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1 Ciyyaiinble BeJUYNHBI 1 UX paclpeaeeHnsd

Paccmorpum BepositHocTHOE 1ipocTpancTBo (2, F,P), rae () — mpocTpaHCcTBO 3I€MEHTAPHBIX COObI-
tuit,! F — o-anrebpa cobbitnii,? P — BeposiTHOCTHasS Mepa, onpenenennas Ha F. Te 3aa4un, KoTopbie
MBI pellajiu J0 CUX HOP, ObLIM CBA3aHBI ¢ BbluucjeHneM BeposiTHocTell P(A) jist pasiudabix coObITUit
A € F. Ceituac MOSIBJISIETCST HOBOE IIOHSITHE.

Onpegnenenne 1.1. Cayuatinots sesuvurot & (co 3nadenusimu B R) HaspiBaeTcst m3MepuMoe 0Tobpazke-
mme € : (2, F) — (R, B), rae B ecth Gopenesckas o-aarebpa TOIMHOKECTB BEMECTBEeHHOM mpsMoir.t

HaHOMHI/IM, 9TO U3MEPUMOCTDL B JJTaHHOM CJIyda€ O3Ha4YaeT, 9TO COOTHOIICHUE
{weQ:¢w)eB}=¢H(B)eF

BepHO 11 Jioboro B € B.

TlongaTue «caydaitHasi BeJIMIUHA» BO3HUKAET IIPU U3MEPEHUU HEKOTOPOIl IIEPEMEHHO, CBA3aHHOM cO
CJIy9aifHbIM SKCIIEPUMEHTOM. JleficTBUTE/IbHO, €CJTU HAIll CIyYaiHbBIA SKCIIEPUMEHT COCTOUT B «CJIydYail-
HOM>» BBIOODE JIEMEHTAPHOTO COOLITHS w € (), TO N3MepeHne, MPOBEJICHHOE HA ITOM CIIYIailHOM SKCIEPH-
MEHTE — 9TO HEKOTOpast (DYHKIUsI, COMOCTABIISAIONAA KayKJIOMY w KaKOe-TO JHCII0, obosHadaemoe &(w).
Nnaue rosopss — 3ro dynkius & : Q — RS

IIpusBenem mpumepsnl.

1. Bpocanue Tpex pasIuUHBIX UTPAJbHBIX KOCTEIA.
Baecw Q = {(i,7,k)}, e 1,5,k € {1,...,6}. Ecu Mbl uHTEpECyeMCst CyMMOI BBINABIINX YUCE,
TO nosiBisieTcst orobpazkenue § : Q) — R, 3amaBaemoe dbopmyioit £(i, 7, k) =i+ j + k.

2. Crpeabba 110 MUIIIECHH.
IIpeamonaras, 9o cTpesibba BemeTcs: 663 mpoMaxa, a MyJIbKa MIPEICTaBISIeT COOON TOUKY, Oy IaeM,
YTO MPOCTPAHCTBO JEMEHTAPHBIX COOBITHUI — 39Ta cama MUIIeHb. KCan HAC WHTEpPECyeT UHC/IO
OYKOB, KOTOPOE MBI BBIOWJIH, MBI IMEEM JIEJI0 C OTOOPaskeHreM &1, COITOCTABJISIONINM KaXKJI0M TOIKe
w € §Q meyioe 9UCI0, TO €CTh CHOBa ¢ (yHkuueii. Jpyras dbyukmua & : 2 — R «orBedaer» 3a
pacCTosIHIE OT IIeHTPa MUIIEHH JI0 IIPOOOUHBI U T. I.

3. JloBasg KpPOKOIMIOB.
PacemorpuM ctygaitHbIi 9KCIIEPUMEHT, COCTOSIINIT B TOM, YTO MBI JIOBIM KPOKOJWIa B peke Hu.

L MHOMXKECTBO DIIEMEHTAPHEIX, HEJEINMEIX HCXOAOB CIYUAHOIO SKCIEPHMEHTA.

2 CeMeiiCTBO TeX MOIMHOMKECTB (), KOTOPBIE MBI JOFOBOPUIIECH CUATATH «CJIyJIAiHBIMU COOBITHSIMUY.

3HOpMUpPOBAHHAS HA €IMHUILY.

410 ecTb MEUHHMANIbHAS O-aarebpa, CojlepIKAaIas Bce sTYefKH BHIA la,b).

STakue byHKIMMI (TO ecTb coryuaiiHble BeJIMYMHbI) B TEOPUH BEPOSTHOCTEH IPUHATO 0603HAYATH IPEYECKUMU OyKBAMU.



Hror sKcIepuMenTa — 3T0 MO0 HONMAHHbBIH (KOHKPETHBI) KPOKOIII, 1160 Bo3ppamenue’ momoii
C IIyCTBIMU PYKaMHU.

CireioBaTe/ibHO, MHO2KECTBOM 3JIEMEHTAPHBIX COOBITUI €CTECTBEHHO CUNTATH MHOXKECTBO KPOKO/IU-
J10B, Hacensiomux Hum, maoc ocobyto Touxky A, 03HAYAIONIYIO HEYIaTy MEPOIPUSITHS.

Bec moiimanHOr0 KpoKOmgu/Ia, ero [JIMHA, TUCJIO0 3yOOB, CTOMMOCTH — PAa3JIUYIHBIE «HU3MEPEHUI,
CBSI3AHHBIE CO CIIydaiiHbIM 9KCIEPHMEHTOM.! B Haleil TEpPMHHOIOTHI 5TO Pa3/INYHbIE CJIydIaiHbIe
BEJIMIUHBI, OIIPEIeIeHHBIE Ha OJHOM M TOM K€ IMPOCTPAHCTBE dJIEMEHTAPHBIX COOBITHIA.

PazbepeMcst Tenepb, OTKy/la IOSIBIIAETCsI TpeboBanne m3MepumocT orobpaxkenusi  : ) — R. B
9KCIIEpUMEHTe ¢ OpOocaHueM TpexX KOCTeil HaC MOI'YT MHTEPECOBATH IIAHCHI BBIAIEHHs OOJIBIIOIO YUCIa
OYKOB, cKaxkeM, Oosiblite 13. Ha s13bIKe Teopun BepOsATHOCTEN 9TO 03HAYAET, ITO Mbl HHTEPECYEMCsI BEPO-
sraocTbio P(§ > 13). Ho orcrona caesryer, aro MmuO)ecTBO {w : {(w) > 13} 10/12KHO GBITH COOBITHEM, TO
eCTh JOJKHO TIPHHAIexRaTh F .8

B npumepe co cTpesib60ii 110 MUIIEHN HAC MOYKET HHTEPECOBATH IIIAHCHL TOI'0, YTO IIPOOONHA HAXOIUTCS
Ha PACCTOSIHUM He OOJIbIIE 5 MM OT IEHTPa MUIIEHHU, W TOI/Ia MBI IpuXoanM K cobbrruio {w : {a2(w) < 5}.

A B sKcHepuMeHTe ¢ KPOKOJIUJIOM, €C/IM HAac He BOJIHYIOT KPOKOJMJIBI-MJIAJEHIIBI U KPOKOIMJIbI-
CTApPUKM, MBI IIPHXOJUM K HEOOXOJUMOCTH CYHTATh COOBITHEM MHOXKeCTBO {w : a < {(w) < b} ms
HEKOTOPBIX @ U b, e & — BO3pacT HONMAHHOIO KPOKOJIUJIA.

ITpomoirzkast 1oJJ0OHBIE PACCYKJEHUS, Mbl BHJIUM, YTO J-I3MEePUMbIMHU JOJIZKHBI OBITH BCEBO3MOXKHBIE
muozkecTBa (< a,b >) = {w : £(w) €< a,b >},? ux KoHeuHbIe MM cUETHBIC 06BLEMHEHNS, TIepecete-
HUs, JOMOJHEHUs U T.JI., 9TO U HPUBOAUT K (popMaIbHOMY TPEOOBAHUIO U3MEPUMOCTH OTOOparkeHus &.

Omnpenenenne 1.2. Ilycrs £ apisercsa ciydaitnoii Beqmunnoit. @yuknus Pe : B — R, onpenerennast
pasercrBoM Pe¢(B) = P(§ € B) nassiBaercst pacnpedeseruem CIIyIaifHON BEIMINHEL &.

IIpennoxenue 1.1. Pacnpedeneriue Pe cayuaiinoti eesuiunse § AGAALNCA 6€POAMHOCTINOT MEPOT.
Tem cambIM cirydaiinas BesmuuHa & IOPOXKIAET €Ile 0JHO BepoATHOCTHOE IpocTpancTso (R, B, Pe).

ITpennoxkenue 1.2. Kaxosa 6vr Hu 6viaa gepoammHocmuan mepa P, onpedeaernan na o-anzebpe B 6o-
peaesckur nodmmoocecms R, cywecmsyem maxoe seposmmocmmoe npocmpancmso (0, F,P) u maxas
cayuatinas eeauwuna &, wmo pacnpedeaenue & paero P10

Sameuyanme 1.1. Tem caMbiM MBI MOXKEM YIOTPEDJISITH TEPMUH PaACNpPedeseHue, JTayKke eCsId CJIydaii-
Has BEJIMYMHA Y HAC OTCYTCTBYET, IIOHUMas I10J[ 9TUM IIPOCTO BEPOATHOCTHYIO MEPY, OLPEIeJIeHHYIO Ha
OOPEJIEBCKUX TIOIMHOYKECTBAX IIPSIMOii.

Tor daxr, uyro ciydaiinas Besuduna £ UMeeT pacupejeserne P, Mbl OyjeM KPaTKO 3alliChbIBaTh Kak
L(§) = P. Byksa L pacmudposbiBaeTcst Kak «Law», Tak KaK BMECTO «pacIpe/leJIeHIe» UHOTJA TOBOPSIT
«3aKOH pacrpejiesieHusi». B HeKoTopbix ciydasix BMecTo L£(€) = P Mbl GyjJieM mmcaTh MeHee TOYHOE HO
6osee kpatkoe & € P.

2 JIuckpeTHble 1 aOCOJIIOTHO HeNPepPbIBHBIE PACIIpeieIeHMs.

Ecymn nam usBectno pacupeyenenue Pg ciydaiinoii BeJImauHbl , TO Mbl HMeEM IOJIHYI0 HH(MOPMAIIUIO
0 TOM, C KaKoil BepoATHOCTbIO § NpuHUMaeT pas3nble 3HadeHus. Cam 00beKT Py, OHAKO, OYeHb CJIOXKEeH
(6OpeJsIeBCKUX MHOYKECTB OY€Hb MHOIO), II09TOMY XOUeTCsl MMEeTh 0oJiee IpocToe (HO SKBUBAJIEHTHOE)
omucanue Pg. OcoOEHHO JIErKO 3TO JefaeTcs B JIByX CilydasX — KOrja CIydaiiHble BeJUYUHbI MMEloT
JIUCKPETHOE WK abCOJIOTHO HEIPEPLIBHOE PACIIPE/IETICHMUS.

5Bynem onrumucramu!

"Ecitit 5T0 HEOBXOIMMO, MOYKHO JJOOIPEIEINTh 3TH (hYHKINN B TOYKE A KAKAM-TO OTPHIATELHBIM 3HAMEHIEM.

8Tlo ompeestenuio MbI He HMeeM npasa mucath P(A), ecrm A ¢ F.

9TpeyronbHbie CKOGKH < @,b > 03HAYAIOT, YTO TOUKH @ ¥ b MOTYT NPHHAJJIEXKATH KAK 9TOMY MHTEPBAJY, TAK M €ro
JIOIIOJIHEHUIO.

Y nest mocrpoenns cremyromast: Hy»xHO B3sTh ) = R, F = B, P = P u £(w) = w. Jl0Ka3aTe5CTBO COBCEM POCTOE.



JluckperHbie pacripejiesieHus.

Onpepesienne 2.1. Eciu cymectsyer Takoe KOHEYHOE WM cdeTHOe MHOXKecTBO X, uro P(§ € X) =
Pe(X) = 1, T0 roBopsT, UTO CiyUaiiHas BeIMUHHA £ ABISETCS Juckpemnot (M 001a1aeT JuCKpemmpLm
pacnpedeneruem).

ycts X = {x1,...,2p,...}.t Kpome storo, mpemmonoxkmm, uro P(§ = ;) = p; > 0 (ecm mexo-
Topble p; = 0, TO IIPOCTO MCKJIIOYUM COOTBETCTBYIOIIHE ¥; U3 paccmorpenust). Ouesniano, » . p; = 1.
Cocrasum Tabsmy 2

P <a:1 v :::) o

pr P2 --. Dn

Byznem nazeiBarh Tabiuiy (2.1) mabauueti pacnpedeaenus cayuainot seauvuns . OueBumHo, Tabauma
pacIpeiesieHust MOJTHOCTHIO OTPEIETISeT CAMO PACTIPEIETICHIE:

P(€B)=Pe(B)= Y _ pi
iz, EB

U II09TOMY JIJIsl ONUCaHKs P¢ HaM JJOCTATOYHO 3HATH TOJILKO 3Ty TabJIUILY.

B To e Bpema pacupese/nenne Py HOPoxKaaeT MHOKECTBO TaOJIMI] 9TOI0 PACHPEJEIeHUs: JJOCTaATOTHO
B (2.1) mepecraBuThb 2 CTOIONA, 9TOOBI MOIYIUTH HOBYIO TAOJIUILY, B TO BPEMs KaK CaMO PacIpe/IesIeHne
P ocranercs npe:kHIM. Tenm He MeHee JJIsl KPATKOCTH, paccMarpuBast Tabmuity (2.1), Mbl OygeM HHOTIA
rOBOPUTH O paclipeiesiennn Pg, a He 0 KOHKPeTHOI TabjuIie 3TOro pacipe/ie/eHus.

13
OcHoBHBIE AUCKPpeTHbIEe pacIliipeejieHnd. Hepeqncm/IM OCHOBHBI€ JUCKPETHBIE DacCIpeIejieHudA, C
KOTOPBIMHA HaM IIPUAETCA CTAJIKUBATHCA WU BBEIAEM COOTBETCTBYIOIINE 0003HAYECHHSI.

145

1. Pacnpedesenue JJupaxa® 04, COCPETOTOYEHHOE B TOUKE @, 3aa€TCsI IPOCTeNIeil Tab e

P (1)

Pacnpenenenne §, — 910 pacupejesienne ciaydaiiHOl BeJIMIUHBI, TOXKJIECTBEHHO PABHOM a.

2. Jluckpemmnoe pasnomephoe pacnpedenenue Ha MHOKecTBe X = {x1,..., Ty} UMeeT B

T ) In
P : _ _ _
¢ n 1 n 1 .. n 1

Wurepnperarust ouesugna. O6ozuauenune — Uy, (X).

3. Pacnpedenerue Bepnyanru Ber(p) ¢ mapamerpom 0 < p < 1. Tabsuna pacupeesenusi:

0 1
P (10, )

CMbIC/T pacipesie/ieHnsi — 3TO paclpejieJIeHne YUC/Ia yCIIEXOB B OJHOM WCIBITAHWN BepHy/um ¢
BEPOATHOCTBIO yCIIeXa P.

UEcan X KOHEYHO, TO HOC/IEIHEr0 TPOETOUNS HET.

12 TIpenmonaraercs, 9To s/1eMeHTHI MHOMXKecTBa X YK€ KAK-TO yIOPSIIOYEHbI.

13B ToM cMbICTe, YTO UMEHHO OHH, KaK IIPABIIO, GYILyT HCIOIb30BATHCS IIPU PEIICHHH 3a,1a4.
B Ipyroii TepMUHOIOTHE — 0eAbING-MEPA, COCPEOTOUEHHAs] B TOUKE a.



4. Bunomuasvnoe pacnpedesenue Bin(n,p) ¢ napamerpamu n € {1,2,...} u 0 < p < 1. Tabnuna

pacipeiesenusd:
o 1 ...
P )
Po P1 --- Dn

rae py = C’ffb pk (1-— p)”*k. WMurepuperaliuss — pacipejie/ieHue IUCIa YCIEXOB B 71 MCIIBITAHUSIX
Beprymm ¢ BeposaTHOCTBIO yenexa p. Ilpu n = 1 coBnajaeT ¢ pacupejiesieHueM bepHyLIn.

5. T'eomempuueckoe pacnpedenenue Geom(p) ¢ mapamerpom 0 < p < 1

0o 1 ... k ...
Pe : < ) ,
po P .- Pk ---
rge pr = p(l — p)k , k > 0. lmeer cMBbICJI pacupeiesieHusl “UC/Ia HeyJad 10 IIePBOro yclexa B
HNCIIBITaHUAX BepHyHIII/I C BE€POATHOCTBIO P.

WMuorna moy reoMeTpUvecKUM PACIpEeIe/ICHHEM II0JPa3yMeBaIOT PAaCIPeIeIeHNe OJHOIO YUCTIa
WCIIBITAHUN JI0 TIEPBOrO ycrexa. Torma BepOSTHOCTH OCTAIOTCS TEMU K€, a K 3HAUYEHUAM CJIydaii-
HOIl BeJINUMHBI IPUOABJIAETCs eUHUIA. Y HAC (110 ONPEIEJIEHUIO) TeOMETPUIECKOE DACIIPEJIEIIEHIEe
BCErJIa COOTBETCTBYET UNCIy Heyaad.

6. Pacupesesenne Ilyaccona II(\) ¢ mapamerpom A > 0 :

o 1 ... k ...
Pe : ,
po P1 - Dk
re pr=A¥e ™ /k!. D10 Ouens paciupocTpaHeHHOE pacipejeeHne, OfHA U3 IPOCTEHIINX HHTep-
nperamuii'® — (MpejiesibHOR) pacipejie/ieHne YNCIa YCIeXoB B OUeHb GOJIBIIIOM THC/Te MCITbITAHM

Bepnysmm ¢ ouenb MajJeHbKON BEPOSITHOCTHIO YCIIEXA.

7. Orpunaresnbroe GunoMuaabaoe pacipeeseaue NB(m, p) ¢ mapamerpamu m € {1,2,...} u 0 <p < 1:

Pe ! (0 1 ... k >
bPo P .- Pk ..

rIe pr = Cﬁl k1 pF (1 — p)™. Cmbic — paclpeiesieHue Iucjia Heyaad 0 JOCTHXKEHUsI M-T0 yCIexa.

OGparure BHIMAHUE, YTO B IIOCJAEAHIX TPEX IPUMEpPaX TUC/IO0 3HAYCHUMN CJIy TalHBIX BEJIMIHH GECKOHETHO
(caerno).

AGconroTHO HENIpEPBIBHBIE paclpeae/IeHUs.

Omnpenenenne 2.2. [oBopsiT, 4T0 ciydaitHas Besmauna & uMeer abcoaommo nenpepvishoe'® pacnpede-
Aenue, eCII CyIecTByeT Takas (byHKIUS Pg, YTO Jjid a0boro B € B BeImoInsgeTcs paBeHCcTBO

Pl € B) = Pe(B) = [ pelo)ie 2.2

DynKI@A pe TPU 3TOM HAZBIBACTCA NAOMHOCTDIO PACHPEICACHUA CITyIaRHON BETMIMHDI €T A camy
CIIyYaliHy0 Beauvauny & Jjis KPATKOCTU TOXKE HA3BIBAIOT abDCOJIIOTHO HEIIPEPBIBHOI.

15BenomanTe npenensuyio Teopemy Ilyaccomal

16 coxparmenno — a.m.

Y7 s Tex, xro 3Haer npomssoxuble Pamona-HukomuMma: mIOTHOCTD pe sABsieTcst npoussogHoit P. -H. pacnpenenenns
‘Pe 1o Mepe Jlebera, yciioBusl CyIeCTBOBAHUS IJIOTHOCTH — 3TO YCJIOBUsSI aOCOIIOTHOM HEIPEPBIBHOCTH MephI Pg¢ 110 Mepe

Jlebera.



Takum 06pa3oM, B aOCOIIOTHO HEIIPEPBIBHOM CJIydae HaM JOCTATOYHO 3HATh BCEr'O JIMIIb OJHY (DYHK-
IO Pg, YTO ObI UMETh BO3MOYKHOCTh BOCCTAHOBUTHL BCe pacmpeenenne.
OrMeTnM, 9T0 abOCOIIOTHO HEIIPEPHIBHOE paCIpeIeseHre He SIBJISETCsI JUCKPETHBIM, TaK KaK JIJIs HErO

P(€=a)=/{}p5(dx)=0

pu JoboMm a € R.
Ilepeuncaum obIre CBOMCTBA MIOTHOCTH.

1. Ecim miorHoCTH pacipe/iejyieHud CyniecTByeT, TO OHa €JUMHCTBEHHa C TOYHOCTLIO OO0 MHO2KECTBa

Jle6erooit MepsI HOJIb.

2. IlnorHocTs sBMsieTca 11. B. (110 Mepe Jlebera) HeoTpumaTe bHoi dbynkmmeir. 2

/+OO p(z)dr =1

—0o0
(U151 TOKa3aTeqbCTBA TOCTATOYHO B34Th B (2.2) B = R).

4. Ecnu cymecrByer Takas dbyHKIWs (), 9T0 ist JIOOBIX a < b

b
Pla < £ <) :/ o(z)dz,
a
10 ((x) — IIOTHOCTH PACHPEIEIeHUsT CIyIaiiHOi BeJuIuHbI .

5. Ecsm cymecrByer takasi dyHkiwys ¢(x), aro mis jawoboro y € R

Pe<y) - [ " @)z,

—0o0
TO () — MJIOTHOCTH PACIIPE/ICJICHUST CITy IaiiHON BeJTNINHBI £.

ameuanue 2.1. 1. Takum 06pa3oM, y abCOJTIOTHO HEIPEPBIBHON CJIyYalHON BEJIUMIUHBI CYIIECTBYET
He OJIHA IJIOTHOCTH PACIpe/Ie/IeHIs, a MeJIblil KJIacC 9KBUBAJEHTHBIX 1uioTHocTell. 1lpu pemrennn 3a1ad,
KOHEYHO, U3 9TOr0 Kjacca (MYHKIMI BRIOMpAeTCsi Kakas-To OojfHa, Haubojee yinobHasi. Hampumep, eciu
CYIIECTBYET HEellPePbIBHBII (MM KyCOYHO-HEIPEPBIBHBII) BAPUAHT IJIOTHOCTH PACIIPEJIEJIEHNs], HO ¢ HIUM
U HY>KHO UMETH JIEJI0.

2. Ilociremame Ba CBOICTBA TOBOPAT O TOM, UTO JJIsi IIPOBEPKU CYIIECTBOBAHUS IIJIOTHOCTHA HE HY2KHO
IPOBEPSATH paBeHCTBO (2.2) st Beex GopesieBckux MuOKecTB B. [locrarouno B KadectBe B 6parh Bee-
BO3MOYKHDBIE UHTEPBAJIbI N JAXKe BCEBO3MOYKHDBIE IOJIYIIPSIMBIE.

3. Ilycts B HAC ecTh HeoTpHUIATe/bHAS M3MepuMasi DYHKIMSA p, 33jaHHasd Ha npsamoii. Ecian npu srom
Jg p(x)dz = 1, To paBencrsa

P(B) = /Bp(:c)dx, B e B,

3a/1a10T BEPOSITHOCTHYIO Mepy Ha m3Mepumom mnpocrpanctse (R, B). Tem cambivm (em. [pegioxkenue 1.2
u 3amevanue 1.1) MbI MOXKEM I'OBOPUTH O DPACIIPEJIEJEHUN C IJIOTHOCTBIO P, HE UMesi B BHJLy HUKAKOI
KOHKPETHOM CJIy4aiiHOI BemInHbL. 2!

18 A B AMCKpeTHOM CiTydae JOCTATOYHO 3HATH TAGJIMILY PACIIPEIEICHISI.

19CBoiicTBO MOHATHO: €C/IM M3MEHUTH IJIOTHOCTH B HECKOJIBKHX TOYKAX, TO BCE MHTErpasbl (2.2) OCTAHYTCH TeMH Ke.

20Wnaue npu KakoM-To B MHTErpaJ B IPaBOH 9acTH (2.2) GBI GBI OTPHUIIATEIHHBIM.

2'Ha caMoM Jiesie aHAJIOIMYHOE 3aMeYaHIe MOXKET GBITh CIEIAHO U O [UCKPETHBIX PACHPEIETCHHSX C 3aMEHOH ILIIOTHOCTH
pacupeziesieHust Ha ero TabJIuILy.



OcHoBHBIE a0GCOJIIOTHO HEINPEPBIBHBIE PACIPEIEJIEHUS.
1. Pasnomeproe pacnpedeaenue U(a,b) na orpeske [a,b], —0o < a < b < 00. 3ajiaercst NJI0THOCTHIO

1

pe(x) =4 b—ua
0 nHade.

npu a < x < b,

CMBIC/T TIOHSITEH: BEPOSITHOCTD IOMACTD CJIyYailHONW BeJMYUHE B OTPE30K JJIMHBI €, HAXOJSIIUIICI
BHYTDH [a, b], HE 3aBUCHT OT PACIIOJIOKEHUsI STOr0 OTpe3Ka (& TOJIBKO OT ero jumuHbl). OrMeTnM,
YTO 3HAYEHUS IJIOTHOCTH B TOYKAX @ U b HE CyIeCTBEHHBI.

2. Iokazamenvroe*? pactpenenenne Exp(\) ¢ mapamerpom A > 0. IlnoTHOCTE MeeT BUT

pe(z) =

e mpu x> 0,
0 nHadve.

Takoe pacipejiesieHne 9acTo UMEIOT CJIyvaiiHble BeJIMIMHBI TUIIA «BPEMEHU KU3HU» (B 06IeM ciry-
Yae — THUIA «BPEMEHH JI0 HACTYILJICHUs KAKOIO-TO COOBITHSI» ). B gacTHOCTH, BpeMsi MOJHOTO pac-
13138 aTOMa PAJMOAKTUBHOIO BEIeCTBa UMEEeT NUMEHHO IIOKa3aTeJIbHOE PACIIPEICICHUE.

3. Hopmaavnoe (rayccosckoe) pacrpenenenue N(a,0?) ¢ mapamerpamu a € R u 0 > 0. Ilnornocrs

cne/:gylomaﬂ:23

1
pe(r) = —— e~ (@ma?/20” e R,

2mo
DT0 0YeHb BaXKHOE U PACIPOCTPAHEHHOE (KAK B TEOPETUUECKUX, TaK M MPAKTUIECKUX UCCIIEI0BA~
HUSIX) PACIIpE/iesIeHIe, HO O COJEPXKATEIHLHOM CMBICJIE €r0 MBI IIOTOBOPUM TIOTOM — 3J1eCh BCE HE
TaK IIPOCTO.

WHora j1st HOPMAJILHOTO PACHPEIEICHUsT UCIOIB3YI0 obo3HadeHne N(a, o). Y Hac BTOpoii mapa-

Merp — o2, a me o. [Tosromy pacupeenenne N(0,4) umeer miI0THOCTS

1 2 1 232

pe(w) = e, ame pelw) = =

E

Pacupenenenne N(0, 1) HocuT HazBaHUe cMAHIGPMHOZ0 HOPMAALHOZO.

3 ®DyHKNUs pacnpeaejeHusd

CymecTByer ere ojHa (PYHKIINS, IOJHOCTHIO OIPEIE/ISIIONIAs PacipeIeIeHue.

Onpenenenne 3.1. Ilycts € — cayuaitnas penuunna. Oyuxmusg F : R — R, onpenensiemast paBeHCTBOM
Fe(z) =P(¢ <z) =P(§ € (—00,2)) = Pe((—00,2)) (3.1)
HasbIBaeTCs PyHKuuet pacnpedeserus CayIaiHoN BeJMInHbI £.

OueBuHO, PYHKIMS pacipeeeHns OJHO3HATHO OIIPEJIe/IsieTCsl pacipeieieHueM. BepHo u obpar-
HOe.

IIpennoxenune 3.1. IIycmv § — nexomopas cayuatinas eeaununa, Pe — ee pacnpedeserue u Fe —
bynryua pacnpedeaenus. Tozda Pg odnosnauno onpedeasemces no Fe.

22 [Ipyroe Ha3BAaHHE — SKCTOHEHUUAALHOE.
23Komnewno, 31eCh 0 — 9TO MOJIOKUTETHLHBIH KBAIPATHLIN KOPEHb U3 02,



Taxum 06pazoM, ecyi MBI 3HAEM (DYHKITUIO PACIIPEIEIeHNsI, TO Mbl 3HAEM BCE PaCIIpeJleIeHHe.
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Sameuanne 3.1. B nekoropbix kuurax (mampumep, A.H. Ilupsies, BeposirnocThb, pasuble uspanus)

yHKIWs pacipe/iesieHus ONPe/Ie/IsSeTCsl PAaBEHCTBOM, aHaJIorudHbiM (3.1), HO B mpaBoil yacTu crouT
P(¢ < x). D10 BOpOC JIOTOBOPEHHOCTH, IPUBBIYKY U yA00CTBa. Y HAC BCErJia UCIOJIb3YeTC sl 3HAK «MEHb-

Ie».

Baxkno ormeTuTh, 94T0 (DyHKIIMSA pacipeleeHns OlpeaessieT pacipeieacHue sl JJI0O0ro THIIa Pac-
peaesIeHnl.

Ceoticmea dynruuu pacnpedeserus.

1. O6mue cBoiicTBa.

0< Fe(x) < 1.2

Fe(z) = 0 ipu  — —o0, Fe(z) — 1 upu x — +00.%26
F; monoronno ney6pisaer?’ n HenpepbisHa ciiesa.?s

ITostomy, ecin Fe(xg) = 0, 0 Fe(x) = 0 npn mobom x < xo. Ananorudno, ecan Fe(zg) = 1,
10 F¢(2) = 1 npu srrobom & > xg.

IP’(a <EéE< b) = Fg(b) — Fg(a) b P(f > a) =1- Fg(a)

Orcroma ciefyer, 4T0 eciu Cilydaiiasl BeJIMIUHA He HIPUHUMAET 3HadeHuil Ha orpeske [a,b),

TO PYHKIUS PacIpee/ieHns IIOCTOSHHA Ha 9TOM OTpe3ke. BepHo u obpaTtHoe.

[TockombKy QyHKIUS pacupeaeeHis OrPaHnIeHa, OHa MOKET UMETh Pa3PhIBbI TOJILKO IIEPBO-
ro pojia. Tak Kak oHa HelpepbIBHA CJIeBA, TO BEJUIUHBI TAKUX PA3PBIBOB («CKAYKI» ) UMEIOT
B Fe(r+40) — Fe(x). Craukn GyHKINM pacipe/ie/IeHusd UMEIOT BePOSTHOCTHBIH CMBIC/T: JIIst
jioboro x € R

P(§ = z) = Fe(x +0) — Fe(z).

Takum obpazom,
a) st Toro, 4Tobbl P(§ = x) = 0 HEOOXOMMO U JOCTATOYHO, YTOOBI (DYHKIUS pacipe/iesie-
Husi Iy Obliia HEIPepBIBHA B TOUKE &;

b) ecim dyukmus pacupesenenns Fe nMeer CKadoK B TOUYKE T, TO BeJMUHHA ITOTO CKAIKA
pasaa P(§ = x), To ecTb { IpUHUMAET 3HAYEHUE T C MOJOKUTEIBHON BEPOSITHOCTHIO.

Sameuanue 3.2. MoxHO J0Ka3aTh, 4TO JI0Oas MOHOTOHHO HEeyObIBAIOIIas HENpPepbIBHAsS CJIeBa
dbyuxius F, obinanatomast upenenamvu F(z) — 0 npu x — —oou F'(z) — 1 upu & — 400, siBisiercst
dyHKIME pacnpenereHns HeKOTOPOro pacupeneseHus P B TOM CMBICJIE, ITO P((—oo, a:)) = F(x).
[Tosromy (croBa cm. [Tpesyoxkenne 1.2 u 3ameuanne 1.1) Mbl MOXKEM TOBOPHUTH O JIF00O0# DyHKIWH,
0bJ1aIatoIell TIepedncIeHHBIMU CBOCTBAME, KaK O HEKOTOPOI (hyHKIIUU PACIIPEIe/IeHS.

Jlaee — Gostee crerududeckKue CBOMCTBa PYHKITUN pacipe e/eHus.

24Cuosa cM. Tpemyioxkenne 1.2 u Sameuanue 1.1.
25 QueBuano, Taxk Kak Fg(T) — BEPOATHOCTL HEKOTOPOTO COBBITHS.
26310 cIeMyIOT U3 HENPEPHIBHOCTH MephI CHH3Y U CBEPXY.

27

TaK Kak npu T < y uMeeT MecTo BKiodenne {w : {(w) < z} C {w: &(w) < y}.

28CHoOBa 110 TOM Ke HEIPEPBIBHOCTH MepbI CBEPXY. 3aMeTHM, UTO eCJIH OIPENeNsiTh (. p. ¢ MOMOMIBIO 3HAKA <, TO
GbYHKIUST pacipe/iesiennst 6yaeT HelmpepbIBHA CIIPaBa.



2. OyHKIUS paclpe/iesIeHusT TUCKPETHBIX CIYYaHbIX BEJIUYUNH.

ﬁ29

Ilycts pacupesesnienne TUCKPETHON CIIydailHON BEJIUYMHBI 38][aHO KOHETHO rabsurieit

P <a:1 3 ... a:) 5

b1 P2 ... Dn

npudeM 1 < 2 < ... < x,. Oboznauum s; = p1 + ...+ p;. Torma

0 mopu z <2,
Fe(x)=qs; nmpn z; <z <wmjpq, i=1,...,n—1,

1 opu x> x,.

3. OyHKIMS paclpeiesieHus a. H. CJIyYalHbIX BEJTUIUH.

o DyHKIMS PACIPEIE/ICHAS BhIPAXKACTCS Uepe3 IJIOTHOCTD CJIEAYIONINM 00Pa3oM:

Fe(w) = / " ().

—0o0
Orciofia cpagdy Ke CJelyeT, 9To JJId a. H. PaclipejiefieHnit (GYHKIUS PACIPeJIeNICHHs sIBJISIETCST
HEIIPEePBIBHOIL.
e Ecim cymecTByeT Takasi QyHKIUS @, 9TO JJisl JII000ro &

Felo) = [ "ot

—00

TO @ {ABJISETCH NJIOTHOCTBIO PACHPEeIeHHs CAyIailHON BeJUIUHbI £ 30

e Tak kak P({ =a) =P({ =b) =0, To
Pla<&<b)=Pla<é<b)=Pla<t<b)=Pla<&<b) =Fe(b) — Fela).

e Ecmu { abcomoTHo HeIpephIBHA ¢ IJIOTHOCTBIO Pg, TO IPHU HOUTH Beex 1o Mepe Jlebera x € R
Fg(z) = pe().

IIpedynpesicoenue: MOXKHO TOKa3aTh, 9TO JI06ad PyHKIUS paclpelenacans F' npu modru Beex
Z UMeeT NMPOU3BOJIHYIO. IHAaYe roBopsi, paBEHCTBO Fé(x) = f(z) ansa kakoii-to dyuknun f u
[OYTU BCEX X BBINOJIHSAETCS JJIsd JTI000H (DYHKIMU pacipeesnenus (To ecTb He 00g3aTebHO
TOJILKO JIJIsl aDCOJIIOTHO HEIPEPBIBHBIX PACIIPEJIEJICHHI ).

Ecan mpu sTom

/R f(@)da =1,

TO y pacupeieseHus ¢ (pyHKIueil pacrpenesnerns [ ecrb mIoTHOCTh, paBHas f. Eciaum mo-
TerpaJl B JIEBOII YACTH IIOCJIEJHEIO HEPABEHCTBA He PAaBEH eJMHUIE, ! TO pacIpe/ie/leHie He
SABJISIETCsT aDCOJIIOTHO HEIIPEPBIBHBIM.

29C GecKOHEUHBIME PACIIPEIETEHHUSIMI CHTYAIMS MOYKET GBITH GOJIee XUTPOii: HIYEro He MeINAeT CIIyJaifHOH BeImduHe
MIPUHUMATD, HAIIPUMED, BCE PAITMOHAJIbHBIE 3HAYEHUs. ¥ HAC TAKON 9K30THKH, KOHEIHO, HE OyIET.

30Mpr yrke 06Cy»KIaIu 5TO CBORCTBO, KOIJa FOBOPH/IN 06 aBCOIFOTHO HEIPEPBIBHBIX PACIIPE/IEICHHUSIX.

31Ha camoM JesTe OH BCerna He TPEBOCXOMHT 1.



4 Kak uckaThb pacupegejieHusd

4.1 OO6mume coobpakeHust

CranmapTHast 3aja9a, KOTOPO MbI OYJIEM 3aHUMATHCs, MOXKET OBITh CPOPMYJIUPOBAHA, CJIEIYIOIIUM
00pa3oM.

IIyemo cayvatinas eeauvuna & obaadaem naomHoCmbIO Pacnpedesets Pe U @ — HEKOMOPAA, U3Me-
pumas Pynryus. Hatmu pacnpedeserue caywatinot seauuuns 1= p(§).

O6muit (HEKOHCTPYKTUBHBIIT) X071 perterust ciaeyomuii. [lycrs B € B. Torga

Pre B =Pe© e ) =Ple @) = [ ped= [ pad @)

Koneuno, nasmesarbes Ha Buraucjaenne npasoil qactu (4.1) mist moboro 60pesieBCKoro MHOXKecTBa B
riryno. Bosee pasyMHO mocTynaTh CJIELyOMUM 00Pa30M.

Ecu ciyuaiinas sennanna 1 = ¢(&) AuckpeTHa (TO €CTh, €CJIN OHA IPUHUMAET KOHETHOE HJIH CUETHOE
YHCIIO0 3HAYCHUIT Y;), TO, B3sB B (4.1) B KadecTBe B OJHOTOYETHOE MHOKECTBO {¥; }, IOJIYIHM, ITO

Py = y;) = / o, P (4.2)
tp(t)=y;

Boeranciisisi Takre HHTErPAJIBI, TOJIYIUM TAOJIUILy PACIPEJIEC/ICHUsT CJIYIAHON BEJIUIUHBI 7).
Ananorndno, Jyig HaXoxKaeHns GyHKIMN pacupesaenenns [, caydaitHoil BeTMIHHEL 1) IMeeM

Fy(z) = /tw(tkmpg(z)dz, (4.3)

TO €CTb 3aJlada CBOAUTCHA K BBIYHCJ/JICHUIO OJHOKPATHOI'O MHTEr'paJla, 3aBUCAIIEI'O OT IIapaMeTpa ..’E.SQ

Koneuno, dopmyna (4.3) — 3T0 yHUBEpCAIbHOE DEIIeHHe 3aa9i O HAXOXKJEHUU DaCIpeIesIeHus]
ciyyaiinoit Besimaunst 7). O1HAKO, €I Y 1) €CTh IJIOTHOCTD PACIIPEIe/IeHUs Py, TO eCTECTBEHHBIM OTBETOM
Oy/eT MMEHHO 9Ta IJIOTHOCTb. [Ipm 3TOM BO3HHMKAeT BOIPOC: eCiu CiydaiiHasl BequunHa & obJajaer
IVIOTHOCTBIO PACIPEJICNICHHs P, TO JyIsl KaKUX (DYHKIMIT ¢ cilydaiinas Bemdnna 1 = (1) Toxke Oyaer
abCOJTIOTHO HeIPepbIBHOMN !

Jnst perenust 387189 HaM XBATUT CJIEAYIONIETO JOCTATOYHOTO YCJIOBUsSI, HAKJIAIBIBAEMOTO Ha (DYyHK-
U0 (p.

IIpeanoxenne 4.1. Ilycmo cayuatinas eesununa § obaadaem naomrocmoto pe. Ipednonodsicum, wmo
cyuecmeyrom maxue wucas —oo < a1 < ... < ap < 00, MO HA A0O0M NPOMENCYMEKE (ai,ai+1),
sKA0uaA beckonewnbie npomestcymru (—oo, a1) u (an, 00), dynkyus @ obpamuma u nenpepvisho duddpe-
peryupyema. Toeda cayuatinan sesuvuna 1 = o(§) Asasemesa abcoMommo HenpepuieHot.

I'py6o roeopst, yciosue [peyioxxenust 4.1 roBoput, 4o (OYHKITHS (0 JOJIKHA, OBITH KYyCOUHO TJIA KON 1
He JIOJI?KHA HMeTh CTYIIeHeK. % B 9THX YCIOBHAX HAXOXK/IEHUE IIJIOTHOCTH CIIyYaiHON BEMINHEL 1) MOYKET
OBITH OCYIIECTBIICHO BbIuncienueM Fp(x) ¢ nocnemnyromum nuddepennuposanneM. MoKHO Takzke 10-
HBITATHCS HEMTOCPECTBEHHO poind depeHnnpoBaTh IpaByio 9acThb (4.3), HCIoab3ys anaaoru GopMyIIbl
Bappoy.

IIpuBenem mpocreiimnii mpumMep.

32K omeuno, dopmyra (4.3) romuTcs u A/Is SHCKPETHOM CIyuaifHoi Bemannbl 1. OmHAKO TIpH pertenuy 3a0ad (4.2) s
3TOro CjIydasi TOpa3lo NpPeIIouTUTe/IbHEH. Bo-epBbIX, /I JUCKPETHBIX CJIyYalHbIX BEJMYUH TabJIMIA pacipeeaeHus
— ropasno 6osiee HATJIAIHDIN OOBHEKT, ONpPEIS/IONHNA CaMO Pacipee/enne, YeM (pyHKIMs Paclpeie/ieHus — B TabsuIe
TIPSIMO YKa3aHO, KaKWe 3HAYEHUS W ¢ KAKUMH BEPOSITHOCTSIMU NTPUHUMAET CJIydaifHash BeJTMYUHA 7). BO-BTOPBIX, TIOCKOILKY
nuTerpadsl (4.3) K0JIKHBI OBITH COCUUTAHBI IIPH BCEX T, ITO MOXKET ObITh HCTOYHUKOM HUKOMY HE HY?KHBIX OIIMOOK.

3Bem p(x) = cupu a < x < b, 10 P(n = ¢) > P(a < £ < b), a nocaeHsAsT BEPOATHOCTD OyJIET TOJNOKHUTEIbHA, CCIIA
TOJIBKO Pg¢ HE SIBJISIETCSI IOYTH BCIOJY TOXKJIECTBEHHBIM HyJleM Ha (a, b).



IIpumep 4.1. Ciyuvaitnas Beqndnna & uMmeer IIOTHOCTD pg (). Haiitn pacupenenenne ciy4aiinoii Be-
Jjmyaunbl ) = a€ + b, a > 0.

Pewenue. Haiiem cragasma QyHKIMIO pacipeieieHnst CIyIailHoil BeJIMInHbl £. DTO JIETKO:
Fyz)=P(n<z)=Pal+b<z)=P¢E< (z—-0b)/a) = Fe((z —b)/a).

B repmunax dyHnkimit pacipe/ieieHus 3a/ia4a pellena: Hen3BecTHyIo (PyHKIMIO pacipe/ienenus [ Bbipa-
3U/IM 9epe3 U3BECTHYIO [y, Ip1 3TOM CyIecTBOBaHUe IJIOTHOCTU pe HaM He norpebosasocsk. Ho, cormacno
[Tpenmoxenuto 4.1, y ciaydaitHONW BEJIMYUHBI 7] €CTh IIOTHOCTE pacrupeseseHus. [losromy

d d x—b 1 x—0b
x)=—F)(z) =—F = - .
py() d n(z) d §( a > ap£< 0 )
A MOoxHO 1 He nosb3oBaThest Ipeoxennenm 4.1. JTeficTBUTEIbHO, Clle/IaB 3aMEHY IIePEeMEeHHbIX ¢ =
(s — b)/a, noxyunm, aro

(z—=b)/a x
Fy(x) = Fe((x — b)/a) :/ pe(t)dt = - / pe((s — b)/a)ds.

oo a J_

" _ -1
CaenoBarenbio (eM. coiicrsa morHocTi) dbyHKIus py(s) = a 'pe((s — b)/a) aBaseTcss mI0THOCTHIO
pacupeesieHus Cay4aiiHol BeJIMYUHEI 7).

Koneuno, sra 3ajaua okazajgach CTOJIb IPOCTON TOJILKO MOTOMY, YTO JinHelHas yHKuus ¢(x) =
ax + b aBiserca obparumoit m obparHas K Hel sBJISIETC OYeHb NMPOCToi. Ecin 3T0 HE Tak, TO BCe
BBIUHCJIEHUs] OKA3bIBAIOTCS 00JIEE CJIO2KHBIMU.

4.2 HexkoTopble pueMbI

[Tepeunciium HEKOTOpPBIE TTPUEMBI, ODJIETYAlOIUe 3a/1a9y HAXOXKJICHUS PACIpEIeIeHUs CJIyIailHOM
BeJIMUIHHEL 1) = ¢(§) B CiIydae, Korja £ MMeeT IJIOTHOCTh paclpeseneHns pe. Emie pas oTMernM, 4TO
CJIOBa «HAUTHU PACIIpe/iesIeHNe CIIyIaiiHOl BEJIUYINHBL 1)» O3HAYAIOT JJId HAC, YTO OTBET BBIIAETCSI B BUJIE
Tab/IMIbI paclipeie/IeHus, ecjld 1) JUCKPeTHa, B BUJe IJIOTHOCTH pPaclipe/ieIeHs Py, €C/IU 1) abCOIIOTHO
HeIIpephIBHA (3TO JKeJIaTeIbHO), I B 00IIeM ciiydae — B BuJe (DYHKIMH pacupeseaenns .

1. Ecnu ciaydalinast BeJIUUnHA 1) TPUHAMAET KOHEYHOE WJIU CUeTHOe YUCJIO 3HAYEHU t;, TO Hy?KHO pe-
marh ypaBHeHusi ©() = t; U, OJyYUB OTBET B BHUJIEe HEKOTOPBIX MojMHOKecTB D; C R, BBIYHCINTH
BEPOATHOCTHA

pi=PB(€ € D) = / pe(2)i

D;

2. B ocranbubix ciaydaax cantaercs MYHKIMSA pacipejesienus. st 9T0ro Hy»KHO PeluTh IpU BCEX
X HepaBeHCTBO ¢(z) < z, MOJIyYUuTh OTBET B BHje HojMHOxKecTB B, C R u npounTerpupoBarh

IIJIOTHOCTDH p’? II0 9TUM MHO)KeCTBaMZ34

3/1ecb MOI'YT IOMOYb CJIEYIONINE COODPAYKEHMUSI.

[ ] HOJIe3HO OIIpeJICJINTL CHadaJla, KaKne 3HaYeHUd IIPpUHUMaeET C.quaﬁHa.ﬂ BeJIM9UHaA 7). ]'__‘:C.HI/I7
Hanpumep, a < 7 < b, To aBromarudeckn Fy(x) = 0 upu x < a nu Fy(x) = 1 upn = > b.
BHauut, pemnarh HepaBeHCTBa (z) < T IPU TAKUX T HE HYXKHO.

34B OPpUHIUIIE, TAKHUE UHTErPaJibl MOTYT U HE CIUTATHCA B ABHOM BHUIE.

10



e Pemenne HepaBeHCTB ¢(2) < & MOXKHO KOHTPOJIUPOBATH IPadUUECKU: €CIu HANTH peleHus
ypaBHeHusi ©(z) = x, TO, UCHOB3Ysl rpaduK DYHKIMA @, HECIIOKHO HOHITH CTPYKTYPY MHO-
)KecTBa B.

e [locsie Toro, kak (byHKIUS paclpejie/ieHusi BbIIUC/IEHA, CIEIyeT MPOBEPUTHb PE3YJbTAT Ha
MPAaBIOIOI0OHOCTh. A UMEHHO, HY’KHO MTPOBEPUTH, YIOBICTBOPSIET JIM Balll 0TBET OCHOBHBIM
cBoiicTBaM (DyHKIIUU PACIIPEJICTICHIS:

a) JIeXKaT JIi 3HadeHus F; MexKIy HyjaeM H eIuHuIedi?

b) kakne snauenus F, npunuMaer (B npejene) Ha £00?

c) siBsiercst au I, MOHOTOHHO HeyObIBaOIIEii?

d) momxubl 1y 9T0i dyHKIUM ObITH cKauku?! Eciam «ga», TO NpaBHIIBLHO JIM COCIUTAHBI
UX 3HAYEHWsS U TaM JIM OHU HaxojdTcs, rie nHyxkuno! Her yin y Bamreit dynknun pacipe-
JIeJIeHNs JTUIMHUX CKadIKoB? ZBisercs s Barrma dbyHKInsg pacrpejienenns HEPEPHIBHOIM
MMEHHO CJIEBA B TOYKAX ITUX CKAYKOB?

e) TaM, Ijie ciaydaiiHasi BeJIMUMHA 1) He MPUHUMAeT 3HadYeHWil, ee DYHKIUS PaCIpeIesIeHust
JIOJKHA OBITH TOCTOsAHHON. Boimosineno jin y Bac aTo cBoiicTBo?

Takast IIPOBEPKa Ha HpaB,Z[OHO,ILO6HOCTb IHOYTH T'apaHTUDPYET IIPaBUJILHOCTH OTBETa.

e Haxomerr, korja (GpyHKIUs pacipeie/ieHns HaliIeHa, HyKHO HAWTH INIOTHOCTb PACIIPE/IETICHUS,
€CJIv, KOHEYHO, OHa CYIIECTBYET.
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