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HpaKTI/I‘IGCKI/Ie S3aHATHUA 110 TEOpUU BepOHTHOCTeﬁ
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1 Omnpenenenune

[Mycrs X = {x1,z9,..., 2k, ...} — KOHEUHOE WK CIETHOE MHOXKECTBO. PaccMoTpuM (CHOBA KOHEUHYIO
WM CUYETHYIO) II0CIIe0BATEIbHOCTD CIIyYalHbIX BeJauduH o, &1, ..., &p, . . . KAXK/Asl U3 KOTOPBIX IIPUHU-
MaeT 3HAYEHHS B MHOXKecTBe X .1

Kax 06b11H0, KOT/1a MBI IMEEM JI€JIO € PACIPEICICHUIME JUCKPETHBIX CJIYYalHbIX BEJIUIUH, TPUPOIA
9JIEMEHTOB T}, MHOXkKecTBa X He MMeeT 3HadeHus (9TO MOryT OBITh YHCJIA, BEKTOPA, KADTUHKU U TIP.).
[TosToMmy Ist yno6CTBa 3aUCH MBI OYIEM OTOXKIECTBIATD Tf C YHCIOM k.2

Omnpegnenenne 1.1. Ilocnenosarenbuocts &y, &1, ..., &p, ... HA3BIBACTCS MAPKOGCKOL U4env0,> ecan cy-
IIECTBYIOT TaKue HeOTpUIaTeNbHble YUCJIa T;, B CyMMe jatomme 1, u rtakue marpuipl Pr (K > 1) ¢
(k) (k)

HEOTPHULATE/ILHBIMI 9JIEMEHTAMH P, , YIOBJIETBOPAIOLLHE PABEHCTBAM > i Dij
Jaist jio60ro n > 0 u JI0OBIX 41, . . . , &y BBINOJHIETCS PABEHCTBO

= 1 gtz 11006010 4, 9TO

P(& =061 =11, &n1 = in-1,&n = in) = mopﬁiﬁlpﬁfg . PEZLM (1.1)

B3sas m = 0 MBI IpusieM K pPaBEeHCTBY P(§g = z) = m;. [losTomy BekTOp-CTpOKA T = (71, .., Ty, -- )
Oy/IeT HA3BIBATHCS HAYAALHOIM PACNPEIEseHUEM MAPKOBCKON TIETIN.

MuozxkecTBo X HA3BIBAIOT NPOCMPAHCMBOM COCMOAHUT MAPKOBCKON 1enu. Ecan 9T0 MHOXKECTBO KO-
HEYHO, TO TOBOPAT O KOHEuHOU MAPKOBCKOH IIEIIH.

Ecmu Bce MaTpunpl P, sBIAIOTCA OJIMHAKOBBIMHI, TO MapKOBCKAsl Ilelb HA3bIBaeTCa 00nopodnot.* B
9TOM CJIydae J[Isl STHX MATPUI] HCIIOIb3yeTcs obo3Hadenue P, a jjisi nx sj1eMeHTOB — p;j, Tak urto (1.1)
IIpeBpaIaeTcs B

P(& =0, & =1, n1 = in—1,&n = in) = TigPigirPiris - - - Pin—1in- (1.2)

Martpura P nazesaercs nepexodnoti mampuueti (0 HOPOIHOIT) MAPKOBCKOIT er.”

IIpuBeerHOE OMpeIeIeHnEe COAEPKUT JIBE JTUCKPETHBIE COCTABJISIONINE: TUCKPETHBIM SIBJISETCS KaK BpEeMsI, TaK
7 IIPOCTPAHCTBO COCTOsHUM. JINCKPEeTHOCTh BpeMeHr 0003HAYAETC s CJIOBOM «IIEIb», NHAYE TOBOPIT O MAPKOBCKOM
npouyecce. B citydae, ecii TPOCTPAHCTBO COCTOSIHUI JMCKPETHO, & BPEMsi HEIPEPBIBHO, YIIOTPEOJISIFOT TepMUHBI
MAPKOBCKUT NPOYece ¢ UCKPEMHIM NPOCMPAHCNEOM COCMOAHUT Ui (MHOTIA) MAPKOBCKAL UENb € HENPEDbIGHBLM
8peMEHEM.

CrenmaeM cpa3y HECKOTBKO 3aMeYaHMii.

1C dbopmMambHO# TOUKH 3peHUs STHX CIyYalHEIX BEJIMYNH JOJI’KHO GBITH He MEHbIIE ABYX. MBI IIPOCTOTEI MBI Gymem
CYUTATH TY MOCJIEJOBATEIbHOCTH OECKOHEUHOIA.

2B KOHKDETHBIX CHTYAIIX 9TO OTOXKIECTBIIEHNE, €CTECTBEHHO, MOXKET HE IPOM3BOINTHCSL.

3Unaue — obaadaem maprosckum ceoticmeom NI asaaemca yenwvio Mapkosa.

4Ecan — «mer», TO HE0dHOPOOHOL.

"Boisenure u3 (1.2), uto B omuopoxnoM ciaygae L(£,) = mP™. A Kak 3anmmcarh aHaJOTHYHOE BBIDAYKEHHUE JIs HEOIHO-
POHOM MapKOBCKOM Iieru’?
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Sameuanme 1.1. 1. YiobHasg u HarjsiaHasl WHTEPIPETAIUs MapKOBCKUX IElleil — 9TO OINUCAHHUE II0-
CJIE/IOBATE/IbHBIX TTOJIOXKEHUI HEKOW MBUXKYIIEHCsT JaCTUILl: B HAYAIbHBI MOMEHT BPEMEHU OHA HUMEEeT
«KOODJIMHATY» i(), B CJEYIONMUI MOMEHT BpDEMEH! — 41 U Tak Jjajee. B arux repmunax (1.1) mokassiBaer,
C KaKOil BEpPOsITHOCTHIO TPAEKTOPHs YaCTHUIbl 3a M 1aros oyser (ig, . . . ,in).6 Ha sTtom «dusmaeckom»
s3bIKE MHOXKECTBO X HA3BIBAIOT (Pa306bLM NPOCTMPAHCTEOM MaPKOBCKOM IIEIH, & BEPOSITHOCTh pgf) nMeer
CMBICJT BEPOSITHOCTH II€PEXOIa JACTUIILI U3 COCTOSHUS 1 B COCTOSIHEE j B MOMEHT BpeMeHu k.

2. Eciu 661 coryuaiiable BemauHbl & Obun He3aBucuMBbL, TO (1.1) npeBparniocs Gbl B

P(& =0, &1 =11, &n1 = in-1,&n = in) = mopf-f)pf-f) o -pl(:),

n . k
rae pg. ) = P({n = ]). Hasnuune jByX MHJIEKCOB y 4nces pz(j)
Hble BEJIMIUHBI &;, BOOOIIE roBopst, 3aBUCUMBL. O THOBPEMEHHO MBI BUJMM, UTO HE3ABUCHUMBbIE CJIyYaiiHble

CBHJICTEJILCTBYET O TOM, 4YTO CJydali-

BEJIMIMHBI 00Pa3y0T MapKOBCKYIO Iellb: B 3TOM CJIydae CTPOKH y KaXKJIoi u3 MaTpull [P, OJUHAKOBBHI.
3. Ilycrs cobwitue A;,. 4, = {fo = i9,& = i1,...,&n_1 = in,l} UMeeT HEHYJIEBYIO BEPOSITHOCTD.
Torma u3 (1.1) cpasy ke ciefyer, 9To

P (€0 = in | €0 = i0,61 = i1y o) €t = in1) = P, . (1.3)

Orcrona BIUIHO, KAKOI XapakKTep UMeeT 3aBUCUMOCTD CIyYallHbIX BEJIMUNH, COCTABJISIONNX MAaPKOBCKYIO
nenb. Ecan usBecTHA TPaeKTOPHS &g, t1, . - - -p_1 TACTUIIBI JIO BDEMEHHN 1 — 1 BKJIIOUYUTEBLHO, TO pacipe-
Jiesienne ee (CJydaiiHOIrO) IMOJIOKEHUsT Ha CJIe/YIOIEM IIare OIPEJIessieTcsl TOJIbKO ee TOCIeHel Koop-
JUHATON 1, 1. IHBIME clIOBaMM, 9aCTUIA «3a0bIBAET» PO TO, KAK OHA IOMAJa B iy_1, €€ IOCAEIYIONIEee

JIBIZKEHIE OT 9TOTO He 3aBUCUT. B OIPeIesIeHIN 9TO CBOICTBO OTPAKEHO CJIOBOM <IIEIb».S

4. Herpyamo Bugersb, uTo pasenctso (1.3) moxker 6biTh nepermcano’ B BuIe

P(& =in|& =i0,&1 =i1,..., &1 = in-1) = P(& = in| &1 = in-1). (1.4)

HeiicTBUTEIBHO,

. . 1 2 -1
P(én—l =1ln-1, fn = Z’ﬂ) = Z ﬂ-iOp’go’glpglgz te 'p’L(:fQi)nfl pl(:zl’bn’
(20y-+vsin—2)

a

P&t =ip1) = Z P(& =0, &1 =11, &1 = in—1) = Z Wiopgglpgié o -P,(:;lil_l,

(905 +5in—2) (305 yin—2)

OTKyza cpady ke cuaeayer (1.4).

Ucropuueckn nmenHo paBeHCTBO (1.4) cumraercs: onpejesieHneM MapKoBckoii nienn. [Tpu srom wnciia
n n def . .

pl(-nzlin onpeJiesisiiores uepes pasencrsa (1.3) (Tounee, Kak pgnzlin = P(& =in| &1 =in-1)).

Takoit myTh Gostee HarIsiieH, YeM Haie onpeesenne (1.1), u aydre cooTBeTCTBYeT «(bU3NIECKOMY »
HOHUMaHUIO cyTu geja. OJHAKO, TYT €CTh JIOTMYECKUE JIOBYIIKH, KOTOPBIMHA OOBIYHO CUUTAIOT HECYIIe-

2 — ) =

creenbivu. Hanprvep, 1ro Takoe p;;”, ecin P(§ = i) = 07

IIpu pemrennu yrparkHeHuit, OJITHAKO, ST JOBYIIIKHU JICHCTBUTE/IHHO HE UMEIOT 3HAYCHUS U PABEHCTBA
(1.1), (1.3) u (1.4) MoryT B paBHOIi CTENEHN NCIIOIB30BATHCS s IPOBEPKU MapKOBOCTH TOW MJIM MHOIL

I10CJICJOBATEC/IbHOCTU cnyqaﬁﬂmx BEJIMYMH. 10

5C wmcro BeposTHOCTHOMN TOuKH 3penus (1.1) 3aMaeT COBMECTHOE PACIIPEICNCHHE CIyIafiHbIX BEIMIHH &1, . . . , &y,
" — ma k-M mrare.

8 AHAJTOTHYHBIM CBOCTBOM, KAK H3BECTHO, 061812107 muddepenmatbabie ypasaenus. JeicrurennHo, mycts 0 <t <t.
Torga pemenne z(t) 06bIKHOBEHHOTO quddEPEHIMAIBLHOIO yPABHEHUST B MOMEHT BPEMEHH ¢ C HAYAJIbHBIMU JAHHBIMA I B
HyJIEBOJ MOMEHT BPEMEHH COBIIAJIAeT C PElleHHEM TOIO YK€ YDABHEHHsI ¢ HAYaJbHBIMU JAHHBIME Z(t1), B3STHIMU B MOMEHT
BpPEMEHU {1.

9Ipu TOM 2Ke yCI0BHI P(Aio.“in) > 0.

YOnpenerernue (1.1) B Gosbleil CTENEHH COOTBETCTBYET U3JIOXKeHmo B yuebnuxe A. ITTupsiesa (Bepoarmocts-1, rr. 1
§12), rae moaPOGHO PaCcCMATPUBAIOTCS BCEBO3ZMOXKHBIE 3 (hEKTBI HyJIEBOI BEPOATHOCTH.



http://statmod.ru/wiki/books:vv

[IpuBesem npumMep KOHCTPYKIIMU, KOTOPast aBTOMATUIECKU IPUBOJIUT K MapPKOBCKOMY CBOicTBY. Pac-
CMOTPHUM TIOCJIEI0BATE/IBHOCTD £(, £1, . . . HE3ABUCUMbBIX CJIYUIANHBIX BEJIMUIWH, TPUHUMAOIINX 3HAUEHUSI B
HEKOTOpoM m3MepuMoM Tipoctpanctse (D, D). Kpome Toro, BBeenM ciemyronme dbynkimm. !

Mycrs fo : D— X, a upu k> 1 BosbMeM fi : X X D+— X. Teneps nosoxum & = fo(eo), & =
fe(€k—1,€1) upu k > 1 u mokaxkeM, 9TO HOJIy9IE€HHAS [TOCIIEOBATEIBHOCTD SABJISETCS MapKOBCKOIL.

JeficTBUTEILHO,

P(& =0, &1 =i1,.. -, & = in) =P(fo(e0) = i0, [1(E0.€1) = i1, &n = fu(n—1,6n) = in) =
= P(fo(eo) = io, f1(io,e1) = i1, -, fulin-1,8n) = in) = P(fo(e0) = io) H P(fi(ik—1,€r) = ix),

k=1

tak uro (1.1) Bbonneno ¢ m; = P(fo(e0) = i) n P = P(fe(i,er) = 7).

IIpuBeieHHAs KOHCTPYKIHSI €Il Pa3 JeMOHCTPUPYET CYTh MapKOBCKOIO CBOMCTBA: IO OIPE/IeIeHUIO
&k OLPeJIeISIeTCs] JINIID 3HAYeHneM 1 U CIIydaiiHbIMU sIBJIEHUsIMU (TO €CTh CJIydaiiHbIMU BeJMIMHAMI
€k, KOTODPBIE ABJAIOTCS HE3ABUCUMBIMU TIPH PA3IHIHLIX k).12

2 Kuaaccudukanmss cOCTOSHUN OJHOPOJIHOII MapKOBCKOI 11eITn

Jlaee MbI Oy/ieM pacCcMaTpPUBATDL TOJIHLKO OJHOPOIHBIE MAPKOBCKUE IIEIH, MMEIONINe HAYAJIHLHOE Pac-
npejiesienne T 1 TepexoHyio MaTpuiy P ¢ smemenTamu p;j, Kotropeie pasubl P(Epyq = j | & =4).13
DsemenTrl MaTpuibl P GyiyT oboznauarhes pij(n), Tax uto pi;(1) = p;;. Herpyno nokasars, ' uro

111 Jaoboro k
pij(n) = P&k = j | &k = 19),

TO €CTb p;j(N) UMEET CMBICI JOCTHYb COCTOSIHNS j U3 COCTOsHUA ¢ 3a n maros. Kpome Toro, 3~ pij(n) = 1.
IIpu pasnbIX N 9uCIa P;j(N) CBA3AHBI MEKILY co0oit pasencmeom denmena-Koamozoposa. A mvenHo,
Iyst moboro 1 < m < n

pii(n) = pix(n — m)pg;(m), (2.1)
k
KOTOpOE B MaTpuvHOi (popme mpespaiaercs B oueBuanoe P* = PP~ P,

2.1 OcHoBHBIE ONpeJieIeHUS

Ecmm y mac ectb mekoropast marpuma P, Bce 31eMeHTBH KOTOPON HEOTPHUIATEIBLHBI, 8 CYMMAa THCETT
B KasKJIOHl CTPOKe paBHA 1, TO TaKyi0 MATPHILY HA3BIBAIOT Nepexrodnot,
MAapPKOBCKO! IICIIN.

Wcnonb3yst KOHCTPYKIMIO TPEILIIYINErO pa3zesa, MOXKHO JI0KA3aTh,

HE NIPUBA3bIBas €e¢ K KaKOU-TO
16 4ro s moboro pacipeie-
JIEHUsI T U JII00OM 1epexoHoil MaTpurisl P cyinecTByeT MapKoOBCKast Iellb, JIJisi KOTOPOil BBITOJIHSIOTCS
pasencTBa (1.2). Tem caMbIM MBI MOXKEM TOBOPHTH O CeMeHCTBE MApKOBCKHX IIEIeill ¢ OJHOM U TOH Ke
IIEPEXOAHON MAaTpHUIEel W Pa3/IMIHBIMI HAYAJBHBIMHU PACIPENCIICHUAMA W U3y4aThb CBOHCTBA 3TOrO Ce-
Me#cTBa, a He OTIeJILHON MapKOBCKOR IIEIIN.

" Bce oMM IpeAIONaraloTCs M3MEPHUMBIMI.

12Kakne ycoBust Hy’KHO HAJIOKHUTD HA CIYUAHHbIC BEIUYHHBI €, ¥ (PYHKIHH fj, 9TOOLI MOTy<IeHHAS MAPKOBCKAS IICIh
ObLIa OJIHOPOIHOMN?

130 1HOPOIHOCTE MAPKOBCKOM IIEMM KK Pa3 U 0O3HAUAET, YTO STH YCIOBHEIE BEPOSTHOCTH HE 3aBUCAT OT k.

14 Cpemnaitre 10!

15I/IJ'II/I cmoxacmuyeckots

16 A kak?



http://statmod.ru/wiki/books:vv

Knaccudukarus cocTossHI 0THOPOIHON MapKOBCKOM IIEITN UCITOIb3YEeT TOJBKO CBONCTBA ITEPEXOIHOM
marpunbl P (TouHee, ee cremneneii) u He 3aBUCUT OT HadabHOrO pacupesenerus L(&y) = 7. Ilpusegem
COOTBETCTBYIOIINE ONPE/ICICHNS U YTBEPIK ICHIA. |’

Omnpenenenne 2.1. 1. Cocrosinue j Ha3BIBAETCS JOCTMUMCUMbLM U3 COCTOSHUS ©, eca pyj(n) > 0 s
uexoroporo n > 1.18 Dror daxT Moxkno 3amuchBaTh B Bujge i — .19

2. CocTosIHEE i U j HAZBIBAIOTCS COOOUMIOUUMUCA, €CJTA § — j 1 j — 4, TO ecTb 4 <> ;.20

3. CocTosiHue ¢ HA3BIBAETCS CYULECTNEEHHBLM, ECTTU OHO COODIIAETCS C JIFOOBIM JTOCTHXKUMBIM U3 HErO
cocrognmem.?! OcraabHble COCTOANMS HA3BIBAIOTCS HECYULECTNEEHHBLMAL.

,B;JIH CyIIeCTBEHHbIX COCTOSTHUT BEPHO cJjieayroniee yTBep2KJIeHne.

ITpennoxkenue 2.1. Bce MH02icecmeo CYyuwecmeeHHvL cOCMOAHUT PA30UBLEMCA HA HENEPECEKANOULUECH
KAGCCHE COOOUWAOUWULCA MedHcdy coboT cocmOoAHUL.

OTH KJIacChl HA3LIBAIOTCS apeoﬁu%ec%umu Kaaccamu.

Ha camom jiesie 910 yTBEpXKIeHNE JUITh (DOPMAJIBLHO UMEeT OTHOIIEHNe K MapKOBCKUM IlersiM. Bo MHOXKeCcTBe
S CyIeCTBEHHBIX COCTOSIHUN OTHOIIEHUE § <+ j SABJISIETCS OTHOIIEHUEM 3KBUBAJEHTHOCTH. Y TBEDP:KIAETCs, UTO OHO
IOPOXKIAeT pa3dbreHne MHOXKeCTBa S, MPUYIEM BHYTPH KaXKJIOTO ITOIMHOXKECTBA ITOr0 Pa3OUeHUsi BCE JIEMEHTHI
9KBUBaJIEHTHBI. [Ipupoa MHOKecTBa S U OTHOIIEHNUS SKBUBAJEHTHOCTU HE UI'PAIOT HUKAKON pOJIu.

22

Onpenenenue 2.2. MapKoBCKasi IEMb““ HA3BIBAETCSI HENPUB0OUMOti, €CJIH BCE €€ COCTOSTHUSI SIBJISTFOTCST

CymIeCTBEHHbBIMU U IIPpUHAJJIEZKAT OJHOMY IPIrOoJUIECCKOMY KJIACCY.

Onpepenenne 2.3. Yucno d;, pasnoe HOI{n : p;i(n) > 0} nasbiBaercs nepuodom cocrosimms i. Hac
6y/1yT HHTEPECOBATDH IIEPUOJIbI TOJIBKO CYIIECTBEHHBIX COCTOSTHUIA.

IIpennoxkenue 2.2. Bce cocmosanus 001020 9p200UMECK020 KAACCE UMENOM, 00U U MOM, JiCE NEPUOD.

Onpenenenue 2.4. DProgudecKuii KJIacC HA3bIBACTCH HENEPuodudeckum, €CIu IePUOIbI €r0 COCTOSTHUN
PaBHBI €JIMHUIIE.

Onpenenenue 2.5. MapkoBcKas 1elb HA3BIBACTCH 9P200u%eckoti, €CJIn OHA HEIPUBOIUMA U HEIIEPUO-
JTYIecKas.

3ameTnM, UTO BCe ONHMCAHHBIC IIOHATUS 3aBHCAT He OT KOHKPETHBIX 3HAYeHHH BepOSTHOCTEH p;j, a
TOJIBKO OT TOTO, SBJISIFOTCS JIU OHU TOJIOYKUTETHHBIMIA WJIN HET.
IIpocToe ycnoBue 3pronTHOCTH MAPKOBCKON IEINN BBITJISIIUT CJIEAYIONIIM 00pa30M.

IIpennoxenne 2.3. 1. Ecau cywecmsyem maroe ng, wmo inf; j p; j(ng) > 0, mo maproscras uenw
ABAAEMCA 2p2oduneckol.?

2. [ KOHEeUHbIT MAPKOBCKUT Uenetl YCA08UsA IP200UNHOCTNUY U NOAOAHCUMEALHOCTNU BCET INEMEHMOE
mampuys, PO npu nexomopom ng ABAAOMCA IKEUBGAEHMHBLMAU.

"By Mo, 3/1ech He CyIecTByeT yCTORYHBON TepMUHOIOrIH. KpoMe TOro, Mbl OrPaHHIMBAEMCS TOJIBKO TEMH OIMpeIelie-
HUSIMH U YTBEPKJIEHUSIMU, KOTOPbIE UCIIOJIL3YIOTCS IIPU PEIICHUHN 3a1a4.

18V Mens BCerma ecTh IIAHC MEPEHTH U3 i B j.»

19MozkHO pHCOBATE COCTOSIHMSI MAPKOBCKOI IIEIIH B BHJIE BEPIINH rpada, a COOTHOIIEHHS i — j B BH/IE €I'0 HAIIPABJIEHHBIX
pebep. IIpu HEGOIBIIIOM YHCIIE COCTOSTHUI 9TO MOXKET IIOMOYb B IIOHMMAHUU JaJIbHEHIIero MaTepuasa.

29KonewrHo, 5T0 MOMKET IPOMCXOMUTE 33 PA3HOE UHC/IO IIATOB.

21 Wnaqe rosops, ecau i — j, T0 j — i. «Eciu g MOTy 13 § IIepeiiTH B j, TO 51 MOI'Y M BEPHYTBCSI».

22Tounee — ceMeiiCTBO MApPKOBCKHX IIeI€ll C OIHOI M TOil ke IHepexoHoil Marpuieil. B sureparype, OMHAKO, 1/t KPAT-
KOCTH IIPUHATO TOBOPUTHL 00 OJIHOM MApPKOBCKOM IIEIH.

23HenpusoauMocTh 31ech odeBnHA. HerepuoamaHocTh JTerko BHIBOAUTCS u3 pasencrsa Uemvena-Kommoroposa (2.1).
Cawmo ycsoue inf; ; p; j(no) > 0 03HaUaAeT, 9YTO MHOXKECTBO 3JIEMEHTOB MaTpHIsl P70 oT/iesieHo oT HyJIst.
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2.2 KanoHm4Yeckoe IIpeJiCTaBJIEHNEe MePEeXOHON MaTpPUIIbI

Ob1mee mpeacraBjenue. Paccmorpum st puMepa KOHEYHYIO OJHOPOJHYIO MapKOBCKYIO IElb C d
COCTOSIHUSIME, KOTOPbIE Pa3bUBAIOTCH Ha, 2 SProJMuecKnx Kiaacca’t (¢ k u £ cocTOSTHUSIMU COOTBETCTBEHHO )
M MHOXKECTBO HECYIIECTBEHHBIX COCTOSIHWIL, YMCJIO KOTOPBIX paBHO m = d — k — £ > 0. Kak Bcernua,
oboznaunm P 1epexoIHyI0 MATPHILY 9TOI MapKOBCKO Ienu

Ilepenymepyem cocTosiHMsSI MapKOBCKOI IENW Tak, 9TOOBbI IepBble k HOBBIX COCTOSHUN BXOIUIN B
MIEPBBIIl SProJNdecKnil Kaace, caeayionme £ COCTOSTHIIT — BO BTOPOIl 9ProJndecKuil Kaacc, & COCTOsTHUSA
C HOCJIEIHUMU HOMEpaMu ObLIM HecylnecTBeHHbIMU. Torma HoBast mepexogHas mMarpuiia Q nprobperer
CIIEJTIYIOIIYIO KAHOHUYECKYIO POPMY:

Pr Ox Opm
Q=10 Py Oy |, (2.2)
R, R, Rs

rje 0;; obosHavaeT HyJIeByIO MATPHILy C ¢ CTPOKAMU H j CTOJIOIAMU.

Paz6epemcst B cTpyKType 9Toit MaTpuibl. Marpua P; o6pasoBana BepOSTHOCTSMHU MEPeXoia’’ BHyT-
PH [IEPBOIO 3Projmveckoro kiacca (a marpuna Py — BHyTpu Broporo). Hysesble marpuisl Og 1 O,
COOTBETCTBYIOT TOMY, UYTO MBI HE MOYKEM BBIUTH M3 3PTOAUTIECKOr0 KJIacca — HU B APYTON 3PTOINIecKnil
KJIACC, HU B HECYIIIECTBEHHOE COCTOsIHME. AHAJIOrUIHO HyseBasi MaTpuria 0 MOKA3BIBAET, 9TO HEBO3ZMOXK-
HO U3 BTOPOT'O 3PTOJIMIECKOro KJracca nonacThb B epBblit. MaTtpurisl R, Ry u R3 omuchiBaoT BeposgTHOCTH
epexo/ia U3 HECYIIeCTBEHHBIX COCTOSTHUI B IIEPBbBIN 3PTOJIMYECKUN KJIACC, BO BTOPOI 3PrognyecKuil Kjaacc
1 00PATHO B MHOYKECTBO HECYIIECTBEHHBIX COCTOSHMIA.

U3 npejcrasienus (2.2) BUJIHO, YTO KAXKJIblil ProJNYecKuil KIacc MOYKET CJIYKUTb OCHOBOIi Jjist
cBoeil cOBCTBEHHON MapKOBCKOI 1ienu (B JaHHOM IpUMepe — C IepexoaHbiMu Marpuriamu Py um Py),
€CJIM TOJIBKO 33/IaTh HAYAJbHOE pacipeeeHne, COCPEIOTOUEHHOe HAa MHOYXKECTBE €r0 COCTOSTHMH.

CTpyKTypa COCTOSIHUI MEePUOANYECKOUN HEIPUBOAMMON MapKOBCKO# menu. Jljgs mpocrors
DPacCMOTPUM CJIy4dail, KOTJla BCE COCTOSIHUS HEIIPUBOINMON MapKOBCKOI 1ieru umetoT nepuoJ, 2. 1o ompe-
JIEJIEHUIO 9TO O3HAYAET, UTO, BBII/Is U3 JFOOOTO COCTOSHUS ¢, MBI MOXKEM BEDHYTBCsI Ty TOJBKO Yepe3
YeTHOE YHCJIO IITaroB.

aJstee, onmcbiBaeMasi MApKOBCKasT TEIThb sABJISETCsT HEIIPUBOIUMOI, TO €CTh JJIst JIFOOBIX %, j CYIIECTBY-
0T Takue n u m, uro p;j(n) > 0 u pji(m) > 0. Tak kax p;(n + m) > pij(n)pji(m)%°, o uncaa m u n
00s13aHBI UMETH OJMHAKOBYIO YeTHOCTh. VHave roBopsi, €C/iu s MOTY IEPEeNTH U3 ¢ B j 3a YeTHOE UUCJIO
IIIAroB, TO U BEPHYTHCHA MOT'Y TOJIBKO 3a YETHOE HYHCJIO IIAroB, & €CJIM MOI'Y IepefiTh 33 HEYETHOE YNCJIO
IIAr0B, TO U BEPHYTLCsI MOT'Y TOJIBKO 33 HEYETHOE.

Orciona ciemyet, 9TO It JIIOOOTO ¢ BCE COCTOSTHUSI MApPKOBCKOM IENHU JEIATCS Ha 2 KJIacca: TO
MHOKECTBO I; COCTOAHMIL, B KOTOpPBIE MOXKHO HONACTb M3 4 33 9YETHOE WHCJIO IMAroB2’ U ocTaIbHbIE,
obpazyrorue MHOXkKecTBO J;. [Ipu 9TOM, KaK HETDPYIHO HOHATH, > [; =
Ky/Jla U3 ¢ MOXKHO IIOIIACTH 32 YeTHOE YUCJIO IIaroB.

i JIJIsT BCEX TaKUX COCTOSHUN j,

Takum 06pa3oM, Bce COCTOSIHUST MApPKOBCKOM Ienu JIessITCs Ha 2 HelepeceKalomuxcd Kiaacca I u J,
B KaXKJIOM M3 KOTOPBIX COOPAHBI COCTOSHUSI, [IEPEX0/I U3 OJHOTO B JIPYTOil BO3MOXKEH TOJIBKO 38 IeTHOE
qucyao maros. IIpm arom mepexon m3 cocrogausa ¢ € I B ogHO M3 cocTosdHWil j € J aBTOMATHYECKH
ITPOUCXOIUT 3a 1 1mar.

24K onedHo, KOIMYIECTBO SPrOANUECKHUX KIIACCOB 3IeCh He NMEET 3HAUEHMe. 3IeCh U Jajee MMEHHO IBa KJIACCA BBHIOPAHBI
TOJIBKO JIJIsl YA0OCTBA U3JIOZKEHUSI.

2533 omuH mar.

26Cm. pasencrso Yemvena-Koamoroposa.

2"B ]; BXOZAUT U CAMO COCTOSIHHUE §.

28 IeficTBUTEsIbHO?
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IlepenymepyeM Terephb COCTOSIHUS MapKOBCKOI Ieln. A NMEHHO, B KAUECTBe IIEPBBIX COCTOSTHUI BO3b-
MeM BCe COCTOsTHUil ux Kjiacca I, a 3aTeM pacroiozKuM coctosguus u3 J. Torma moyanTcs KaHOHUIeCKOe
IIpeJicTaBJIeHNEe HAIleil TepexoTHoll MaTPUIlhl, KOTOPOE MMEET BUJ

_ Okm [P)l
P2 Omk
rme k =card I, a m = card J.
Marpunpt Py u Py (ux pasmepst k X k 1 m X m) camu 1o cebe SIBJISIFOTCST TIEPEXOTHBIMI MATPUIIAMI
HEKOTOPBIX MapPKOBCKUX Telell (CyMMa ducesI o CTPOKAM 3TUX MATPHIL paBHA 1).
2 o
Paccmorpum Terneps Marpuity Q7 simemenTaMu KOTOPOil sBiIsioTCsT BepositHOCTH P;j(2). Kak yuxe ro-
BOPHJIOCh, 9TU BEPOSTHOCTH PaBHLI HyIo, ecin i € I, a j € J.29 To ecTh MapKOBCKasI IIEIb C HEPEXOHO
marpureit Q2 obsasaer ByMs sprojumdeckumn kiaccamu — I u J. HeTpy/Ho BUIETH, UTO KarKIblil U3
9TUX IPrOIHIECKIX KJIAccoB nmMeeT mepuo 1.0

3 @duHaJbHBIE BEPOATHOCTHN M CTallMOHAaPHDbIE pacCIlipelde/ieHnA

3/1eCh MBI CHOBA HMEEM JEJI0 ¢ OXHOPOIHBIMI MAPKOBCKIMH IEIsIMI.S!

3.1 O06imue onpeaeeHns

Omnpenenenne 3.1. Ecim jyis KazkIbIX U j CYIIECTBYeT mpesies pj = limy, o0 pij(n), Ipudenm ) ipi=1,
TO pacupejiesnenue p = (pi, ..., Pk, . ..) HASBIBAETCS BUHAAOHBIM PACTPEJeseHUEM, 8 TUCIA Pj — PUHAND-
WHLMU 6EPOAMHOCTAMU.

Heckonbko KoMMeHTapUEB.

Bameuanwme 3.1. 1. O6parure BHuMaHme, 4TO Ipeses lim, o pij(n) go/mxen ne sasucers or 4! Ha
SI3bIKE MATPHIL 9TO O3HAYAET, YTO MATPHUIBI P UMEIOT Ipeses, TO eCTh CTPeMATCs (MOJIEMEHTHO) K
nexkoropoit marpune II, koropas mo/2KHa UMETh OJUMHAKOBLIC CTPOKH C 3JIEMEHTaMU P .

2. fdcno, uro p; > 0. Ycnosue Zj pj = 1 mMeeT CMBICI TOJILKO JJIA CUYETHOIO YHC/IA COCTOAHUIA

NIapKOBCKOIU/I nernu, Ipu KOHEIYHOM YUCJIe COCTOSTHUII OHO BBINOJTHSAETCS aBTOMaTI/I‘leCKI/I.33

Onpenenenue 3.2. Pacupenesienne m HA3BIBAECTCS CMAUUOHAPHOIM PacnpedeseHuem CEMEeCTBa OJTHO-

POIHBIX MAapPKOBCKUX IIemeii ¢ mepexomqHoil marpurieii IP, ecim BBIOTHSIETCS paBeHCTBO WP = 734

TepMuH «craruoHapHOE PACIIPEIESIEHUE» MOXKET ObITh 00bsICHEH CJIey oM obpasom. PaceMoTpum
MAapKOBCKYIO Tietb &g, &1, . .. ¢ mepexomuoit marpurieil P 1 HagabHBIM PaCIIPEIeJIEHIEeM T, KOTOPOEe Y10~
BierBopsier pasencty TP = 7. Torma L£(&,) = 7 misa moboro n. Bonee Toro,® mig mobex n u m

P(gm = Z‘075771—&-1 =1, 7§m+n—1 = in—lvém—l—n = Zn) = P(§0 = Z‘0761 =1, 7§n—1 = in—lvfn = ln)a

U maoGopor — econ i € J, a j € I.

30V6enurech B 9TOM.

31Bosee moapobHO (I CO BCEME JOKA3ATEILCTBAME) STOT MATEPHAJ MOKHO IPOYHTATH B IIEPBOM TOME KJIACCHICCKOM K-
ru B. ®@esstepa «BBejieHNe B TEOPUIO BEPOSITHOCTEH U €€ IIPUIIOXKEHUsT», I. XV (66110 3 nin 4 u31aHust Ha PYCCKOM SI3BIKE).
Hexkoropyto monosauTebHY10 HHMOPMAITHIO COMEPKUT ropasno 6osee snementapuast kaura JLx. Kemenn u /Ix. Cremna
«Kouneunsie nenim Mapkosay, Hayka, 1970. A Boobuie, B KaxkJoM yBaxkaromieMm cebsi ydeOHUKe 110 TEOPUU BEepOsiTHOCTE
9TO-TO PO MApPKOBCKHE NN 00sI3aTe/IbHO €CTh.

32YHorma — npedeavhovim pacnpedeseruem U Npedesb oMl 6EPOATNHOCTNAMU.

33[Touemy? U modeMy B CUETHOM CJIydae 3TO MOXKET GBbITb HE Tak?

34HanomuHaeM, 9TO 3/1eCh CIOBO «DPACIIpeJeleHAe» O3HAMAET BEKTOP-CTPOKY C HEOTPHIATEIbHBLIMU KOMIIOHEHTAMH, B
cymMme garormumMu 1. Yucio KOMIIOHEHT 9TOTO BEKTOPA COBIAIAET C UMCJIOM 3JIEMEHTOB (Da3oBoro mpocrpancTsa. C amreb-
panyeckoil TOYKHU 3pEHHsI PABEHCTBO mPP = 7 O3HAYAET, UYTO PACIIPEJIEJIEHUE T SIBJISETCS JIEBBIM COOCTBEHHBIM BEKTOPOM
maTpursl P, coorBercTByOmuM cobcTBEHHOMY 4HCIy, paBHOMy 1. B mpuHinune, takoe pacupejesieHue He 00s3aHO OBITH
€/IMHCTBEHHBIM.

35 ITokaskute s10!
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TO €CTh COBMECTHOE pacipeiesieHre JI0D0ro YuciIa CJIyYaiiHbIX BeJUInH, 00pa3youX MApPKOBCKYIO MEllb,
HE 3aBUCUT OT C/IBUI'OB 110 BPDEMEHU — OHO SIBJISIETCS «CTAITMOHAPHBIM ».

3.2 ®dunHasbHbIE BEPOATHOCTU U CTAIMOHAPHBbIE pacnpe/ielieHus /1Jisi KOHEYHbIX Iie-
neit MapkoBa

Jlanee Mbr OymeM paccMaTpUBATL TOJHKO KOHeuHble Tenn MapkoBa. [lyist KOHETHBIX MApKOBCKUX
ueneﬁ CBA3b MEXKJ1Y CbI/IHaJIbeIMI/I BEPOATHOCTAMU U CTAllMOHAPHBIMU DPacCIIpEICJICHUAMUN OIIMChbIBACTCSA
CJIEIYIOIIAM OOPa30M.

Teopema 3.1. ITycmv mmoocecmeo X = {x1,...,x4} asasemes koneunvm. Paccmompum cemeticmso
Mmaprosckux uenet ¢ paszosvim npocmparcmeom X u neperodnoti mampuuyet P u npednoaoscum, wmo y
nez2o cywecmeyem dunasvroe pacnpedeaenue p = (p1,...,pq). Tozda umerom mecmo caedyrouyue ymesep-
orcdenu.

1. Pacnpedesenue p agasemcsa eQUHCMBEHHLIM CMAUUOHAPHBIM DACTPEJENCHUEM.

2. [lyecmw &o, &1,y - - -, &ny - -« — 00HOPOOHAA MAPKOBCKAA UEND € NEPexodnol mampuuet P u nexomopvim

Vi
Hauasvhom pacnpedesenuem 7. Toeda L&) = p.

3. Ilyecmov [ : X — R. Tozda das 1106020 HawaAbH020 pacnpedeserus T

f(&) + -+ f(€n1)

n

=5 I() € Y fwp (3.)

npu n — 0o.
IIpokoMMeHTUPYEM 3Ty TEOPEMY.

3ameuanue 3.2. 1. IlepBoe ee yTBepKIeHMEe TOBOPUT, UTO CYyIECTBOBaHUE (DUHAIBHBIX BEPOATHOCTEM
rapaHTUPYyeT CyIIeCTBOBAHNE €MHCTBEHHOI'O CTAIIMOHAPHOTO PACIIPEJIC/IEHUsT, KOTOPOE U COCTOUT U3 ITUX
BeposiTHOCTEH. TyT KOMMEHTHPOBATHL OCOOEHHO HEYEro.

2. Bropoe yrBep:kienne’® Mo:KHO HazBATH yTBEpKIECHIEM O TOM, UTO HPH GOJIBIIOM 7, PACCMATPH-
BaeMasi MApKOBCKasl Tellb «BBIXOJUT Ha CTAIMOHAD». A UMEHHO, ecjii Obl HAYAJIBLHOE PACIpPeJIeJIEHUE T
6bLTIO PABHO P, TO, KaK yKe roBopusaoch, L£(&,) paBHSIOCH ObI 9TOMY HAYAJBLHOMY pACIIpeIeIeHuo. A
€C/IM T He PABHO P, TO IIPOUCXOIUT TOXKE CAMOE, HO ACUMITOTHIECKU: IPHU OOJIBINAX N PACIPE/IeIeHne
L(&,) mouTH pasHo p.

3. Hakower, Tperbe yTBepKIEHUE UMeeT BUJI CJ1abOro 3akoHa OoJibimx duces. JlefictBureibHO, MyCcTh
HaJYaJIbHOE paclpejie/ieHre T CHOBA COBIAJAET CO craruoHapHbIM p. Torma ciydaiinbie Besmaunbl f(&;)
omuHaxoso pacrpenenens u Ef (&) = J(f). Tak uro MbI 10 onpegenenuio n mmeem C3BY.37

Oxnako B (3.1) yTBepxaercst GoJblie: CXOIUMOCTh 110 BEPOSITHOCTH MMeeT MEeCTO U TOIJIA, KOIJIa
HauaIbHOE PACIIPE/IEICHIE OTIHYACTCH OT CTAIIOHAPHOTO0. S

Paszbepemcs Ternepb, Koryga e CymecTByOT (DUHAJIBHBIE BEPOSTHOCTH U YTO IIPOUCXOUT CO CTAIAO-
HapHBIM paclpeie/IeHneM, KOrJ[a OHU He CyIIecTBYIOT. HauHeM ¢ 9progudecKkux Iereit.

DproauyvecKue MapKOBCKUe Hernu. Jljist KoHeIHbIX 1ereit MapKoBa ecTh eCcTeCTBEHHOE HEOOXOIUMOe
U JIOCTATOYHOE YCJIOBHE CYIIECTBOBAHUS CTPOTO MOJIOKHUTEIbHBIX (PUHATBHBIX BEPOSATHOCTE.

36 Tokazkure ero! OO mpocroe.

3" TonbKO citydailHble BEIMIUHBL f(&;) ne obst3anbl OBITH HE3ABUCUMBIMI!

38Takoro copra yTBEpPIKIEHMS HA3BIBAIOTCS <«IPrOIMUECKUME TeopeMaMis. MU3HKM UX T06aT (GOPMYITHPOBATH TaK:
«CpejiHee 0 BpeMeHM (aCHMITOTHYECKH) COBIIQJIAET CO CPEIHHMM IO IPOCTpaHcTBy». Cxomumocts B (3.1), B wacTtHOCTH,
nucnoJibzyercst B merogie Monre-Kapuio.
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ITpennoxkenue 3.1. I[lycmv muoorcecmso X asasemcsa konewnvim. Pacemompum cemeticmseo mapkos-
ckux yened ¢ gazosvim npocmparncmeom X u nepexrodnoti mampuuets P. Tozda

1. das mozo, wmobvl 0aA 9M0O20 CeMETCMBEA CYUECTNB06GA0 Purarvhoe pacnpedeserue p = (p1, P2, .. .)
C MOAOHCUMENDHBMU BEPOATIHOCTIAMY P;, HEOOTO0UMO U JOCTAMOYHO, 4MOObL MAPKOBCKAA UeNns OblAG
apeoduueckot.>?

2. npu smom p; = 1/p;, 2de pu; — cpednee wucao wazo6 0o 6036PAULEHUL MAPKOBCKOT UENU 6 COCMO-

AHUE T npu ycaosuu, 4Imo oHa 8blwAA U3 31020 COCTnO.ﬂH’U,ﬂ.40

Takum o6pa30M, IProJuIHOCTDb Ma,pKOBCKOfI ey rapaHTupyeT HaM CYIIeCTBOBaHUe (bHHaJIbHI)IX Be-
pOHTHOCTeI‘/’I7 KOTOPbIE K TOMY 2K€ fABJIAIOTCA CTPOTO IIOJIOKUTE/IbHBIMU.

OpauH sproamyeckmii Kjacc ¢ 1epmo/ioM 1 M HecylIeCTBEHHbIE COCTOsHUA. Tenepb HEMHOrO
YCJIOXKHUM CUTYAaIUIO U OyJIeM CIUTATh, ITO (pa30BOE IPOCTPAHCTBO MAPKOBCKOI IEIN COCTOUT U3 OJHOTO
SProJIUIECKOro Kjaacca ¢ k COCTOSHUSMU ILIIOC 1M HECYIECTBEHHBIX COCTOSHUM.

Kanonunueckasi popma miepecTpoeHHO TePEeXOTHON MATPHUITBI OYAET BBITVIAIETE CJIEILYONIM 00Pa30M:

_ IP)1 Ok’m
o-(5 %), 2)

rje marpuia P; — 910 mepexojiHasi MATpUIla, COOTBETCTBYIOIIAs IPIOJUIECKOMY KJiaccy (IpudeM 37ech
HaOJII0IAeTCsT HEPUBO/MMOCTD ), MaTpuiia Ry ONUCHIBACT MEPeXO/abl U3 HECYIIECTBEHHBIX COCTOSHUIT B
CyIIecTBeHHbIe, a MaTpuiia Ry — U3 HECYIECTBEHHBIX COCTOSTHUII B HECYIIECTBEHHBIE.

BozBenem Q B cTemneHb n ¥ MOCMOTPHUM, KakK BeILyT cebsi CTPOKM 3TOH MaTPHUIIBI IpU N — 00. fICHO,
910

mn
Q= (gt om), (33)
Rln RQn

rie Ry, u Ry, — HEeKOTOpPBIE MaTPUITLI TOH 2Ke pasmepHocTH, uTo Ry n Ro.

ITockombky Marpuiia Py cooTBeTCTBYET 9ProguIecKoil MApKOBCKOM Ieln ¢ k COCTOSTHUSIME, TO TIePBbIe
k crpok marpunbsl Q" umeroT onuHaKOBbI Tpesen Buga p = (p1,...,pk,0,...,0), tae p1,...,pp — bu-
HaJIbHbIE BEPOSITHOCTH, HOPOXKIEHHbIE ITepexonoii marpureit P1,%! a waucio HYyJIeil B p paBHO M.

OxkasbIBaeTcs, 9TO mocjaeanre m crpok Marpuilbl Q™ obajgaior TeMm ke cBoicTBOM. A MMEHHO, MaT-
putia Ro, cTpemuTcst K HyJI€BOI MaTpuiie, a marpuna Ry, B mpemee nMeeT OJMHAKOBBIE CTPOKHU BHUJIA

_ 42

= (pla"',pkaoa"'ao)'

Takum 0bpaszoM, IJisi OMUCHLIBAEMON CUTyAITMU CHOBA mMeeT MecTo Teopema 3.1, mpudeMm IOIO0KU-
TeJbHbIe (PUHAIBHBIE BEPOSITHOCTH Oy/IyT COOTBETCTBOBATL COCTOSHUS PTOINIECKOTO HEIIEPUOITIECKOTO

KJIaCcCa, a HYJIEBbIE — HECYIIECTBEHHBIM COCTOHHI/ISIM.Z’L3

Ciay4ail HeCKOJIBKUX 9ProanvecKnX KJjaccoB. FEcimu $haszoBoe mpocTpaHCTBO COCTOUT U3 JABYX dP-
FOAMYECKUX KJIACCOB M HECKOJBbKHUX HECYIEeCTBEHHBIX COCTOSIHMIA, TO KaHoHmdecKas dpopma Q coorBer-
CTBYIOIIEH IIePEeXOHON MaTPUIlbl UMeEEeT BU]T (2.2). Torna, oueBnHO

P? Ox Ogm
Q"=10x Py O0p, |- (3.4)
Rln RQn R?m

3y (cM. Bropoe yrepkenue Ipemioxenus 2.3), urobb min; ; pi;(no) > 0 mia Hekoroporo ng > 1.

40310t KPaCHBOIl 1 HeO4YeBUIHON (POPMYJIOl MBI IIOJIb30BATHCA He Oy/ieM.

1o ectn p; > 0 m ux cymma paBHa 1.

42[TepBerit w3 5Tux GHAKTOB JIETKO MOHATH, TAK KAK SJIEMEHTHI MATPHI Ra, PABHBI BEPOSTHOCTSAM HEPEHTH U3 OJHOTO
HECYIIECTBEHHOI'O COCTOSIHUS B JIpyroe HecyinecTBeHHOE. [loCKO/IBKY M3 1I060r0 HECYIIECTBEHHOIO COCTOSIHMS MBI 00si3a-
TEJILHO TIOMAJIEM B KAKOE-TO CYIIECTBEHHOe, 8 OOpATHO HAM HE BEPHYTHCS TI0 OIPEIEJIEHUIO, TO TAKUE BEPOSITHOCTH JTOJIZKHBI
CTPEMUTBCA K HYITO (MOmpobyiTe JOKa3aTh 3TOT NpocToil dhakT crporo). Bropoe yTBepKIieHne CyIECTBEHHO CIIOKHEE.

43 To ecrn HeCyIIeCTBEHHbIE COCTOAHUSA B 9TOM CMBbICJIE JIeHICTBUTEIbHO OKA3BbIBAIOTCH «HECYIIECTBEHHBIMUY.
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U3 (3.4) cpa3sy ke ciaefyer, 9T0 HUKAKUX (DUHAIBHBIX BEPOSTHOCTEH B 9TOM ciydae He cyriecrByer. Co
CTAIMOHAPHBIMU PACIPEICICHUIME JIeJI0 OOCTOUT XUTPEE.

IlycTh mOKa HECYIIECTBEHHBIX COCTOSHUII HET BOBCe, a 0ba 3proamveckux KJacca marpurbl
SABJIAIOTCH Henepuoamvueckumu. Torma marpura Q™ nmeer npempen T,

Ti1 O

P]I‘ p—
O, To

(3.5)
rae Kakaag u3 Marpur Ty = lim PP u Ty = lim [P§ nmeer ogunakoBble CTPOKH, KOTOPBIE MBI O00O3HAYUM

— — k _ N _ 144
ro=(r,...,rg) m s = (s1,...,8), upuaem r; > 0, 55, > 0m 325 yr; = > . 4s; = L% Kak yxe
obcyxkmanock, TPy =1 u sPy = s.

BBejieM Terepb BEKTOPa-CTPOKH pasMepHocTH k + £ ciieayiomm o6pasom??
pM = (r1, .., 0,...,0), pP =(0,...,0,51,...,50), (3.6)
u st jio6oro a € [0, 1] mosmoxKum
p=p(a) = ap™ + (1 — a)p®. (3.7)
Torma, ouesnano,*® p(a) Gymer cTammoHAPHBIM pacIpeeTeHreM UCXOIHON MapKOBCKoi merm. Kpowme

TOTO, IPYTUX CTAIMOHAPHEIX PacIpeesennii Boodie He cymecrsyer.”

OTOoT PaKT JIETKO MOHATH. [IpearnookuM, 9To HAIlIA MAPKOBCKAS IEMb «BBIXOIUT» U3 HEKOTOPOI'O COCTOSHUS,
MIPUHAJIIEXKAIIETO TTEPBOMY IProimdecKoMy Kjaccy. IIocKoIbKy 3TOT KJ1acC HEIPUBOJIMM M HEIIEPUOINYIEH, TO MbI
HEe MOXKEeM BBIATH U3 HEro, a COOTBETCTBYIONIME (BUHAJIBHbIE BEDOATHOCTH (M CTAIIMOHAPHOE PACIpPEeIeHNe) st
9TOr0 KJIACCa PABHBI T'. AHAJOrMYHBIE PACCYKJIEHUS BEPHBI U JJIsl BTOPOTO KJIACCH (JJIs HEr0 CTAIMOHAPHOE
pacupejiejienue paBHO §), a ¢dopmysa (3.7) 03HAYAET, YTO MBI ¢ BEPOSTHOCTHIO @ IIONAJAEM B [EDPBBI KJacc, ¢
BEPOSITHOCTBIO 1 — @ — BO BTOPOIi, & BHYTPH TUX KJIACCOB OEpEM UX CTAIMOHAPHBIE PACIIPEIETICHIIS.

Bepuewmcst renepb K obmieMy ciydaro Marpuilbl (2.2), n-s crenenb kotopoit umeer Buj (3.4). 3aech
HECJIOXKHO NPEeLyrajarh obmmil Buy cramuonapuoro pacupegeiaenns.’® B sexropa-crpokn p) u p®),
ompeiesieHHbIe B (3.6), Hy?KHO J06aBUTH 110 M HYJIEBBIX MOCJIEJIHIUX KOOPJIUHAT, & IIOTOM CHOBA IIPUMEHUTH

bopmymy (3.7).49

CiiokHee OKa3bIBAETCsT HE UMEIOIUI HEIIOCPEICTBEHHOTO OTHOIIEHNE K CBSI3M MK Ty (DUHAJIBHBIMEI BEPOSITHO-
CTSAMU M CTAIIMOHAPHBIMU PACIPEIEJIEHUSIMU BOLIPOC O CYIIECTBOBAHUU npezeia marpul] Q,,, nmeomux suj (3.4).
Kak MBI y7Ke BLISCHHIJIN, B CIydae OTCYTCTBHS HeCyIIECTBEHHBIX COCTOSHUI 9TOT mpesen cymectsyer.”’ Uz (3.4)
BHU/IHO, 9TO PEYb UJIET O CYIECTBOBAHUY Tipesesa maTpul Ry, , Ry, u Rs,. EcrecrBenno oxumars, ato Rs, cTpe-
MUTCsI K HyJIeBOil MaTpurie (OHA COOTBETCTBYET IMEPEXO/IaM M3 HECYIIECTBEHHBIX COCTOSIHUN B HECYIECTBEHHBIE).
Koneuno, Tak OHO U €CTb.

MoxKHO m0Ka3aTh, YTO MATpUILI Ry, u Ry, ToKe MMEIOT Ipeaeabl U JaxKe BhIMucATh uX Bua. OKa3bIBaeTcs,
Ry, — B1T; u Ry, — BTy, re auaronanbHa marpuria By mMeer Ha cBOEH TVIaBHON IMATOHAINA BEPOSITHOCTH PAHO
WJIM TIO3/HO HOIIACTD M3 KAKJIOI0 U3 HECYIIECTBEHHBIX COCTOSIHUIL B II€PBbIl 9ProjnvecKuii Kiacc (a AuaroHajibHast
matpuna By — Bo BTopoit).?! Takum obpaszom,

T, 0 O
Q" — | O Ty Oy
BTy BT2 Oy

44310 sBaIsIeTCS MPUMEPOM cHTyaIME Kora lim, Q™ cyrecrByer, a (pUHAJIBLHBIE BEPOSITHOCTH — HET.

45y p(M — ¢ nocnenuux uyneit, a y p» — k nepsbix.

46 IeitcTBuTensHO?

47 Tokaskute s10.

18KoneuHo, Mo-IpesKHEMY TIPEAIIOIATAeTCs, YTO 063 SPTOIMIECKIX KIIACCA MMEIOT HepHo 1.

Touno Takas ke mporneaypa 6blTa paHee IPUMEHEHA IPH PACCMOTPEHHH OIHOIO IPrOAUUECKOTO HEMEPHOTAICCKOTO
KJIACCA C HECKOJIbKUMU HECYIECTBEHHBIMU COCTOSTHUSIMU.

59Kak u B cirydyae OJHOTO HEEPHOIMIECKOTO SPTOIMIECKOr0 KJIACCa M HECKOIBKIX HECYIIECTBEHHBIX COCTOSHMUIL.

51Cwm. murupoBanmyto riaBy u3 Kauru B. @esepa. Tam, B 4aCTHOCTH, BBIBEIEHA CHCTEMA YPABHEHHI, PEIICHIEM KOTOPOH
SABJISIIOTCS INArOHAJIBHBIE 3JIEMEHTHI MaTpHub! B;.
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Pesynbrat, KOHEYHO, IOJHOCTHIO COTJIACYETCH C CATYAIMEN OHOTO IPrOJINYeCKOro HEeIepHOIMIeCKOro KJacca U
HECKOJIbKUX HECYIIECTBEHHBIX COCTOSHUN.

Ilepuoanyueckue sproguyeckue Kjaacchbl. Jlo cux mop Bce pacCMaTpPUBaEMbIe SProIMIECKUE KIIACChI
umesin niepuoj; 1. Ham ocrasiocs pa3obparbcsi ¢ cuTyaliyeil, KOrjga OHU SBJISIIOTCS [IEPUOJMIECKUMH.

IIycrns dazoBoe mpocTpaHCTBO HEKOTOPOH KOHEUHON MApPKOBCKOI eI COCTOUT U3 OJIHOT'O SPIOJIAve-
CKOTO KJjacca, umerorero nepuon 2. CooTBeTCTByOMAs KAHOHWIeCKas (hopMa MEePEXOTHON MATPHUIIHL Y
HAC y2Ke 3anucana, cM. opmyiry (2.3). 13 Hee cpasy ke ciejyer, 4To bUHATIBHBIX BEPOSITHOCTE He Cy-
I[ECTBYET: HAIPUMED, ecin 4, j € I, To p;;(n) = 0 IpH HEYETHDIX N, & IPH YE€THBIX N — 0O UMEET Hpeer,
OIIPE/IEJISIEMBIi TIEPBBIM 3PrOJANIECKUM (M HEEPUOJAUIECKUM ) KJIACCOM MATPHIIbI Q? Ecm ke i € I, a
J € J, To curyarust 006paTHas: HOCJIEI0BATEIBHOCTD P;;(n) = 0 IpU YETHBIX 1 M UMEET II0JI0KUTeIbHBIIT
[IpEeJIesT IIPU HEYETHBIX 7, CTPEMSIIIUXCH K OECKOHEYHOCTH.

B Toxke BpemMsi MOXKHO J0Ka3aTbh, 9TO CTAIIMOHAPHOE PACIIPEJE/IEHNE CYIIECTBYeT U €ro BEPOsITHO-
CTH, KaK U B CJIydae 9ProJiuecKoil MapKOBCKOM Iemu, paBHbI 1/, The fi; — CpeliHee BpeMsi IepBOro
BO3BpAIIEHUS B COCTOSHUE ¢ MAPKOBCKOI NN, BBIIIE/IIIEH U3 3TONO COCTOSTHUS.

Vder HeCyIIeCTBEHHBIX COCTOSHUI U Caydail HECKOJbKUX 3PrOJINYeCKUX KJIACCOB MIPOBOJUTCS abCO-
JIIOTHO QHAJIOTMYHO CJIYYalO C HEIIEPUOANYECKIMHU SPTOJNIECKUME KJIaCcCaMU U CIIEIUAIbHO HE OIMCHIBa-
eTcs.

Pesiome. Irax, kpaTko chopMyIupyeM UTOr 9TUX PACCMOTPEHUN B BHUIAE TEOPEMBI, KaCAoIIeics KO-
HedHBbIX Ieneii Mapkosa.

Teopema 3.2. 1. Cmayuonaphsie pacnpedeserusn 6 Koneunot yenyu Mapkosa ecezda cywecmsyrom, Ho
He ecezda eUHCMBEHHDL.

2. Bepoammocmu, cmauuonapHo20 PacnpedeseHus, coomaememeyouLie HeCyuwecmaenHbiM COCMOAHUAM,
6ce20a ABAANOMCA HYACBHLMU.

3. Jlas eduncmeennocmuy cCmayuonaphoz2o pacnpedeaers Heobxodumo u 0ocmamoumo, 4mobsv. npocmpa-
CMBO COCMOAHUT MAPKOBCKOT UENU COCMOAAL U3 00HO020 IP200UMECK020 KAAUCCA U, BOZMONCHO, HECKOND-
KUT HECYUWLCMBERHBIT cOCoARUT. TIpy amom 6epoAMHOCTIU CNAYUUOHAPHOZ0 PACTPEIEAEHUA, COOMEEM-
CMBYIULUE CYWLCTNBEHHDIM COCTNOAHUAM, NOAONHCUMEALHDL.

4. Qunasvrvie sepoammuocmu 6 Konweurnot uyenu Mapkrosa cywecmsytom mozda u moavko mozda, Ko-
2da gazosoe npocmpancmeo cocmoum u3 001020 HEnepuoduUuecko20 IP20dUYECK020 KAGCCA U, MOICEM
ObIMb, HECKONDKUT HECYULLCNBEHHMT cocmoanut. IIpu amom nosodcumensvusie GuHaLbHLE BEPOATHO-
cmu 6ydym coomeemcme08ams CYULLCTEEHHBM COCMOAHUAM, G HYAEEVLE PUHAALHBLE BEPOAMHOCTIU —
HECYULECTNGEHHDIM.

5. B amuzx sice YcaoBUAT CMayuorapHoe pacnpedeserue coenadaem ¢ eKmop-cmpokoti GurasbHbEL Ge-
poammnocmed.

6. Ecau mMaproscras uens codepicum HecKoAbKo P200Uudeckur KAGCCO8, MO CYULeCmeyem beckoney-
HOE YUCAO CMAYUUOHAPHBLE pacnpedesenuti. Kaotcdoe us nux npedemasasem coboli npoudsosvHyto CMECH

«pCLCU,(,UpeHH’bLI'»52 CTNaUUOHAPHOLT pacnpedenenuil, coomeemcmaeyruuuxr 6CeEmM QPZOdU“tGC?CUM raaccam.

523 11ech TEPMUH «PACIIHPEHEE» HCIOIL30BAH IS KPATKOCTH. Ha caMOM Jejie MMeeTcsl B BULY OMEPAIUs «I0OABICHHS
HyJeii», OIMCaHHAs PaHee IPU PACCMOTPEHUH JBYX IPIrOJUMUECKAX HElepHoAuIecKuX KiaaccoB. CM. dopmyst (3.6) u (3.7).
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