O'X'XCN = DX
— X' =D YZ -6,
— N'DXN = (Z—6))D'DDYZ —6y) = (Z —6,))D(Z - 6)).

5.4. MHoromepHbIii JUCIEPCUOHHBIIT aHAJIN3

[Tycrs Bektop Y; = (Yi1, ..., Yin) COOTBETCTBYET M HE3aBUCHMBIM W3Me-
penusim i-tiepemernoit, ¢ = 1,...,p. i kaxjaoro Y; MOXKHO paccMOTPeTh

OJIHOMEPHYIO JIMHEITHYIO MOJIe/lb
Yi=XBi+ei, cou(Y;)=oul, (65)

rie X — marpuna miana paira © < m < n, f; = (B, ..., Bim) — BEKTOp
napameTpos, crelnuduaHbIX JIJIs KaxKloit nepemennoit. Yepes o;; oboznauena
KoBapualusl MexJly nepemenubiMu Y; u Y, p < n —r, r < n. Baarsie mecre
p amHeHbIX Mogesieit (65) coCTaBIIsSIoT MHOZOMEPHYIO 0000UWEHNYI0 AUHETNYIO0

modean: Y = X5+ e, rie

Yz Y21 - Yp1 B Por ... Bpl
v — Y12 Ya2 .. Yp2 7 5 _ 512 522 . 5p2 (66)
Yin Yon --- Ypn Blm 62771 < Bpm

X — MarpuIa miaHa pa3MepHOCTH 1 Ha m paHra r, e — MaTpuIila n Ha P, CTPOKU

KOTOPOI COCTABJAIOT caydaiinyto Boibopky u3 N (0, Y).
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Onenkoit mapamerpos [3;, ¢+ = 1,...,p, cayxur MHK-onenka 1o ojgnoit

nepeMeHHoit Y; Bujia,
Bi=(X'X)"(X'Y;)), i=1,...,p.

Mgt BblumC/IeHMs HECMEIICHHBIX OLICHOK JIIsL 0y U 0 UCIOJIL3YIOTCsl OCTaTOY-

Hasi cyMmMa KBaJipaTos (63)

R2(i,1
Ri(i,i) =YY, = Y/Xf;, 63 = UL
n—r
" OCTaTO4YHad CyMMa HpOI/ISBe,ILeHI/II'/JI
- . Ri(,J)
Ri(i,j) =YY, = Y/XB;, b= —T==

R§(1,1) ... Rg(1L,p)
Ry =

| Ri(p.1) ... Ri(p,p)

HA3bIBAETCs MaTPHUIEHl OCTaTOYHLIX CYMM U IpousBejienunii. Tpebyercs ojHO-

BpEMEHHO IIPpOBEPUTDHL I'MIIOTE3bl O TOM, 4YTO
/ .
Hﬁizgi,lzl,...,p, (67)

riue marpuna H' pasmeprnocru s na m umeer panr s < r. Ecin sra runoresa
BBIMTOJIHSIETCsI, TO MOJIYIaeTCsl MOJIENIb ¢ OIPAHMYEHUSIMUA, Ha, OCHOBE KOTOPOIt
MOXKHO HailfTH OlleHKH (3 M MaTpuily OCTaTOYHBIX CyMM U Ipoussejenuit Ry.
Matrpuna R; — Rg HasbiBaeTcst Marpuneil KBaJpaToB U 11POU3BEIeHI, 00yC-
JIOBJIGHHBIX OTKJIOHEHHEM OT IMIOTe3bl. TakuM oOpa3oM, OTKJIOHEHHE OT T'UI0-
Te3bl MOXKeT OBITH ompejiesieno cpaBuenneMm marpull R; — Rg u Ry.

Ceenem 3ajaay (67) K ofHOMEpHOMY Ciydaro, paccmorpeB 0 = Ly +

oo LBy & = L&+ ...+ Ly, runoresy H' = £, MHOXKeCTBO CJIydaifHbIX
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pesmunn Y = L1Y] + ... + L,Y),. Tlogxoxsammit xpurepnii OCHOBBIBaETCA Ha

JABYX MUHHUMAJIbHBIX CYMMaX KBaJAPaTOB:

Ry = min(Y = X8)(Y = X8),  Ri= min (Y = XB)(Y = X5).

ITpu nynesoit runorese H' = & crarucruku R — R3 u R3 pacupejesenn

HE3aBUCUMO KaK IeHTPaJbHbIE XU-KBaJIPaT pacipeieeHus O’%XQ(S) n O'%XQ (n—

7“). Mo>kHO HEIoCpeICTBEHHO YOS UTHCSA B TOM, UTO
L'RoL =R, L'RiL=R} L'(Ry—Ro)L=R}—-R
Hanpumep,

R = (v = X8)(Y - x8) = [ 3 Lvi- x8)] [ Lvi - x8)] =
=3 LiLi(Y; = XB) (Y = XB;) = > LiL;iR;(i,j) = L'RoL.

Caenoparesnbrno, marpuiibl R; — R 1 Ry nmeror nesapucumblie pacipejiesieHust

Yumapta
R() ~ Wp(n—r), Rl—R() ~ Wp(8>.

[Ipu cnpaBeiuBoCcTH HyseBoii runoressl (67) mis kaxkgoro L BepHa ru-

noreza H'f = £ u noaxoaamyuMy siBJIsIIOTCSL CTATACTUKY

R 1 I"Ry L

n—r R?— R3

F = nwm B =

2 n2 T s = JT )
S RO Rl 1 + po— L Rl L
HocJie/iHsAsT uMeeT Oera-pacipejesienne. dem Oosbiie ' 1 3HAYMMOCTD, TEM
Mmenbine B. Boibepem L Tak, 9ToObI CTaTUCTUKA B nMea HauMeHbIIee 3HaueHne

(F manbosbiriee), TeM caMbIM THITASCh OMPOBEPIHYTH IMMoTedy. Torma Kpure-

puil CBOIUTCA K BUJLY:

, C LTRy L
)\:lenB :mﬁnm,
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WM \ SIBJISIETCS HAUMEHBIITUM KOPHEM XapaKTePUCTUYECKOTO YpaBHEHUS

IRo — A\R;| =0, maxk kaxk RoL = AR;L <= L'R¢L =
LT Ry L
= AM'RIL = \= ",

! LTR; L

O iMH 13 BO3MOXKHBIX KPUTEPHUEB Ha COOCTBEHHBIX dnciiax - A-kpurepnii ¥ nii-

KcCa.

Ry

A= dy = o

5.5. /IBydaKTOpHBI ANCIIEPCUOHHBII aHAJIN3

C ITIOBTOpEHNAMMN

Uccnemyercss ypoBeHb aJIpEHAJIMHA, Y MBbIIIEH, COAEPXKAIINXCS B Pa3HbIX
YCJIOBUSIX JIO TEPHUOJia MOJOBOIO CO3PEBAHUSA, W BBIKOPMJIEHHBIX II0-PA3HOMY.
Takum obpasom, umerorcs jBa dbakropa: A - ycjoBust BcKapMiuBanus (0e3
MaTepu U ¢ MaTepbio), B - ycioBust cojiepxkanust (B H30JUPOBAHHBIX, CMEXKHBIX
1 obmmx Kierkax). Ilycrs x5, obo3nauaer 3nauenue mepemennoit X (yposemb

aJIpeHaJIMHA), MOJydeHHOe NMPU k-M TIOBTOPEHWH SKCIEPUMEHTa B siveiike ij,

i=1,....I,j=1,.... 0. k=1,... K.

JBydakTopHasg M0/1eJib ¢ (PUKCUPOBAHHBIMU 3PP EKTAMU

Mojenb ¢ pukcupoBaHHbIME 3 heKTaMu UMeeT BU/I:
Tij = o+ i + B + (aB)ij + eijp, (68)

v =1,....1, 5 =1,....J, k = 1,..., K, u - renepajibHoe cpejiuee, o, -
middepennuanapuslit addext dbaxropa A, B; - nuddepennnanbueiit 3 dexT
dbakropa B. Bemnuuna (of);; HazbiBaeTcsa B3auMmojeicTreM (HakTopoB. Dta
BeJINUYMHA YIUTbIBaeT gudpepeHnnaabubiii 3hdeKkT KoMOMHAIMA 1-I0 YyPOBHs

dbaxropa A u j-ro yposusa dakropa B, eciu OH He BbIpazKaeTcsa CyMMoit o+ 3+
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. OmmbKy €5, TPEToNaraloTCs He3aBUCUMBIMU 1 HOPMAJIbHO PaCHpesieseH-

upivmu N (0, o).

Yposenuv adpenanruna

npu pasHom 6CKAPMAUBGHUU U codepmcanuu

BCKapMJI. ¢ Marepbio 3.35 £ 0.15
oTH.KjaeT.&1 | coobmr.kier.So | 0OII.KaeT.E3
1 1.9 4 3.2
2 2.3 4.6 2.6
3 2.2 5.7 2.2
4 2 5.7 2.6
5 2.7 4.8 3.2
6 2.8 4.8 2.5
7 24 5.4 3
8 2.7 3.8 3.3
Z11 =2.38 Z12 = 4.85 ZT13 = 2.83
BcKapMJ. 6e3 marepu 4.48 + 0.15
ora.kier.éy | coobm.Kaer. o | OO KaeT.E3
9 3.3 6.3 4.6
10 4 7.2 4.8
11 5 4.6 4.6
12 3.2 7.2 44
13 24 3.8 4.5
14 3.6 44 4.2
15 3 4.8 44
16 3 5.8 4.3
Zo1 = 3.44 Too = 5.51 ZToz = 4.48
z.1=2091 Z.o =5.18 Z.3 = 3.65

[Tpu orpanuyuenusix Ha rapameTpbl

I J
Z&i - 07 Zﬁ] - 07
i=1 j=1

(Oéﬁ)ij:(), i:1,2,...,l,
1

Z(Oéﬁ)ijzo, jIl,Q,...,J;

I J
=1 j=

OTIEHKAMH TTapaMeTpoB Mojesin (68) ABIsroTes:

A~

il = T — obiee cpejHee,
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Q; = T;. — T, TIe X;. — cpejiHee 1o i-My 3HadeHnio dpakTopa A;

Bj = T.j — T, IJie T.; — cpejiHee 110 j-My 3Havenuio dpaxkropa B;

m = T;j. — Tj. — T.;+ T, TOe Tyj. — cpejiHee B g4eiike ¢j. Vmeem BekTOp
Y pasmepuocru rsn, marpuiy mwiana paarar = 1+ (I — 1)+ (J — 1)+ (I —
1)(J — 1) = IJ. Hampumep, nipu I = 3 u J = 4 ona umeer BUI:

Yip|loar az| Bi B2 Bs|(af)in (aB)iz (aB)iz (af)ar (af)2e (af)23
Y11+ | 1 1 0 1 0 0 1 0 0 0 0 0
Yios | 1 1 0 0 1 0 0 1 0 0 0 0
Y13+ | 1 1 0 0 0 1 0 0 1 0 0 0
Yias | 1 1 0j—-1 -1 -1 -1 -1 -1 0 0 0
ya1x | 1 0 1 1 0 0 0 0 0 1 0 0
Yoos | 1 0 1 0 1 0 0 0 0 0 1 0
Y23+ | 1 0 1 0 0 1 0 0 1 0 0 1
Yoax | 1 0 1/]-1 -1 -1 0 0 0 -1 —1 —1
ysix | 1| —1 —1 1 0 0 -1 0 0 -1 0 0
ysox | 1| —1 —1 0 1 0 0 —1 0 0 —1 0
Ysax | 1| —1 —1 0 0 1 0 0 -1 0 0 -1
Ysase | 1| -1 —-1] -1 -1 -1 -1 -1 -1 -1 -1 -1

Bekrop napamerpos: 8 = (u, a1, -1, 81, ..., Br-1, (@B)11,- .., (aB)r-1.5-1)".
Obimee uncio nabsonennit pasuo IJ K. OcraTounasi cymMa KBaJIpaTOB OCHOB-
HOIl MOJIeJTN paBHA

Qr =Ry =Y (wiyjx—fp— & — B — (af)y)’
irjik
uMeer 4ucjo creneneit cBodojpl [ JK —1.J. Jlns nposepku runoresst Hy @ aq =
a; = ... = ay = 0 ucnosnssyem H'fS = 0, marpuny H' pasmepnocrun I — 1 na
r=1J panral—1, suna H = [01471\I[fl,[fl\OI_uJ_I)]. Ocrarounast cymMMa

KBa/JIPATOB yCEUYEHHOI MOJEJIM paBHA

~

R = Z(%‘jk — = B; — (aB)y)* = RS + Qa,
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Orcrozia morydaemM CTaTuCTuKy KpUTepusi

F

CIJK—1J R—R: IJK—-1J Qq

-1

R I-1

Qr

Anasoruyno CTPOATCA OCTaJIbHBIE CTATUCTUKUA.

~ F(I-1,IJK —1J).

Tabauua deydaxmoprozo JUCNEPCUOHHO20 AHAAU3O

MCTOYHUK cymma CTemenn CpeHmit
JTACTIEPCAT KBaIPATOB CBOGOIB KBaIPAT
i
daxrop A Qa=snd (T;. —7)° va=1-1
i=1
_Q
MQa =22
7
dbakrop B Qep=rnY (;— 1) vg=J -1
j=1
_Q
MQp =32
T J
B3aHMO- Qap=mn > (Tij— VAR =
i=1j=1
neiicrue AB —F. — T+ 7)? =T -1)(J—1)| MQap = ffj;f
OCTATOK Qr =
I J K 0
(ommbKa) =35>0 > (wije — Tij.) vp=IJ(K—-1)| MQgr=*£

TIOJTHaA

vp=ITJK —1

JL71s1 IpoBepKu TUIOTE3bl 00 OTCYTCTBUU (P eKTa B3auMOIeiCTBUI

MQap
MQrg

Hy : Bce (af);; = 0 ucnomssyercs cratncruka F =

st mpoepku runotesnl 06 orcyrersun addexra A-dpakropa

Hy :Bce a; =0 ucnonb3yercda oTnormenuel' =

MQa
MQr

st mpoBepKu runoresbl 00 orcyTeTBun adpdexra B-dakTopa,

Hy :Bce ;=0 OGeperca ornoumenuel’ =

20

MQp
MQr

~ F(I/B, I/R) .

~ F(VAB, VR) .

F(va,vgR) .



Eciin ipenebpeun hakKTOPOM B3aUMOJICHCTBUS, UM HEJIOCTATOTHO HADJIIO-
JIEHN# JJ151 OCTATOYHOTO TIPEJCTAaBUTENLCTBA B KaXKJION sideiike 17, TOrjia CyM-
MbI KBaJIPATOB (QAp 1 (Qp MOI'YT CKJIQJIBIBATHCS B HOBYIO CyMMY Q}% C COOTBET-
CTBEHHDBIM CJIOXKEHUEM YNCJIa CTeleHeil ¢BOOOIBI.

Tpadikl cpegH: 11 95%-106 2pMT MHT. N4 reHep CpegHem
CheWsSHHEI adderT: FI(2, 42)=1 8795, p=,16523

65
g0t
55t
50t
45t
40t

33t

BARGHEMAH

30

25

20 b —G— MEpro g,

BCKEMN.
cmaTepsa 0
10 - - nepMog,

0 1 2 B CKEEN.
C uzonmatTepn

YCMOEMA COEpHaHHA

Puc. 2. Wmocrpanusa orcyrcTBusd ddderTa B3auMojeiicTBusg hakKTOPOB BCKapMIUBAHULA U

cOJlepKaHuSI.

[TPUMEP (npomonxenue) Iposepsiem rumoressr.

Hy : Bce a; = 0. p = 0.000003 — ciemoBaresibuo, Biausgune (hpakTopa BCKapMJINBAHUS
3HAYUMO JIJI1dl YPOBHS ajipeHaJnHa, CpeJIHNH ypoBeHb ajipeHannHa 3.35 + 0.15 B rpymme, 10
KOHIIa BCKapMJIMBAHUS HAXOJAIIENCS ¢ MaTepbio, 3HAYUMO HUKE CPeJHEr0 YPOBHY aJpeHa-
juna 4.48 + 0.15 B rpyiiie, ©30/JIMPOBAHHON OT MaTepu.

Hy : Bce B; = 0. p < 0.000001 — cienoBaresnbHO, BausgHEE PAKTOPA YCIOBHA COTEP-
JKaHWS 3HAYAMO JJ1s ypOBHA ajpeHannna: cpeqane 2.91 +0.18, 5.18 £0.18 u 3.65 £ 0.18 B
IPYIIAX, OTJIUYAONIUXCA YCJIOBUIMU COJIEPYKAHNS, 3HATMMO Pa3IndalOTC.

Hy :Bce (af);; =0. p=0.16 - cremoBaTenpHo, GaKTOp B3AUMOIEHCTBHS HE 3HAMHM.

5.6. Moaesb co cayqaiiabivu 3ddekramn

Ecsn mopnonyssinny BEIOUPAIOTCSA CIyIaitHo U3 O0IbIToro (6eCKOHETHOrO)

YUCJIa TOJIIONYJIANNI, TO (paKTOP OTHOCUTCsA KO BTOPOI MOJIE/IH, KOTOpast UMEeeT
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BUJI:
xij:u+ai+eij, izl,...,r,jzl,...,ni, (69)

e a; pacupegesenst 1o N(0,0,), e;; pacupegenenst 1o N (0, 0), Bce a; u e;;

B COBOKYIITHOCTH HE€3aBUCHMDI.

1-m

L LT

Nl o
et el Monynaung

CRedRE N{,ﬁ,a&)

e .
I
m me m3
Puc. 3. Mogieas co cayuaiinbivu adgpdexramu. [Iposepsierca runoresa Hy : 02 = 0, my, ..., m,

BBIOUPAIOTCS CJIyYaiHO.

[Ipu moBTOpeHUM IKCIEpUMEHTa MbI CKOpee Bcero OyaeM MMeTb JIeJI0 CO
CJAydalHbIMU BbIOOPKAMK U3 JIPYIUX MOMYJsinii. B 3T0#t Mojie/in HAC WHTepe-
2

CyeT OleHKa JIUCHepCUuu o, pacupejeseHns juddepennnaibibix 3¢pdexkTos.

Tunoresa Hy : 02 = 0 osnaudaer, 4To (HakTop He BHOCUT 3HAYMMOIO BKJIaJa B
JIUCTIEPCHIO.

Jlnst nposepku runoressl Hy : 02 = 0 HCHOML3YIOTCS BhIPasKeHUs [ Ma-

QL Qo

TeMaTUYeCKUX OXKMJIaHUMI cpeJHUX KBaJIPaTOB —& U

<L u -2, Henocpe/IcTBEHHBIMU

BbIYHUCJIEHUAMU MO2KHO Y6e,£[I/ITbCH, qTOo

E QZ :02’ E Ql
n—r r—1

= 0% 4 ko?, e




Ucnonb3syem BbipaxkeHue T; = (4 + a; + €; 1Jist Bbraucaeruss FQy:

T r

QQ—Zme i ZZ’M+@Z+€U /L—ai—éi)zz
=1 j5=1 i=1 j5=1
r

-3 an an—n

=1 j=1

EQQZZZEE ZmEe = no? an = (n —r)o?.

=1 j5=1

st Berauciaenns: ()1 ucnoib3yeM BbIparkeHue

1 - I
:EZZ;CU:ﬁZnifi:,&—i—ﬁzni@i"‘ga
=1 =1

i=1 j=1

8I

r n; r n; 2

QlZZZ(fi—E)QZZZ (a; + &) anaz—i—e =

i=1 j=1 i=1 j=1

r

_ 1 _
:Zni(ai—l-ei)Q—n ﬁz;niai—l—e ;
(3 1=

=1

CunTaeM MaTeMaTHIECKOE OXKUJJaHHUE:

T 1 T
EQ, = Z n;E(a; + €)* —nE - Z n;a; + €
i=1 i=1

r r
_ 1 _
— 21: n;D(a; + €) —nD - Z nia; + €
1= i=1
,

=Zni<az+§)—n O'—ZTL +—

=1

= (r —1)o? + o2 n——Zn —1) (6® + ko?)

1 1 —
k = __E:Z
rje T n n 2 n;

Eciin ucriosib3yercs oJIMHaKOBOE YUCJIO HOBTOPEHUI B KaXKJIOW MOJIIIONYJISIIUY,

TO €CTh Ny = ... = N, = m, 70 k = m. [Ipu cupaBeJJINBOCTU T'UIIOTE3bI
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Hy : 02 = 0 craTucrukn 9y g—ll VIMEIOT OJIMHAKOBBIE CPEJIHNE 02, TTO3TOMY

a n—r

MO2KHO IIOCTPOUTH OTHOHIICHUE @Mmepa

= — ~ F(r—1,n—r).

BHauMMOCTb KpuTepus paBaa o, = P{F > F,}, rie F, nabsiogaeMmoe 3HaueHnE
cTaTuCcTUKU. ['nroresa 00 OTCyTCTBUM BIAUSHUS (DAKTOPA OTBEPTaeTCs MPH (ry <
a = 0.05. uro B ciaydae 0jHO(MAKTOPHOIO JUCIIEPCHOHHOIO aHAJIM3a 3HAUHU-

MOCTHU Mojiesieit co ciydaiinbiMu 1 (pUuKCUpOBaHHbIMU dPdEKTaMU COBIAJIAIOT.

PaccMmaTpuBas B KadecTse k Bbipaskenue (70), TIojiydaeM OleHKY JUCIePCHT 0 -:

o 1 G Q2
)

“ k\r—1 n-—r

5.7. JIBydaKTOpHass MOJieJib CO cJiydaitHbIMU 3ddekTaMu

Mojienn co ciyuaitnbiMu adpdekramm uMmeer BUJL:
Tijie = p+ @i + bj + (ab)ij + €ijr, (71)

rne v = 1,...,1, j =1,...,J, k = 1,..., K, it - reHepaJibHOe CpeJiHEE,
ciaydaitupie nuddepeniuanbibie 3ddekTor A-pakTopa a; HE3aBUCUMbBI U PaC-
npegenennst o N(0; o,), cnyuaitneie muddepennmansubie adgdexrnr B-gakro-
pa b; mesasucumbl n pacnpegenensl 1o N (0; o), abdexrsl B3anmoeiicTBIs
(ab);; nesasucumel u pacupesenenst 10 N (0; 04). Beanaunst e, HesaBucuMbl

u pacupejesenst 10 N(0;0). Bee Bestnunnbt a;, bj, (ab);j, €, He3aBucuMbl B

COBOKYTTHOCTH.
NCTOYHUK CpeﬂHI/H'/JI MaTeMaTHU4dEeCKOE
JAUCIIEPCUN | KBaJApaT O2KHJIaHHNE
A MQy | 0%+ Ko? + JKo?
B MQp |0?+ Ko? + [Ko?
AB MQap o+ Ko?,
R MQgr o2

o4



Orcroa moryaaeM BbIPasKeHust JJIsl OIEHOK JTUCIIEPCHIi:

o MQa—MQap o MQp—MQap o MQap— MQg
Ta = K 7T ik 7T K |
st npoBepku rumnore3nr Hy : agb = 0 ucrnosp3yercs oTHoIeHue F =
%%Alf, Jutst Hy 02 = (0 ucnosibdyercs orHoiieHue F = AjngAB, qutst Hy - 02 =0
MQgp

oTHomenne F' = 0.5 C COOTBETCTBYIOUMI CTCICHAMMI C¢BOOO/ILL.
[TPUMEP (nponomxenne) Tpu nposepke runoresst Hy : 02, = 0 06 orcyrcrsum
B3aUMOJICHICTBUS TOJIy4aeM TOT K€ KPUTEPUil, 9TO U B CJIy4ae MOJeS N ¢ (PUKCUPOBAHHBIMHU

sdpdexramu. p = 0.16, B3anMoieiicTBIE HE3SHAYNMO.
I[Tpu nporepke runoress Hy : 02 = 0 06 orcyrersun addexTa yeaoBuii BCKapMInBaHus
noaydaem 3Hagumocth p = 0.059 Hy:02 =0 -
y D .059, npu nposepke runoreser Hy : oj OJIy4aeM 3HAYH
mocTh p = 0.044. 3nauuMocTn OTIMIAIOTCS OT 3HAYUMOCTEH B MOJe/u ¢ (DUKCHPOBAHHBIMUI
spderTamMu, coxpaHsgeTcs TOJBKO COOTHOIIIEHNE MeKTy HUMU: (DAKTOP YCJIOBUS COIEPIKAHUS

boJiee 3HAUNUM, YeM (PAKTOpP BCKAPMJIMBAHUSI.

B StatSoft nanbosee ymoOHON I MTPAKTUYIECKOTO MCIOIB30BAHUS JUCIEPCHOHHOTO aHAIN3a C (DUK-
CUPOBAHHBIMHU U CIydaiinbiMu 3¢ dexramu saBgercs nporpamma: Statistics - Advanced Linear/ Nonlinear
Models - Variance Components. B Variables yka3piBaem HyzKHbIE TIepeMeHHbIE. Pe3yIbTaThl caera HaXO0-

JATC B Tabyinne, CupAaTaHHo# 1moj Kaonkoi Summary : Components of Variance.
CpejiHue, COOTBETCTBYOLIME PA3JIMYHBIM yPOBHSAM (DAKTOPOB U UX IIEPECEYEHUSIM, MOXKHO [IOCMOTPETH

BO BKJaJKe Fstimation 3a kuonkoit Margimal means.

5.8. /IBydaKkTopHasag MoaeJb CO CMENIaHHBIMU 3¢ deKTaMm

Mojienb co cmernnanibiMu 3dpdekTamm uMeeT BUJIL;:

Tijk = p+ @i+ bj + (ab)ij + eiji (72)

et = 1,...,0, g =1,...,J, k. =1,..., K, u - reHepajibHOe CpeJiHeE,
— i-it quddepennmanpunlit adexr A-dbaxropa, b; — ciaydaitable 3ddexTH
B-daxTopa nezasucnMbl 1 HopMmabHo pactpeaenenst N (0; o), adbdekrn B3a-
umoyeiicrust (ab);; HesaBucumbl 1 HOpMaJibHO pactpesesensl N (0; oq). Be-

JIMIHHBL €55 HesaBucumbl pacupesenenst 1o N (0; o). Bee sestmunnst by, (ab);;,
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6ijk HE3aBUCUMbI B COBOKYITHOCTH.

NCTOYHUK Cpe,H‘HI/II‘/JI MaTeMaTH4Y€EeCKOe
MUCIEPCHH | KBaJIpaT OXKUTAHUE
JK Y a?
A MQu |o0*+ Ko + —=—
B MQpg 02+ Ko? + [ Ko}
AB MQap o?+ Ko?,
R MQgr o?

Jns nmpoBepku runoresnl Hy : Ugb = 0 wmcmosp3yercd oTHommenne F' =

MQas o2 _ MQ@Qgp .

NG A9 Hy : o; = 0 ucnosbsyercda ornouenue F = MO A H, :
M

Bce o; = 0 orHoIenue F' = MgABB C COOTBETCTBYIOIINMU CTEIeHsIMU CBODO/IbI.

SaMeruMm, 4TO B Caydae JBY(MDAKTOPHOrO IJIaHa Pe3yabTaThl JUCIEPCHOHHOTO

aHaJIM3a B CJlydae XOTs Obl OJIHOTO CJIydaifHOro rakTopa COBIAIAIOT.

5.9. /IsydaKTopHas MOIeJb C TPYNIHUPOBKOI

Paccmorpum curyanuio, korja dpakrop B crpyumuposan dgakropom A.

[IPUMEP. Tycrs umeerca dbaxtop mumerst A ¢ r = 4 yposuaMu. 3aBucHMoil Iie-
pemenHOIl siBIseTcs aBazkapl (K = 2) n3Mepsemoe KOJIHYECTBO BBIIBIXAEMOIO a30Ta Tjjk,
v=1,...,0; 3=1,...,J, k=1,... K. ®Pakrop B gaBasgercd (pakTOpOM HCIBITYEMOTO,
J=4.

arnvie daa dsydarmoprozo niana ¢ 2pynnuposroti

gueTta 1 aueTra 2 adera 3 nuera 4

1 maba. 2 wabua. | 1 mwabs. 2 wabxa. | 1 Haba. 2 Habxa. | 1 Haba. 2 HabJI.
4.079  4.859 | 4.368  5.668 | 4.169 5709 | 4.928  5.608
3.541 5.047 | 3.752  5.848 | 4.416  5.666 | 4.941 5.291
3.298  4.679 | 3.802 4.844 | 4.123  5.059 | 4.674  5.038
2871  4.648 | 3.578 5393 | 4.403 4496 | 4.905 = 5.208

A~ w o o~ | I

[Tycts dakrop A siByisiercst caydaiiibiv gakTopoM. Torma Mojesns nMeer
BUJI:
Tijk = P+ a; + by + €iji,
o6



rJe [t - FeHepaJibHOe CpeJlHee, BeJUMYUHbI (; He3aBUCHMbI M PACIIpPeJIesIeHbl 110
N(0;0,), Bemmaunst bj(;) - nesasucumbl i pacupeesenst 10 N (0; oy,). Besn-
qUHBL e, Hesaucumbl pacupegenens 1o N (0; o). Bee Bemaunnr aj, by, ek

HE3aBUCUMBI B COBOKYITHOCTH. bj(i) = Tij. — T .

Tabauua deydharmoprozo naaHa ¢ epynnuposkol

HCTOYHUK cymMMa CTeTeH: cpeHui
JLUCIIEPCUU KBa/[PATOB cBOGOIbI KBaJ[par
T
— = )2 _7_ _ Qa
dakrop A QA—JKi:Zl(xZ. z) va=1-1 MQy = ”
dakrop B
I
(miayrpuA) | Qpeay = K 32 32 (. — 2:)% | vy = 1(J = 1) | MQpay = S22
i=1j=1
0CTATOK
I J K
(ommbka) | Qr = > > > (wije — Ti.)* | ve = [J(K — 1) MQgr = Cj—g
i=1 =1 k=1
T K
HOJTHAS Qr =3 > (zijr — x)? vp=1JK —1
i=1 =1 k=1

Cwmermanablii 1By (aKTOPHBIA TJIaH ¢ IPYITTUPOBKOI MOXKHO 3aMucaTh B BU/IE:
Tijk = 1+ 0 + by + €,

o; — quddepennmranbabiit 3hdeKT, onpenensaemMprii i-M yposaeM ¢akropa A.
Tabsmia j1BydakTOPHOIO IJIaHA C I'PYHIMPOBKOM MMOJIyUYeHa U3 TabJIHIIbI
JIBY(DAKTOPHOTO IJIaHa CyMMHUPOBAHUEM CYMM KBaJPaTOB, COOTBETCTBYIOIINX
daxTopy B u dakropy B3aumoseiicteus AB.
[IpuBejieM oxXMAAHKUSA CPEJIHUX KBaJIPATOB JIJIsA JIBY()AKTOPHOI'O ILJIaHa C

I'PYIIIMPOBKOI B cJiydae MOJIEIN CO CAydalHbIMU DdeKTaMu:

E(MQa) =0’ + Koy, + KJo,,
E (MQp) = 0° + Koj,,
E (MQR) = 0%,
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1 B CJIydae MOJICJIM CO CMelaHHbIMU 3 eKTaMu:

I
JK > o?
E(MQA) = 0'2 +KO‘§(G) + IZ—__I]_,

E (MQg) = o°.

JLj1st IpOBEPKU I'MIIOTE3 MCIIOJIb3YEeM OTHOIICHUSI

MQpay
Hy: o}, =0 F=——
e MQr
MQ 4
Hy:o0?=0wmwmHy :Bce a; =0 F=-_"—""—.
’ ’ MQpa

Jist Toro 4robnl craructudeckun obpaborars B Statsoft dakTOPHBIM TJIaH C IPYIITHPOBKO, HYKHO
UCIOJIB30BaTh mporpammy: Statistics - Advanced Linear/ Nonlinear Models - Variance Components.
Dakrop A MOXKHO cumMTaTh (DUKCUPOBAHHBIM WU CirydaiiHbiM 3ddekToM (B 3aBUCUMOCTH OT MOJIEJHN).
®akTop B cumrars ciaygaitabiM 3dderTom. Bo Brnanke Model BoiOpars pexxum: Hierarchically nested
design (nepapxuvecKu BJIOXKEHHbIl IPOEKT) U yKa3arb BJoxeHHOCTb dbakropa B kHoukoii codes identify

levels within other factors.

Pe3yﬂbmamb¢ dUCHGpCUOHHOZO aHaAU3a

HUCTOYHHUK cyMMa  9HCI0 cpenHuii  F P

JIUCIIEPCUU | KBAJIPATOB  CT.CB.  KBaJIPAT

Ineta 3.711 3 1.237  8.14 0.0032
O6bekT(nuera) 1.828 12 0.152  0.20 0.9960

OcraTok 12.020 16 0.751

[onnas 17.559 31

5.10. /InucriepcuoOHHBII aHAJN3 AJiS 3aBUCUMBbBIX BBIOOPOK

Paccmorpum fanmble BUJa Tk, A ¢ = 1,...,7 ypoBHn Qakropa A
(most) ¢ durcupoBanubiMu sbdekramu, j = 1,...,n — uapgusuasl (dhakrop

o8



B), k=1,...,t ypouu Bpemennoro dakropa C' co ciayudaitubimu apderramu.
[Tockobky dakTop A siByisiercs ciaejcreueM (hpakTopa WHAUBUIA, TO €I0 UHJIEKC
LPU HAJIMIUU UHJICKCA J 3aKJII09aeM B CKOOKU, N1 +Na+. ..+n, = n. Tpedyercs
BBISICHUTD BiustHue hakTopoB A u C' Ha nepemenuyio X (KOJUIeCTBO TPOiiIeH-
HbIX MeTpoB 110 TIIX B Tpu MOMEHTa BpeMeHU: IIPU ITOCTYILJIEHUH B CTAIIOHAD,

P BBIMKCKE U depe3 Tpu Mecsra). [loctpoum mosesns:
Tk = B+ Qi + G+ e%i)j + (ac)ik + €k

rjie e%i)j — ommubKa, 00yC/IOB/IeHHasl BJIMSHUEM MHJMBUJIA, €(;);, — OlMOKa Ha-

omonenns. Onenkoil Bansanus (axTopa A gBIsIETCS Pa3HOCTD

a= Ti. — X...,

IJIe X;.. €CTh CpeJIHee 110 KarXKIOMY T0J1y, ... — obiree cpejanee. OOt HCTOTHUK

Bapualnnn () ¢ IUCIOM cTerneHeir ¢cBOOOIBI, paBHbIM ¥ = nt — 1, nMmeer BUJ:

Q = Z Z(I‘(Z)jk — f')2 .

j=1 k=1
Ucrounuk Bapuanuu, oOycjoBIeHHbIN BiausHreM (akropa A, ¢ anciom crere-

Heli cBOOOJIbI, PABHBIM V4 = I — 1, UMeeT BUJI:
T
N (e )2
Qs = ni(Z;.. —T..)".
i=1

Bapuarus ()4 sBisieTcst 4acTbio Bapuanuu (1, oOyCIaBIUBaIONIEll pasimdue

UHIUBUAJOB, ¢ YUCJIOM CTeleHeil ¢BOOOJbI, paBHBIM 1y = n — 1:

j=1

=t ni(@. — 2.7+t (T — 70)’ = Qa+ Que s
i=1 J=1

rae pre,[LHeHHbIﬁ I[NIOKa3aTEJ/Ib 110 KaKA0OMY MHIAWBUAY BbIYMCJ/IACTCA KaK



Ommbka (1, WMeeT 9ucJIo cTerneneit ¢cBoDOIbI, paBHOE Vi, = N — T.
3 ocrasierocs mocjie UCKJIIOYEHNsT BIWSHNAST WHINBUIA UCTOTHUK BapH-

aluu

n t
Q=Q—Q1=> ) (zuu — Tw;)

j=1 k=1
BbIJICJINM Bapualnio, 00yC/IaBJIUBAIOILYIO pasJjimdue 1o BpeMenu. McrouHuk Ba-

puanuu, o0yCJIOBJICHHBIH BinsgHEeM BpeMeHHoro (axkropa C', ¢ 4uCIOM crere-

Heil ¢cBOOOIbI, paBHBIM Vo = t — 1, IMeeT BUJI;

a MCTOYHWK Bapualiy, OOyCJOBJEHHBIN BINSHUEM B3auMOAeicTBUs (aKkTopa
A wu daxropa Bpemernn C, ¢ aucyioMm crerneneil cBoboIbl, paBHbIM Vo = (t —
1)(r — 1), umeer Bu;:

r

t
Qac = Z n; Z(i‘zk — T — T+ Zf)Q .
k=1

i=1
Ommnbka umeer BUIL:
n t
- — 2
Qerr QQ - QC - QAC = Z Z (i)jk — w( i — Lik + QJZ) .
j=1 k=1

Ee aucio cremeneit ¢cBo6O b PABHO Ve = (t — 1)(n — 7).
st IpoBepKM IUIoTe3bl 0 TOM, 4TO Bee juddepeHnnaibibie 3pdeKTh

dakropa A paBHBI HYJIIO, BHIYUCISETCS CTATHCTUKA,

MQa _ Qa/va
MQle Qle/Vle7

KOTOpasd B ClIydae CIpaBEIJIMBOCTHU HyjIeBOfI I'uIoTeE3bl UMEET pPacClpele/ieHne

F—

Quiepa ¢ 9ucjaOM crerneHeit cBooojbl Vg =17 — 1 u v, =n — 1.
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st poBepKM TUIOTE3bl O TOM, 4TO cJydaiiHbie 3¢pDeKThl BPEMEHHOIO

dakTOpa MMEIOT HYJIEBYIO JUCIIEPCUIO, BHIYUCIISCTCS CTATUCTUKA

_ MQo _ Qc/ve
MQac  Quac/vac’

KOTOpasd B Cliydae CIIpaBEeIJIMBOCTHU Hy.HGBOfI I'uIoTeE3bl UMEET pPacClpele/ieHne

F

Dwurirepa ¢ IUCIOM cTeneneit ¢BoOobl Ve =t — 1w vae = (t — 1)(r — 1).
B cayuae npeanosioxkennsi (pUKCHPOBAHHBIX 3(PPEKTOB BPEMEHHOTO (haK-
topa C' BBIYHUCJISIETCS CTATHCTHAKA

_ MQc _ Qc/ve
MQerr Qerr/l/err 7

KOTOpad B ClIy4da€ CIpaBCAJIMBOCTH HyﬂeBOﬁ I'MIIOoTEe3bl UMEET pacClipeleieHne

F

Duinepa ¢ ancyom creneneil ¢cBOOOb Vo =t — 1 U Vepp = (t — 1)(n — 7).

st ipoBepku 3ppexTa B3anMOIEHCTBUsT BHITUCISIETCS CTATUCTHKA,

_ MQac _ Qac/vac
MQ@TT QeTT/V€7“7“ ,

KOTOpasd B ClIydae CIIpaBEIJIMBOCTHU HYJIGBOﬁ I'uIoTe3bl UMEET pPacClpeae/ieHne

F

Duriepa ¢ ducsiom creneneii ceobosbl Voo = (t—1)(r—1) u v, = (t—1)(n—r).

s oopaborku B StatSoft mamubrx o TXII, nuddepenimpyeMpix mo TpU3HAKY MOJI, B TPEX BPEMEH-
HBIX TOYKAX HYKHO MPEJICTABUTH UCXOIHBIE JAHHBIE B BUIE Y€THIPEX CTOJIONOB: sex, ml, m2 u m3. B Statistics
Boibupaem ANOV A - Repeated measures ANOV A. B Variables Boibupaem nepemennbie: B Dependent
variable list ormegaem ml, m2,m3, 8 Categorial predictors (factors) ormedaem sex. Obsi3aTeIbHO HAKATD
kuonky Within ef fects, Bkniogennem koropoit marnubie 0 TXII B Tpex BpeMeHHBIX TOYKAX COOMPAIOTCS
B OJIHY TIepEMEHHYIO, OObIMHO ee Ha3biBaioT R1. B mporuBHOM ciiyuae, BMECTO HYKHO TPOIEIypPbI HOHIET
MHOTOMEPHBIH IUCITEePCUOHHBIN ana 3. Kpome Toro, 1jist moiyyeHns yKa3aHHBIX paHee CyMM KBaJIpaToOB, B
ouusax Sum of squares Hy»KHO yKa3arb LOC/e0Barebhblii Tui Type 1 sequental. I/ICXO,ZLHbIe JaHHbIe:
n =37, r = 2,t = 3. B pesyabrare cdyera noaydaeM, 94ro Q4 = 173604, vy = 1, Q1. =

721179, 14, = 35, A9 TNPOBEPKH 3HAYUMOCTH (paKTOpa I0JIa UCIOJIb3YeM CTaTUCTUKY [ =

173604/1

17935 = 8.42, p = 0.006364, 110 KoTopoit BUAHO, 4TO pazjndue B cpejuux 310 MeTrpoB y

KeHmH 1 406 METPOB y My KUWH SBISIETCSI 3HATNMBIM.
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390
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360
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R1
4= KOHTPOMb ~= HEHLLWHI

-0 pyning P 8 MHHMHG]

m3

Puc. 4. 9ddexr B3anmoaeicrsust (o nony p = 0.199 u o JI® p = 0.32).

Eciu sdpdekTsr Bpemenu cautarh (pUKCHPOBAHHBIME, TO BIUSHHE BPEMEHH OKa3bIBa-

eTCd 3Ha4YUMDBIM:

Qc = 100805, vc = (r—1)(t — 1) = 2,
Qerr = 160441, vep, = (t —1)(n —1r) =2 (37 = 2) = 70.
F = 2199, p < 0.0001. Eciiu acpdexrsr cunrarh ciayuaitnbivu, o p = 0.06. I'padukn

Cpe/THIX YKa3bIBAIOT Ha 3HAYMMOE OTInIHe MpoiiaeHHbX MeTpoB 1o TXII npu nmoctymiennn

B CTaIlMOHAD U IPHU BBIIHCKe. DddekT B3aumoaeiicTBud He 3Ha4uM, p = 0.199.
AHaJIOTUYHBIH CYeT MpH UCCIeI0BaHIH BINSHEA (pakTOpa JiedeOHO (DPU3KYIHTYpPhI Ha
muaamuky TXIIT mokaszan, uro Baustane JIOK ne 3naunmo (p = 0.67), BaugHue B3awMo-

JeiicTBust Takzxke He 3HadMo (p = 0.32). SHaunvo Baustaue dakropa spemenn (p < 0.001).

6. JINCKpUMUHAHTHBIA aHaJJIn3

6.1. Knaccudukanusa MHANBUAOB B CJydae JABYX IOMYJISITANA

[Iycts mMeeTcsa JiBe HOpMaJIbHO pacipeneennbie nomyaamun Wiy u Wy ¢

OJINHAKOBON M3BECTHOW KOBAPWAIMOHHOW MATPUTIEH > W BEKTOpaMW CPETHUX
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Fepeated hMeasures Analysis of Variance (utusol

50 Sigma-restricted parameterization
5 N - st Effective hypothesiz decomposition
400 A F
i
i

55 | Degrof | M3 | F | p
- Effect Freadam
22U - Intercept | 672713 1| 672713 349,646: 0,00000
= 300 L zex 24521¢ 1| 24824 12,787 0,00110
£ L FT falai=l=]y 1 G50G0  2.282%f 0,00204
[ |sesF T 7223 1 7223 3.7241F 006235
Error G057, 2z 1944
200 ST R4 0500 2] 25250 11,0614 0,00007
R1%ex 191E 2 a5s  04419% 065900
150 RAFT 9502 2 4757 2081 0,13286
[R1%eFT| 4047 2 2473 1,083 0,34432
100 - Error 15065, G 2287
a0
] e
R1 md m3 N3 =1 md n2 m3 O XEHUNHE

=0 - M

Puc. 5. Jlunamuka TXII B 3aBucumocTu o noJia u jgedebHON PU3KYJIbTYPbI.

(1 W [lo. 3ajlada JUCKPUMUHAHTHOTO aHAJM3a COCTOWT B TOM, 9TOOBI PENINTh,
K KaKOW M3 9TUX HOIYJAIUil OTHECTH BEeKTOP Hab/ojeHuit X = (xl, cen ,xp)T.

I[IPUMEP. W, - 6oabnbie 6ponxurom, Wy - GoJibHbIE HHEBMOHHEH, T cepocoiep-
Karue GeJIKH B BOCCTaHOBHTEMbHOU (opme (SH1), xo CKOPOCTH OCENAHHs IPUTPOIUTOB
(SOFE1) B nauasne 3abosneBanus. Cpemmme SH1 = 7.1 £0.7 8 W, u SH1 = 5.8+ 0.8 B
Wy SOE1 = 329+44 8 W; u SOE1 = 46.0 + 5.4 8 Ws. Ilycts y HEKOTOpPOro 60JIHHOTO

SH1 =55, SOE1 = 40. MoxHo s cka3aTh, Kakasi (popma 3a00/IeBAHUST OPTAHOB JIBIXAHUST

y 3TOT0 GOJIBHOTO?

Umercs Tak HasbiBaeMast JuckpuMunaGHmmas GyHKkyus, B,

z:a1x1+...+apxp:aTX

rne a = (aq,...,q,)7 — HEKOTOPBI BEKTOP KOHCTAHT, M HAUTH TPAHUYHOE
3HAYEHUE ¢, TaK ITO €CJW z > ¢, TO Habiojaerne X OTHOCUTCSA K TOMYJIANNN
W1, u unaue B nporuBonoyioxkHoMm ciydae. Hanpumep, 2 = —1.97x1 + 0.53 x4,

c = 8.22 (puc.7), orciopa x2 = 40 > 36 = 3.7x1 + 15.5 upu x1 = 5.5, - 910
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S0E1

# AoolaHT
o As g ROEAR

0g
Puc. 6. Knaccudgunupyromas npsvas SOE1 = 3.7SH1 + 15.5.

obJiacthb nonyssinuu Wy, ciegoBaTesibHO, CKOPee BCero y 3Toro 0OJIbHOIO He

OPOHXHUT, & ITHEBMOHMSI.

Paccroguue MaxaJsianobuca

OcHoBHag 1pobJieMa 3aKJI04UaeTCsd B BbIOOpe TaKuX KOIMDMUITUEHTOB JIHC-
KPUMWHAHTHOW (DyHKINUKM, 9TOOBI OMMOKa KjaccuuKalnuu Oblaa KakK MOXKHO
MEHbITIE.

IIpennoxkxenue. Ecau nabarodernue nocmynuio u3 HOPMaIbHO pacnpede-
aennoti nonyasvuu W o~ N (1, %), mo 2z = of X ~ N((,0), 2de ¢ = alp,

2

o2 = alYa.

Jloka3aTesjbCTBO.

1.Ez=Fo'X =a’EX = o1y,

2.0° = E(a’ X —a'p)? = E(o’ (X — p))* =

= E(a’ (z — @) (@' (X —p))" = Ba' (X = p)(X = p)'a =
=o' E(X — ) (X — p)la=a"Sa.

O6oznaunM depes (; = al p; cpenue 3HaUCHNSA AUCKPUMUHAHTHON (BYyHK-

nnn z = o’ X B cayuae nonyasmuu Wi, ¢ = 1, 2. VMeer cMbIcs BBIOPATh TaKoil
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BEKTOD «, 4T0ObI (1 1 (5 ObLIM KaK MOXKHO JlaJibIlle YJaJeHbl JIpyT OT Jpyra.

st aToro BBejieM paccrosinne Maxasanoduca

A2 (G — ) (ol (p — p))?

o2 alYa

OnHo 101>KHO OBITH MakcuMaabHbIM. B 1936 rogy @uiep nmokasasi, 9To MaKCU-
manvroe paccmoanue Mazararnobuca docmasasem marot eexmop o, Komopwli

AGAACTINCA PEULCHUEM CUCTNEMDL YPAGHENUT
o= fuy — fia. (73)

Paccyxienusi, mojarBepxKiaoime 310, TakoBbl. O003HAUNM 11 — Lo = m. Mak-
M o = Y 'm. He-
cuMaJibHOe paccrogaue MaxajmaHobuca JOCTaBISIET BEKTOp o = m. He

TpyaHo ybeaurhesa, uro A2 = ofYa = mIY'm. Hyxuo nokasars, uro

M Guca A2 — @ )’ 6 6
paCCTOHHI/Ie AXaAJIaHOONCa = T>a JJIL JIFOOOT'O ,Zl;pyFOFO BeKTOpa (8% y,Z[eT
menbiie A% = m?Y Im. JleiicrButesnbho, 1ycTh o ABJISETCS pelieHUEM

apyroro ypasuenns Lo = y. Cuenoarensio, o = L 'y, ol =y’ X~ Torna

phipaxkenne A? < A2 PaBHOCUJIBLHO BbIPAsKEHUIO
(y'27'm)* < ((y' STHEEy)(m = m).
To ecth crpapeiuBo HepapeHcTBO Koru-ByHsakoBCKOro
(y'=7'm)? < (y' 2 7Ny)) (m" S m).
BameTuM, 4To Mpu crpaBeiinBocTy (73) nMeer MecTo
o’ =a'Sa=a" (1 — ) =G -G (74)

C npyroit ctoponnl, A = 0, TaK Kak

A2 (G —¢)° — (2)?
C1— G2

T.e. eCTh pacTosgaue Maxajanobuca paBHO aOCOJIFOHOM BeJTMUNHE PA3HOCTH MEK-

= [¢1 — (2,

Jly CPEJHUMU 3HAUYCHUAMU JUCKPUMUHAHTHON (DYHKITUH.
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Boerancienne BepogTHOCTU OIMMOOYHON KJIaCCUPUKAITAN

Eciu X € Wy, Ho 2z > ¢, o nmeer mecto ommubka kiaccudurarnun P(1]2),
eciu X € Wi, o z < ¢, To umeer mecto ommbka Kiaaccuburaiun P(2]1).
Hyx#o, aT00b! 0wubka xiaccudurayuu 6.0 MUHUMAADHOT. DTO JOCTATACTCS

BBIOOPOM TOCTOSIHHOM, PABHOY/IAJICHHONW OT CPEIHUX

G+
c=>—2=
2

[Tokaskem 31o. IlycTh rpanuna JUCKpUMUHAHTHON (PYHKIIMU paBHa C5 = C +
d. Bepositnocts Ps(2|1) ornecenust nHabuiojenust K nonydsiian Wa, Koria oHO
npuHAJIEXKUT momyasiuu W, onpenensiercs: dbyukmnuein ¢(x) crangapTHOrO

HOPMAaJILHOTO pacipeiesIeHus

Ps(21) = P{z < ¢+ 6|W;} = & (%)

VunreiBas, uro A% = 02 = (; — (5 U IOJACTaBIIAA 3HAUCHUC C, IMeeM

Gt 4 §_
P5(2]1) = @ | 2 o= zé(—é+£).

A 2 A

W

c

Cz &

1

Puc. 7. Pacupenenenust TMCKpUMUHAHTHOW (DYHKIUU B CAyYae PA3HBIX MTOMYJISAIIHIA.
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AHajornaHo mosrydaem

Py(12) = P{z > c+ 6|IWo} = 1 — @ <M> e <_é _ i) |

o

MunumMasbHast BEPOATHOCTH OMMOOYHON KJiacCupuKalmm
Py = (P5(2[1) + F5(1]2))/2
jgocruraercs npu 6 = 0 u paBHa CID(—%). HeitcTBuresibHo,

2Ps = P5(2[1) + P5(1]2) =

cp( i _
A A A
=@<—§>+P{——<Z<——+£}+
<

2 2 A

A A0 A A

A § A A A, 9
TaK Kak P{—5—% < 2 < =5} < P{—% < 2z < =§+4%} Baiejcrsue T0ro, 4ro
Ha uarepsasie (—oo; 0) IWIOTHOCTh CTaHAPTHOTO HOPMAJIBHOIO PACIIPE/Ie/IeH sl
siBJISICTCL BospacTalolieil GyHkiuel, a rakxke (4 > G u —5 < 0
) 1 2 2 .
Taxas mpornenypa KiaaccuguKaIlnl, He 3aBUCAINAsT OT alpUOPHON BEPOSIT-
HOCTHU ¢-Oii TIOIYJISIIIUU, Ha3bIBAETCsS SBPHUCTUUECKO. B ciydae, Korja ampu-
OpHbIE BEPOSATHOCTU HE OJIMHAKOBLI, TpedyeTcs JPYroi I0JX0Jl, CBI3aHHBINA C

HaitecoBCKOit TTPOTIe Iy POl K1acCupUKaInm.

BaiiecoBckag mporieaypa KJjiaaccuuKaimm

OrnpejiesinM alprUOpPHbIE BEPOSITHOCTH ; TOTO, YTO OOBEKT MPUHAJJIEIKUT
nonysisiiun W, B wacrnocru, ¢ = P(Wh),q2 = P(W3) (1 + g2 = 1), anocre-
puoptbie Beposirnoct P(W1|X) u P(W3|X), onpe/iesisiembie Kak BEPOSTHOCTH
TOTO, 4TO OOBEKT MPUHAJJIEKHUT K JIAHHOU TMOMYJSIUA [P JIAHHOM BEKTODE
nabsonennii X, a takyke P(X|W;) - ycJI0BHYIO BEpOATHOCTH MOTyUEHHs BEK-

Topa HabJtojleHnit X, eciu U3BECTHO, YTO OObEKT OTHOCUTCA K nomyJdanun W,
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BaiiecoBckast mporejiypa kiaccuukalimy OCHOBaHA Ha COOTHOIICHUSIME
MEXKJ1y alocTepropHbiMu BepositnocTsivu: ecan P(Wp| X)) > P(Ws5| X)), 10 06b-
ekt ornocurest K nonyisiun Wi; ecom P(Wh|X) < P(Ws|X), 10 0bbekT
oTHOCUTCS K Tomysiun Wa. Amocreprnopibie BEPOSTHOCTH MOTYT OBITH BbI-
quceHsl 1o gpopmyse Baiteca

P(W;) P(X|W;)
P(Wy)P(X W) + P(Wy) P(X|Ws)

P(Wi|X) =

Beposttaocrs P (X |W;) nonydenns nabmonenus X, €Cn n3BECTHO, 9TO 00HEKT
NpUHa/UIeKAT nomyssinun W, MokeT ObITh 3aMenena Ha MIOTHOCTH f;(x):

Qifi(x)
o fi(x) + qfo(x)

Wrak, baitecoBckas Mporeaypa 3aKII09aeTCsI B CIASIYIONIEM: eCan

Q1f1(33)
o folz) =

torja HabsojeHne X OTHOCUTCS K monyiasinuu Wi, B NPOTUBHOM ciydae K

P(WilX) =

P(Wh|X) > P(Ws|X)

Ws. B paborax Pao (1965) u Angepcon (1958) mokaszaro, uro 9ra mporerypa
MUHUMUBUPYET BEPOSATHOCTH OHIMOOYHON KiaccupUKaluu, BbIYUCISEMYIO 110

dopMyie moHO# BEpOSITHOCTH,
nP(21) + ¢ P(1]2).

s HopMaabHO paclpeieIeHHbIX MOMYJINi ¢ BEKTOPAMU CPETHUX [i| U [i2

OaitecoBcKasi mporienypa KiaaccuuKaluy SKBUBaJICHTHA,

0f1(2) >0 = nd 4 Infi(x) —Infy(x) > 0.

an2f2(ﬂ?) q2
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Ucnonbzyem GpopMysty MmJIO0THOCTH MHOTOMEPHOT'O HOPMAJILHOT'O PACIIPE/IeICHUS

Infi(a) — tnfo(e) = tn {@n) PRS2} = 2w — TS @ — ) -

—in {(2m) S 4 (o )5 ) =

1 _ 1 N 1 _ 1 _
= —ExTZ e + é,ulTE e + §xTZ Ly — 5@{2 L+
1 1 1 1
+§$TE_1I' — 5,&52_1$ — §$TZ_1,U2 + 5,&52_1#2 =
1 _ 1 B 1 _ 1 _
= §(M1T — pp)E éxTZ Ny — p2) — gH1x by + SHaX Yig =

[TocKoJIbKY IepBbIe JIBa CjaraeMble OJMHAKOBBI, UX MOXKHO O0bEIMHUTH, KPOME
TOTO, TIHUd Iyl 2
, TPUOABUM W OTHUMEM OJIHO W TO XK€ CJIaraeMoe [i] {2 /2, TogyIaem ¢

yuaerom (73) u onpegenenus ¢; = ol p;

) 1 e 1 )

=25 (i = o) = S S (= ) = (i = i) S =
1 1

=2Ta— —pla— ol py = 2"a — Gt @.

2 2 2

To ectb baitecoBcKasi mpolieiypa KiaaccupuKaIluyl JIJi HOPMaJbHO pPacipe/ie-
JIEHHDBIX HOHyJIHLH/Iﬁ OHpe,ZI;eJIHeTCH HepaBeHCTBOM
q2

1+ (o e

e >
2 q1

YcoBepIeHCcTBOBaHNE MPOTIETYPhl KJIACCU(DUKAIUT 3aKJII0UaeTCsd BO BKJIOUE-
HUU B PACCMOTPEHUE CTOMMOCTH Ommnbo1IHOM Kyiaccudukaimn. Obo3HaTNM te-
pes C'(1|2) u C(2|1) croumocrn noreps npu Kiaaccudukaiyn oy Wy,
KOrJla Ha camMoM Jiesie nonyssnus Weo u nHaodbopor. O0oOIIeHHas TPOIesypa

KJIACCU(PUKAIIMY OCHOBAaHA HA HEPABEHCTBE

To > G+ G n an20(1|2)

2 anC(2[1)

X

[Ipy BLIIOJTHEHUN 3TOrNO HEPABEHCTBA 00BEKT OTHOCUTCS K nomyaanuu Wi, dra

poreaypa MUHUMUBUPYET OXKHUJIAEMYIO CTOMMOCTDH OIIMO0UYHON Kjaccuduka-
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mmn q1C(2]1)P(2|1) + ¢2C(1]2) P(1]2). BepositHocTs ormmbotwHo# Kiaccudnka-
LMK OlIpeJieIsieTest ciejytomum odopazom. Ilycrs

C(1]2) G+ G
K= p22 ) p
"aCen) 9

Gté _
p(zu):@(T;Q): ( 2 +AK @)

G—C1 K A2 K
— 2 + — P 2 + = _é+5 :
A A 2 A

TaK Kak 0 = A u A? = (; — (s, uepes ®(z) obozHauena GyHKIUA CTAHIAPTHOIO

+ K. Torna

HOPMAJILHOTO pacipejesierns. Anamorndno, ucnoib3ys (—z) = 1 — ¢(x),

[OJIy 4aeM

P(1|2):1—<I>(T;C2) :1-@(%+§) :@(—%—g).

IIpoueaypa knaccudpukamm B cjaydae ABYyX MHOTOMEPHBIX

HOPMAJIbHBIX TOILYJIANUNA [IPU HEN3BECTHBIX MapaMeTpax

IIpu HemsBecTHBIX MapaMeTpax pacHpejiesieHusT MOXKHO BOCIOJIB30BATHCS
BBIOOpPOUHBIMI OneHKaMu. O0003HATNM p-MEPHBIH BEKTOD, COOTBETCTBYIONINIt
BHAQUEHUsIM P NIPUBHAKOB YISl j-Ir0 MHJMBUJA U3 (-t nonyssiuy 1epes X;. Pac-

CMOTDPUM JiBe HesaBHCHMBble BbIGOpKM: X7,..., X! obbema ny us nomynsuun

ni

W1, npyras X%, . ,Xf” obbeMa no m3 nonysanuun Ws. BeibopodHbie OIEeHKH

CPEJIHETO W KOBAPHUAITMOHHON MATPHUITLI 1 monyaanuu W, uMeroT BuI

ci_ 1 S i
X :E_ZlXj,z:l,Q,
]:

ng

D ICIERULEP O

Si = {Sz’j}i,jzl -

n; — 1
B kauecrBe 00beIMHEHHON BLIOOPOUHON KOBapUAIMOHHONW MaTPHUITLI UCIIOJIb3Y-

€M BbIDa>KCHHE!

1
S =

— el = 1S + (2~ DS)).
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st mocTpoeHust JUCKPUMUHAHTHON (DYHKIMK PENTaeTcss CUCTeMa yPaBHEHUI

Yoo = g — o, TIE ft; 3aMenHsieTcs Ha X', a marpura % onenkoit S. Ilosyuen-

HbIE OIEHKW @ HMCIOJIb3YIOTCs JiJIsi TOCTPOCHUST JUCKPUMUHAHTHONW (DyHKIMH
p

z=a"X =Y ajz;. Tpannunoe 3uavenue JucKpuMUHAHTHON DYHKIUI Olpe-

J=1
JIeJIsIeTCsI B BUJIE

Z1+ 2 ¢2C(1]2)
_ 1
“k 2 T LC@n)

mie Z; = a' X; cpesnee 3Hauenyue UCKPUMUHAHTHON (BYHKIHMHA, eciau X OTHO-
curest K nomyJistiun W;. BroiGopounast olienka s2 JIMCIEPCHI JIMCKPUMUHAHTHO#
bynkunn z nmeer sug s2 = al Sa. Bribopounoe paccrosmne Maxamanobuca

(21 — %)

2
S

D* =

n
ni+ns’

ABJIseTcs onenkoit A, AnpruopHas BEpOATHOCTD OICHUBACTCS KaK ) =

— _N2
P = n1+ng

. Hynesas runoresa suna Hy : A% = 0 sksuBasenTna H : 1 = [bo

1 IIpoBEPAETCA Ha OCHOBE CTAaTHCTHUKU

_n1+n2—p—1 ning

F = D?
(n1+n2—=2)p ni+n

KOTOpasi UMEET B CJIydae CIPaBeJIMBOCTH HYJIEBON TMIIOTE3bI pacipejiesieHne

Qumiepa F(p,ny + ny — p — 1). BepostHocTh ommbouHOM Kiaaccudukammm
: — my _ m

onennpaercs 1o Qopmynam: P(2[1) = T, P(1]2) = %2, tne my uucio

WHIMBUJIOB U3 TOMYJIsiiuy Wy, KOTopble Ha OCHOBE IPOIEIYPbl KIaccuuKaIim

oTHocATcd K nomnynanuu We; mo ompejiesigeTcs aHaJoruvaHo.

6.2. Knaccudukamnuda B ciiydae k IOMyJIdaIimii

ycrb x = (21, . . ., ) HeKOTOPBI BekTOp HabTIOICHUI. 3aj1a1a cOCTOUT
B TOM, 9YTOOBI OTHECTH €I'0 K OJIHOi u3 nomysiuii Wy, ..., W ¢ npou3BOJIbHBIM
pacrpesenennem. Obosnaunm depes q; = P(W;) anpuophyto BEpOSITHOCTH TOTO,

qT0 caydaiinbiii Bektop X € Wi, fi(X) — mioTHOCTH pacipe ieieHust MOy st
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Wi, Ci; — crommocTh oTHecenns K nomyisaiyun W; snementa n3 nomyasamun W,
P;; — BepogarnocTh orHecenus K nounyssiuun Wi ssiementa us nonyssiun W
Byiem cunrarb, 9T0 Bee mapaMerpbl U3BECTHBLI. AIOCTEPUOPHAsT BEPOSITHOCTD

P(W;|x) Boipaxaercs mo dopmyte Baiieca:

q;fi(x)
k

'21 g fi(x)

P(Wjlx) = (75)

YenoBHasg moTeps OT oTHeceHndA X K momyadarnuu W BeIpasuTcs B BHIE

k
k zlctj%‘fj(x)
L= CiP(Wjlx) = —
J=1 Z:l%'fi(x>

MuHEMATBLHOCTD TOTEPU SKBUBAJECHTHA MAKCHUMAJIbHOCTH JUCKPUMHUHAHTA Sy,
k
daf
pastoro 1o omnpejenennto Sy= — Y Ci;q;f;(x). B ciyuae, korga croumocts
J=1
omurboIHO# KiaccuduKaium He nMeeT 3Hadenusd, 10 ecth Oy = 1, t # j, Oy =

0, MakcuMu3aIums JUCKPUMUHAHTA

k k
Si==> aifi®)lz =+ afilx), e c=—=Y " g;fi(x), (76)
=1 j=1

9KBUBAJIEHTHA MAKCUMU3AIMU TUCJIUTEIIsT allocTepuopHoii Beposirioctn (75).
Taxum obpazom, 060bIIEHHAsT DaliecOBCKasi IPOIE/ypa OTHOCKT HabJIIO/1e-

nue X Kk W, ecin MCKPUMUHAHT S} sIBJISIETCST MAKCUMaJIbHBIM. [Ipu sTOM 6e3-

YCJIOBHAST OXKUTaeMast CTOUMOCTD OIMUO0YHON KTacCuPUKAIINA MITHIMU3UPYET-

Cd. HOKa)KeM, 9TO OHa UMeeT BUJ

k
M = Z a;()_ PiCy) (77)

JleficTBUTEIHLHO, OHA BBIUHUCISIETCS KaK

k
M=) M,
t=1
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rie My = 1 PiChy + ... + . Py.Cy. ectb oxxujtaeMasi CTOUMOCTD OIMMTUOOYIHOMA

KJIACCU(DUKAIIMU TIPU OTHECEHWH 3jieMenTa K nomnyisiun Wy, Orciona

k k k k
M - qlzPﬂCﬂ —|‘ +QkZP1§kCtk — Zq]ZPtJCt]
t=1 j=1  t=1

t=1
Knaccudukaiusa k£ HOpMaJIbHO pacmpeIeSIEHHbIX MOy

[Iycrs nmynsus W; umeer nopmasibaoe pactpejenerne N (g, ), a cTo-
¥MoCTH ommbovnoi Kinaccndnkannn ne nmetor 3nadenns: Cjj = 1 ipu ¢ # j u

C; = 0. Beesiem B paceMoTpenne JIMCKPUMUHAHTHYIO (DYHKIIMIO BU/IA
_ __bp 1 l rs1
6; = In(qifi(x)) — C1, toe Cy = —éln(27r) — §ln|2\ +5x X'x  (78)
NOCTOSTHHASA, KOTOPas OKa3bIBAETCsT OJIMHAKOBOI JIu1s1 Beex momyaisiuit W

5 = In(gsi(x))— 1 = In(gs(2m) 5[S[Herp{— (x—p) S (x )} O =

1

1
—Ing — Zin(2r) — SIn|Z = 5 0¢ = 1) S ¢ — 1) = Gy =

2

_ 1 _
=Ing +p' X 'x - §M1TE Y= x4+ Ing,

e o = X, v = —%uiTﬁfl,ui. BekTop X OTHOCUTCS K THOMYJISIUN C

MaKCUMaJIbHbIM 3HAUEHUEM JIMCKPUMUHAHTHOW (PYHKIUY.

ArniocrepuopHasi BEpOITHOCTD

AnocrepropHast BepOSITHOCTH UMEET BH]

di

P(Wijx) = b ¢
Saqifi(x) el
i=1 j=1

)
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7. K. u3 (78) jJist BoipaxkeHust mocTostiHoi C 1oJryqaem

0; =Ingfi(x) = C1 = Ing; fi(x) — Ine =In qucgl )’
¢ifi(x) = ", 1o

qi fi(x eCred el
P(Wifx) = LX) -

k k :
> qifi(x)  YoeCet 3Tl
j=1 j=1 j=1

B ciaydae HeM3BECTHBIX MAapaMETPOB (L U 31 MOYKHO BOCIOJIB30BATHCA WX
BBIOOPOUHBIMK OlleHKaMu. [IycTh n; 0O0beM BBIOOPKH, OTHOCSIIEHCS K IIOIY.JIsi-
i W;, X; BEKTOD CPeaHuX MCIOJIh3yeTCsl B KaUecTBe OIEHKN [, S; — OIEHKa
KOBapHUAIMOHHON MaTpuilbl i nonyJsnuun W;. B kadecrBe onenkwn oOrieit

KOBapPHUAIMOHHON MaTpHIbl OepeTcs OleHKa,

k
(m — 1)52
i=1
S=—
d>ony—k
i=1

Torjia B KauecTBe OIEHKHU JUCKPUMUHAHTHBIX (DYHKIUH pacCMaTpUBaIOTCs

di = a’x + g; + Ing,

re a; = SR, g = —% ?S‘lxi. Bekrop x € W, ecnu d; MakKCHUMAaJILHO.
Ecin k =2, 10 01 = afx + 71 +1nqy, d = ad x + 5 + In ¢o. Habumosenne

X orHOCHTCA K nomyssanun W, eciau 01 > 09, 9TO SKBHBAJIEHTHO

61 —0, >0 <= (al —ad)x+ (71— 72)—|-lnq—>0
2
O6ozHauuM uepes o = ay — ag = B (g — pa).
L 7o L s L 7 L rsi
71—72:—5/@2 M2+§M12 M1+§,u12 ,UZ_E,UlE M2 =
1 _ 1 _ 1 1 +
5 = p2) T g + §M1TE N — pi2) = §QTM2 + §M1T04 _ o 5 @
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Takum obpaszom mojydaem, 4To 00IIast Mporeaypa KiaacCupuKalu B CIydae

k = 2 skBuBaJienTHa OailecOBCKOM 1poreaype KiaccuuKalmm Brjia

:Ci+C2+1nCI2

T
o X >
2 q1

I[TPUMEP (upononzxenne). Marpuna ko3hbpuuenToB THCKPUMAHAHTHBIX (DYHKIT

nMeer BUI:

|44} Wy
SH1 1281  10.84
SOF1 1.46 1.99

Constant | —69.95 —T78.15

MOJIYyYaeM BBIPAXKeHHSA NI IUCKPUMUHAHTOB: 07 = 12.81SH1 4+ 1.46SOFE1 — 69.95, 5 =
10.84SH1 + 1.995SOFE1 — 78.15. [yt 60/ibHOTO W3 TOMYJ/Isiiiuu OOJIbHBIX MHEBMOHUEH € 1M0-
kazareaavu SH1 = 5.5 u SOE1 = 40 monydaem 3Ha4YeHHS AUCKPUMHHAHTa 0 = H9 <
09 = 61.2, oTKyma caeayer, 9TO MPOIEAyPa KaacCupuKaIuu st ITOTO DOJTLHOTO paboTaer
npaBuiIbHo. OJHAKO MpaBUIbHAA KIacCH(PUKAIMS OCYIIEeCTBAgeTCA He Beera. 3 marpunbt

KJIaccupUKaIum

[Tpouent | W1 W
Wi 95.45 63 3
Wo 92.54 5 62

Beero | 93.98 68 65

y3HaeM, 9TO Tpoe OOJbHBIX OPOHXMTOM HMEIOT HACTOJIHLKO BBICOKHE mokasarenn SH1 u
SOF1, uro nponeaypa KaaccuduKaIul OTHOCUT UX K OOJbHBIM ITHEBMOHHEH, a IATh OO/Ib-
HBIX TTHEBMOHWEH 10 CBOMM MoKa3aTessiM 0oJjiee OJIM3KU K O0IbHBIM OponxuTom. [IporenT
95.45 HOCHUT clieNUaIbHOE HA3BAHUE YYBCTBUTEIBHOCTH ([IPONEHT MPABUILHON UaeHTudhNKA-
uu GoJiee JIeTKUX GOJMBHBIX), a 92.54 crnenuduarocTr (IPONEHT TPABIIbHON HiaeHTHdhNKA-

nuu Gostee TAXKENbIX 6OabHBIX ). OBl mponeHT npaBmibHol Kiaaccudukamuu pasen 93.98.

ITommaroBeIit TUCKPUMUHAHTHBIN aHAJINS

Ba,uaqa ImomaroBoro JMCKpuMHHaHTHOT'O aHaJIn3a COCTOUT B TOM, 4TOOBI U3

MHO2KE€CTBa, IIPU3HAKOB BBLIJICJIMTL TaKO€ IIOJMHOXKECTBO, II0 KOTOPOMY MO2KHO
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MOCTPOUTH HauJydllee pasjeseHue rnomnyusanuit. Hawmyuiiee pasjesienve co-
OTBETCTBYET TaKOMYy, IIPU KOTOPOM BEPOSTHOCTH WM CTOMMOCTH OIITMOOYHOM
KJiaccudukaiuu Obljia MUHUMAJILHON CPEJid BCEX 1OJMHOXKECTB.

Haubosee pacnpocrpalHeHHbBI MeTOJ 0TOOpa, ITepeMEeHHBIX OCHOBAH Ha TaK

Ha3bIBaeMOil A-cTaTucruke YUJkca.

rae X = (X1, ..., X,)" Bexkrop p npusnakos, W (X) - Buyrpennss 06061meHHast
JCIICPCHS, BBIYUCISCMas KAK ONPEJCIUTEIbh MATPUIILI BHYTPUTPYIIIOBLIX T1€-
pekpecTHbix mpoussejennit, T'(X) — obiast 0600IeHHas TUCTIEPCHsT KaK Ofpe-
JICJINTEJIb MATPUILI IIepeKpecTHhIX npoussegenuit. Crarncruka A npunumaer
3HAUEHMsI OT HyJisl JIO €JMHMIbL OOJbIIME 3HAYCHMS YKAa3bIBAIOT Ha Cjaboe
pasjieleHre MeXKJy TPYIIaMi, B TO BpeMsl KakK MaJible, Ha0b0pOT, Ha XOpPOIlee

pazjieJieHue MexKJly IpyInaMu, 1o KpaiiHeil Mepe MexKly HEKOTOPbIMU U3 HUX.

k  n;
W(X) = {Wst}g,tzl = Z Z(xzsj - jf)(xij - 7),

i=1 j=1
k  n;

T(X) ={Tu}ts = Z Z(xfj - fs)(xfj — ).
i=1 j=1

MYJII)TI/IHJH/IKELTI/IBHOG IIpupameHue

AU, X
M) = MO
AX)
nosyvyaemoe 1pu Jobasienun nepemennoit U k nepemennbiM X1, ..., X, Ha-

3bIBACTCA wacmmoli A-cmamucmukot. st IpOBEPKKM 3HAYNMOCTH M3MEHEHW

B A(X) upu pobasienun nepementoit U nciosib3yercs crarucruka

n—k—p 1-A/(X)
k-1 Ay (X)

76

F




KaK CpeJCcTBO 0TOOpa IepeMeHHbIX, riue k - uwucjo rpymmn. [Ipm BriIoodeHun
nepemennoit U B muoxkecrso X7, ..., X}, oHa Ha3bIBAETCA CTATUCTUKON F-BKJIIO-
4enus, a 1pu uckJrouennn nepemennoit U us muoxkecrsa U, X1, ..., X, craruc-

Tukoil F-uckmodenns. Obosnatum qepes a =k —1, b=n—1— (p+ k)/2,

2a?—4 2 2
Zm ecJim p +a 7é 5,
1, ecot p> 4+ a2 =5

dfy 1—AYVe
dfs Al/e

Craructuka F =
nMeeT IpudIu3uTebHO pacupenesnenne Quiepa ¢ dfi = pa u dfy = bc+ 1 —
pa/2 crenensivu ¢Bobosbl |Pao, 1957).

Y10o0bI BHIOpATH IIEPEMEHHYIO JIJIsd [IEPBOIO IIara JUCKPUMUHAHTHOTO aHa-
JIN3a, paccMOTpuM F- 3HaUEHUsI, TOCTPOEHHBIE JIJIsi BCEX p KOMIIOHEeHT. Ecin
BCE OHM MEHbIIIE HEKOTOPOI'O INPHUHSITOIO0 MUHMMAJbHOTO 3HAYEHUs, KOTOPOE
Ha3bIBaeTCsi F-BKJIOYEHUs, TO CPEJHUE 3HAUYCHUs] BHYTPHU HOIYJISIUNA CUMTA-
I0TCsl HEOTJUINMBIMU, U HU OJIHA U3 TePEeMEHHBIX He BHOCUT BECOMOI'O BKJIAJA
B pasjiesieHue mnonysdanuii. Mnade nepexojauM K IepBOMY IIary.

[IMar 1. V3 coBoKynHOCTH IepeMeHHbIX, 3HaYeHne F-BKJIIOUeHNsT KOTOPHIX
OoJibIlle MPUHATOrO MUHUMYMa ['-BKjlIOUeHns, BhIOMpaeTcs rnepementas X, ¢
HarOoIbINM 3HadeHneM F-Bruodenusi. Ona cauraercs nepnoii. st Kaxkpoit
nonyJisiiun W onennBaercst KO3 UIIMEHT U ONPEesIsieTCs MOCTOSHHAS JIAC-
KpuMuHaHTHON (yHKImMu. Kpome Toro, Bbrumcisiercss tabjnia KJjaccuduka-
muu, ['—annpoxkcumanusa U- cratuctuku. [l Kaxxoil u3 nepeMeHHbIx X Bbl-

qncasercd 3Hadenne F- sgmiouenus ¢ k — 1 un — k — 1 crenensamu ¢cBOOOIBL.

Takum 0Opa3oM IPOBEPSIETCSI TUIIOTE3a,

R D _ .k
Ho:piyg = -0 = g

i
rJIe fi% ; CpeJiHee yCJIOBHOTO pacnupejesnenns X; B nomynanun Wi npu duxcu-
pPOBaHHOM 3HadeHuu Iepemennoil X; . Ecau Bce F- BK/IIOUEHHdA MEHbLIC €ro
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MUHUMYMa (HU OJIHA M3 MEPEMEHHBIX He BHOCHUT 3HAUYUMOIO Pa3jindius B MOy~
JISIIMK ), TO BBIIOJHSIETCs mar S, B IPOTUBHOM CJlydae MpPOIE/yPa HePEXOUT K
BBIIIOJIHEHUIO BTOPOI'O 1Iara.

[lar 2. Beibupaercs nepementnas X j,, I KOTOPO#l 3HaUeHNE CTATUCTUKH
F-Bkyouennss MaKCUMAaJIbHO, TO €CTh Ta, 110 KOTOPOH HOMYJISIIIUN OTJIHYAOTCS
HarOOIbIINM 00pa30M. BBIUKMCIAIOTCS ONEHKU Ui JIBYX KO3 UIIMEHTOB U
MOCTOSTHHBIE JIMCKPUMHUHAHTHBIX (DYHKIMNA JJIs1 Karkioi rmonyssinun W;, Tab-
JINTIA pe3ysabTaToB Kjaaccudukanuu u F- annpokcumanus U craTucTuku.

Mzt nepemennbix X; u X, nuiyrces 3Hauenus craTucTuk I -yjajenus ¢
k—1wun—Fk—1 crenensimu ¢cBo60sibl. Takum 00pa3soM MPOBEPSIIOTCST THITOTE3bI
H, : ,LL}l_jQ = ... = ,ug?l.jg u Hy : M}Z'jl = ... = ui,jl. Bo BTOpOil rumore-
3¢ 3HAUCHHME CTATUCTHKU F' OoJibie F-BKJIIOYEHHUs, KOTOPas II0 YMOJYAHUIO
bosibilie F-yraJienus, a mepBas MOXKeT ObITb HE OTBEPIHYTa, B TAKOM CJIydae
nepementas X; He BHOCHT 3HAUYMMOIO Pa3JiMyunsl B IONY/IAIMNA TIPU 3a/aHHOM
3HaYeHUN HepeMeHHoit X 1 JI0JKHA ObITh yjlajeHa U3 KJacCuUIMpPyIonmx
1I€PEMEHHDbIX.

BareM JUist Kaxk 10il He BKJAIOYEHHON [IepeMEeHHOM BhIUUC/ISIeTCs] CTATUCTAKA
F - Bgmouennsa ¢ k — 1 u n — k — 2 crenensamu ¢Bobonnsl. C ee OMOIIBIO
npopepsiercs rumnoresa Hy : M}'jl]é = ... = “?'ju'z' Ecim Bce F BrIOUeHus
MEHbBIIe MIHIMYMa, TO BBIIOJHSIETC IIar S, B IPOTUBHOM CJIydae Iar J.

[lar 3. A) O6osnaunm depe3 L MHOXKeCTBO U3 [ MepeMeHHbIX, TTpe/Bapu-
TEJIbHO OTOOPAHHBIX JIJIsi IOCTPOEHMS POIE 1y phl Kiaccudukaimn. Eciu 3naqe-
Hue F- yjaJjieHusi MeHbIIIEe IPUHSITOIO MUHUMYMA, TO IIePEeMEeHHast, JIJis KOTOPOit
9TO 3HAUEHHE MUHUMAJBHO, yaaJsercs u3 MHOXKectBa L. Beimonmsercs B) ¢
zamenoii [ Ha [—1. Ecin nekoTopble 3Havuenus F' s nepeMeHHbIX, He BXOIAIINX
BO MHOXKeCTBO L, DoJibIlle NPUHATOr0 F-BKJIIOUEHHUS, TO IepeMeHHasl ¢ MaKCHU-
MaJIbHBIM 3HaUYeHHEeM BKJIO9aeTcs B L u [ 3amensiercs Ha [ + 1.

B) s kaxoii nomyssiiun W; OleHMBAIOTCS JMCKPUMUHAHTHBIE (DYHK-
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I, BBIYUCJIAIOTCA PE3YJIbTATbI K.HaCCI/ICbI/IKaL[I/H/I n 3nauenus F AIIIIPOKCHUMa-

onun U cratucruku. BaTeM JAJIg TEPEMEHHbBIX M3 MHO2KECTBa L Boraucisiorcest

F-ynanenunss Hy : u;.(l_l) = ... = ,uf_(l_l) JULST KaxKJI0# 1epemeHHoit X u3

L npu dhukcupoBaHHbIX OCTATbHBIX (I — 1) 37€MeHTOB. 3aTeM BBIUUCIISETCS

3HadeHue F' -BKIIOUEHHS JIJId IepeMeHHBIX, He BKIIOUeHHbIX B L. H : ,u}'(l) =

_ K i N
= M.y M.y €CTD YCTOBHOE MATEMATHICCKOE OXKHUJIAHHE NEPeMEeHHOM X;B

W; npn dbukcnpoBaHHBIX 3HaUEHNAX MepeMenubix n3 L. X; &€ L.
[Iponenypa mnepexoguT K (pUHAJILHOMY IIIary, KOrja CTaTuCTUKU F-BKJIIO-
YEHUsI MEHbIIIe MUHUMYMa, UJIM KOI'JIa BCE IIEPEMEHHbIE OKa3bIBAIOTCs BKJIIOUEH-

HbIMH, a 3HAYCHUIA F - YAaJI€HWs MEHbIIEC MHUHHMMYMa, TO BbIIIOJIHACTCH ILIal'
S.

[[Mar S. Beruucisiiorcsa anocrepuopHbie BeposiTHocTH. Ha ux ocHoBanumn

IPOU3BOJIUTCS KJIACCUDUKAIMA, CTPOUTCS TaOJINIA KJIaCCU(MDUKAIIIH,

[TPUMEP (npoponzxenue). PaceMoTpum npome1ypy HOMATOBOro JHCKPUMIHAHTHOTO
aHaJN3a /I peIlleHus 3a1a9i BBIIeIeHUusT HanOoiee nH(MOPMATUBHBIX TPU3HAKOB U JIUAT-
HOCTHKHN OPOHXMTa M ITHEBMOHUHU HA OCHOBE YeThIPeX Mokasaresei: X — Bo3pact, Xo — cepo-
cojepzKarue OejIKu B BOCTaHOBHTEILHON (bopme, X3 — mefikonuTbl, X4 — CKOPOCTH OCE/IAHUS
spuTporuToB. [1o 3TuM npuzHaKaMm aHau3upyeTcsa nonyasnus u3 133 60JIbHBIX, Cpean KO-
TopbIX 66 OponxuroM Wi m 67 Gonbubix nHeBmonueir Ws. [locTpouM AuCKpUMUHAHTHYIO
HpOIEayPY, KOTopas Obl O3BOJIKIA 110 ITUM YeThIpeM IIPU3HAKAM JIHArHOCTHPOBATH 3a00.1e-
Banue. OmupeaeauM MUHUMYM F-BKIiouennsa paBHbIM 4.0, a MUHUMYM F-yaaaeHuss paBHbIM
3.9.

[MTar 0. /lyist Bcex 4eThipex mepeMeHHbIX BhlaucasgeM 3uadennd F-prmodenus ¢ 1 u 131

CTEMEeHIMHU CBOOOJIHI.

X1 X X3 Xy

F 0.25 86.75 41.70 238
ITo mepemennoit X4 (COD) crpoum muckpumunHanTel: d; = 1.37xy — 23.15 u dy =
1.91xy — 44.65. Eciu auckpuMuHaHT d; 6omabine dp, TO NMHeBMOHHUs, MHade Opouxut. Ha

OCHOBAaHHH 3TOT'O IOJYYEHBI CJdeaylomue pe3yjabTaTbl K.HaCCI/I(bI/IKaHI/H/I.

79



Wi W,
Wi |56 10
Wyl 4 63

Suauenne F-ynajgeHusl COBIAJaeT HA 3TOH CTAIH CO 3HAUYEHHEM [ -BKIIOUEHHS W PaBHO

238.CrenoBare/ibHO, TIepeMeHHast X4 He yIaasieTCs U3 MHOYKECTBA YIACTBYONNX B JIUCKPU-
MUHAINY OpU3HAKOB. [ nepeMeHHBIX X1, X9 1 X3 BBIUHCASIOTCA 3HadeHus F-BKJIIOYeHN
¢ 1 u 130 cremensimu cBOOO/IBI, TO €CTh IPOBEPsieTCs, He OYIYT JIH PaBHBI CpeIHNAe 3HAYCHUA

9TUX IIPU3HAKOB B obenx IIOMyJadIuAX B CJy4dae, KOTJa YCTPaHEeHO BJIUAHHE HepeMeHHOI'/JI X4.

X1 Xo X3
F 0.08 259 1.86
Onno 3HaUYeHHE OOJBINE YCTAHOBIEHHOIO MUHHMYyMa, IIO9TOMY BBHIOMpPAaeM B KadecTBe
caeayroIieit mepeMennoit Xy - cepocojieprkaliie BOCCTAHOBUTEIbHbBIE DEJTKH.
[Tar 2. CrpouM JUCKPUMHUHAHTHI 110 STUM JABYM MepeMeHHbIM. d; = 1.46 X4+ 12.8 X4 —
69.9 u dy = 1.9924 + 10.8X5 — 78.1. Pesynbrarsl KaaccudUKAIUA BBITJIAIAT CJIELYIONAM

obpazom:

Wy Wy
Wil 63 3
Wyl 5 62

s mepemennnix Xo u Xy Borancysiem F-yaasnenusi. CooTBeTCTBEHHO OHE PAaBHBI 25.9 1
134, oba 3na4venus dosbie 3.9, cjeg0BaTEILHO, HU O/IHA M3 STHX IIE€PEMEHHBIX HE y/IaJISTeTCs.
Jng nepemennbix X1 u X3, HEe y49acTBYIOIUX B KjaaccuduKaium, 3HaYeHns F-BKIIOYEHUS
paBHBI COOTBETCTBEHHO 56.8 m 4.48. Ciieyromas nepementnas X - BO3pacT.

Tar 3. dy = 1.3X4+53.2X5 +2.6X; —269.5 u dy = 1.8X, +46.3X5 + 2.38X; —232.2.

Pesynbrarsr kiaccudukanum:

Wy Wy
Wil 63 3
Wyl 3 64

Buavenust F' -ynanenns pasubl 79.07, 93.74, 56.8, Bce 6oibine 3.9. 3HadeHue F-BKJIIOYEHUSs
Jis nepemennoit X3 pasuo 4.6, ono 6osbie 3.9.

IMar 4. d; = 1.35X, + 53.55X5 + 2.6X; — 0.32X3 — 270 u dy = 1.85x4 + 46.4X5 +
2.29z1 — 0.05X3 — 232. Bunadenusa F-ynajieHus:
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Xy Xo Xy X3
F 49 98 57 4.6
Hu ojHa 13 nepeMeHHBIX He YAAJIAeTCs, I0TOMY OKOHYATEeIbHbIE Pe3yIbTaThl KJIaCCH-

dUKAIUN BBITJISAST CAEAYONIM 00pa3oM:

Wy W,
Wil 65 1
Wyl 3 64

Buavenne F-anmpokcuMaruu cratuctuku Yuiakca F = (4,128) = 129.3575,p < 0.0000, To
€CTh TIEPEMEHHDBIC BHOCAT 3HAUMMBIA BKJIAJ B JUCKPUMUHAIAIO JIBYX HNONYJIANNAN, TO €CTh 110
JIAHHBIM MTPU3HAKAM MOYKHO JHATHOCTHPOBATH OPOHXUT U IMHEBMOHHMIO.

st Toro 4To0bI c/1esaTh 00paboTKY IO AUCKPUMHHAHTHOMY aHaiau3y B StatSoft, Hy»KHO 3ayCTHTh
nporpammy Statistics - Multivariate Exploratory Techniques - Discriminant Analysis. Janee HyX#HO
Boibparb nepemennbie (Variables). Ilpu neobxoauMocTy NpUBJIEYEHHs HOIIAIOBOI IIPOUELYDPbI CTABUTCH
rasnouka B Advanced options (stepwise analysis). Hanee OK. B takowm ciryuae HykHO Oyuer BbIOpaTh MeTO;:
Forward nim Backward B 3aBUCUMOCTH OT TOTO, TTPOUCXOIUAT U OTOOP MHMOPMATUBHBIX UJIN UCKJIIOTEHUE
MaTonH(MOPMATHBHBIX MTPU3HAKOB. /IucKkpuMuHAHTHBIE KOI(DOUIMEHTH MOXKHO TosTyunTh u3 Classi fication
functions, marpuny kmaccudukanuit u3 Classification matriz, anocTepUOPHBIE BEPOATHOCTH COOTBETCT-
Benno u3 Posterior probabilities. Ilepexon or 6aiteCOBCKOI MPOIEAYPHI K IBPUCTAIECKON BOZMOXKEH 33 CUET

BBIOOpA alpUOPHBIX BeposTHOcTel A priori classification probabilities.

6.3. Knaccudukamuga B ciiydae OMHOMUAJIbHBIX

pacnpeaesjieHuin

Ilycts nmerorcsa p AUXOTOMUYECKUX NPU3HAKOB X1, ..., X, 3HAaUCHUA KO-

TOPDLIX COCTOAT TOJILKO U3 Hyﬂeﬁ U ¢JUHNIIL.

Hanpumep, orBersl "ma'"um "wer"ma psi BONIpOCOB MM HAJIUUHE U OTCYTCTBUE

HEKOTOPBLIX cUMITOMOB. Pemaercst 3aja4da oTrHecenusi oObeKTa K OfHON u3 k
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nonysisaruit Wi, ..., Wi ¢ OMHOMMAJILHBIMU PaCIpEICJICHUsIMU ¢ U3BECTHBIMU

ALPUOPHBIMU BEPOSITHOCTAMU (1, . . . , (k. LLOJI0XKIM
P(X; = 1W;) =py n P(X; =0[W;) =1-—py,

i=1,..., k,7=1,...,p. Toryna zakon pacupejenenus X; nis nonynanun Wi
uMeer BU/L
files) =0 = p) € {0,1)
A x] - p@] plj ) 37] ) .
IIpn nesaBucuMocTn Npu3Hakos X, ..., X, COBMECTHBII 3aKOH paclpejleleHus

nMeeT BU/L

fi(x) = fi(x1) ...« filzp), i=1,... K, X:(l'l,...,l'p)T.

BekTop x orHOCHTCS K nionyJisinuu W, ¢ MakcuMaJibHOW BeJIMUYMHOM alocTepu-
OPHO¥ BEPOSITHOCTH, KOTOPasi IIPU OJMHAKOBOM CTOMMOCTHU OMIKOOYHOMN KJIacCh-

dukanu umeer BuI;

qi fi(x)
k
> Gmfm(X)

m=1

P(Wilx) =

ITycrs n; uuco nnjusuios us nomyssinn Wi, u3 HUX n;; UMEIOT j-blilt CUMIITOM.
Torya onenka p;; = n;;/n;. Ecin anpuopible BeposiTHOCTH HEM3BECTHBI, TO UX
OIICHKAMU SIBJISIIOTCS (; = ni/n, reny+...+ng=n.

[Tocko/bKy B OOJIBITUHCTBE CIAYYAEB TPETOI0KEHIEe O He3aBUCUMOCTHU He
BBITIOJTHSIETCS, TO KOTJIa BCE allpUOPHBIE BEPOSITHOCTU PaBHBI, JIJIA KJIacCU]U-
KAIlUU UCIIOJIB3YETCs MPOTIe/lypa, KOTopas JiJid JIIo00i KOMOWHAIIUN CUMIITOMOB
BBIUKCJISIET COOTBETCTBYIOILYIO JIOJII0 OObEKTOB B KaxKjoi BbibOpke. Homwbrit
OO'bEKT OTHOCHUTCSI K MOIYJISIIMK, BbIOOPKA U3 KOTOPOI MMeeT HaubOJIBLIIYIO

JIOJII0 00'beKTOB € Takoit kombunanueit. Hanpumep, k£ = 2,p = 3.

Kowm6unarmuu | 000 | 001 | 010 | 011 | 100 | 101 | 110 | 111
Wi 0.10 | 0.10 | 0.20 | 0.10 | 0.20 | 0.10 | 0.10 | 0.10
Wy 0.20 | 0.15 | 0.10 | 0.15 | 0.10 | 0.20 | 0.05 | 0.05
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[Tocrynatoriuit oobekT ¢ komOuHamueit cumnromoB 011 Oymer orHeceH K
nonyJisiiuun Wy, Tak kak 0.15 > 0.10. HeynobcTBo 310ro meroja 3ak/aodaercs

B TOM, 4TO JIJIs KaXKJ0# HOIYyJAIUU HAJI0 BbIYUCIATH 2P mapaMeTpos.
[TPUMEP 1. Pacemorpum nonynsmum (tab61.3) W, (ciosa, ozmagaronue aucto "1 aa
ny = 9 a3bikax) u Wy (coBa, o3nagatoniie uncyao "3 Ha Tex ke ny = 9 a3bikax). B kauecrse
JIUXOTOMUYeCKUX npusHakos X;, j = 1,2,...,12, OyxeMm ucnojb3oBaTb (aKkT HaJIUIHd B
CJIOBE HEKOTOPBIX OJHOTHIIHBIX 3BYKOB. Meem k = 2 gmcio nonynamuii, p = 12 dgucio
npusHakos. LlycTs n;; — gucio ciaos u3 nonynauuun W, comepzKamux 3BYyK X, OIEHKA D;;

nMeeT BUI:
Pij = nig/mi, i=1,2; j=1,2,...,12

BripazkeHue 1,4 = 3 03HAYACT, YTO B HOMYJIAIIH CJI0B, O3HAYAIOIINX YnuCI0 "OJUH TPH CJI0BA
cofepzxkat OykBbl "K,X,r" (Baxus, fieK, HbIHT).

O1eHKaMu APUOPHBIX BEPOATHOCTEH ABIsdOTCA ¢; = n;/n, 1 = 1,2,... k, tme n =
k
> ny (raba.4). B Hamem ciaydae anpuoOpHbIE BEPOSTHOCTH PaBHBI ¢ = 9/18 = 0.5; ¢ =
9/18 = 0.5.

Hanpuwmep, caoBy "Baxuu'"coorsercrsyer sekrop X = (101110010000). BepositHocTnb

ero nosBJjeHusd nupu ycjaosuu W pasna

fy_ 281376886989 .
M =5559 9995999959 "0
A3BIK OMH TpHU
apabckmit Baxm | caJjsca

TNepCuICKuil | itex cd
Typenknit ouT 104
ATIOHCKUN ATH caH
aMXapCKui aHJ cocT
TalCKUi HBIHD cam
TPY3UHCKUN | 3pTH camMmu
KUTAACKUI n CaHb
AKKAJICKUI WUINTEH | TIIaJall

Tabsiuna 3. Hazanus nudp 1 u 3 B BOCTOYHBIX d3bIKaX.

Ecsm xomnonenTa X; = 1, To COOTBETCTBYIONHMIT COMHOXKUTEIb PaBEH Pij, ecan X; =

0, To coMHOXKUTe/Ib paBeH 1 — ppj. AHAJOIMYHO BEPOATHOCTH INOSIBJIEHHS BeKTOopa X =
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(101110010000) mpu ycropuu Wy paBa

~ . 690118013898

X)=—-.2.2.-.2.2.2.2.2.2. 2.2 —0.
(X) 9999909999999 "

Bepogrrocts nonyuenns sekropa X = (101110010000) pasua

o~

P(X) =G f1(X) + @fo(X) = 0.5-0.002 + 0.5 - 0 = 0.001.

AmocrepropHbIe BepOSITHOCTH PABHBI

¢ - f1(X)  0.5-0.002 B - [(X) 0
— — 1, P(W,lX) = — —
P(X) 0.001 - PO P(X) 0.001

P(Wi|X) = 0.

CitenoBaTeIbHO, ¢10BO "Baxua ' MpaBUIbHO KIACCHMUIMPYETC KaK CJIOBO U3 momy.asiun Wy
e M HMII,

Pesysaprarsr 100%-npaBuibioil KaaccupuKauu OCTAILHBIX CJI0B CBOAATCH B TaOJIUILY:

K nonysistiiun Wy | kK nomyststiigun Wy

u3 nonyadun Wy 9 0

u3 nomyssiun Wy 0 9

I[MTPUMEP 2. Paccmorpum, nanpuMep, JiBe MOIMYISIHH.

Wy Wy
ny=2>5 ny = 13
Poccus Uranma

Bonarapug Kanana

Benrpus  Apcrpasus
Pymbrans ABcrpus
[Tosbira Benbrus
Janug
Mekcnka
Hunepaanab
CHIA
OUHAAHINA
Opannus
HIsenusa

Anouna
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12

11

10

1

0
0

0

1

0

1
1
1

BaXWU,

HneK

our

UTHU

aHTT

HbIHI

3pTH

UTHU

UITeH

caJidca

Ccd

04

CaH

COCT

CcaM

caMu

CaHb

IaJIarn

nlj

ngj

Tabsinna 4. Beruuciienue 4acTor 1MOsiBJIEHUS 3BYKOB B CJIOBE.
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Yerbipe (p = 4) AMXOTOMHUYECKHX MPU3HAKA

e X;: 0 — mm3kag (< 300) wium 1 — BBICOKAS CMEPTHOCTH OT 3a00JIeBAHUN CHCTEMBI

KPOBOOOPAIIEHHUS;

o Xo: 0 — mm3kag (< 189) mam 1 — BBICOKAST CMEPTHOCTL OT 3JI0KAYECTBEHHBIX HOBOOO-

pa3oBaHuii;
e X3:0 - nuskas (< 10) win 1 — BbICOKasi CMEPTHOCTD OT HH(MDEKIHOHHBIX 3200/ 1€ BaHNI;

e X,:0—mu3kag (< 50) mwin 1 — BBICOKask CMEPTHOCTD OT HECIACTHBIX CIYIACB U IPYTHX

BHEIIHUX BO3ACHCTBUIL.

N — KOJHMYECTBO CTPaH 13 Homyadanuu W ¢ BICOKIMU HOKa3aTeIaMI CMePTHOCTH X ;. Djj =

24 — omeHKa BEPOATHOCTH BBICOKOTO MOKa3aTesst cMepTHocTH X; B nomyssanun W

uz

X; 1 23| 4 X;| 1 2 3 4
ny| 5 | 3] 2] 5 Pyl 1 |06 | 04| 1
ny | 5 | 9] 3| 7 Paj | 0.385 [ 0.692 | 0.230 | 0.538

Buisgcanm, k kakoit nonyrsamun Wy win Wy 0yaet ornecena ['epmanust co 3HaAYEHUSIMUA TIPH-
snakos X = (1100)T pesyawrare mponeaypsl kiaccudukanuu. B KauecTse ONeHOK alpHOp-
HBIX BEPOSITHOCTEH paccMoTpuM ¢y = ny/n = 13/18 = 0.722 u ¢y = ny/n = 5/18 = 0.278.

BepoaTHOCTD 110/Ty4uTh 3Hadenue BekTopa X = (1100)7 upu yciosun Wy pasua

~

f1(17 1,070) — ]511]312(1 —]513)(1 —]514) — 1 . 06 . (1 - 04) . (1 - 1) — O

BeposrnocTs 1noayunth 3unadenue sexropa X = (1100)T upu ycaosun Wy pasna

~

F2(1,1,0,0) = porpo(1 — Pas) (1 — pag) = 0.385-0.692 - (1 — 0.230) - (1 — 0.538) = 0.0945.

OIeHKH aloCTePUOPHBIX BEPOATHOCTEH MMEIOT BUI:

7 £1(1,1,0.0 0
P(W4l1,1,0,0) = — @1A(1,1,0,0) _ L
G1f1(1,1,0,0) + Gofo(1,1,0,0)  0.0683 +0
i f5(1,1,0,0 0.0683
P(W,]1,1,0,0) = G2f2(1,1,0,0) B

(jlf1<]-7]-7070) +Q2f2(1717070) 00683+0
Haubosibmaga AIIOCTEPUOPHAA BEPOATHOCTDL JOCTUTACTCA B CJIy4a€ IOIIYIAIINH WQ, T.C. IIpoue-
Aaypa KﬂaCCI/ICbI/IKaL[I/II/I 110 IMOKa3aTe/JIdM CMEPTHOCTHU XapPaKTepU3yeT FepMaHI/IIO, B CBOE BpeMA

O6’I)€,ZLI/IHI/IBHIyIO CBOU BOCTOYHYIO M 3allaHYIO 9YaCTHU, KaK €€ 3allaJHYI0 4aCTb.
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7. ®aKTOpPHBIII aHAINS

7.1. JIuneiinbie mpeoOpa3oBaHusd, TPUBOAIINE

K HEKOPppe/JInPOBAaHHBIM KOMIIOHEHTAM

PaccMmorpum 7Ba 1eHTpUpPOBAHHLIX U HOPMHUPOBAHHBLIX Ipu3Haka X u Y
¢ KoappurmmenTom Koppeadanun o. Ha puc.8 npejcraBiena JByMepHas JTua-
rpamMma npusHakoB: X - 00'beMbl M1pOjIaBaeMOit BOJKH, Y - MPOJIOJIKUTETHHOCTh
»)Kusnu ¢ Koadgdunmentom koppessainun o = r = —0.934. B reme 0 MuOXKeCTBEH-
HO¥ perpeccuu ykKe UCIO0JIb30BaJIOCh CBOWCTBO HEKOPPEJUPOBAHHOCTUA OCTATKA
C BBIYUTACMON TTePEeMEHHO.

Ecau nepeiiTn K HOBBIM KOODJWHATAM B pe3yJbTaTe JIMHEHHOro mpeobpa-

30BaHNA:

Xo=1-X+0-Y
Yo=—1r-X+4+1-Y

(79)

TO MbI [OJIyYMM JIB€ HEKOPPEJIMPOBaHHbie KoMIoHeHThl X 1 Yy (puc.8).

N = 0,00820,0280%

0.4

1970
o

1985 1975 4o80
o s

0z

0.0

0,935+

2

1008
02 5

1945
o

0.4

Puc. 8. JIBymepnbie amarpaMMbl MeXKJIy OOBEMOM IPOJAYKH BOJKH X U TPOJIOJIZKH-
TeJIbHOCTHIO KU3HU Y (JaHHBble HODMHPOBaHBI W TeHTpupoBaHbl, 7 = —0.934), a Takxe

Mexk Iy X U JuHeiiHbIM npeodbpazoBanuem Y — rX.

JInHeHHBIX Npeobpa3oBaHmil, NPUBOAAIINX K HEKOPPEIUPOBAHHBIM KOM-

IIoHe"nTaM, MOXKET OBITH CKOJILKO YI'OJHO. Ho cpean HHUX MOXKHO BbBIJIEJIUTD
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obJiajiaroniee psijioM 3aMevdaTe/ibHbIX CBOWCTB IIPeodpa30oBaHue BUJIA

X' 1 X 1 ]/’
Y* 1 X 1 ]/‘
1 75 - 75

Hosble ciyydaiinbie BesiuauHbl X1 1 Y] Ha3bIBAIOTCS 24a6HbLMU KOMNOHEHMAMU
B ciydae 1eHTpUpOBaHHBIX U HOPMUPOBAHHBIX [TPU3HAKOB IVIaBHbIE KOMIIOHEH-

Tbhl UMCIOT HYJIEBbIEC CDEAHUEC, a UX JUCIHEPCHUU PaBHbI COOTBETCTBCHHO

1 1 DX DY
DX, =D (—X + —Y)

\/§ \/5 T—FT-FEXY—l-FQ,

1 1 DX DY
DY, = ( X - —Y ) L _EXY=1-o.
V2 V2 2

2
[Ipu orpunaresbHoM Ko3ddburmenTe koppessiuu cucrema (80) 9y Th-ayTh

BUAOU3MEHACTCA, YTO OJHAKO HE BJIMACT Ha CBOIICTBA CUCTEMBbI

X =—%X+5Y
G f. (81)

CaoiicTBa npeobpaszoBanus (80):

1. rytaBHBIE KOMIIOHEHTHI X| U Y] HEKOPPEJUPOBAHBI, TaK KaK

e s (e ) (- )-

= % (EX* — EY?) =0.

2. npeobpasosatue (80) coxpaHsieT CyMMApHYIO JUCIEPCUIO, TO €CTh

D(X1) + D(Y:) = D (%X + %Y) (\}_X - \%Y)

=3 L (DX + DY +2EXY) +

% (DX + DY —2EXY) = D(X) + D(Y).

BameTuM, 9To Jiisi ipeobpasoBanus (79) 9TO CBOHCTBO HE BBIMOJHSIETCS

(IpOBEPHUTDH CAMOCTOATEHHO).
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3. npeobpasoBatue (80) coxpaHsieT pacCTOSHUsT MEXK Y TOYKAMU:

2 2

1
Xrvi=(xt oy) 4 (ex-Ly) =
o V2 V2 V2 V2
X2 Y2 X2 YZ
=T 5t XY )+ (S5 XY ) =XV

Takum obpazom B cucreme (81) Mbl [OJLY IHJIHM [IPEJICTABICHAE HAIIUX JIaH-
HBbIX COBCEM B JIpyIux KoopjuHarax. [lepBasi KoopjiuHara, KOTOpas yBeJnanBa-
eTCs TTPY YBEJTUICHUH TTPOJIOJIKUTETHHOCTH YKU3HU U YMEHBIACTCS TIPU YBEJIH-
YeHUN 00bEMOB TPOJIAXKK BOJIKH, MOXKET ObITH MHTEPIPEeTHPOBaHa Kak (haKTop
3/I0POBbS HACEJIeHUs 3a CUET OTPAHUICHUS TPOayKU aJIKOTOJIA. B 9TOM cMbIcTe
caMbIMU OJIaroroJiydHbIMu sBJIsitoTest Toabl 1990 u 1985, a cambiM Hebs1arormo-
JgyuanbiM 1995, Bropasi koopjinHara, KoTopas yBeJIMYUBACTCS OJIHOBPEMEHHO C
yBeJIMYEHUEM U HPOJIOJKUTEIbHOCTY KUBHU, U 1POJIaXKaMu aJKOI0JIst, MOXKET
OBITH WHTEPIPETHPOBATHCS KaK (haKTOP MO3UTUBHOTO BJIMSAHUS AJKOTOJS HA
POJIOJIKUTETBHOCTD KU3HU. DTO BEChbMa COMHUTEHHO, TIOATOMY PACCMOTPHUM,
HACKOJIBKO 3HAYUMBIM SIBJISCTCS 6KAG0 6MOPOT KOMNOKERMbL 6 00uLy10 ducnep-
Cu10.

[TockosibKy JlarHbBIe HOPMUPOBaHbI, TO juctepcnt pasabl D(X) = D(Y) =
1. Obmmas gucnepcust pasua 2. Ilpu orpunaresbinom koadduimerre Koppesisi-
nuu Jpctepeust riasHoit komnonentol D(X7) = 1— g, ciiejloBaTesibHO, ee BKJIa/]
B OOIIYIO JUCIEPCUIO PABEH

D(X)) 1-p 1-—(-0.934)
D(X))+D(Y)) 2 2

= 0.967.

[TosTomy ocrasineiicss Bropoit kommnonente ocraercs 0.033. Bxuay 3.3% ue na-
CTOJTBKO CYIIECTBEeHEH, YTOObI ero CINTATh 3HATUMbIM.
7.2. MeTox Ty1aBHBIX KOMIIOHEHT B Cjydae k > 2 mepeMeHHbBIX

PaccMoTpuM CUTYAIUIO ¢ YUCIOM IIPU3HAKOB, O0OIbIINM JABYX. B O0/IbIINH-
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Pwuc. 9. /IBymepHasg nuarpaMma HEKOPPEJINPOBAHHBIX TJIABHBIX KOMITOHEHT.

CTBE CJIYYaeB 3TH TPU3HAKK KOPPEIUPOBAHBI, TOCKOJILKY SIBJISTIOTCST PE3YJIbTa-
TAMHU YaCTHBIX U3MEPEHMI HEKOTOPBIX HHTEIPAJIbHBIX XapaKTepucTuk. B me -
[MHE 9TU CKPBITHIE IPUBHAKHI JAIIE BCEIO OTPAXKAIOT CTEIEHD TIXKECTH TOIO U1
MHOTO 3a00JIeBaHUsI ¥ MOIIHOCTH 3AIMUTHLIX CHJI OPraHU3Ma M CKJIabIBAIOTCS
U3 BJIMSHUS 11€JIOI0 KOMILJIEKCA XapaKTepUCTHK. JacTo OKa3bIBAETCs, UTO 3TU
UHTErpaJibHbIe XapaKTPUCTUKU OIKCHIBAIOTCA IVIABHLIMU KOMIIOHEHTamMu. M iest
METO/Ia TJIABHBIX KOMIIOHEHT COCTOUT B TOM, YTOOBI 3aMEHUTH k-MEPHYIO CJIy-
YAHYIO BEJIMIUHY [P HAaUMEHbIEH norepe nH(MpOPMATUBHOCTH HA M- MEPHYIO
(m < k).

Yro o3navaer HamMeHnblnas noreps nHdopMmanuu! JHGHEKTUBHOCTD JII0-
60ro BBIOOpPA 3aBUCUT OT TOI'O, B KAKOH CTENEHU STH M JUHEHHBIX (DYHKIU
JIAIOT BO3MOXKHOCTb PEKOHCTPYUPOBATH MJIM BOCCTAHOBUTDH K IEepBOHAYAJIbLHBIX
BesinarH. OJIMH U3 METOJI0B PEKOHCTPYKIIMK TOM IepPBOHAYAJIBbHON CJIydaiiHOM
BEJIMYMHBI COCTOUT B TOCTPOECHUM €€ HAMJIYUIIero MpeJuKTopa Ha OCHOBE 1M
JnHeHbIX PyHKIME. OKa3bIBAETCSI, YTO HAMJIYIIINM BEIOOPOM JIMHEHHBIX (DY H-
KIUI SIBJISIETCS BBIOOD IEPBBIX 1M IJIABHBIX KOMIIOHEHT.

OnpenenM moHSATHE TJIaBHONW KOMIOHEHTHI. [IycTh nMeercs k nmpu3HakoB

X1, ..., Xp. IlepBoii rmaBHOI KOMIOHEHTOMR Y] HA3BIBACTCS COXPAHAIONIAT PAC-
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CTOAHHNE MEXKAY TOYKaMMN JIMHEMHasA KOM6I/IH&L[I/IH NCXOAHBIX IIPU3HAKOB
Yi = Ozlle + ...+ Oélek-,

rae KodpGUIuenTsl gy, . . . , (¢ BRIOUPAIOTCS TAKUM 00pa30M, UTOOBI JUCIIEp-
cust D(Y7) = A; Obuta MakCHMAJIbHO. DTO COOTBETCTBYET TOMY, UTO 10 TEPBOii
IJIABHOI KOMIIOHEHTE WHJIMBU/JIbI JIOJIKHBI OTJIMYATbCS HAUOOJIBIIUM 0OPa30M.
Bropast riaBHasi KOMIIOHEHTa TaK»Ke sIBJISIETCsI JIMHEHHOW KOMOMHAIMEH NCXO/I-

HBIX IIPU3HAKOB!
Yé = 0412X1 + ...+ CkaXk,

rae KoappUImenTsl s, . . . , Qpo BEIOMPAIOTCS TAKUM 00PA30M, UTO KOMIIOHEH-
Thl Y1 1 Yo HeKOppesupoBanbl, a juctepcus D(Y3) = Ay sBiisieTcst MakcuMasib-
HO¥ M3 BCEX JIMHEHHBIX KOMOMHAIMIT, HEKOPPEJTUPOBAHHBIX C Y7, TO €CTh BTOpast
KOMIIOHEHTa, JIOJIP)KHA HECTH HauOOJIBIIYI0 HOBYIO WHMOPMAIUIO, HE UMEIOILY IO
OTHOIIEHUST K MEePBO# IIaBHONH KOMITOHEHTE. AHAJOTUYHO CTPOSITCS OCTAJIbHBIE

I'VJIaBHbIE€ KOMIIOHEHTbI

k
Y}':Zainia ]:1,,/{?

1=1

CymMmMmapHas JIUCIepChsi OCTaeTCs HEM3MEHHO:
V=DX1)+...D(Xp) =M +...+ M\

SHAYMMOCTDH I'VIABHBIX KOMIIOHEHT OIPEJIEISIeTCsI JI0JIeil 00bsICHIEMOR NMU JIAC-
1epcumn, paBHO % - 100%.

Daxmopamu HA3BIBAIOTCS HOPMUPOBAHHDIE TTABHbIE KOMIIOHEHTHI: Y/ Vi

st Toro 9Tobsl caenarh hakTopHyto 00paboTKy B StatSoft, HyKHO 3amycTuTh nporpammy Statistics
- Multivariate Exploratory Techniques - Factor Analysis. Jlanee Hy>KHO BbIOPATh MEPEMEHHBIE, ITO KOTO-
pbiM crpositea dakTopsl (Variables). Haxumaem OK.

B okomke Max.no.of factors HyXKHO yKa3aThb HEOOXOAUMOE I AHAIN3A IUCJIO0 (PAKTOPOB, OHO JOJI-

2KHO ObITh OOJIbIIE HYyJIs U He O0JIbIe KOJIMYeCTBA y4aCTBYIOMUX B AHAIM3€E [IPU3HAKOB.
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B oxomke Mini. eigenvalue mywmne cpady moctaBuTh (. Uuraem, CKOJIBKO TEPEMEHHBIX U CKOJIHKO
nabmogenuii yuacresyer B ananuse. Jlamee OK. [ljad mpaBUbHOTO YTEHUS PE3y/JIbTaTOB HEOOXOIMMBIMU

ABIAIOTCA CBEACHUA, U3J1alr'a€MbI€ TaJiee.

7.3. Borauciaenmne k03 UIMEHTOB TJIaBHBIX KOMIIOHEHT

Ilycrs npusnakn X = (X1, ..., Xi)T nenrpuposanst EX; = 0 u umeror
KoBapHaIUoHHyo MaTpuny Y = EXXT. O6osnaunM uepes A; cobCTBEHHbIE

BEKTOPbI MATPHILLI Y, COOTBETCTBYIOIIHE COOCTBEHHBIM YHUCIaM A\;

1, mpwmi =7y,
SA = NA;, ATA; = S S T (82)
0, upui#j
YViopsiiounM COOCTBEHHBIE YKCJa 110 YOBIBAHUIO: A1 > Ao > ... > A

CobepeM Bce cOOCTBEHHBIE BEKTOPA B OJIHY OPTOTOHAJILHYIO MATPUILY

all, ..., Qig 1, ceey 0

A=[A,..., Ay = : . |, ATA=T=

akl, .., Qkk 0, cee 1

" onpenaejmM IJiaBHYIO KOMIIOHCHTY KaK

k
—_— T —_— .. .
Y= ATX = aX.. (83)
=1
,ZLJI?[ BCeEX TI'JIaBHBIX KOMITIOHEHT CHpaBeILJH/IBO Bpra}KeHI/IeI

Y ATX
Y=| . | = : = ATX, orkyma X = AY. (84)
Y, ATX

Teopema (0 HEKOPPEJUPOBAHHOCTH TVIABHBIX KOMIIOHEHT M HHBAPUAHT-

HOCTH CyMMApHOH JIUCTIEPCHN ).

Aj, 1pu i = j, i b
LBy =4 0 T e S px =Y by
0, npni#j i=1 j=1
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Jloka3aTejabCTBO.

82

LEYY; = B,y BAT X (ATX)T = AT 4;

Aj, Tpui=j

=ATNA; = 77 ’
0, 1pui#j.

CnetoBaTeIbHO, JUCIEPCUsT TJIABHOW KOMIIOHEHTHI paBHA COOTBETCTBEHHOMY

cOOCTBEHHOMY 4HCJIy KoBapualonnoit Marpunsl: DY; = ;. I3 ynopagouen-

HOCTU COOCTBEHHBIX THCEJI [I0JIy49a€M YIIOPAOOY€HHBIC 110 y6bIBaHI/IIO JAUCIIEPCHUNU

riaBabie KomnonedaTol: DY, > DYy > ... > DY,.

k

k
=EYTATAY =EY'Y =) EY} =DY; + ...+ DY;.
j=1

7.4. ®akTOpHBIE HATPY3KU N (POPMYJa BOCCTAHOBJICHUS
Koppeusiust 8;; = cor(X;,Y;) mexy npusnakom X; U IJIABHOH KOMIIO-
HeHTo#l Y HaspIBaeTcsa gakmopnoti nazpyskod. Ilycrs o; — crampgaprhoe oT-

kjonenue X;, A\; — jauciepcud riasHoil komnonents! Y. Torja dakropnas

HaI'Py3Ka MMEET BU/:

k
EY ayV}Y;
EXZY _ J (077 )\
By = cor(X:,Y;) = i &Y _ = — Zuv Ay (85)

PN YRy

(DOpMYJIy BOCCTaHOBJICHU A Xl I10 TJIaBHBIM KOMIIOHE€HTaM MO?KHO BbIpa3UTb

qepe3 daxTopel G; =Y, /1/A;:

k
Xi - Zaij OZZ 6Zj G \/7 O-ZZBZJ
j=1
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HpI/I BOCCTaHOBJIECHNH IIEPEMEHHBIX IT10 1 TJIaBHBIX KOMIIOHEHT, MEHBIIIEMY KOJIN-
YECTBa MCXO/JHBIX IIPU3HAKOB ]{?, SHA4YCHUA ITPU3HAKOB MOT'YT BOCCTaHABJIMBATb-
¢t ¢ omnbkamu. HYem OoJiblire BKJIa /I UCIIOJIb3YEMbIX B BOCCTAHOBJICHUU I'NIABHBIX

KOMIIOHEHT, TeéM MEHbIIIe OIINOKU BOCCTAHOBJICHUSI.

689

68,1

676

67,0

— TIPOIOTLE
FI3HH

B45

BOCCT.
"8 Opona e

1870 1975 1980 1985 1940 1995 1995

Puc. 10. Boccranosienue cpejHeit MpoI0TKATETBHOCTH KU3HUA IO MTEPBOMY H BTOPOMY

Ppaxropan. L = (0.896f; + (—0.398f,)) - 1.64 + 67.8,

dakTOpHBIE HATPY3KH 3navenusa parmopos

Factor 1 | Factor 2 TOIBI f fo

L 0.896 —0.398 1970 | 0.600 | 0.465

M —0.815 —0.564 1975 | 0.540 | 0.710

P 0.905 —0.045 1980 | 0.375 | 0.790

A —0.847 —0.486 1985 | 0.724 | —0.339

v —0.772 0.613 1990 | 0.662 | —1.301
Jucmn.rir.komi. A 3.60 1.06 1995 | —1.587 1.019
BKJIAJ B JHCII. 72% 21.8% 1998 | —1.314 | —1.345

I[IPUMEP 1. Ilpusnaxu: L — cpeausas OpoIozKATeIbHOCTD KIU3HH; M — KOJITIeCTBO
YUHOBHUKOB; A — Koam4decTBO aBroMobmieil; P — moxonpl GeaHbix; V' — 00beMbl IPOIarKu
BOJIKHU.

st Toro 9Tobbl yBUAETH MaTpHIy (DaKTOPHLIX HATPY30K, HYXKHO OTKDPBITh BKIAAKY Loading w
HaXKaTh KHONKY Summary : Factor loadings. Jna nomyvenns 3nadenuit GpaxTopos G; HYKHO BO BKJIAJIKE

Scores BoiOparb Factor Scores nwiu Save factorscores.
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Bkaan nepsoro dgakropa pasen 72%. 3nadennsd B i-il CTpOKe U j-M CTOIOIE COOTBET-
CTBYIOT KOY(DPUIMEHTY KOPPESIUU MeXKJIY i-M HPU3HAKOM M j-# IVIaBHOH KOMIOHEHTOIA.
Yem Goutbite mepBoli (bakTop, TeM OObIIe TPOJOKATEILHOCT KU3HU U JO0XOIbI O€THBIX,
MEHBIIEe YNHOBHUKOB ¥ aBTOMOOMICH 1 He MHOTO BOJKHU — (pakTop Oaaromnosydus. C nmepBbim

¢daKTOPOM HMeeT 3HAYNMYIO KOPPESIIUI0 KOJHIECTBO 3aKIH0IaEMbIX OPaKOB.

Bropoii ¢gpaxTop menee 3naunm, ero Bkaan pasen 22%. Bosbiime 3nadenuss BTOporo
daxTOpa COOTBETCTBYIOT TOMY, YTO MHOIO IIHIOT, & aBTOMOOHIEH MAaJiO, COOTBETCTBEHHO
MaJible HaoO0pOT: aBTOMOOUIEeH MHOIO, IMBIOT MaJI0. DTOT (PAKTOP MMEET 3HAYMMO ITOJIOKH-

TEJbHYIO KOPPEJIANHUIO ¢ YUCJIOM Pa3BOJOB.

8. KaHoHnYeckue Koppeasdanun

8.1. ITlocranoBka 3amaun

O6bryHbBIE KOADMHUITUEHTHI KOPPEJIAIIH UCIOIb3YIOTCS JIJIsi BHISIBJICHUS JIN-
HEIHON 3aBUCUMOCTH MeK Ty AByMs Tpu3HakaMu X u Y . Eciu Hy»KHO BBIIBUTH
3aBUCUMOCTD MexKJly npusnakom Xo 1 Habopom npusnakos X, ..., X,, To B Ka-
YECTBE XapaKTePUCTUKU ITOM 3aBUCUMOCTH PACCMATPUBACTCS MHOYKECTBEHHBIH
Ko DuIreHT KOppessiiuu, paBHblil KO3(MPUIUEHTY KOPpeJIsAinn Mex 1y X 1

ero HaWJIydluM JinHeitnbIM npejckasanuem Xog = fo + 51.X1 + ... + B, X,
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DTOT NPUHINAIT MOYKHO PACIPOCTPAHNUTH HA BBISBICHUE 3aBUCUMOCTH Me-
JKJly JiByMsi Habopamu npusHakoB Xi,..., X, u X,i1,..., X,1s. Maremaru-
yeckas 3ajlada 3JIeCb COCTOMT B TOM, 4TOObI HallTu Takue HOPMUPOBAHHDLIE

JMHEeHHBIe KOMOWHAIAN
U=6w+BuXi+...+68u:X, n Vi=apg+anXe + ..o+ as X,

aroObl Koppessiust Ry = cor(Uy, Vi) mexay Uy u V) Obliia MAKCHMAJIBHOI.
Cayuaiinble Bequaunbl Uy u Vi, a Tak:ke ux KoM OUIMEHTb HA3bIBAIOTCS %a-

HOHUYECKUMU.

8.2. Metoa HaxoXKaeHns KAaHOHUYIECKNX K03 PUIIMEeHTOB

He ymauisisi obiiHoctu, OyjieM cuurarh HEHTPUPOBAHHBIMU KOMIIOHEHTbI

CJIyYaiHOrO BEKTOPa
T
X - (Xl, .. 7X7“7X7”—|—17 RPN 7X’I“+S)

EXZ = 0, 1 = 1,2,...,7“—|—S, U1 = (Xl,...,XT)T,UQ = (XT+17...,XT+S)T.
Obo3naunm qepes 211 = EUlUlT, 222 = EUQUé‘F n 212 = EU1U2T, 221 =
EUQUlT , 219 = 291 KOBapHallMOHHBIE MATPHUIIbI II0JIBEKTOPOB, OOpa3yolue

OOIIYI0 KOBAPUAITMOHHYIO MaTPUILY

211 212
o1 2o

Y=EXXT =

KaHonmyeckue ciaydaifHble BeJIMUUHBI 0603HauuM depe3 V) = LTU;, Vs =
MTUy, tne L = (Iy,...,01.)T, M = (myq,...,ms)T BekTopbl KaHOHHYECKHUX

ko3 dunmenton. [lockoabky

DVy = EV} = EL"UULL = LS L =1,

DVy = EV = EMTU,UI M = MTS9,M =1,

cov(Vi,Va) = EViVo = ELTU\U M = LS oM = M %L,
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TO IKCTpeMaJsibHas 3aja4da Haxoxkjaenuss L u M takux, 49To
cor(V1,Vo) = cov(V1, Vo) — max nupu DVy =DV =1 (86)
CBOJIUTCST K 3aJiave:
'Y oM — maxr upn L'SyL=1u M"SeM =1. (87)

st pemenust 3Toil 3a7au9M UCIOJB3YyeM MeToj MHoxKuTeseir Jlarpam:xka. Be-

JeM dyukimio Jlarpamka

L(L,M)=L"S,M — % ('Sl —1) - % (M"SpoM — 1)

Y MIOCTPOUM CHUCTEMY HOPMAaJIbHBIX YPaBHEHWIA:
(

YoM — XL =0
Yo L — AodigoM =0
LISy L=1
MTYoM =1

\

Vuuoxkas nepsoe ypasuenne na LT, a sropoe na M7 nosyuaem, 4o

)
LTS oM — LTS L =0
MTY o L — MM Y0 M =0
$ = M =X=cor(V},V3) =0p.
LS L=1

MTYo M =1

\

Urak, nmeeM cucteMy ypaBHEHWIA:

YoM — 0X11L =0
12 0211 . (88)
EglL—nggMZO

YMHOXKHUM TIepBOE ypaBHEHUE HA 22121_11, a BTOpOE Ha, 0, U CJIOKUM ypPaBHEHUSI:
1S BeM — 080 X' S L =0
0¥o1L — 0*¥ppM =0
=  (Sn¥ T — 0°Xe)M =0,
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OTKYJIa TI0JIyYaeM, 4To 0> sABJIseTCsl COOCTBEHHBIM KOpHeM, a M coOCTBEHHBIM

BEKTOPOM ypPaBHEHUSI
Y1211 810 — 0* 89| = 0
212411 212 — Q@ 222 = U.
AHaJIOruaHO B ¢JIydae JPyroro MHOXKECTBa BEJIMIUH
Y 19X55 N0 — 0°211)L = 0
(1222 21 — 0 11) = U,
u 92 SIBJISIETCsE COOCTBEHHBIM KOPHEM, a L cOOCTBEHHBIM BEKTOPOM ypPaBHEHUsI
1319555 Y01 — 0°%11| = 0
122499 2421 — O 21| = U.

KoJindecTBo HeHyJIeBbIX KOPHEHl paBHO PAHI'y MaTpPUILbl 219 B nepBom ciydae
KOJIMIECTBO KOPHEH paBHO PAHTy MaTPHUIIBI Yigg, TO €CTh S, BO BTOPOM PaHTy
MATPUIBl 211, TO e€cTh 7. KojndecTBO HEHYJIEBBIX KOPHEHl paBHO M paHTy
MATPIIBI Y12, & KPATHOCTU HYJIEBBIX KOpHEN pas3jimanbl. Takum oOpaszom, uMeem
m < min(r, s) KaHOHUUECKNX ciydainbix sesuuun Vi; = LIUs u Voy = MIUs,
YHOPAAOYEHHBIX B COOTBETCTBUU C KOPHAMU Q% > Q% > .2 Q?n. Hauiee
Juis yjio0bcTBa OyjieM cuuTaTh KaHOHUYECKUE KOPPEJIAIUK 0; TI0JIOXKUTE/IbHbIMU,

nHaUe MOXKHO MOMEHSITh 3HAKNM KaHOHMUYecKnX Kodddunuenton M win L.

8.3. CnoiicTBa KAHOHUYECKUX CJIYyJaHBIX BEJIUINH

1, upwm i =j, L, npu =},
1) cov(Vhs, Vij) = 0 cou(Vay, Vo) = S,
0, mpmi#j 0, mpmi 7 j
0i, mpu i =j < m,

2) cov(Vi;, Vo) =
0, mpui = jwme=7j>m
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O6oznaunM depes A cuMMeTpUUIHyIo MaTpHILy Yo1X ! Yia, M; u M; cob-
CTBEHHBIE BEKTOPbI, COOTBETCTBYIONIME PA3HBIM COOCTBEHHBIM YUC/IAM 07 1 Q?.
B cucreme

(A — 07%99)M; = 0
(A— Q?ZQQ)M]' =0
1epBoe ypaBHeHue yMHOKuM Ha M JT , Bropoe Ha M| u ypaBHeHuUst CIOKUM:
WAM = M2 Me=0 st — o,
MFAM; — Q?MZTZQQM]‘ =0
orkyna cov(Va;, Vaj) = EVo;Va; = EMZTUQUgMj = MiTZQQMj = 0.
Anagioruuno cov(Vy, Vlj) = EVi;Vij = EL%FUlUlTLj = LZ-TEHL]- =0.

cov(Vy;, Vo) = ELTUUL M; = LS, M;

Paccmorpum nieppoe ypasHenue u3 cucrembl (88) B caydae 9; # 0 M yMHOXKUM

ero obe uacru na LI
YoM = 0¥ L; <= LIYM; = oL YL = o,

Npyu yMHOXKEHUW HA L? MOy YUM L]TZHMZ- = giLJTEHLi = 0. Ecm o; = 0,
rorga 2poM; =0 <— LZTEQMZ = 0.
st IpOBEpKM 3HAUYUMOCTU PABEHCTBA HYJIIO KAHOHUYECKUX KOPPEJIsiliuii

HCIIOJIb3YIOTCA CTaTUCTHUKHN XHW-KBa/JpaT.

8.4. IIpumep KaHOHMYIECKUX KOPPEJIAIIii

Uccnemyem KOppedaIimonHyio CTPYKTYPY MKy TCUXOJOTHIeCKUMA TTPHU-

3HaKaMUu U IIOKa3aTeJIAMU TA2KECTHU HapKOTI/I‘{eCKOfI 3aBUCHUMOCTHU.

NMupekc Tsxectn MICUXOJIOTUIECKUE XaPAKTEPUCTUKI
X1 — MeIUTIMHCKUI CTaTyC Y7 — puckoBaHHOCTH

X9 — HAPKOTUYIECKHH CTATYC Y> — ypoBenb aenpeccun

X3 — nmpobemMbl ¢ 3aKOHOM Y3 — ypoBennb TpeBoru

X, — ncuxuarpuIecKuil cTaryc
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HepBaﬂ KaHOHWYECKasdA KOppeJsaAannda MEKJ1y KaHOHUWYECCKUMUW BE€JIWYNHAMU

BUJIA:

Uy = —0.45X; — 0.45X5 + 0.31.X35 — 0.56 X 4;
Vi = —-0.07Y; — 0.31Y5 — 0.80Y3

pasra Ry = 0.352 (p = 0.000001). Ona ykasbiBaeT Ha KOPPEJSIIUIO MEXKLY
YPOBHEM TPEBOI'M U 00J1e€ TXKEbIM MEJUMIMHCKUM CTaTyCOM, CBSI3aHHbBIM C Ts1-
JKECTBIO HAPKOTHYECKOH 3aBUCHMOCTH U NICUXUATPUICCKAM CTATYCOM.

Kanounveckne dpakTopHbie HAIPY3KU

R1=0.352 | R, =0.193 | R3 =0.143
MeJI.CT. -0.641 0.298 -0.707
HAapPK.CT. -0.545 0.199 0.390
npobsemsbl ¢ 3akonoMm | 0.296 -0.628 -0.227
[ICUXUATP. CT. -0.663 -0.704 0.111
PHUCKOBAaHHOCTD -0.091 -0.934 0.346
JIeTIPeCCus -0.735 -0.243 -0.633
TPEBOXKHOCTH -0.961 0.182 0.209

BTOpaH KaHOHWYECKasl KOPppEeJIAnnd MEXKJ1y KaHOHUYECKUMU BEJIMYNHaAMN

BU 1A,

Us = 0.24X, + 0.28X5 — 0.56X3 — 0.74X;
Vs = —0.90Y; — 0.37Y5 + 0.36Y3,

parasi Ry = 0.193 (p = 0.014), yka3biBaeT Ha B3aUMOCBSI3b MEXKJy DPHCKO-
BAaHHOCTHIO U TSXKECTHIO HAPKOTUYECKON 3aBUCUMOCTU B (POpME IPOsiBJICHUS
HCUXUATPUIECKOTO CTATYCa U IPODJIEM ¢ 3aKOHOM.

Tperba KaHoOHUYECKasT KOPPEJANNT MEXK/Ty KAaHOHMIECKUMHU BeJTUINHAMU

BHUJIA

Us = —0.91X; 4+ 0.57X5 — 0.50X3 + 0.21.X;
V3 = 0.43Y7 — 1.08Y5 + 0.79Y3
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pasrasi R3 = 0.143 (p = 0.06), ykasbiBaer Ha B3aMMOCBSI3b MEXKJLY JEIMPECcCHeil
n 60ﬂee TAXKEJIbIM MEJIUITNHCKHUM CTAaTyCOM.

B nesnowm, Bbijessitores Tpu 001X (pakTopa: HEHOCPEICTBEHHO TSXKECTh
HapKOTquCKOﬁ 3aBUCUMOCTH, IICUXHUATPUYIECCKOE OTATOIIEeHNEe N COCTOAHUE OP-
rapu3Ma. IlepBbIil cOIpOBOXKIAETCs MOBLIIIEHNEM TPEBOXKHOCTHU C JEINPECCueit,
BTOPO# PUCKOBAHHOCTDLIO, & TpeTuil padhnHIPOBAHHON JIelIPECcCHeil.

Nudopmaiys 0 BeIUYNHE U 3HAYUMOCTH KAHOHUYIECKUX KOI(DDHUINEHTOB KOPPEIAINY HAXOIUTCS BO
Bryaaake Canonical factos- Chi square tests, dakropubie Harpy3ku Factor structures - Factor structures
and redundancies, kanoundeckue kodbdunumentsr B Canonical scores - Left and right set canonical

weights.

9. Anasms AaHHDbIX THUIIA BpEeMEHU 2KN3HU

9.1. KpuBasa moxkutus

B ana/im3e JJaHHBIX THIIA, BPEMEHH KU3HU HUCCJCAYIOTCS OObEKTBI, JIJIsi
KOTOPBIX OIPEJIeJIEHO TOYeUHOe COObITHE, KOTOPOE YCJIOBHO HA3BIBAIOT ~OTKA3 .
006 5TOM COOBITHM U3BECTHO, YTO OHO HMPOUCXOIUT OJIMH Pa3 U depe3 HEKOTOPOe
caydaitrnoe Bpemsi 7 > 0. Hanpumep, 1) "orkas” — 9ro nacryiienne pedJiekca
BBIBEJICHUST MOJIOKA, T — BPEMsI JIO ero HacTyienus; 2) ”orka3” — 910 uHbapKT,
WA UHCYJIBT, WA CMEPTh, T — BPEMEHHO! MHTEpBaJI JIO €ro HACTYILJICHUS.

VcxojiHble JaHHbIe IPEJICTaBIIAIT CODO BpeMeHa, OXKUIaHusl OTKa3a T;, 1 =
1,...,n Juisd KaxxJ0ro 3 MHAWBUAOB. PaccmoTpum n = 22 HaOJOJEeHUST T —

BPEMEHU PEMUCCHHU (B HEJEIsIX ).
m: 1 1122 3445 5 888 8 11 11 12 12 15 17 22 23

ITo onpejienennto, kpusast jgoxutust — 310 F(t) = P{T > t} — BeposirHOCTH

TOTO, 4TO OTKa3 HACTYIHUT Tocjae MoMmeHTa Bpemenu t. Obosnadmm uepes dy
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KOJINYECTBO OTKA30B B MOMEHT BPEMEHHU t, T4 — KOJUYECTBO OO'HEKTOB, Y KOTO-
PhIX OTKa3 HACTYIAeT He PaHbIlle MOMEeHTa t, cuuTaeM, 4To 71 = M. Torja npu
1IOJIHOM HaJinduu MH(pOpMallUK O BPEeMEHaX OTKa3a OlEHKa KPUBOW JIOKUTHUS

BBIUYUCJIACTCA TaKUM 06pa30M:

=~ T — dy Tt+1

B = = (89)
n n
t Tt dt Tt—dt E
01220 22 1
19
112203 19 |2
17
2119 2 17 o7
16
3l17[1] 16 |18
-} Cf:;;j F‘fczr;r;sored
12
14
1.0
ARES
@ o7 =i
'XE 06 O_A
S_U.S o
T% 04
E o3 :
S 02 i
0.1 e %
0.0

-0,1

0 5 10 15 20 25 30

Survival Time

Puc. 11. KpuBasi 1oxKuTHsI IO BpeMeHH peMuccuu (6e3 MeH3ypupoBaHus).

st bukcanyuu jlaHHbIX Tpedyercsi:

- 4eTKO YCTAHOBUTH HAYAJIO OTCUeTa,

- ONIPEJIESINTH MacIITad BpEMeHH,

- ONPEJIESINTD TMOHATHE OTKA3A.

Harme Bcero cpaBHUBAIOTCS BpeMeHa OXKWIAHUS OTKA30B B JBYX WM He-

CKOJIbKUX BBIOOPKaX, UM CIPOIHO3UPOBATH BEPOSITHOCTD JIOXKUTHSI.
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9.2. ®yHKOUA PUCKA

KpuByto JT0XKUTHSA MHOIJA Ha3bIBAIOT (QYHKIHMEH HajgexKkHocTH. Ee mpons-
BOJ(HAsI ¢ OOpaTHBIM 3HAKOM HAa3bIBAETCs ILJIOTHOCTHIO W ODO3HAUAETCsI Uepes

f(t).

F(t+A) - F(t) F(t) — F(t + A)

_ _ N T _
JO=-ro="m=23 AT A
— <
:hmP{T>t} P{T>t+A}:hmP{t<7_t+A}
A—0 A A—0 A

[To cmbicity, wiorHocTs f(t) paBHa BeposiTHOCTH THOEM B MOMEHT .
YciioBHasT BEPOSITHOCTL THOEIM B MOMEHT BpeMeHHU t BhIpaxKaeTcs B (PyH-

KUK WHTeHCHBHOCTH h(t) BHIA

. Plt<r<t+Alr>t} . Plt<t<t+A} f(t)
hlt) = Jim, A AS0 . AP{r >t} F(t)’

(90)

—F'(t)
F(t)

win h(t) = = (—InF(t)) .

Munyc siorapudma o1 QYyHKIMN HAJIEKHOCTH HA3BIBACTC PYHKUUET PUcka:
H(t)=—InF(t) F(t)=eH0

[Tockonbky F'(0) = 1, ro H(0) = 0. Torma yuureisas, aro H'(t) = h(t),

OJTy 4aeM:

H(t) - H(t) - H(O) = Jh(u)du " F(t) _ e_gh(“)du
0

Eciu puck (MHTEHCHBHOCTB) SABJISAETCA TMOCTOAHHBIM h(u) = o, 10 dyHKIUS

HaJIeKHOCTH yObIBaeT 1o skcrnonenrte: F(t) = e 2,

9.3. IlensypupoBanue n onenka Karmana-Meiiepa

[lensypupoBaHue — 3TO HEIOJHOE HAOJIOJEHUE 3a BpPEeMEHEM OyKUJIaHUsI
oTkaza. Hekoropble 00beKThI He MOI'YT HAOJII0IaThCs B TE€UCHKE [IOJTHOTO BpeMe-

HHU J1O OTKa3a. I3BecTHBIM OKa3bIBAETCS TOJILKO TO, 9TO JO HEKOTOPOI'O BpeMEHU
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Puc. 12. KpuBbie 10KUTHS BpeMEHN PEMUCCUU C IEH3YPUPOBAHUEM U €€ SKCIIOHEHIIHATbHAS

MO/TEJIh).

t orkas eme He HacTynui. Hanpumep, O0IbHOR COCTOSLT Ha MEJUIIMHCKOM yUeTe,
a IOTOM yexaJl B JIpyroii ropoj, ¥ O HeM O0OJibIle HUYEro He M3BECTHO, WK
y »KUBOTHOrO (bUKCHUPYEeMblii pedjieKC He HACTYIUJI 3a YCTAHOBJIEHHOE BpeMs
skcrepumenTa. [Ipu 9ToM HaOI01eHNST 3aUCHLIBAIOTCS B BIJE IAPhI IPU3HAKOB:
B OJIHOM yKa3bIBAETCs WJIM BpEeMs HACTYILICHUS OTKa3a, UJIA BpeMs IeH3YPHUPO-
BaHWsi, BTOPOil TIPU3HAK SBJISIETCS WHIUKATOPOM I[€H3yPUPOBAHUSI.

Ecin obo3naunTh uepes 7; BpeMsi OXKUJIAHKUS OTKa3a, ¢; — MOMEHT I[€H3Y-

pupoBanuA, TO NCXOJHbIC JJaHHbIEC MOXKHO IIPEJCTAaBUTDb B BHUJIC!:

(X;, Vi), rtme X; =min(r,¢), i=1,...,n,
0, ecim 7; < ¢; (orkas ),

V, =
1, ecnu 7; > ¢; (HeH3ypupoBaHue).

[Ipu Ha/mM4IMK 1IEH3YPUPOBAHKS B OLICHKE KPUBOW JIOXKUTHUSI UCIIOJIb3YETCsI
japyroit npunnun. Obo3HAYNM UYepe3 p; BEPOATHOCTHL TOTO, UTO NPHU YCIOBUU
JIOXKUTH JIO MOMEHTa ¢ OTKa3 B 9TOT MOMEHT TaK W He HacTynuja. B kKadecTBe

OIICHKH BEPOSITHOCTH p; OyJieM paccMarpuBaTh OTHOLICHUE

. i — d; d
p=l g (91)
r; T

rje 7; 9ACJI0 HaDJIIOJEHN ¢ OTKAa30M He paHee MOMEHTa ¢, d; — IHCJI0 OTKA30B
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Cumulative Proportion Surviving (Kaplan-Meier)
< Complete  + Censored

10
03
08
07
0g
05
04

03

Zumulstive Proportion Surviving

(1]

01

00

-0

— Group 1,
---- Group 2,

Puc. 13. KpuBble D0:KHTUsI BpEMEHH PEMHUCCUU C EH3YPUPOBAHUEM U 0e3 IeH3yPUpOBaHUSI.

B MOMEHT ¢. Torma
Plr>t}=P{r>t—1}P{r>tlr>t—1}=P{r>t—1}p

paBHa mpoussejieHuio BepostHocTein P{T > t} = pipy...py, Tak kaxk P{T >
0} = 1. CuiesioBaresbHo,

r1 —dyre — dy T — dy

P{r >t} = (92)

™ T2 Tt

O6o3HaunM uepe3 h; = % HYHKIMIO WHTEHCHBHOCTH HJIN YCJIOBHYIO BEPOSIT-
(3 Ty

HOCTH MOrMOHYTH B MOMeHT ¢. OIeHKa KPWBOW JIOKHUTHsI, BbhIpaskeHHasT depe3

MHTEHCUBHOCTU, HOCUT HasBaHue (pyHkKimu jJoxxurtus Kanana-Meiiepa:

P{r >t} = f[ (1—hy) . (93)

s nocrpoenus dyukiun Kamnnana-Meitep paccMOTpuM JIaHHBIE C TI€H-

3ypUpOBaHUEM, IIPEJICTABJCHHbBIE B BUJI€ aPbl IPU3HAKOB:

j 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
X; 6 6 6 6 7 9 10 10 11 13 16 17 19 20 22 23 25 32 32 34 35
v, .. oo0o001 1 0 1 0 0 1 1 1 0 0 1 1 1 1 1
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Ty =Ti—1—

i d; z; —di-1—zio1 | Di=1-N F;
OTKa3bl | TEH3YPUPOBAHWE | OCTABIIHMECS | YCJI.BED-Th ﬁ1(1 — hy)
j=

1 0 0 21 1 1

2 0 0 21 1 1

3 0 0 21 1 1

4 0 0 21 1 1

) 0 0 21 1 1

6 3 1 21 0.857 0.857
7 1 0 17 0.941 0.807
8 0 0 16 1 0.807
9 0 1 16 1 0.807
10 1 1 15 0.933 0.753
11 0 1 13 1 0.753
12 0 0 12 1 0.753
13 1 0 12 0.917 0.690
14 0 0 11 1 0.690
15 0 0 11 1 0.690
16 1 0 11 0.909 0.627
17 0 1 10 1 0.627
18 0 0 9 1 0.627
19 0 1 9 1 0.627
20 0 1 8 1 0.627
21 0 0 7 1 0.627
22 1 0 7 0.857 0.538
23 1 0 6 0.833 0.448
24 0 0 b) 1 0.448
25 0 1 5 1 0.448
26 0 0 4 1 0.448
27 0 0 4 1 0.448
28 0 0 4 1 0.448
29 0 0 4 1 0.448
30 0 0 4 1 0.448
31 0 0 4 1 0.448
32 0 2 4 1 0.448
33 0 0 2 1 0.448
34 0 1 2 1 0.448
35 0 1 1 1 0.448
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IIpu oTCyTCTBUM HEH3yPUPOBAHUSA KOJIUYECTBO BLIKMBIIUX B MOMEHT 7 + 1
PaBHO 741 = T; — d;, 109TOMY B opmyJie (93) 2JeMeHTbl B COCEHUX JIPOOSX

COKPAIAIOTCs, U OCTAeTCs BblparkKeHue

~ ry —d T4l
Plrs>gy =0t

COOTBETCTBYIOITEE OTeHKe (89).

Ecnn B uarencusnoct h; = d;/r; IUCIUTENb U 3HAMEHATETh PA3/CTUTD
Ha 7, TO HOJIyYUM BbIpaKeHUe UHTEHCUBHOCTU KaK OTHOIICHUE BEPOATHOCTH
MOruOHYTh B MOMEHT ¢ K BEPOSTHOCTH JOKUTH 0 910oro Momenta (90):

rifn Fioy o fit fia e

ITo anasorun JAJIAd TCHEPAJIbHBIX JUCKPETHDBIX XaPaKTCPUCTUK I1OJIyYaCM

fi iy

h - ’ h - 9 : F:—:
1= f1, mak kak hy P =+
h: - - ) — :h 1—h ’
? f2+f3+ ]-_fl ]‘_hl f2 2( 1)
— Flzé:(l_h1)7
ho

fstfat...=1-fi—fo=1—=h—ho(l —h1)=(1—h)(1— ha),
—— f3:h3(1—h1)(1—h2), FQZ(l—hl)(l—hQ),

JaJiee aHaJIOT'MYHO.

B StatSoft ananu3 JaHHBIX THUIA BPEMEHHU YKU3HU OCYIIECTBIISETCS IIPY OMOIIU IporpaMMbl Statis-

tics - Advanced Linear - Nonlinear Models - Survivel Analysis.

Buioupaem Kaplan and Meier product — limit method. JJanHble MOJIKHBI OBITH MPEICTABICHBI TIO
Kpaiineii Mepe B JIByX CTOJOIAaxX. B OJHOM W3 HEUX JOJKHBI ObITH yKa3aHbl HapabOOTKH 0 OTKa3a HWJIN
JIO TIeH3YPUPOBaHUs, 0003HAYUM ero, Hampumep, depe3 X, BO BTOpoM — umHAUKATOp C' NEH3YPUPOBAHUSA.
B Variables ykaspiaem Tpebyembie mepementbie. [locie akTtususaruu npusnaka C MOABISIOTCS OKHA, B
KOTOPBIX HY2KHO yKa3aTh KOJbI leH3ypupoBanus. is nonydenus rpaduka, mogobuoro puc.1l, Hy>KHO BO

Bkaauake Kaplan — Meier plots soibparb Survivel times vs.cum. proption surviving.
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9.4. OneHka mapaMeTpa MOCTOSHHOTO PUCKA

Oyuknueit mpappononobus L(xy,. .., T,) HaA3bIBAETCS BEPOSITHOCTH MOSIB-

JIeHUsl JTaHHO# BBIOOPKU x; = min(t;, ¢;), i =1,...,n.

L(zy,...,x ):H (ti, 0) HFcl, ,

In L(xy,...,x Zlnftz,g +ZlnF Ciy 0
[Tockomnky f(t) = h(t)F(t), To

In L(xy,...,2,) = Zlnh(ti, 0) + ZIHF(ti> o) + ZIDF(%Q) =
ti ti (&

= Inh(ti,0)+ Y WmF(x;,0) =Y Inh(t,0) — > Hl(xi, o)

Eciu puck nocrosinubiii, 1o h(t;, o) = o, H(t) = ot. Cienosaresbho,
In L(xy,...,2,) =1nod — QZt,

rjie d o3Hadaer obliee Yuc/Io 0TKA30B, » ¢ — cymMMapHyio Hapaborky. OueHku
L
MaKCUMAaJILHOTO TPABJIONOI00UsT HAXOMATCA nuddepeHIupoBaHneM (yHKINHT

npasonooous In L(zy, . .., x,) 10 mapamerpy o.

81nL:——Zt—O

Takum obpazom, mapamMerp SKCIOHEHIMAJbHOW MOJeJIn KPUBOM JOXKUTHS Bhi-

YUCJIETCsS KaK OTHOIIEHUST YMCJIa OTKa30B K CyMMapHOii Hapaborke. B narem
upumepe 0 = = 0.025.

2dp

[Ipu orcyrcrBum 1EH3YPUPOBAHUS 5 MMeeT PACHPE/IC/ICHUE XU-KBaPaT ¢

2d crenensmu cBoboibl. JleiicTBUTENIHLHO, CyMMapHasl HapabOTKa UMeeT TaMMa
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pacmpe/jiesieHust

9.5. /loBepuTejibHbIE MHTEPBAJIbI AJ KPUBBIX JOXKUTHUSI

HpI/I HE3HAYUTEJIbHOM BJIMAHNN HNEH3YPUPOBAHHBIX JJaHHBIX HMCIIOJIB3YETCHA

dopmyJia, JiJisi BBIYUCICHUS JIUCIEPCHN

) F2(1 - F;
D(F}) :M_
Tjr1

. -
Ilycrs ng uuciio HeleH3ypUupoBaHHbIX JAHHbLIX, [ = ;—zl, 3HaYEHUE 1y = JT“

J

A

1I0JICTaBJIsIeM B BblpakeHue Jyisl Juciepcud bunoMualibioii yacrorsl I B ng

NCIIBITAaHUAX:

Dy < U= _ B0~ F)
! no Tj+1 '

Oboznaunm vepes s; = r; — d; 1uCA0 BbKUBIIMX Ipu t = j. Eciu p; -
BEPOATHOCTD BBIZKUTDH B 3TOT MOMEHT, TO S; UMeeT OMHOMUAJIbHOE paclpe/ielie-

uue B(p;,rj). Popmyna ['punsya:

“ “ d.
2
D(Fj) N Fj Z T'(TJ j_ dj)

j=1"7

. . t
Ob6oznaunm uepes F; = EI, rie F; = H . Ouesnno, uro E ( > = p,,
.7

Tj

j=1
~ t

&:Hi:H 1_|__8 —TPbj Nl_l_zsj T'iPj
Fj Pj rib ripj
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FJ 1 (r]p])z j=1 T]p] 1 r]p]
t t t
A 1= i eoal—p; d
2 J 2 J 2 J
Df; = F?y  ——2 =~ F = F —d
j=1 /r]p] j=1 rip j=1 ](TJ .7)

9.6. Perpeccuonnas monens Kokca

PaCCManI/IBaeTCH MOJEJIb ITPOITOPIIMOHAJIbHBIX MHTEHCUBHOCTEMN

h(t,z) = (2, B)ho(t) = e “ho(t) |

B KOTOPOI1 /17151 JIF0O0OI0 00bEKTa BEKTOP MOSICHSIONMINX IIEPEMEHHBIX 2 HE 3aBUCHT
oT BpeMeHu. Byjem cuurarh, uTo OazoBas (yHKIWs WHTEHCUBHOCTH ho(t) HE
u3zBectra. Obozuaunm uvepes 7 < Tp < ... < T, YHIOPSIJOUYEHHBIE MOMEHTBI
HapaboTOK JI0 OTKa30B y n 00bekTos, 1 — HOMep OObeKTa, OTKa3aBIIero b

MOMECHT Tj, TO €CTb

71]:2 = ti:Tj.

Biejiem 0603HaueHre JIIsl MHOXKECTBA PUCKA — MHOXKECTBa, OOLEKTOB, J1efiCTBY-
IOITEr0 HEMOCPeICTBEHHO nepes j-M orkazoM: R(7;) = {i : t; > 7;}, r; — pasmep
3TOr0 MHOXKECTBA.

HYCTI) N3BECTHa ITIOJIHaAsI I/ICTOpI/IH J0 MOMECHTa 7_]'
Hi oy ={m,m,...,Tj—1;01,%2, ..., i1},

1 OJIMH U3 00BEKTOB MHOXKeCTBa pHcKa R(7;) OTKa3aa B MOMEHT 7;. YCJIOBHA

BEPOSITHOCTH TOT'O, YTO 9TO ObLI - 00HLEKT, paBHA

hi(T;
pililis iz, i) = (2:(7-) _ Zw(zz)ﬂ(’f)’
kER(T;) ! kER(;)



rie Y (i) = Y (z;, §) ecTh MHOXKUTEITb, BIUSIONINI Ha HHTEHCHBHOCTD 1-T'0 OO'beK-
ta. [lo mennoMy mpaBuity jijist yCJIOBHBIX BEPOSITHOCTEH MOJIYUaeM BbIPAYKEHUE

Juist (DYHKIMKU 1IPaBJIONO00Ms Wil BEPOSITHOCTL ucropuu H,

n
p(zl,...,zn):Hpj(zj|21,22,...,zj 1 || Ch
Jj=1
kGR Tj)
[Ipn HaIMYWK TEH3YPUPOBAHNA TPOU3BECHUE OCYIIECTRISCTCS 10 OTKA3aM:

H 1

1€D kER

rje depes D 0b03HaueHO MHOXKECTBO OTKa3aBIINX 00beKTOB, Yepe3 I; coorBer-
. BTz
crByfoLIee ¢ MHOXKeCTBO pucka. [lpu 1(z; 5) = e # jyist oneHuBanusi napamer-

poB BekTopa [ jjorapudm (GYHKIUE IPABIOIOI00MS

In(lik) => [Ing@)—In > wk) | =) [ BTz—-h Y ¢

ieD keR(7;) i€eD keR(rj)

JudepeHIupyoT 0 IapaMeTpaM, IIPUPABHUBAIOT IIPOU3BOJIHbIE K HYJIIO U

pelIaloT CUCTeMYy yPaBHEHMUIA:

D (2 — Au(B) =0, v=1.2,... K,
1€D

rae z;, — 3Hadenne v-it n3 K KOMTIOHEHT TMOSCHATOIIEH TTepeMeHHOl 2 JIJIsi 4-TO

o0beKTa,

>z

keR;

Z eBTZk

keR;

B3BEIIIEHHOE cpeJiHee TTepeMEeHHOM 2, IO COOTBETCTBYIONIEMY MHOXKECTBY PHUCKA.
B cityuaae qByx BBIGOpOK MMeeTcst ofHa (K = 1) mosicHsOMAST TepeMeHHast
Z, KOTopas IpuHUMaeT jiBa 3HadeHus: (), ecau oObeKT NPUHAJJICKHUT HYJIEBO

BbIOOpKE, U 1, ecjiu IPUHAJIJICKUT [1epBOil BLIOOPKE.

_ e’ i-pit  oObekT u3 rpymmsl 1
(i) =

1, i-piit  obbekrT u3 rpyuibl ()
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Obosnauum depe3 di KOJUIECTBO OTKA30B B MEPBOil BHIOOPKE, Uepes To; W T1;
00'beMbl MHOXKECTB PUCKA, JIJIsi KAk I0i BHIOOpKKU B MOMeHT 1. Jlorapudm ¢yH-

KIKMK 11PaB/I010001si paBeH

In(lik) = > | (i) —In(Y_w(k)) | = Bdy = > In(rie” +ro;),

€D keR; €D
dln(lzk) _ dl _ Z Tlieﬂ —0
dp Py ?“1@'65 + 70;

U3 nocsieiHero ypaBHeHUsI HAXOUTCs OLIEHKa rmapamerpa, 3.

9.7. CpaBHeHME JBYX TPyNM MO KPUBBIM JOXKUTUSA

CTaTuCTHKH, UCIOJIb3YEeMbIe JIJIsS ITPOBEPKU MUIIOTE3bI OJIHOPOIHOCTH, MO-
JKHO MOJIy9YUTh U3 OJHON TaOauIbl. JJist yIpoIneHust paccCMOTPUM HEIeH3YPH-
poBanHble Janubie. Obo3HauuM depes dy; u dy; KOJIUIecTBO 0TKa30B B rpyiie ()
u 1 B MOMEHT BpeMeHnu ¢, uepe3 d; = dy; + di; 9MCI0 OTKA30B B 00€UX IPYIIIAX.

IIycts rg; 1 r1; — KOJIUIECTBO JTOXKUBIIUX JO MOMEHTA, 7.

Bpems | rpynmna 0 | rpynma 1 | Bcero | Peto Cox | Cox-Mantel | Log-rank
i |ro| do vl du || dp )t dne ] dog ) doogled)
1 3 1 3 0O |6]1]05]05 0.25 0.25
2 2 1 3 0 5111041 06 0.24 0.24
3 1 0 3 1 [4]1]025/0.75 0.1875 0.1875
4 1| o |2 1 [3/1] 1|2 0.22 0.25
5 1 1 1 0O |2]1]05]05 0 1.15
6 0 0 1 1 1)1 0 1

cymMMa 3 3 1.98 | 4.02 1.15 1.15

do dy Ey | By Doy D

Ob6o3naunm yepe3 Fy n E maremMarnyeckne OXXKUJAHUs UNCJIA OTKA30B

[Tpu 5 = 0 oxkujraemble TUCIa OTKA30B KAK CYMMbI MATEMATHICCKUX OXKHUTAHU I

dy = de, di = Zdu-
i—1 i=1
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TATIEPreOMeTPUIECKUX CIYyYalHbIX BEJIMYUH PaBHBI

n n
=~ d;To; =~ d;iry;
FEy = § j . E, = § | .
r; r;

B kak/1pIif MOMEHT BpeMeHH 00IIee MHOXKECTBO PUCKOB UMEET MOIIHOCTL 1 =
ro; + 714, Bcero orkazoB d;. Ecam & ciyudaiiHoe 4umcyio 0TKa30B u3 (-I'pyIIIbl
MOJTYMHSIETCST THTTEPIeOMETPUIECKOMY PACITPEICICHIIO!
C'doi (Y
T T14
P{S — dOZ} — 01 i 17
Cri

Toﬁu(?“i—di)

u jguctepcueit DE = d; 2(r—1)

diroi

¢ MaremMaTniecKum oxujannem EE = ==
3

Jlor-panroBblii KpuTepuit TPOBEPKHU OJIHOPOTHOCTH OCHOBAH HA aCUMIITOTHYIEC-
KO HOPpMaJIbHOCTH YMCJIa OTKA30B dy, KOTOPOE B CJIydae OJHOPOJHBIX BHIODOPOK

UMeeT HOpMaJibHOe pacipejiejienne co cpeJinuM Fgy n aucrnepcueit

TOzrlz r; — dz)
D = d; )
Sl

CraTucTrKa JIOr-PaHTOBOIO KPUTEPHUS BUIA,

2 _ (do— By)’

= 0.904, p = 0.34
D » P

X

B CJIy4ae OJHOPOJIHDBIX KPUBDLIX JIOXKUTUS UMEET PACIpPEJeIeHUe XU-KBaJIpaT C
OJIHOIl cTernenbio cBobobl Y 2(1).
n
[Iycts Depy = Y dr??—fl [lepBas npudbauxennas crarucruka Cox-Mantel

i=1 !
BHUJIA:

2 _ (do— By)*

= 0.904, p = 0.34
DCOZL‘ 7 p

X

TaKXKE€ MMeeT B Cjaydae OJJHOPOJHBIX KPUBBIX JOXKUTHUA PaclpeeseHue X2(1).

Bropasi npubsivkennas crarucruka Peto Bujia:

2 _ (o= Eo)”  (di— En)”
2 i
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nMeeT B Cydae OJHOPOJHBIX KPUBBIX JIOXKUTHSA PaCIpPEJieJIeHAe Xz(l). [Tpu

MMOCTPOECHUN CTATUCTUKHN Koxkca HCIIOJIb3YE€TCA OTHOIICHUE

 Eo/(2dy)

F ==
E1/(2dy)

=203, p=0.2,

KoTOpoe nMmeer pacupejesnenne Ouinepa ¢ 2dy u 2dy creneHsiMu ¢BOOO/IbI.

Cumulstive Proportion Surviving (Kaplan-mMeier)

< Complete 4+ Censored
03

07

06

05

04

03

02

Cumulstive Proportion Surviving

01

oo <

01 ;
00 05 10 15 20 25 30 35 40 45 50 55 80 G5 oowl
--- Group 1,

Time

Puc. 14. CpaBuenne KpUBBIX JTOKUTHSI.

Cumulstive Proportion Surviving (Kaplan-Meier)
< Complete 4+ Censored

07
0§
05
04

03

Cumulative Proportion Surviving

02

01

00

01 — Group 0,

1] 5 10 15 20 25 30 35 40
--- Group 1,

Puc. 15. KpuBble 10KuTHS 110 BpEMEHU PEMUCCHHU JIJIsd JIBYX T'PYIIIL.
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10. KinacTepHbIit aHAJN3 MO KATEropuaJbHbBIM ITPU3HAKaM

10.1. Nuadopmanmontoe pa3zHooOpa3ue rpyIil u

MH(OPMAIMOHHBIN BBIUTPBITI

KauecTBeHHBIMU WJIM KATErOpUAJbHBIMU HA3LIBAIOTCS IIPU3HAKU, TPajia-
MU KOTOPLIX MOXKHO MEHATH MecTaMu. Hampumep, nBernl MOTyT ObITH Kpac-
HBIMU, CUHUMY, OCJIBIMY, YKEJITBIMU MW JTUJIASIMEA, PO3AMHU, THAIIMHTAMU U T.JI.
[Tycrh nmeercst rpynna n uHMBUIOB (OyKeT [BETOB), XapakTepusyeMmasi Ipu-
sHakKoM & (THII [[BETKA) CO 3HAYCHUSIMU X1, ..., T, (POMaIIKa, KOJIOKOJIbYHUK,
I'BO3JIUKA U T.,H.), n=a +as+ ...+ Gy, [ a; — KOJUIECTBO UHIUBUIOB CO
3HaUEHUEeM x; Tpu3Haka & (a1 IUCI0 POMAIIEK, dy KOJOKOJIBINKOB U TaK JIajee).

Wudopmarmonnoe paznoobpasue [ 3Toii Ipymibl u3Mepsercs (popMyJIoii:

I =nlnn— Zailnai.

i=1
Hanpuwmep, undopmalmontoe paznoodbpasue Oykera, COCTOAIIEr0 U3 JIBYX I'BO3-

JIMK, OJTHOTO TIOJIbIIaHA ¥ JIBYX XpU3aHTEM PaBHO
I =5In5—-—2In2—-1In1—2In2 = 5.275.

B rpymnme ¢ oqunakoBLIMK 3HAUEHUSIMU IIPU3HAKA HH(MOPMAIMOHHOE pa3-
HOOOpazue paBHo HY0, TaK KaK [ = nlnn—0-In0—nlInn = 0. OyeBugno, 1aro
pasHooOpa3ue IPYIIIIbl, COCTOSIIEIO U3 OJHOIO MH/MBH/IA, TAKXKE PABHO HYJIIO.

Ecsin rpyrima vHIMBHIOB XapaKTePU3yeTcsi HeCKOJILKUME MpU3HaKaMu (Ha-
npuMep, B OyKeTe I'BO3JMKU U TIOJbIIAH KpacHble, a XpU3aHTeMbl Oesibie), TO
pasHoobpasue CKJIAbIBACTCs U3 MH(MOPMAIMOHHBIX PA3HO00pa3uil 110 KarXKJ0MY

npusHaky. Paznoobpasue mo 1npeTy paBHO:

Ib=5In5—-3In3 —2In2 = 3.365,
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oTciojia, obiee pasznoobpasue pasuo [ = [1 + [, = 5.275 + 3.365 = 8.64.
NndopmalmoHHbI# BRIMIPBIII OT CaustHus ABYX rpynn A 1 B ¢ pasnoobpa-
susimu 14 u g paBeH pa3HoOCTH MexK/J1y pasHoodpasueM 00'beIMHEHHON IPYIIiib

1 Pa3HOOOPA3UAMHI MCXOJHBIX TPYIII JI0 O0bEINHEHHS:

Alyyp=Iayp — 14— Ip.

b opMaIOHHbI BBIUIPBIIT OT CJIUSHUS T'PYII MOXKET ObITh HYJIEBBIM
UM ToJIoXKATeIbHBIM. Hanpumep, eciin oObeuHs0Tcss OyKeT po3 u OyKeT po-
MallleK, pas3Hoobpa3ue KOTOPBIX I0-OT/ECJbHOCTH PABHO HYJIO, TO BBIUI'PBIII
MOJIOXKATEIbHBI, TaK KaK PasHoobpa3ne CMeIaHHoTro OyKeTa MOJ0XKUATEILHO.
Ecin K poMalike ¢ KOJIOKOJBINKOM IIPUCOEINHUTD €IIe OJHY IIapy POMAIIKHU C

KOJIOKOJIBYUKOM, TO MH(POPMAIMOHHBIH BLIMI'PHIIT OKAXKETCsl HYJIEBbIM, TaK KaK

I,=2In2—-1In1—-1In1=2In2,

Ip=2In2,

Iyyp=4In4—-2In2—-2In2=4In4—-4In2=4(In4 —1In2) =41n2,
Al =4In2 —-2In2 —2In2 = 0.

10.2. IIpoueaypa KJjaacrepusanuu MHINBUIOB

PaccMoTpuM mponeypy IOCTPOEHUs! KJIACTEPOB JJisl IIIECTH JIUIL IISITH TH-
0B, YCJIOBHO M300paskKeHHbIX Ha puc.16. Kaxkaplil MHIUBUI XapaKTepru3yeTcs
4eTbIpbMs IpU3HAKaMU TJiaza: 1 - bosbiune, Kpyrible, 0 - y3kue, MejiKue; Hoc: 1
- DOJIBITION, TOJICTHIH, () - TOHKKI, MaJieHbKuit; poT: 1 - OoJibIoi, () - y3K1it; yim:
1 - 6osbine, My3biKaabhbie, 0 - Masenbkue. [lepBolil Mo MBI XapaKTepu3yeTcs
BekTopoM npustakos (1110), sropoit (1010), asa Tperbux (1101), yerBeprhbiii
(0101) u nsreiii (0000). Cravasa Jyist Kaxk /10 Hapbl WHJUBUJIOB BbIUYUC/ISEM

KOJIMYE€CTBO IIPU3HaAKOB, IIO KOTOPLIM MHJAMBUJAbLI OTJINYaIlOTCAI,
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1| —-111]2

= W

N | W | N | W | Ot

2
3
4 —
)

U 1oJiydaeM, 4To OOoJibllle BCEro JIpYyr Ha JIPyra MOXOJAT WHIUBHJbLI I1EPBBIi
¥ BTOPOii (OTJIMYIAIOTCA TOJBKO HOCAMH) , & TaK¥kKe J[BA TPEThUX U I€TBEPTHI
(Tosibko ryiaskamu). TakuM 06pasoM, Mbl arperupyem TUX WHIWBUJIOB B TPH

rpyuub: A(1,2), B(3,3,4) u C(5). CoorBercrBeHHO UX Pa3HOOOpa3usi paBHbI

Iyp2) =22 —1In1—1In1=1.37,
13(37374) = 31n3—2ln2— 11I11 = 191,
Io = 0.

B Tabs1.5 mokazaHo, KaK BBIYUCJISIOTCS 9TH PA3HOOOpa3us U Pa3sHOOOpasust OT
obbeguaenust rpymi. Orcioga nHGOPMAIMOHHBIE BHIUTPHIINNA OT 00beUHEHNsT

rPpyIn COOTBETCTBEHHO PAaBHBbI:

Alysp=1Iap— 14— Ip=11.73—1.37 — 1.91 = 8.44,
Aljsc=Iase—Ia—Ic =573 —1.37 — 0 = 4.34,
Algic=Ipic—Ip—Ic=127—191—0=5.36.

Hanvenbnmii Bomrpein jgocruraercsa ot obbeaunenns rpynn A(1,2) n
C(5). Mosromy nosyuaem jpa kiaacrepa: (1, 2, 5) u (3,3,4), Koropbie orJjiu-
qatorcs yimkamu (puc.16).

Baganue 1. Paccmorpum kinacrepst F'(1,2,5) u B(3,3,4). Hyxno 3amosn-
HUTDL TabauIy 6, 711 3TOro He 00S3aTeIbHO IePECINTHLIBATE, MOXKHO BOCIOJIL30-

BaTbCA pPe3yJbraTaMu TadJ1.0, 3aTeM BbIYUCIUTH HHMOPMAIMOHHBIE BHIUIPBIIIT
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IpyIna | MHAUBUIGI | pa3HooOpasue | rmasza | Hoc | por | yimu | Cymma,
1 1 1 1 0
A 2 1 0 1 0
14 0 1.371 0 0 1.37
C D 0 0 0 0
Ic 0 0 0 0 0
Iy 191 |1911191] O 5.73
I'pyIna | MHAUBUJLI | pasHooOpasue | rmaza | Hoc | por | ymu | Cymma,
3 1 1 0 1
3 1 1 0 1
B 4 0 1 0 1
Ip 1.91 0 0 0 1.91
C D 0 0 0 0
Io 0 0 0 0 0
Ip.c 277 1225 0 |225| T7.27
rpylia | WHJAUBKJIBI | pa3Hoobpasue | riaza | Hoc | por | yimu | Cymma
1 1 1 1 0
A 2 1 0 1 0
14 0 1.37] 0 0 1.37
3 1 1 0 1
3 1 1 0 1
B 4 0 1 0 1
Ip 1.91 0 0 0 1.91
Iy 25 | 25 337|337 11.73

Tabmuna 5. Beraucienue paznoobpasus obbeaunennii rpynn A(1,2)-C(5), B(3,3,4)-C(5) u
A(1,2)-B(3,3,4).
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Puc. 16. /IepeBo kjiacrepu3aiun.

oT 00 hEeNHEHNST

Alpyp =Ipyp —Ir — Ip,

Alpip = Ipip — Ip — Ip,

1 I10 HauMEHbIIEMY M3 3TUX BbH/IprIHleﬁ BbIZCHHUTH, K KOMY M3 HHUX IIPUMKHET

D(6) ungusuy (1001) mecroro Tuma (puc.17).

Puc. 17. Nanusux (1001) mectoro Tuma.

10.3. Kiacrepusanus MHANBUJIOB B CJIydae

MeTpn4YeCKux Inmpmn3HaKoB

Ilycrs umeercss m MHAMBUJIOB U P TIPU3HAKOB, Tj; — HabJIOAEHNe 1-I'0 PU-

3HAaKa U J-TO MHAMBHJA. B KauecTBe Mep CXOJICTBA U PA3JIMIUs UCIIOJIb3YIOTCs

cJIeIyIoNe MeTPUKU:

119



rpyImia | KHAUBUILL | pasHooOpasue | riasa | Hoc | por | ymu | CymMma

1 1 1 1 0

2 1 0 1 0

F 5) 0 0 0 0
Ir

D 6 1 0 0 1
Ip
Irip

Tabmuna 6. Popma i BHIUUCAEHUsT pasHOOGpasuss obbeaunenuit rpymnn F(1,2,5)-D(6),

B(3,3,4)-D(6).

1. eBKJIMIOBA MeTPUKA, paBHas IeOMETPUIYECKOMY PACCTOSHUIO MEXK/1y TOY-

KaM¥ (HAIpuMep, WHAUBIAaMu 1 1 2) B p-MEpHOM TPOCTPAHCTRE:

Z(xil - IE¢2)2

k=1

2. KBaJIpaT eBKJNUJIOBOI METPUKMH:

Z(xz'l - $¢2)2

p
k=1
3. MaHXeTTeHCKasl METPHUKa:

P
E |37z'1 — T2
k=1

4. Merpuka bpega-Kapruca:

\Iil - ZUi2|

D
A+ Y Tio
k=1

p
>
k=1
p
o
k=1
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5. KanbeppoBckasi meTpuka:
P
Z ‘%1 - $12|
—1 Ti1 + Ti2
6. Merpuka Anxumca:
p
Z \%’1 - CUz'2|
P [z | + |22l

[Tocneguue Tpu METPUKHU KCIIOJIb3YIOTCS YaCTO MPHU OOJILIIIOM PA3JIMIUU MaC-
mTaboB u3Mepenusd. Hampumep, eciu eJuHUAINBI U3MEPEeHUs OJHOIO IpU3HAKA
MUJJTUMETPBI, & JPYTOr0 KUJIOMETPbI, TO HECHOPMUPOBAHHbBIE €BKJIUJIOBbI U MaH-
XETTEHCKHNEe METPUKU OYJIyT M3MEPSITh MEpPY CXOJICTBA M PA3JIMIUS TOJHKO TI0
HPU3HAKY C OOJIBIIUME €IUHAIIAMU U3MEPEHUSI.

Kitacrepusaliysi UHJIMBUJI0B OCYIIECTBJISETCS Ha OCHOBE BLIOOPA ClIEIUA I b-
HOIt cTparernu oobeaunenns. CHavaa paccMaTPUBAIOTCA BCEBO3MOXKHBIE ITapbI
WHJMBUJIOB U Tapbl ¢ MUHUMAJILHBIM Pa3JIMIUeM OObEJIMHSIIOTCS B TI'PYIIIIHL.
Jlajiee BCcTaeT BOIPOC, KaK M3MEPUTH paccTOodHMe Mexk 1y rpynmnamu. Cyiect-
ByeT HECKOJIbKO CTpaTeruili u3MepeHusl PacCTOAHUS MeXK/ly Ipynnamu. Bee onn

110 (opMaIbHOMY TPU3HAKY CBOASATCS K BbIPAsKeHUIO:
dpn = audip, + ajdjp + Bdij + y|din — djal,

rjie 4epe3 h obo3HaueHa I'pyIila, HoJyUYeHHas B pe3yJibTare o0beMHEHUs HH-
JMBUJIOB ¢ 1 7, h = 1U7J, uepe3 k — rpyIina, paccToOsTHUE JI0 KOTOPOI OT IPYIIbI
h onpegnensercs B pesyabrare BoIOpanHoi crparernu. [lapamerpsr oy, oy, 8 1 7y
HA3bIBAIOTCS MTapaMeTpaMu CTPATEIMH.

Hanpumep, napamerpst Bujia o; = o = 0.5, f = 0, v = —0.5 oupejiessior
CTpaTernto OJIUKHEro cocejia, KOIJia, 3a PACCTOSHIE MEXK Iy IPYIIIaMy IPUHAMA-
eTCs PacCTOsIHAE MEXK/JIy OJIMXKAUIIUMU COCEJIsIMHU. DTa CTPATErusd YMEHbIIAeT

PaCCTOAHUSA MEXKJly IPYIIAaMA WA, KAK FOBOPAT, C2KUMaeT MPOCTPAHCTBO.
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[Tapamerper Buga o; = oj = 0.5, 8 = 0, v = 0.5 onpenensior crpaTernio
JIAJTHHETO COCeIa, KOIJIa, 38, PACCTOSTHUE MEXK/Iy TPYIIAMU TPUHIMAETCS CaMoe
JIAJTbHEE PACCTOSHUE MEXKJIy JIEMEHTAMU I'PYyIIl. DTa CTPATErus PaCHIpsier
IIPOCTPAHCTRO.

[Tapamerpst oy = n;/ny, o = nj/ny, f =0, 7 = 0 oupejesaor crpare-
I'HIO TPYIIIIOBOTO CPEIHEr0, KOTJa 38 PACCTOSHUE MEXK/y IPyIIaMy IPUHIMAET-
Cs1 PACCTOSTHUE MEXK 1y OJIMKaimmMmu cocelisiMu. depes n,; 0603HaUE€HO KOJINYIeC-
TBO 3JIEMEHTOB B i-# rpymnmne. HegocraTrok 3Toii cTpaTerum — HEMOHOTOHHOCTD,
HO OHa HE U3MEHSIET IMPOCTPAHCTBO.

CyecTByerT ere NeHTPOU IHAs CTPATEI s, KOI'Jia PACCTOSHIE MEXK/Ly I'PYTI-
aMK OIIPEJIC/ISIETCS KaK PACCTOSHUE MEXK]Ty MeHTPAME TIKECTH.

Crparerusi, yJIOBJIETBOPSIOIIas yCJIOBUSIM MOHOTOHHOCTH M COXpPaHEHUsI
METPUKH IIPOCTPAHCTBA, Ha3bIlBaeTcsa I'MOKoil crparerueii. CooTBETCTBYIOIITE

eif mapameTphl UMeloT BUJ: a; = a; = 0.625, B = —0.25, v = 0.

JEpes0 KNACTEPMIALMM N0 METPUHECKHM MPWSHAKAM

METOA PYNMOEON CREAHE
MaHXETTEHCKAA METRMKS

Poccua
Bonrapu :'——'—

PymblHMA
il I —

MNonewa
ABCTPpa
Hopeen
WTanua
LWEeLpma
Benbnia
Hunep-n
KaHana
AHrMAa
MepraaH
JaHma

CLLA
e T
PUH-MA
Mekcuka
DpaHupra :l
AnoHma

1] 100 200 300 400 500

PARCCTOAHWE

Pwuc. 18. /lepeBo KnacTepu3aluu WHAUBUIOB B CIydae MCXOMTHBIX METPUIECKUX IMPU3HAKOB.

,ZLJIH TOI'O 9TOOBI BCE [IPU3HAKHN Yy1aCTBOBAJIA B KJIaCTCPU3allU NHJIUBU OB,
IMOJIE3HO UCXOJHbIE JJaHHbIE [IEHTPUPOBATH (BI)ILH/ITaHI/Ie MaTEMaTUYIECKOT'O O2KH-

JIaHus) 1 HODMUPOBATH (JeJeHne Ha CTaHIapTHOE OTKIOHeHne). B aToM ciayvae
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JEepeB0 KNacTEpMsaLMK MHAMBWADE
B CNYHY&E HOPMUPOE SHHBIX W LEHTPMPO B SHHELX MPW3HAKOE
CTPATEMA B3BEWEHHOM CRegHEmn
MaHXETTEHCKAA METRMKS

Poccua
ABCTRaEN
Hopeema
KaHapa
FepmaHa
WTanma
ABCTPWA
CLUA,

AHrAMA
Hugep-ael
Benbnaa
IETTE]
DpaHua

e
AnoHua

| ——
DIH-KMA

Bonrapua ——

PymbiHKMA ——— l_

Monewa
Bermua

a 1 2 3 4 5 =]

PAaccToAHKWE

Puc. 19. /lepeBo KjiacTepusainuy WHINBHUJIOB B CIy4ae HOPMUPOBAHHBIX U IEHTPUPOBAHHBIX

METPpUYIECKUX IMPU3HaAKOB.

KJIACTEPU3AIIIS OCYIIECTBIISAETCS ¢ YIeTOM BKJIaIa BCEX MPU3HAKOB, & HE TOJIHKO
IpU3HAKA, ¢ HAMOOJILIIIUM MaciITadOM n3Mepenusi. BbIOOp MaHXeTTEeHCKON MeT-
PUKU U CTPATeruu I'PYIIIOBOIO CPEJIHEro Jijisi HOPMUPOBAHHbBIX U IEHTPUPO-
BAHHDLIX JAHHBIX MPUBOJUT JIEPEBY KJIACTEPU3AIUN, B KOTOPOM MUHUMAJHLHBIM
pPaccTosiHuEM MexK/ Iy coboil oTiudaiorcs crpanbl: ABcrpanus-Hopserus n An-

rins-Hunepraaaor.

10.4. Knacrepu3aliusg mpu3HaKOB

Pazbuenune nmpusHakoB Ha KJIACTEPbl MOYKHO OCYINECTBJIATH TaKXKe KaK 1
B cjiydae MHJMBUJOB. st 9TOro HY>KHO TOJIbKO TPAHCIIOHUPOBATH MATPHUILY
HabJiojiennii. Hapsijly ¢ nepedmucieHHbIMU METPpUKAMU UCHOJIB3YIOTCS TaKXKe
METPUKHU, CBsi3aHHble ¢ KO3 duimenrom KoppeJssiiuu. Hanomuum, 4ro Koad-
pUTIMEeHT KOPPENANNT sIBJIAETCS XapaKTepUCTHKON Mephl JIMHEHHOM 3aBUCUMOC-

TH MEXKJIy Mpu3HakKaMu £ u 1:

o= E(€—E)(n—En)
VE(E = E&?/E(n — En)?

Ec/iu npusHaku He 3aBUCHMbI, TO KO3(MMUIIMEHT KOppeJIsliiy paBeH HyJ/1o. Eciu
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MPUBHAKY CBA3aHbBI JIMHEHHON 3aBUCUMOCTHIO Bujia, 1) = k&+b, To KoaddunreHt
KoppeJisiiinu paBed £1 B 3aBUcCUMOCTH OT 3Haka Kodpduimenra k.
[Ipu najimuuu marTpuibl HabJIO/eHUIT BHIOOPOUHBITT KO DuUIneHT Kope-

JIATIAXA ME2KY II€PBbIM M BTOPBLIM IIPDHU3HaKaMW BBIYHUCJIAETCHA 110 (bopMyﬂe:

n

Z xlj:cgj — n.fl.fg
J=1

rJie TaK»Ke CIUTaeM, YTO UMeeTCs 1 MHJUBUI0B U P IPU3HAKOB, T;; — HabJI0/1e-
HUE ¢-I'0 NPU3HAKA U J-T'0 UHJMBUJIA, T; — BBIOOPOUHOE CpejiHee 1-I'0 IIPU3HAKA.

B kauecTBe Mepbl CXOJICTBa MEXK/]ly IIPU3HAKAMHU BbIOEpEM METPHKY, paB-
nyio 1 — r2. Yem 6imke KodbDQHUIHEHT KOPPEIANUH K HYJIO, TeM OOJIbIIe
MeTrpuka. dem MeHbIlle MeTpuKa, TeM OOJIbIlle CBsA3aHbl JIUHEHHONH 3aBUCHMOC-

ThIO, T.€. MOXKHO CKa3aTh, TEeM MEHbIIIE PACCTOSIHUE MEXK1y HpU3HAKAMU.
I[IPUMEP 1. Paccmorpum pannble o xKusau Poccun 3a nocaennue 30 jer.

Tona | Ipounosk-16 | Kou-Bo (rbic.ueut.) Bouka Jloxonpr Apromobuiu
Ku3H L THHOBHUKOB M (6yr.B rom) V' | 6exubix P | (mr.Ha 1000 gyen.) A
1970 68.9 1060 25.3 7.8 5.5
1975 68.1 1101 28 9.5 15.3
1980 67.6 1147 30 10.1 30.2
1985 69.2 1204 23.5 10 44.5
1990 69.2 1602 18 9.8 58.6
1995 64.6 1893 38.4 5.9 93.3
1998 67 2777 29.6 6.2 122

Koppessiiinonnasi MaTpuiia 1 MaTpuia MeTpuK Buja, 1 — 72 UMEIoT BUT:

r L M 1% P A
L 1
M -0.5008 1
v -0.9341 | 0.2966 1
P 0.7692 | -0.7001 | -0.6809 1
A -0.5953 | 0.9537 | 0.3701 | -0.6692 1
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1—7? L M v P A

L 0

M 0.749 0

|4 0.128 0.912 0

P 0.408 0.510 0.536 0
A

0.646 0.091 0.863 0.552 0

Haxonum MunnMaJsibHOE paccTosiaue Mexk 1y npusnakamu. Ono pasao 0.091
1 COOTBETCTBYET IIPU3HAKAM: KOJUIECTBO YNHOBHUKOB M KOJIMIECTBO aBTOMOOH-
neit. ObbenHsieM 9T TPU3HAKYW B OJINH, HA3bIBAEMbIil TMHOBHUKHU-aBTOMOOWIIN
(AM) u Takum 0Opa3oM 110JyYaeM He 1sTh, a Yerbipe npustnaka: L, V., P, AM.
Paccrogamns Mexk 1y mepBbIMU TPeMs U3BECTHBI. BBIIUCINM PaCCTOTHUS MEXK Ty
AM u ocraJbHBIMU IIPU3HAKAMU Ha OCHOBE THMOKOI CTPATEernu, COrJIacHO KOTO-
poit nmeem:

danr.r = 0.625(da.p, + dar.) — 0.25d 4 0 = 0.625(0.646 + 0.749) — 0.25 - 0.091 = 0.849,
dary = 0.625(da v + dasy) — 0.25d4 4 = 0.625(0.863 + 0.912) — 0.25 - 0.091 = 1.087,

dans.p = 0.625(da.p + dar.p) — 0.25d4 a1 = 0.625(0.552 + 0.510) — 0.25 - 0.091 = 0.641.

d L V P AM
L 0

v 0.128 0

P 0.408 0.510 0

A 0.849 1.087 0.641 0

Haxojum MUHUMAJIbHOE PACCTOSIHUE MEXK/1y MPU3HAKAME, 3TO PACCTOSIHUE
MEXK/]1y TIPOJIOJIKUTEILHOCTBIO KU3HU L M KOJMYECTBOM IIPOJaBaeMOil BOIKU
V' (0.128). Tlosyuaem Tpu Npu3Haka: JOXOJbI OEJHBIX P, BOIKA-TPOIOJIKHI-
TeJAbHOCTD »Ku3Hu V' L u apromobmsm-yunosuuku AM. Eciu 3ajiaua cocrour
B HAXOXKJIEHHU Tpex KJAaCTepoB INPU3HAKOB, TO BCe IMOJy4eHO. KEciam Hy»KHO
OIIPEJICJIUTh, K KAKOMY M3 KJACTEPOB: BOJKA-IIPOIOJIKUTE]IbHOCTL KU3HU V L
i apromobmym-uanaoBauK AM orHOCcuTest npusnak " goxo bl 6eanbix" P, To
npojoikaeMm. Paccrosuue dapy p = 0.641 uz sbrumciaennil Ha 1pejblLyeM
Iare.

dyp.p =0.625(dy.p + dp.p) — 0.25dy, 1, = 0.625(0.536 -+ 0.408) — 0.25 - 0.128 = 0.559

dVL,AM = 0.625(dV,AM + dL,AM) - 0-25dV,L = 0.625(1.087 + 0849) —0.25-0.128 = 1.178.
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Orcroza mosydaem, 9To JOXO/bl OEIHBIX JIYUIe MPOrHO3UPYIOTCS MO MPO-
JIOJIZKUTEJIbHOCTY »KU3HU U 11POJIaBAEMOM BOJIKE, HEXKEJIU 110 KOJIMYeCTBY aBTO-

MOOUJIe ¥ YNHOBHUKOB.

I[TPUMEP 2. Eciim B KadecTBe METPUKH PAaCCMaTPUBATH XapaKTEPUCTHKY
1 — r, MOKa3bIBAIOIILYIO CTEIEHb YAAJEHHOCTH OT TOJIOYKUATEIHHON KOPPEeJIsIni,
TO Pe3yJIbTAT HMOJIYIUTCS HECKOJIbKO nHOM. Marpuna paccrosinuit mumeer BuI;

1—r L M P A 1%
L 0
M 1.50 0

P 0.23 1.70 0
A

|4

1.60 0.05 1.67 0
1.93 0.70 1.68 0.63 0

Tak>ke OIMBKUMU sIBJISAIOTCs pu3Hakn A - apromobwin n M - TUHOBHUKH.

d AM L P VM
AM 0
L 1.92 0

v

2.09 | 0.23 0
v 0.82 | 1.93 1.68 0

danrp = 0.625(da.r, + dasp) — 0.25d 4 nr = 0.625(1.6 + 1.5) — 0.25 - 0.05 = 1.92,
danry = 0.625(dav + dary) — 0.25d4 0 = 0.625(0.63 + 0.7) — 0.25 - 0.05 = 0.82,

danr.p = 0.625(dap + dasp) — 0.25d4 ar = 0.625(1.67 + 1.7) — 0.25 - 0.05 = 2.09.

I‘IaXO,ZLI/IM7 9TO MUHUMAJIbHOE PAaCCTOAHNE OKA3bIBACTCA ME2KJ1Y ITPOAOJI2KUTEJIb-

HOCTBIO »Ku3uu L u joxogamu Oeabix P.

Urak, nmeercs napa npusnakos AM n LP. K kakoii mape MOXXHO OTHECTH
KOJINYECTBO IIPOJIaBAEMOii BOJIKHU !

dy.Lp = 0.625(dy., + dy.p) — 0.25dL, p = 0.625(1.93 4+ 0.70) — 0.25 - 0.23 = 2.2
drp.an = 0.625(dp ans + dpans) — 0.25d, p = 0.625(1.92 4 2.09) — 0.25 - 0.23 = 2.45,

dy. an = 0.82.
MuHIMaJIbHOE PACCTOsIHAE OKA3bIBAETCsl MEXK/Iy NPU3HAKAME aBTOMOOUIIH-TH-

HOBHUKHN 1 KOJINYECTBOM HpO,ILaBaeMOI;’I BOJIKU. ABromarnuecku JAepeBoO KJlacCTe-

pusany MO2KHO IIOJIYYIHUTDLb, HCIIOJIb3Y CTaHﬂapTHbeI [TaKeT CTaTUCTHUYECKUX
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nporpaMm StatSoft, ycranoBuB B MeHIO B KadecTBe MeTPUKU KoM UImeHT
koppessiinu [lupcona, a B KauecTse crpaTerud, HallpuMep, METOJI I'PYIIIOBOIO

CpeJiHero.

JEpEs0 KNACTERMIALIMM MPMIHAKDE

CTRATEMA MYNNOEOMN CREAHEM
METPKES - KOPPUUMEHT KOpRenaun Mpcoda

08

PACCTOAHKE

06

04

02

00
EOAK ae YHHOEH aoxoAH_bGeaH npoas.

Pwuc. 20. /IepeBo KacTepu3aiuu MEeTPUICCKUX MMPU3HAKOB.
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