MojenmmpoBanne pacrpegeaeHnii

B.B. Hekpyrkun

kadepa CTaTUCTUIECKOTO MOJIE/TUPOBAHUS



http://statmod.ru/wiki/books:vv

ConepkaHne
IIpenuciaosue
(1 Bsegenme. O0Iiue 1moJio>KeHmusi|

1.1  Mcrounuk caydaiiHOCTH M MOAEJUPYIONIAE (DOPMVJIIBY . . . « « o v v v v e

1.2 Y3hIK ommcaHusi aIrOPUTMOB MOJIETUPOBAHUISI| . « « « v o v o v v v o e e e e e e e e

1.3 "TouHble M TPUOJMMIKEHHBIE METOMBI . « « « « v o vt e e e e e e e e e e e e e e

1.4 /IBe XapaKTEPUCTUKU AJTOPUTMOB MOJCTUPOBAHUS| . . . « « « v v v v e oo o e oo

[27 TabauuHble MeTOAbl MOAEJIMPOBaHNs AUMCKPETHBIX paclpeieeHu|
[2.1  TabyuIibl AUCKPETHBIX PACHPEIETIEHIH| . . o v v o v v v v v e e e e e e e e e e e
[2.2  Tabym4anablil METO OOPATHBIX MYVHKIIAI| . « « v v v v v v e e e e e e e e e e e e e e
[2.2.1  IlpocTeimmuit TAOMUTHBIA METOM . - « + « « « v v v e e e e e e e e e e e e e e e
[2.2.2  llocneioBaTesibHbII METOJI OOPATHBIX (DYHKITAM| . . . . . . . o v v v v oo oo n
[2.2.3  MeTom IMXOTOMEE| . . . . . . . . . . o v i e e e e e e e e e
[2.2.4  Merox YskeHB| . . . . .. e
2.3 O MeTojie YOIIKepal . . . . . . . . e e
2.4 Fie o meTome 00OpaTHBIX MYHKIAN| . . . . . . . . o . o
[3 MopenupoBaHue JUCKPETHBLIX pacrpejiesieHnil, 3aBUCIINNX OT IIapaMeTPOB|
3.1  MonenupoBarue OMHOMHUAJIBHOTO PACHPEICIICHUS| - .« « « o o o o o e e e e e e
3.2 MonenupoBanue pacupejenenus llyacconal. . . . . . . ...
3.3  MonmenupoBarue reOMETPUIECKOTO PACHPEIETEHNA] . . . « .« o o v v v o v e o e e oo
[4  OO61nme MeToabl MOJIEJIMPOBAHUS]
4.1 Merom 00OpaTHBIX MYHKITAM| . . « « v v v v v v e e e e e e e e e e
4.1.1  Ilpumepnll . . . . . . . e e
4.2 MetomoTbopal. . . . . . ..
4.2.1 Wnes MmeTomal . . . . . . .. e e e
[4.2.2  Teopus METOHA| . . . . . . . . .
4.2.3  Obcyxkaenne. BapumaHTBhl B IPUMEDPDI| . . . .« . o o v v v v v v e e e e
4.3 Meron nuckpeTHOl JIEKOMIO3ZUIIUN PACHPEIETIEHUM| . . . . . « o« o v v v v o o e
4.3.1  OOmas cXeMa | IMPUMEDPDI| . . « « « v v v v v v i i e e e e e e e
[4.3.2  Momudukaimm MeToa JUCKPETHON JEKOMIOZUIIAH]| . « « « « « « o v o o o o o . . .
4.3.3  OO0mmit MeTON, MeKOMIO3UITUM.| . . . . . . . . . . . . . . o . oo e
4.4 HecKOJIBKO YIPAXKHEHHUI C PEITEHUSAMHE| . . . .« « o v v v e e e e e e e e e e e
6 TIpuembl MOJeMpOBaHNs pa3JMYHBLIX paclpeaesJeHni]|

5.1 Tlossgpuble MeTOBY . . . . .
PaBHOMepHOe pacipeenaeHne Ha OKpYsKHOCTH SY| . . . . . . . .. ...

[5.1.1

5.1.2  HopMmajibHOE PACHPENIETICHUE]. . . . . . . . . . . v o o e e e

5.1.3 PasHOMepHOe pacmpejiesienne Ha cdepe S?| . . . ...

[5.1.4  Pacupenenenme Korm| . . . . . . . ...

52

MonenmpoBanre MHOTOMEDPHBIX I'ayCCOBCKUX PACHPEIACTCHUM| . . . . . . . . . . . . . . ..

[5.3

PazHbie pacnpenenenus| . .

[5.3.1 IlokazaTesbHOE PACTIPEIETIEHIE] . . . . .+« v v v o e e e e e e e e e e
[5.3.2  IlokazaresibHOE paclpejeseHne ¢ IepeMeHHON MHTEHCUBHOCTBIO| . . . . . . . . . .
[5.3.3  CTemeHHOE PACHPEHETIEHIE] . . . « « v v v v e e e e e e e e e e e
0.3.4  TaMMa-pacCIpesIeTEHME] . . . . .« o v v v v e e e e e e e e
[0.3.5  bBera-pacmpemesieHme] . . . . . . ... e e

© 0o O Ut Ut

11

11
12
14
17
19
22
24

26
26
27
30

34
34
36
37
37
38
42
46
46
48
52
56

60
60
60
61
62
63
65
69
69
69
72
73
74


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

[6 O MmonenupoBanuu C JMCKPETHLIM MCTOYHUKOM CJydalHOCTH| 76
6.1 KopHeBble guarpaMMbl U CJAOXKHOCTb MOMETUPOBAHUS| « + « . « o v o v o v v v o e e e oo 76
[6.2  Onrumanbuabie Dy (P, f)-muarpaMMbl . . . . . . . . .. 79
6.3 CBsi3b ¢ TPATUIMOHHBIM MOJIETUPOBAHMEM| . . . « « o v v o e e e e o e e e e e e 81

[7 TIpunoxkenne 1. IIpeobpa3zoBaHus Cy4alHbIX BEKTOPOB| 83
[7.1  O0IIee YTBEPAKIECHME] . . . .« o v v v v e e e e e e e e e e e 83
[7.2  YHacruble ciydan, MOJE3HBIE JUIA MOJETUPOBAHUS| . .« « o o« v o v v et oo e e o 83

[7.2.1  AMUHHBIE IPEOOPABOBAHMSI] . . . . . © v v v v e e e e e e 83
[7.2.2  Tlepexoj K TIOJSAPHBIM M CDEPUIECKUM KOODJIMHATAM| . . . . . . . . . . . . . . .. 84
[7.2.3 T'amma-pactpesnenenue u pacupejenenue lupuxmael . . . . . . . ... 86
[7.2.4  PacrpejieieHust HOPSAKOBBIX CTATUCTHK| . . . . . . . v v v oo oo e e e e e e e 87

(8 ITpmaoxkenme 2. MHOromMmepHbIE€ TayCCOBCKHE pacIipeaejeHns] 89
(8.1 OOmmit CAYIAH| . . . . . . o o e e e e 89
[8.2  HeBBIPOXKIEHHBIM CHYUAT| . . . . . v v v v v v o e e e e e e e e e 90
8.3 BBIpOXKIEHHBIN COYTam] . . . . . . o o o o o e e 91

[9 Ilpuaoxkenme 3. YnpakHeHUsl| 92

(Cnucok urepartypsil 107



http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

IIpenucaoBue

W3yiaraembilii 3/1eCh MaTepuaJs COOTBETCTBYeT (HECKOJIbKO PACIIUPEHHOMN ) TIEPBOii YacTu Kypca JeKIuit
«Crarncruaeckoe MOJICIUPOBAHKE», B T€UCHUE Psijia JICCATHICTHI YUTAeMOro Ha OJHOMMEHHO Kade/-
pe (4 OJHOUMEHHOI CIeNUaIN3alil) MaTeMaTuKo-Mexanndeckoro dakyiasrera Canxr-Ilerepbyprckoro
(JIeHUHIPAICKOTO) YHUBEPCUTETA.

DTa rmepBast TACTH TOCBAIIEHA TPUHITHIIAM I OCHOBHBIM TEXHITHICCKIM ITPHEMAM IeHEPHPOBAHTs] CITy-
YaRHBIX BEJMYUH U BEKTOPOB, MMEIONIUX 3a/IaHHOE PacCIpeiesieHue (JIJIsi KDATKOCTH YacTo yIOTPEOIIIoT
HECKOJTHKO 7KaPTOHHBIIl TEPMHUH «MojleTnpoBanue pacipesenenuiinf). [lockombKy MaTepuan HOCHT yae6-
HBIl XapakTep, B HEr0 BKJIIOYEHO OOJIBIIOE HHCIIO yIPAZKHEHUI.

JononHuTesbHYI0 NHGOPMAIIUIO 10 9TON TeMATHKE MOXKHO HAHTH B oTedecTBeHHbIX (Hanpumep, [1] —
[4]) u unocrpanubix (cum. [5] — [9]) yuebnukax u Monorpadusix, HOCBAMEHHBIX KAK PA3INYIHBIM ACIEKTaM
COOCTBEHHO MOJICJMPOBAHNS, TaK U €r0 IPHUMEHEHHSIM.

Ocobenno ciaegyer ormeruts kuury [10], koropast dbakTHUeCKH sIBIISETCA IOAPOOHBIM 0030pOM H
CIIPABOYHUKOM 110 TeHEPHPOBAHUIO CJIYIalHbIX BeJIUIUH. TaM MOXKHO HAHTH JOCTATOYHO 3bhEKTHBHBIE,
ryboOKHe ¥ CJIOZKHBIE AJITOPUTMBI, H3JI0KEHIE KOTOPBIX HEBO3MOXKHO B OTHOCHTEJILHO KPATKOM JICKIIU-
OHHOM KypCe.

B 1esoM u3sioxkeHne pacCYMTAHO HA YUAIIUXCs, JOCTATOYHO CBOOOJIHO BJIAJICIONIMM CTAHIAPTHBIM
AIIAPATOM TEOPUH BEPOSITHOCTEH, OCHOBAHHBIM HA T€OPHU MEPBHI.

M1 6ymem yrmoTpebisTh TepMUHBI «MOJCIMPOBAHNAE> U «€HEPHPOBAHUE» KAK CHHOHIMDL.
23T0T TEPMUH U BEIHECEH B 3ar0JIOBOK.
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1 Bseaenue. O0miue moJio>keHust

1.1 MWcToYyHUK CiIydYaiilHOCTU U MOJeJupyolnne (popMyJibl

IIpu MomeumpoBaHUN CIyYalHBIX SIBJIEHU HEOOXOMMMO IIOJIYUIATh PEAJM3aIid CJIyIaiiHbIX BeJMIHH
(u caygaiflHBIX BEKTOPOB) € 3ajlaHHBIM pacrpejenenneM. Mol He GyjieM ceiiuac 3a/1aBaThCsi BOIPOCOM,
CYIIECTBYET JIM Ha CaMOM JleJie B HallleM MHpe CIydaiiHOCTb (IyCTh 9TUM 3aHUMAIOTCs (PUI0COdbI) 1
3a4YeM ee MOJIEJIUPOBATh, & Cpa3y MPUCTYIUM K JIeJTy.

HCHO7 9TO €CJIM MBI XOTUM MOJIEJIMPOBaATHh HEKOTOPOE CJIO?KHOE Cﬂy‘laﬁHOe ABJIEHUE, TO HaM HY?KHO
UMETDb JIOCTATOYHO TPOCTOMN ¥ YHUBEPCATBHBINH HCTOYHIK CIYIaHOCTH. 3716eCh U JIAJIee MBI TIPE/IITOJIATaeM,
YTO UCTOYHUKOM CJIy9IaillHOCTH sIBJIsIeTCsE (BOODIIE TOBODSsI, GECKOHEYHAsI) TI0CII0BATEIBHOCTD (V] , (2, . - .
HE3aBUCUMBIX DABHOMEDHO pacrpejeneHHbix Ha orpeske (0, 1] caydaiiHbIx BeaumduH. TOT BHIOOD sIBJIsI-
eTcst OOIIEITPUHATHIM

[TycTs Temepsb jutst TPOCTOTHI P — pacipesiesienne, 3a/JaHHOe Ha OOPETEBCKUX MOJIMHOYKECTBAX TIPS
Moii. C 9MCTO TEOPETUIECKOH TOUKN 3PEHUST IPOMO/IEIUPOBATE paCHpe;LeﬂeHI/I(ﬂ ‘P ozunadaer HAUTHU TAKOe
n > 1 u takyio usmepumyio dyukmuio f : (0,1]" — R, uro ciayuaiinas sesmunna § = f(aq,. .., qp) uMe-
et pacupejesnenue P (Mbl Jjist KpaTkocTu OyjieM 3anucbiBaTh 3107 dakr kak L(§) = P). Koneuno, 310
«OIIpeJleJICHUEe» aBTOMATUYCCKU IIEPEHOCUTCS Ha Cily4dail Cly4YailHOI BeJIMYMHBI, IIPUHUMAIONICH 3Ha4e-
HUsl B abCTpaKTHOM u3MepuMoM tpocrpancTse (D, D). YaobHo HasbiBaTh MyHKIUIO [ Mmodeaupyrowet
Pynryued, a camo paercTso £ = f(ay, ..., ) — Mmodeaupyroueds gﬁopmy/l,oﬁﬂ

Kax yzke roBOpIIOCH, TAKOE «OMPEJIEICHIE SIBISIETCST YUCTO TeopeTndecKuM. C TOUKM 3PEHUsT TIPaK-
TUKHW Yy HETO €CThb JBa JIOIIOJHUTE/IbHBIX acCII€KTa, OTHOCAIIUXCA K KOMHBIOTGpHOfI peaan3danvnun MeTOI10B
MOJEJIMPOBaHUS.

CorytacHO Teopuu BepOsiTHOCTEIH, ciydaiiHas BesmanHa & — 310 uaMepuMast Gyukuus & : (2, F) —
(R, Br), tae €2 — mHekoropoe abCTPaKTHOE MHOXKECTBO (NPOCMPaAncmeo dMeMenmapHuie cobvimul), OCHa-
nieHHoe o-ainrebpoit F (o -aa2ebpoti cobwmui), a B — GopesieBckast o-aarebpa moJIMHOXKECTB MHOKECTBA
R. 9ro xacaercs pacupenenenusi P = Pg¢ ciaydaiinoit Beuaunb! £, TO OHO ABJIAETCS HOPMUPOBAHHOH Ha
eJIMHUILY Mepoii, onpejiesieHHoll Ha o-anrebpe Br pasercrsom P(B) = P(€ € B), B € Bp.

Koneuno, 3a ucko9enrnemM TOro MpocToro Ciaydast, Korjaa o-aaredpa JF COCTOUT U3 KOHETHOTO UHCIa
cobbiTuil (a ciayuaiinas BequunHa & JIUCKPETHA), TAKUX OOBEKTOB B IIPUPOJIE TIPOCTO HE CYIIECTBYET.

[TosToMy He yauBHTEBLHO, UYTO paboTass Ha KOMIIBIOTEpE U OOpallasiCh K NeHepaTopy IICeBIOCTydaii-
HBIX dnces1 (nm GU3nIeCKOMy TeHepaTopy, 9TO He BAyKHO), BbI HOJIydaeTe He HEeKYI0 U3MEPUMYTO (byHK-
MO (1, & HpocTo Kakoe-To uncio a; € (0,1]. A ecsim obparaerech K reHepaTopy n pas, TO HOJIydaeTe

(BMeCTO N HE3aBUCHMBIX PABHOMEPHO pacipe/ieJieHHbIX Ha orpeske (0, 1] cirydailHbIX BeJIMYIUH v, . . . , Q)
YHUCIIA A1, . . . , Q. VIHAUE roBOpst, Haliyis Takyio dyHKIuo f, 9ro ciydaitnas seaununsa £ = f(ay, ..., ay)
nMeeT 33JI[aHHOe paclipesiesIeHue U, PeaIn30BaB 3TO IPeobpa3oBaHue Ha KOMIBIOTEDE, BBl HOJYyUHUTE Ha
BbIXOJIe Uucao & = f(aq,...,a,). I 970 TOXKE NPUHATO HA3BATH MOJIEJIUPOBAHUEM.

Kaxk cornmacyrorcs atn fBa B3IJIsJa Ha MojenuposaHue? CorjacoBaHie Ha CaMOM Jlejle XOPOIIO N3-
BECTHO ¥ TPA/IUIMOHHO I CTATUCTUYECKUX McceioBanuil. Mbl nHTEpIpeTUpyeM 4ucia aij, . . ., G, Kak
HEe3aBHCUMbIe DEAJIN3AINN CIIyIailHbIX BEJIUIUH (O, ..., Q. DTH CJI0OBA O3HAYAIOT, YTO Mbl HHTEPIIPe-

TUpyeM TIpoliecc paboThl reHepaTopa Kak (HE3aBUCUMBINH OT BCETO HPEBIAYIINEro) BbIOOD TOYKH w) B
HEKOTOPOM abCTPAKTHOM IIPOCTPAHCTBE JieMeHTapHbIX cobbiTuit 2. Tem cambim a; = a;(wo) 1 cooTBeT-
CTBUE JIBYX SI3BIKOB yCTaHOBJEHO. llHade roBops, m3ydas TeOpeTUUECKHE CBOMCTBA KAKOTO-TO METOJa
MOJIEJIUPOBAHUS, MBI UCIOJIb3YEM SI3BIK CAYYANHBIX BEJIUYUH U JEHCTBYyeM, TaK CKa3aTb, 10 KOMIIHIO-
TEPHOT'O IKCIIEPUMEHTA, & I0CJI€ STOTO IKCIEPUMEHTa PabOTAEM C IMOJIYUYEHHBIMU PEAJIUBAIUSIMHU ITUX

3Cymecrsyior u apyrue nogxonpt. Tak, B cratbe JI.Kuyra u .90 [II] (cM. taxske [I0, . 15]) B xauecTBe mcTOH-
HUKa CJIy9IaifHOCTH PACCMATPUBAETCS MOCIIEI0BATEILHOCTD HE3ABUCUMBIX CJIyYafHBIX BEJIMYNH, UMEIONX CHMMETPUIHOE
pacnpesesierne Beprysm. Cwm. Taxske passen [6] e xpatko paccmaTpusaiores HekoTopbie 0GOGIIEHNsT STOO TOAXO/A.

“Towmee — «IIPOMOEMMPOBATH CITYTARHYIO BETMMHHY, MMEIOITYIO pacrpeenenue Ps.

.

°B naspHeReM MBI yBAIUM, U9TO MOAEIUPYIOMAs MYHKIMA MOKET UMETh Jarke GECKOHEIHOE YHMCJIO apTyMEHTOB, HO

JIsl TIOHMMAHMsI CyTH JleJla cefidac HaM 3TU TOHKOCTH He Hy KHBI.

Pt yTHh I y
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CIIyYallHBIX BeJH/IqHHH

Bropoit npakTutueckuii aciekT MOJAeTUPOBAHUSI CBI3aH C TPYA0EMKOCThIO Bhrauciaennii. OHO U TOXKe
pactpeesienne P MOXKeT ObITH ITPOMOJIEIUPOBAHO ¢ HOMOIIBHIO paSJmLIHme MOJIEJIUPYIONUX (DYHKITHA,
U €CTECTBEHHO OXKUJATh, UYTO Ha 3TO HOTPEeOYIOTCs pa3Hble MAIMHHBIE PECYPChl. Bojiee Toro, maxe s
dukcuposanHoit Mogenupyfomieit hopmyiet £ = f(aq,. .., ap) MOTYT CYIIECTBOBATH PA3IMIHBIC CIIOCOOBI
BhIUMC/IeHusi pyHKIUU f, TpeOyroIye pa3HbIX 3aTpaT. A MOCKOJIBKY CTAHJIAPTHON CUTyaIueil sBiIsieTcs
oJrydeHue OOJIbINOl BEIOOPKH (06beMa, CKazKeM, ThICSY WJIH JeCATKOB ThICSM) U3 pacipejesenus P, 1o
CKOPOCTBb BbIUnCIeHUusS DYHKIUU f MprodbpeTaeT IepBOCTEIIEHHOE 3HAUEHUE.

[TosToMy pe3ysIbTaToM penteHusl 3a/1a91 «IIPOMOJIEJINPOBATh PacipeiesieHre Py siBJISeTCsl He IPOCTO
Mojiesipyonias MyHKIHA, & MOAPOOHO PACIIUCAHHDBIN, 0O0CHOBAHHBIN U ITPOAHAJIN3UPOBAHHBIN AJITOPUTM
MOJIEJTUPOBAHUS

1.2 43bIK onucaHus aJropuTMOB MOJI€JIMPOBAHUS

Jltst 3ammcn aJITOPUTMOB MBI Oy/IeM IPUMEHSITH YCIOBHBIN SI3BIK, HE COBIAIAIONINI HI ¢ OMHUM SI3bI-
KOM TpOrpaMMHUpOBaHUs. B TpuHINIE, 9TOT sI3BIK JOCTATOYHO MPOCT U, BO3MOXKHO, He TpedyeT cire-
NUAJbHBIX TosicHennit. Tem He MeHee, yIUTBHIBas CIeNnMUKY MOJIEIUPOBAHUs, MBI IIPUBEIEM 3/1€Ch €ro
OIIMCAHUE.

B manbosiee oot 3anncn KarKabIil aJITOPUTM COCTOUT U3 CJIEIYIOMIMX JacTel.

1. Haspanue asropurma (06bI9HO 5T0 abbpeBuaTypa Ha3BaHUs METOJA MOJEIMPOBAHUS) /U CJI0-
BECHOE OIMCAHNe MOJICJIUPYEMOro pacrpejiesiernst (paciriudpoBka abOpeBHATYDHI).

2. CiioBecHOe olMCaHUe BXOJIHBIX U BBIXOJHBIX JAHHBIX AJTOPUTMA.
3. Tejo anropurma.

Teno aymopurMa pasbuBaeTcssi Ha CTPOKM, WHOTJA 3aHYMEPOBAHHBIE HATYPAJbHBIMU YHCJIAMU. DTO
pasbueHue CIyKAT JJIsI yA00CTBa ITeHNS aJropuTMa. KaxKaas cTpoka JO/KHA OBITH JOCTATOTHO KPaT-
KO# 1 0003pUMOii, XOTs, KOHEUHO, KOHKPETHOE JIeJIEHNEe HA CTPOKM — JeJI0 ycjaoBHOe. B Havae Kaxkmoit
CTPOKH, €CJIN 9TO HEOOXOIMMO, MOXKET CTOSITh KPATKHUI CJIOBECHBIIT KOMMEHTAPHUI, O0bICHSIIONINN CMBICTT
HPOU3BOAUMBIX OIEPAIUA.

TekcT, cOOTBETCTBYIONIT KayK/I0H CTOKE, COCTOUT M3 OIEPATOPOB, PA3/IEJIEHHBIX 3HAKOM <« ;». 1lo-
PSIJIOK BBITIOJTHEHUSI OTIEPATOPOB €CTECTBEHHBIHN, €C/I He OrOBOPEHO MpOTUBHOE. llepednciimM OCHOBHBIE
OII€epaTOpPbl U COTJIaIllEeHUd, UCIIOJIB3YyEMbIEC B aJITOPUTMUYECCKUX OIUCAHUAX.

1. Omueparop npucpoeHus «a < 1»;
2. CranapTHBIE JIOTHYECKHE OMEPATOPhI «and» U «ors.

3. Yenosubiii onepatop: «If A then B» umu «If A then B else C». Ecim A npeacrasisier coboii
COCTABHOM JIOPMYECKUIi OlepaTop, TO TOT olepaTop 3ammcbiBaercss B ckobkax: «If (A; and Ajg)
then B».

SKoneuno, ocTaercst BOIPOC, HACKOIBKO HA CAMOM JI€JI€ HUICHa 1, ..., 0, MOXOXKM HA IIOBTOPHYIO HE3ABHCHMYIO BBI-
GOpKy M3 PaBHOMEPHOTrO pacupezenenus ua orpeske (0,1]. DTOT BOIpPOC OTHOCUTCA K MPOBEPKE KAIECTBA T€HEPATOPOB
IICEB/IOC/IyYallHbIX YHCEJI U II0Ka HaM He NHTepeCeH.

"EcrecrBenno, dhyHKIINT (0,1]" — R, coBuajaromue ¢ TOYHOCTBIO O N-MEPHOi J1€6eroBoii Mephbl HOJIb, Mbl HE CUUTAEM
Pa3IUYHBIMK, TAK YTO HA CAMOM Jejie Pedb UIeT 00 Pa3IUYHBIX KJIACCAX SKBUBAJEHTHOCTH MOIETUPYIONINX (DYHKITAN.
IlockospKy Ha IPAKTHKE C STUMHU TOHKOCTAMU IIpoOseM He ObIBaeT, MbI He Oy/ieM Jajblile 3a0CTPSATh Ha HUX BHHMAHUE.

8Crporo roBopsi, OKOHYATETHLHBIM PE3Y/IBTATOM JOJIKHA SBJIATHCS KOMITBIOTEPHAS TIPOIPAMMa MOJIEINPOBAHHUSI, HO MBI
OCTaHABJIMBAEMCsl HA AJTOPUTMHYECKOM YPOBHE, HE BJABasCh B TOHKOCTHU HCIIOJB3YyEeMOI'O SA3bIKA IIPOrPAMMUPOBAHUS U
1.71. Eme Tounee, 4acTo OyIyT ONKUCHIBATHCS HE AJITOPUTMBI B CTPOTOM CMBICJIE STOI'O CJIOBA, a JIMIIb UX aJTOPUTMUYECKUe
CXEMBI.
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4. Oneparop 3asepienusi STOP. IlockosibKy oreparuu BBOJIa U BBIBOJA B (haill He mpeycMarpu-
BalOTCd, TO IPUXOJUTCHA OIIUCBIBATH YUCJIa U MaCCHUBBI, IIOJaBacMbI€ Ha BXOJ aJI'OPpUTMa WJIN fAB-
JISTIOTIECST Pe3YIbTaTOM paboThl ajroputrMa. [1o 9Toi Ke mpudnie MOABIAETCS HEOOXOIIMOCTD B
oreparope, 0O603HATAIONIEM 3aBePIIeHNE PAOOTHI AJITOPUTMA.

5. Iukser opranumsoBanbl npu oMoty oneparopos Bujga «While A do ...» (3mece A — jorudeckoe
Boipazkenue), «Do ...while A> u «For ¢ = m to n step a do ...». B ciayuae, xorjma a = 1,
HCTIOJIL3YETCsT COKpallieHHas 3anuch «For i =m ton do ... ».

6. B anropurme paspernaercs MpoBepKa JIIOOBIX COOTHOIIEHUH Tuna a = b, a < b, a < b, a > b, a # b
U T.JI.

7. B asropurme pasperaercsi HCIOJIb30BATh BCe CTaHIAApTHLIE apudMernyieckue jaeiictus («a + by,
«a — by, «a x b», «a/b»), a Takxke Bo3BejieHNe B cTeneHb («a A b»). Takke MOXKHO HCHOJIB30BATH
sobble crangaprabie dyuknun (In, cos, arctan, sqrt, | -], [-] u np.). Homubri comcok Takmx
bYHKIMNE MBI yCTaHABIUBAThL HE OyleM.

8. MojesmpoBanue ciiydaifHON BeJIMYMHBI, pABHOMEDHO pacupejienenHoii na orpeske (0, 1] peanusy-
eTcst B aJrOpUTMe clienuaiabHbiM ormepatopoM Get(-). A mmenno, Beipaxkenne Get(a) o3HadaeT
NOAYHUMD PEAAUSAUUI . U3 pasromephozo pacnpedeserus na (0, 1]. Mnaue rosopsi, Get(a) o6o-
3HaYaeT obpalienue K reHepaTopyﬂ U IIPUCBOEHME PE3YJILTATa TOr0 OOpalleHus IIepeMeHHON o
[Toapasymesaercst, 9TO TOCIEI0BATEIbHBIE IPUMeHeHusI oriepaTopa Get( :) COOTBETCTBYIOT TOJIY-
JEeHUI0 HE3aBUCHUMbBIX peaM3alliii pAaBHOMEPHOI'O pacipenenenns. JIsi cOKpaleHns: 3aIucu UHO-
riaa OyayT npuMeHaATbes oneparopbl Buga «Get(aq, ag)», 9TO HpenosaraeTcs SKBUBAJICHTHBIM
«Get(aq); Get(az)».

Byksa « (¢ unjekcom min 6e3) 3apesepBupoBaHa Jijisl 0003HAUEHNUs] PABHOMEPHO PaCIpele/IeHHOM
Ha orpeske (0,1] cuayuaitnoit Bemunnbl. Hajmaume pasHbIX WHIEKCOB Y HECKOJIBKHUX CJIyYailHbIX
BesInYInH, 0003HAMEHHBIX OYKBOI (v, TOAPA3YMEBAECT, UTO ITU CJAyUaiiHbIe BEJIUINHBI HE3aBUCUMBI.

9. B ajsropuTM MOXKHO BKJIFOUATh IIPOIEAYPHI, IPeJIroJaras, YToO OHI TJe-TO y»Ke omnucaHbl. Hampu-
MEep, €CJIM B aJITOPUTME HCIIOJIb3YeTCsT peajn3alins CIyJIaiiHON BeJIWYINHBI 1), NMEIOIIell HEKOTOPOe
pacupeeenne Q 1M ecjId JJid CTPYKTYPhI aJlOPUTMa He BayKHO, KAKIM CIIOCOOOM 5Ta, peasu3aliis
HOJIyYeHa, TO Mbl OyjeM mucarth 1) <— Q(-), e Touka B KadecTBe apryMeHTa [OJ[YePKUBALT, YTO
MBI UMeeT JIeJIO C MOJIeJINPOBaHUEM, a He IIPOCTO U C IIPUCBOEHUEM

Jpyrue niporie/typbl MOI'YT OBITH OIUCAHBI CJIOBECHO.

10. Ucnonb3oBanue Beipazkenuit Buja 1) <— Q( - ) mpe/mosiaraer, 9To y HAC YKe eCTh 0O03HAYCHUST JIJIsT
HEKOTOPOro KJjiacca pacipenenenuii. [IpuBenem stu obozuadenus jist Hanbosiee yroTpeduTeTbHbIX
pacripe/iesieHnii (TOUHBIE OIIpe e IeHIsT PACIIPEICTICHIIT 1 IX HeOOXOAUMBbIE CBONCTBA BBOISITCS U 00-
CYKJIQAIOTCsI B T€X Pa3/IesIax, [/l FTOBOPUTCS O MOJIEJIMPOBAHUN 3TUX pactipesesiernit). Obo3HaueHmst
JIPYTUX pacipejiesieHnii Oy/IyT BBOJIUTHCS 110 Mepe HaJIOOHOCTH.

e U(D) — paBHOMepHOe pacIpejiesieHne Ha H3MePUMOM MOJIMHOYKecTBe ) eBKIINI0Ba IPOCTPAH-
crBa R? (mpemmomaraercs, aro 0 < mesg(D) < oo, rae mesy — d-mepnas Mepa JleGera). B
gacrHocTH, o6o3nadenue U(a, b) UCIob3yeTcs Jyisi pABHOMEPHOI'O PACIPEJIeJIeHUs] Ha OTPe3Ke

(a,b).

9Tloz, «reHepaTopoM» 3/€Ch U Jlajlee IOHUMAETCsI HEKHil aGCTPAKTHBIN MEXaHU3M, ITOCTABJISIIONIH HE3ABHCHMBIE PEAJIH-
3alUY CIIyJaifiHBIX BEJIMYUH, PABHOMEPHO pacipeseieHHbx Ha (0, 1]. DToT TepMUH IepeKnAbIBAeT MOCTHK K IPAKTUIECKOMY
MOJIETMPOBAHUIO, TJIE UCIIONB3YIOTCA TaK HA3BIBAEMBIE 2EHEPAMOPbL NCEGIOCAYHATHLT YUCEN.
b
1006b1unO reHepaTOpPBI ICEBIOCTYYAHHBIX YHCeN TPEGYIOT HHUIMAIN3AIMN. 3/1€Ch 9T0 0BCTOSITENBLCTBO HIHOPHUPYETCSI.
1B ciygae, Korma MbI MMeeM €0 ¢ HEKOTOPBIM CTAHIAPTHBIM PACIPEIEIEHIEM, MOCIEIHEE 3aMEYAHIE MOXKET GBITH
npournopuposano. Hampumep, momyckaercs sammcn & <— N(0, 1).
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e U,(X) — paBHOMEepHOE pacipejie/ieHIe Ha KOHETHOM MHOKeCTBe X, MMEIOIEM MOITHOCTD 7
(kaK 0OBIYHO, IPUPOJA MHOXKeCTBA X HE UMeeT 3HAYEHUS).

e Ber(p) — pacupezesnenne Bepuysm ¢ napamerpom p € (0,1).
e Bin(n,p) — 6uHomMmanbHOE paciupejesenne ¢ napamerpamu (n,p), n > 1, p € (0,1).

e Geom(p) — reomerpuueckoe pactpe/ienenue ¢ napamerpom p € (0,1).

3/ech u masee Mo/ TEOMETPUIECKAM PACIPEIEICHAEM NOIPA3yMEBAETCs PACIIPE/IC/ICHAE 9ucaa Heyad (a He
Y¥CJIa UCIBITAHU) B UCIBITAHUAX BepHYJUIM ¢ BEpOSTHOCTHIO yCIexa p J0 LepBoro ycmexa. VHade rosops,

HAMMEHBIIIEE BO3MOXKHOE 3HAYEHUE CJIy9IalHON BEJIMIMHBI, MMeromel pacupeaeneane Geom(p), paBHO HYJTIO.

e NB(k,p) — orpurnarenbHo-6uHOMUAJIbBHOE pacupejienenne ¢ napamerpavu (k,p), k > 0, p €
(0,1).
Kak u B mpenpiayiemM cirydae, OTpUIIATETHFHO-OMHOMHUAJIBHOE PACIIPE/Ie/IEHIE COCPEIOTOYEHO Ha MHOXKECTBA

{0,1,...}, npuuem KaxKJ0e U3 ITUX UUCEJ UMEET IOJIOKUTEIbHYIO BEPOSATHOCTb.
e II(\) — pacupenenenne Ilyaccona ¢ mapamerpom A > 0.

e Exp(\) — nokasarenbHOe (IKCHOHEHIMAILHOE) PACHPE/IEJICHUE C TTAPAMETPOM .

PacnpegeneHI/Ie npearojaraeTcsd napaMeTpu3oBaHHBIM TaKUM o6pa30M, 9TO €ro MareMaTu4eCKoe OxKuiaHnue

pasHO 1/A.

e Gamma(k, u) — ramma-pacupejiesienne ¢ napamerpom dpopmet k > 0 1 napamerpom Maciraba
w> 0.

OrmernM, uyro Gamma(l, 1) = Exp(u).

e N(a, 02) — HOPMAaJIbHOE paclipelle/IeHIe ¢ MaTeMaTHIeCKIM OXKujlanueM a € R u aucnepcueii
2
g > 0.

e Ny(a,X) — mmOromepuoe (d-MepHOE) TayccoBCKoe pacipesenenue co cpeannm a € R? u ko-
Bapuannonuoiit marpureit . QopMasibHO X SIBJIAETCSA MTPOU3BOJILHON CUMMETPUTHON HEOTPU-
[IaTeJIbHO OIpeIeJIeHHON d X d MaTpuIlei.

IIpuBenem Termepb MPOCTOI TPUMEP 3AMUCH AJTOPUTMA MOJIECTHPOBAHUSI.

Aaropurm BB (Binomial Bernoully)
MopesupoBanue 6UHOMUAIBHOIO pacupeesnenus Bin(n, p) depes ucubrranus Beprysin

Bxomubie gannbie: n, p.

PesynbraT: £.

1. (Mnuyuasusayus) S < 0;

2. (Modeauposarue wucaa ycnexos) For i =1 ton do (Get(a); If o < p then S+ S +1);
3. (3asepuenue) & < S; STOP.

B anropurme nepeMeHHas § (CYeTYNK IMKJA) 0003HAYAET HOMED MOJIEJUPYEMOro UCHbITaHus BepHysuim,
a repemMeHHast S — (TeKyllee) YUCJIO yCIEXOB B 9THX UCHBITAHUAX. II0CKOJIbKY MeTOJ| MOJIEIMPOBAHNS BECHMA
[IPOCT, CIIENUaIbHOTO ODOCHOBAHUS aJrOPUTMA He Tpe6yeTCHB

1.3 Tounbie U NpUOJIMIKEHHbIE METO/IbI

Mger 6y,ZLeM 3aHUMATbCA TOJIBKO TEOPETHUYICCKN TOYHBIMHU aJITOPUTMaMMN MOJCJINPOBaHUA W HE 6y,ZLeM
paccMaTpuBaThb HpI/I6JII/I}K6HHbIe MEeTOAbI. HpI/I6JH/I}KeHHI)Ie METO/bI MOJICJINPOBaHUA MOI'YT OLITH BECbMa,
IPpUBJICKATE/JIbHBIMU, HO UX IIPUMEHATH MO2KHO TOJIBKO TOT'/Ta, KOI'/Zla €CTh YBEPEHHOCTDb, YTO AO0IIyCKaeMad

12 Majlee MbI yBHIMM, 9TO 9TO JATEKO HE BCEIA TAK.
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omubKa HE CKayKeTCsd Ha KOHEYHOM pe3ysbrare. MHade roBops, HY>KHO yYUTHIBATH OCOOEHHOCTH TOi
3aJ1a91, pajy PEIIeHUs] KOTOPOI MPUMEHSIETCsT MOJIeJINPOBAHUE.

Hamnpuwmep, B psijie y4eOHUKOB B KA4€CTBE XOPOIIEro MPUOIMKEHHOTO METO/Ia MOJIEJMPOBAHUS CTaH-
JIapTHOrO HOpMaJibHOrOo pacupezenenus N(0,1) npejaraercst takoit npuem. Mogesupyrores cirydaii-
HbI€ BEJINYUHBI (1, . . ., Oy, U B KAYECTBE CIIyYalHOM BEJIMYNHBI, IPUOIMKEHHO UMEIOIEH pacipe/ieieHue
N(0,1), 6epercst cayuaiinas semmanaa 7 = (g 4 ... 4+ o, — n/2)/+/n/12. Hpu n = 12 sta dbopmyia
BBITVISIINT OCOOEHHO MTPUBJIEKATETHHO: 77(12) =(a1+...+a2) —6.

HeiicrBurenbro, Lenrpanbuas [Ipenensuas Teopema (Teopema I1. Jlen) yrBepxkaaer, 4ro npu n —
00 pacipeesenne ciyuainoil sesmannn (™ ciaabo cxomures k N (0,1), a 6ostee BHUMATEIBHBIN AHAJIN3
[IOKA3BIBAET, YTO IIOTHOCTH PACIPEIeIeHns c/Iydainoii Besmunnn 712 6iuska K 1I0THOCTH pacipee-
nenusi N(0, 1) B 0BOJIbHO MIUPOKOii OKPECTHOCTH HYJIsA. B TO yKe Bpemsi 77(12) € (—6,6) ¢ BEpOSITHOCTBIO
1, a HOCUTEJIb HOPMAJILHOT'O PACIIPEJIEJIEHUS] — BCS [IPSIMAasi.

OTciozia CTAaHOBUTCS sICHO, ITO €CJIM B PEIIaeMOit 3a/1atde CyIeCTBEHHBIM SIBJISIETCS JIUIIE TOBEJICHIE
IUIOTHOCTU HOPMAJIbHOTO PACIpeJIe/IeHIs B OKPECTHOCTU HYyJIs, TO IPUMEHEHUE CJIYyJalHOl BeJTMIUHBI
712 Bumecro ciyuaiinoit semranus: £ € N(0,1) Moxker GbITh onpasano. Eciim »Ke Ha pe3yIbTaT OKasbl-
BAIOT BJIMSHIS OMCHb pejKie cobbitns Trma {w : |€(w)| > 10}, o ucrmomszosars 712

Kpome sToro obrero coobpaxkenusi ectb u Apyroe, bojiee mpodeccuonaabuoe. CauTaeTcst, 9To ecjiu

HEJIb344.

€CTh HEKOTOPBIN MPUOINKEHHBIH METOJ MOIEJIMPOBAHUSI pacIpeieneHnss P, TO Ha €ro OCHOBE MOYKHO
OPUYMATh TEOPETUIECKU TOYHBIH METOJI, MMEIONIH MPAKTUIECKU Te YK€ XapaKTePUCTUKU (Halpumep,
6eicTpoieiicTue). KoHneuHo, j0ka3aTh Takoe yTBEPIKIEHNE BO BCEil ero MoJHOTe HEBO3MOXKHO.

1.4 JIBe xapaKTepPUCTUKHU AJITOPUTMOB MOJAEJINPOBAHUSA

YuaurbiBast 3Tu 00CTOATEHCTBA, Mbl OyJIEM PACCMATPUBATH JIBE OCHOBHBIE XaPAKTEPUCTUKHU AJITOPHUT-
MOB MOJIEJIUPOBaHUsT: mpydoemkocms u Tpedyemyo namsamo. Tpymnoemkocts C (oT complexity, ciox-
HOCTB) ONHCBIBAET MOBE/IeHNE (CPEIHEr0) BPEMEH! BBIMOJHEHNUS TPOrPAMMBI, HAIIMCAHHON COTJIACHO pac-
CMaTpPUBAEMOMY aJITOpUTMy. KOHEUHO, 3/1eCh HE MOXKET UJTU Pedb O KAKUX-TO TOTHBIX IHCJIaX, HMEETCS
B BU/Ly OOIIMIl XapaKkTep MOBEeIEHHs 9TOr0 BPEMEHH B 3aBUCHMOCTH OT apaMeTPOB pacrpe/esieHnst (1
B CPaBHEHWH C JIPYTUME MeTOjIaMu ). BaskKHOCTb Takoil XapaKTePUCTUKU KaK TPYJ0EMKOCTb O0bsICHSIETCsI
TeM, YTO MOJIEJINPOBAHUE PACIIPe/IeJIEHNN OOBIYHO OCYIIECTBJISIETCS MHOI'O pa3 B OOJIbIIMX IUKJaxX. B
CEPBE3HBIX 3a/1a9aX CKOPOCTh MOJIEJTUPOBAHUSI OKA3BIBAETCS BaXKHBIM (DAKTOPOM JIa2Ke Ha COBPEMEHHBIX
KOMIIBIOTEpaX.

Hampuwmep, rpynoemkocts asropurma BB mipornioprinonasibia qucsy obpalieHnii K reHepaTopy, KOTO-
poe paBHO n.. B To e BpeMs 3Ta TPYI0EMKOCTb MaJiO 3aBUCHT OT Tapamerpa p (OT 3HAYEHUS P 3aBUCUT
TOJIBKO YHCJIO TPUCBOEeHUiT S <— S + 1, HOCKOIBKY 9TO ObICTpasi ollepalius, el0 MOXKHO peHebpedn). Ta-
KUM 00pa30M MbI MOYKEM HAIMCATH, 9TO Jjis ajgropurma BB Beimosneno coornomenue C' = C'(n,p) <X n
PaBHOMEDPHO II0 pE Tem cambiM asropuT™m OyeT 06J1aJaTH MAJIBIM OBICTPOIEHCTBAEM TIPU OOJIBIITHIX 7.

Yro kacaercs Tpedbyemoii namsitu M (memory), o mist anropurma BB Bee ouens npocro: M = O(1),
TaK KaK IPAKTHYECKH BCS MAMSATh UJET HA XPaHEHHE Teja IporpamMMbl. MoxKeT 1moKa3aTbCs, 9TO JJIs
COBPEMEHHBIX KOMIThIOTEpOB BesmmunHa M He mmeer 60Jibmioit posn. OMHAKO TPHU PEIIeHUN CJI0YKHBIX
3a/1a4, KOIJ[a MOJIEJINPOBAHNE PA3JIMIHBIX PACHPEIE/IEHNI SIBJIAETCS JIUIb OJIHON M3 MHOTHX COCTABHBIX
JacTeil Bcell TporpaMMbl, HEOOXOIMMO CJIEIUTh U 38, ITON XapaKTEePUCTUKOI.

Tabsinuubie 1 HeTaOJIUYHBbIE METO/Ibl. HeCKOJIBKO YCIOBHOE JIeJIeHIe METOJ0B MOJICJTUPOBAHUS HA
MabAuwHblEe T HEMAbAUNHDIE HE SBIISETCS COBEPIIEHHO YeTKUM, HO MOXKET OKa3aThCs 10Jie3HbIM. [lesro
B TOM, 9TO &JI'OPUTMBI MOJIEJTUPOBAHUSI MOT'YT OBITH UCIOJIB30BAHBI HA IIPAKTUKE, I'PYOO TOBOPSsI, B JIBYX

1 N

3 TIy1st TOJIOYKUTEITLHBIX TOCTEOBATELHOCTEH Gy, U by, MHIIYT Gy X by, €CJIU OTHONICHUE G /b, OTIEIEHO OT HyJis U
6eckoneunoctu. MHadge ToBoOps, B 9TOM ciydae npeanonaraercd, 9ro 0 < ¢1 < an /by < ¢2 < 00 IPHU JOCTATOYHO GOIBITAX
T JJIsi HEKOTOPBIX MTOCTOSIHHBIX C1, C2.
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CI/ITyaHI/IHXE OpHa U3 HEX COCTOUT B TOM, YTO OJIMH W TOT YK€ aJrOpuTM 0e3 n3MEeHEeHNH paboTaeT B K-
sie. MHade roBopsi, HaM HYKHO IIPOMO/IEJIMPOBATEL OJIHO M TOXKE PACIIPEJIEIEHIE MHOIO (HA IPAKTUKE —
TBICSYU U JIECATKH THICAY) pa3. B 9TOM cirydae nMeeT CMBICII OJIMH Pa3 MPOBECTH HEKOTOPYIO MPEBAPH-
TeJIbHYIO paboTy € TeM, 9TOObI J0 Ipejiesia yObICTPUTh COOCTBEHHO MOIEIUPYIONLYIO YacTh IIPOrPaMMObI,
Koropast u Oyzuer paborarh B nukie. IIoCKOIbKY 9Ta IpejBapuTesibHas pabora 4acTo (HO He BCErjia)
CBOJIUTCS K BBIYHMCJIEHUIO HEKOTOPBIX TAabJIuUI (MACCHBOB), TO TaAKUE METOJbI HAZBIBAIOTCS MAOAUYHOIMU.

JL1st TaBJIMIHBIX METOJIOB €CTECTBEHHO Pa3IesIsTh TPYL0EMKOCTD IIPEIBAPUTEBHON 1 MOJIEIUPYIOIIEH
qacTeil aJropuTMa, IpUYeM IJIABHYIO POJIb UMEET TPYIOEMKOCTb MOIEIUPYIONIEH dacTH, TaK KaK OHa
BBIIOJIHSIETCS MHOT'O Pa3, a MpeaBapuTeIbHas — TOJLKO OJIVH.

Jlpyrasi cuTyaliisl BO3HUKAET, KOI/a pacipeeeHne HyKHO TPOMOJIEINPOBATEL OJUH WJIH HEOOJIBIITOE
qncio pas. Torma HeT HEOOXOMMMOCTH OTJENATh PeIBAPUTEIbHYI0 YaCTh aJlOPUTMAa, KOTOPAasi 9acTo
ObIBaeT BeCcbMa TPYI0EMKa, OT Mojenupyomeil gactu. [lomobnoro poga aaropurmbl OygeM HA3BIBATD
HeTabJIMYHBIMUA.

CrangapTHBIN IpUMep <«HETAaOJUIHON CHTyalnny» BO3HUKAET, KOIJa HYKHO MOJEINPOBATH PaCIIpe-
JleJIeHne, 3aBUCIIee OT apaMeTPOB, IPUYEM ITapaMeTPhl He SIBJISIOTCsS (PUKCUPOBAHHBIMH, 8 MOI'YT Me-
HATBCSI B IpoIlecce cdera. Toraa pe3yabTraT paboThl MPEIBAPUTENIHHON YAaCTH AJTOPUTMa TOXKE OyIer
3aBHCETH OT MAPAMETPOB (KOTOpbIE U MOJAI0TCsI HA BXOJ| aJIFOPUTMA), U Pa3JieJIeHue aJlfOPUTMa Ha TIPeJi-
BApUTEJIBHYIO U MOJIEJUPYIOILYI0 9aCTH CTAHOBUTCS OECCMBICIEHHBIM.

Auropurm BB, KoHEUHO 2Ke, He sBJIsSeTCsd TaOJUIHBIM — IIOCKOJIBbKY Ha BXOJ aJrOPUTMA IOJAI0TCS
JINIIb TIapaMeTphbl 1 U P, OHU BIOJIHE MOT'YT U3MEHHUTHCSI MPU CJIEYIOMEM OOpaIlleHnH K IPOrpaMMe
MOJIEJTUPOBAHUSI.

¢lcHO, 9TO TIpU CPABHEHUH aJITOPUTMOB, MOJIE/TUPYIOIIUX OJTHO U TOXKE PACIIPEIe/IEHNe, HY>KHO CPABHU-
BATb «TaOJTUIHBIE» METOJbI C «TAOJIUIHBIMU Y, & «HETAOIUIHBIE» METOJIbI C «HeTadInIHbIMIy. CpaBHEHME
TaOJIMIHBIX METOI0B ¢ HETAOJIMIHBIMU OOJIBIIONO CMBICJIA HE MMEET.

l4BBIBaIOT u IIPOME2KYTOYIHbBbIE CJIyYdau.

10
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2 TabamuHble MeTOAbl MOAEJIMPOBAHUA ANCKPETHBIX pacHpeaeieHuil

2.1 Tabuunbl AUCKPETHBLIX paclpee/IeHui

B sTom paznese MbI 6y/1eM pacCMaTpPUBATE TAOIUTHBIE METOIBI MOIETNPOBAHIS KOHETHBIX JIUCKPET-
HBIX pacrpejieneruii. A uMeHHO, OyJIeM CUNTATh, YTO CYIIECTBYET TAKOE KOHEUHOE MOIMHOXKECTBO X
MHO}KeCTBﬂ R, uro P(X) = 1. Koneuno, B 910M ciiyuae pacupejesieaue P oupezessiercs HabopoM
quces p, = P({z}) npu x € X. Y106HO cuuTarh, 9TO BCE YUCIA P, NOJIOKUTENbHBL Torya, 0603HaYNB
n = card X ¥ mepeHyMepoBaB B KAKOM-TO TOPSIIKE JIeMEHThI MHOXKeCcTBa X, Mbl MOYKEM IPEJICTABUTD
pacrpenesieaune P B BUIe mabdauybl pacnpedeserus

D <x1 cee Tp ... 91:n>7 (2.1.1)
pr -+ Pk --- DPn
ne X ={x1,.... 2}, oo =P{zn}) u > o= 1.

W3 sroro onucanus ciaemyer, 9ToO pacupeiescenne P mopoKIaeT MHOTO TabJINIL PACTIPEICTICHUST, KayK-
Jlast 13 KOTOPBIX OJHO3HAYHO OmpeiesiseT P. B HEKOTOPBIX Cilydasix CyIIeCTBYeT «eCTeCTBeHHAs» TabJInIa
pacrpenenenusi. Hanpumep, ecn X npescraniser coboit MHOKECTBO, COCTOSINEE U3 MEPBLIX N IJICHOB
HATYPAJIBHOTO Psifia, TO €CTECTBEHHO MOJIOKUTD T = i (XOTs, KOHEIHO, MOXKHO B3Th U &; = N — i + 1).

Bce Tabnmanbie MeTO/IBI MOJIETUPOBAHUST KOHEUHDBIX JINCKPETHBIX PACIIPE/IETICHNsT OCHOBBIBAIOTCS HA
HEKOTOPO# TabJIUIEe PACIIPE/IESIEHIS U UMEIOT Ha BXOJIe YHCJIO 1L U JIBA MACCUBA L1, ..., Ty U Pl,. . ., pnm
IIpu 5TOM [/Is1 HEKOTOPBIX U3 STHX METOIOB Pe3y/IbTaTl He 3aBUCHT oT Buia Tabmumpr (2.1.1), a ans
JIPYTHX — 3aBUCHT.

Cpenu mocaeqaux HauboOJIEE TOIMYJISIPEH TAK HA3BIBAEMbIH MEMod 00pamHbiL gﬁyﬁm},uﬁm Ero mbr u
OymeM ceiffiac paccMaTpUBATD.

2.2 Tabiwm4yHBI MeTOJ] OOpATHBIX (DYHKITUIA

[TycTs KOHEUHOE AMCKpeTHOE pacupeseaenne 3agano tabmmreii (2.1.1). Tlomoxum s; = p1 + ...+ p;
upu 0 < i < n (06BIYHO ITU YKHCIA HASBIBAIOT HAKONAECHHbIMU 6eposammocmamu). OdueBuaao, so = 0 u
sp, = 1. Memod obpamnwx dynrkyui 3anaercs mogenupytomeii dbyuakmumeii f: (0,1] — X Takoii, uro

flz)=m;, ecmm s;_1 <z <s; i=1,...,n. (2.2.1)

[Mockonbky P(a = s;) = 0, To 3HaueHust GyHKIUU f B TOYKAX $; HE MMEIOT 3HAYEHUsI, IOITOMY B
ouu omyuienbl. O6bruHO nosaraor f(s;) = x;—1 wim f(s;) = x; B 3aBUCUMOCTH OT y00CTBa 3aIUCH
anaropurma. B jganpHeiieM Mbl TOXKe Oy/IeM Tak IIOCTYHATD, CIIEIHAILHO 9TO He OrOBAPUBAS.

dAcuo, uTO BU 3TOM (PYHKIUU CYIIECTBEHHO 3aBUCUAT OT IOPSJIKA, IPUITUCHIBAEMOTO 3JIEMEHTAM MHO-
kecTBa X . CooTBeTCTBYIONIAS MOJIeIUPYIoNiast hopMysia MOXKeT ObITH 3allUCaHa B BUJE

£= Z xiH(Si—hSi} (a), (2.2.2)
i=1

rjie [4(x) obosnauaer unduxamop muoxkecrsa A, pasublii 1 nim 0 B 3aBUCHMOCTH OT TOTO, IPUHAJJIEIKHAT
T MHOXKECTBY A WjIu HeT.

Dopmyna nposicasier cyTh gena. Orpesok (0, 1] mesurcst Ha n oTpe3koB (OKOH) Buaa (S;—1, Sil.
Eciin o monajiaer B i-e U3 3TUX OKOH, TO CJydvaiiHas BeJndnHa & NPUHUMAET 3Ha4YeHue ;. 1locKoJIbKY
JUIIHA OKHa (S;_1,S;] paBHa D;, a BCe YHCIa Xj Pa3audnsl, T0 P(§ = ;) = p;.

15Boobire roBopst, Tpupoma MHOMXKECTBA, X He MMEET 3HAMEHUS: €0 SJIEMEHTAMU MOLYT ObIThH BEKTOPA, KAPTHHKH, CJIOBA
u T.;1. Ham ynobuee Be3ne cunrars, uro X C R. B gasnpHeiinem MHOXKecTBO X, BHE 3aBUCHMOCTH OT TOT'O, SIBJISETCS JIM OHO
KOHEYHBIM WJIA CUYETHBIM, MBI OyJIeM Ha3bIBaTb HOCUMeeM JUCKPETHOIO paclpeaeseHus P.

1K omeuno, HaM IOCTATOYHO 3HATH WHCIIA P1,. .., Pn_1, HO MBI GyIeM IpeHeGperaTs TAKOH SKOHOMHUEH.

Y TIponcxox nenue 9Toro Ha3BaHUsA GyLeT OGBLACHEHO IIO3KE.
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XoTst MozeTupyIomias OyHKITHsT (u, crenoBaTenbHO, Mojeaupytomas dhopmyra (2.2.2)) oxHo-
3HAMHO ompesesiercs Tabuuueii pacupenenenus ([2.1.1), cymecrsyeT MHOro c1oco60B BBIMUC/IHNsT 9TOf
GbyHKIUE B TPOU3BOIBHON Touke x. Ha camoMm sieste, KOHEYHO, PeUb UIET O PA3THIHBIX CIIOCODAX TTONCKA,
uHTEepBaa (81, 8;|, COMEPIKAIIETO TOUKY &, & «IIPOU3BOJIBHOCTb» T O3HAYAET, YTO BMECTO YHCJIA L MbI
paccMaTpuBaeM CiydaifHyio BeJIMYMHY (, paBHOMEPHO pactpesesennyio Ha (0, 1].

[Ipexie yem mccsieI0BATh 3TU CIOCOOBI B 00IEM BUJE, PACCMOTPHUM OJIMH YACTHBIH CJIydaii.

2.2.1 IlIpocreiitnnii TaOJIMIHBIIT METO

Haunewm ¢ coBcem mpocroii curyarnun. [TycTs B Tabiuie pacrpeeaenus BCE P; OJIMHAKOBLI (M,
csieioBaresibHO, paBHbl 1/n). Torga P siisiercss paBHOMEPHBIM paclipe/ie/ieHeM Ha MHOXKecTBe X, TO
ectb P = Up(X).

HOCKOJII:K)’H P([na] =k) =1/nupu k =1,...,n, To pacupejesnerne P 04eHb IPOCTO MOJEJIUPYET-
¢s1. 3anmimeM cpasy COOTBETCTBYIOMIMI aJrOpuTM.

Aaropurm U, (X) (Uniform on X)
MopenupoBatye paBHOMEPHOIO pacipejesieHusi Ha MaoKecTBe X = {z1,...,2,}

Bxonuble panubie: n, Maccus (1, ..., Ty,).
PesynbraT: £.

1. (Bwobop nomepa okna) Get(a); 7 < [n*al;

2. (Pesyavmam) & < x,; STOP.

Tak Kak ciyuaiiHasi BeJIMUYMHA T PABHOMEPHO paclpejesieHa Ha MHOoxkecTBe {1,...,n}, To cuerpaib-
HOro OOOCHOBAHMSI 3TOT aJIrOpuTM He Tpebyer. OOCyauM Tenmepb CBOWCTBa 3TOro ajropurMma. llpexie
BCEro aJIrOPUTM peasin3yeT MeToJ 00paTHbIX (DYHKINN, TaK Kak & = T; TOrJa U TOJIBKO TOLJA, KOTJIA
a€ (i/n,(i+1)/n].

Hastee, aaropuTM He sIBJIsIETCs TAOJMIHBIM (IIpeIBApUTE/IbHASI YaCTh aJropuT™Ma orcyrersyer). Tpe-
6yemast mamatb M umeer Bug n + O(1), Tak Kak Hy»KHO JepzKaTh B HAMATH YUCJIOBON MaccuB X

Yro KacaeTcst TPYJA0EMKOCTH, TO TYT BO3HUKAIOT HEKOTOPHIE YCJIOBHOCTH, CBSI3aHHBIE CO CKOPOCTHIO
BBIYUC/IEHNS 3HAYEHUN PA3JIMIHbIX (PYHKIUN Ha KOMIbIoTepe. B maHHO# cuTyaruun HaM HYKHO 3HATD,
CHJIBHO JIU 32BUCHUT CKOPOCTH BbluucjieHusi (byHKIWMK | - | OT 3HadYeHuil aprymenTa. [IpuHsaTo caurarh, 9To
B IIMPOKOM J[Malla30He 3HAUEHUIl & BpeMsl BLIYMCJIEHUs] 3HAUEHUs x| MeHseTcs Mano@ Ecan npunsTs
9TO TPEJIIIOJIOKEHNE, TO TPyA0eMKocTh ajaropurma Uy, (X) okarkercst mouTn He3aBUCUMOi oT n. Taxkum
o6paszoM, Mbl OyjeM yurarh, uto C' = O(1).

Passuast uzeto anropurma Uy (X), MBI mpuxomum K npocmetiuuemy mabauaiomy Memodﬂ MO-
JeJTMPOBaHUs pacIpe/iesIeHU s pU ycJIoBUH, YTO BepositHOocTH p; umeror Bug N; /N, rme N =
Ny + ...+ N, u N; — uesble IOJIOXKUTEJIbHBIE duCIa. VHade roBOpsl, Mbl pacCMaTpUBaeM TaOJIHILY
pacripe/ie/ieHust BUIA

P (Nf/lN . foN . N:7N>' (223)

[Ipejmosaraercsi, 9YT0 Ha BXOJL aJiropuTMa Hocrynaior resbe N; (a He BemecrBennbe p; = N;/N).

18TIposepsre!

193 1ech MCONB3YIOTCS ABA IIPENIIONIOKEHUs. BO-IIepBLIX, MBI NPEAIOIOKHIN, 910 z; € R. Ecunm, ckaxem, z; — d-
MepHble BeKTopa, T0 M Gyzner umers B dn+ O(1). Bo-BTOPBIX, €C/iu YUCIIO T; JIETKO BBIYUCIISIETCS 110 3HAUCHUIO UHJIEKCA
¢ (ammmewm 1o Kak ; = h(i)), To maccuBa (z1,...,T,) BOOOIIE 3aBOJUTH HE HY?KHO, & B AJITOPUTME BMECTO & <— Zr
nosiButcst § — h(7). (SIpkuM npumepoM 1o cuTyauuu siBisiercst ciaydait x; = 4.) Torma M = O(1). B pasbneiiniem Mbl
Gy/ieM BCIIOMHMHATH 00 9TUX 0GCTOSITENBLCTBAX TOJIBKO TOIJA, KOI/Ia OHU Oy/yT JAefCTBUTEIBHO CyIIECTBEHHBI.

2011 BEIYHCIATEIBHBIE SKCIEPHMEHTBI 9TO HOATBEPK TAIOT.

2 Cormacro Tepmunomnoruu [10] — table look-up method.
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Wnero (n obocHoBanme) METO/Ia MOYKHO OIUCATH cyeytoniuM obpasom. Chopmupyem maccus («Tab-
muaiy») 11, ..., T, TakuMm 06pa3oM, 4To

-1 1
Tyj=z upn » Ni<j<Y Ny I=1,...,n. (2.2.4)
=1 =1

Maccus (2.2.4) ycTpoen odeHb mpocTo: mepBbie Nj €ro 3JeMeHTOB DaBHbI 1, BTOpble N DABHBI T
u .. Obosnauum 7 = [Na]. Torma, Kak jierko BujeTh, ciaydaiinas seauunda & = T, Oyger umerh

pacrpenenenne (2.2.3). HeiicrBurenbHo,
-1 !
P=m)=P(T,=2)=P (> N;<7<> N;|=N/N,
i=1 i=1

TaK Kak CjIydaiiHasi BeJIMYMHA T PABHOMEDHO pacupejiejiena Ha Muoxkecrse {1,..., N }E Koneuno, onu-
CAHHBINA METOJ[ — 3TO METOJ OOPATHBIX d)yHKuI/H‘/’I.lﬁ SammieM COOTBETCTBYIOIIHH aJITOPUTM, TIOMECTHB B
pe/iBapuTeIbHyIo YacTh hopmuposanue Maccusa 1.

Aaropurm TS (Table Simplest)

MojiesmpoBaHie KOHEUHOTO JIMCKPETHOTO pacnpesererus ¢ p; = N;/N, (i=1,...,n, N=N; + ...+ N,)
IIpensapurenbuble oneparun: dhopmuposanne maccusa (171, ..., TN)
Bxomuble ganubie: N, MaccuBbl (21, ...,T,) 1 (N1,..., Ny,).
Pesyabrar: maccus (T1,...,TN).

1. (Anuyuarusayus) @4 j < 1; k < Ny;

2. (3anucv wucen x; 6 maccus) While k < N do
e While i <k do (T; < xj; i+ i+ 1);
o jj+ 1k k+ Ny

3. (Basepwenue) STOP.

MogenupoBanue

Bxonubie pannsie: N, maccus (11, ..., Tx).
Pesynbrat: €.

1. (Buwibop nomepa okna) Get(a); T < [N x al;
2. (Pesyavmam) & < T,; STOP.

Mojenupytomniast 9acTb KOMMEHTapHeB He TpebyeT — OHa TOYHO Takas ke, Kak ajropurm Up(X).
O6cy M 11peIBapuTesIbHY IO 9acTh ajropurma. 3amnoianenne maccusa (11, ..., Ty) IPOUCKOAUT HOCTIE0-
BaTeIbHO Os10KamMu. Biiok Homep j cocronT u3 N;j OIMHAKOBBIX 4HCeI T4, Bcero 6/0koB n. Ilepemennas j
AJrOPUTMAa — CYETUUK IUC/Ia OJIOKOB, IEPEMEHHAsl § — CYeTUYnK HoMepa djieMenTa B maccuse (11, ..., Tx).
[Tepemennast k orBeTCTBEHHA 3a MEPEXO OT OJIOKA K OJIOKY — KaK TOJBKO HOMED % IIPEBBIIIAET TEKYIIee
sHadenue k, 4ucao x; Mensercs Ha xj41. OcTaHOB OpraHu30BaH IO IepeMeHnHoi k.

AusropurMm TS uMeer Apko BbIparkKeHHbIH Tabau4Hblii xapakTep. [Ipu 6onbmux N u n ero upejasapu-
TeJIbHAsI 9aCTh MOXKET OKa3aThCsl BEChMa TPYJ0EMKOIi, B TO BpeMsl KaK MOJETUPYoMiasi (¢ y4eToM HAIIUX

22Ha, caMOM JieJle 9TOT MeTOJ| OTJIMYAETCSl OT OIMCAHHOIO BBIIIE METOJa MOJIEIUPOBAHUS JIACKPETHOIO PABHOMEPHOIO
pacipezesennst Ha KoHeaHoM MHoxkectBe T = (T11,...,TN) TOJBKO Te€M JIOIOJHUTEIBHBIM JOIYIIEHUEM, YTO HEKOTOPbBIE
3HadeHus T; MOTYT COBIIJIATh.

23 A mouemy?
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COTVIAIIIEHNSI O CKOPOCTH BLIMUC/IeHHs 3Hadenuii dyukimn | - |) obmagaer tpygoemkoctsio C' = O(1). Ilo-
CKOJIbKY II0/IPa3yMeBaeTCsl, YTO Mpe/BapUTe/IbHAs YacTh ajllOpUTMa 0TpabaTbiBaeT TOJIBKO OJMH pa3, a
MOJIEJIUPYIOIIast — MHOTO Pa3, TO IPUHSITO ODIILYI0 TPYAOEMKOCTh AJITOPHTMa ONPEEISATD II0 €0 MOJIe-
JIUPYIOIIEN YacCTu.

Tem cambIM 110 OBICTPOZEICTBHIO METOJ, SIBJISIETCS OU€Hb IPUBJIEKATEIbHBIM. 110qBONHBII KaMeHb
0BHAPYKHUTCsT, KOTJIa MBI IIPOaHaJIN3upyeM namMsaTh M, KoTopasi (OIsiThb-TaK! Jist MOJEIUPYIOMIeil dacTu
asropurma) paBaa N 4+ O(1). A auciao N — 3namenarespb B npejcrasiennn p; = N;/N. ZdcHo, uro sToT
3HAMEHATEJb MOXKET OBITH OUEHBb OOJIBIIIM.

Bouiee Toro, y sroro ajropurma HabJIOaeTCsl BEChbMa HEeCTECTBEHHOE CBOICTBO, KOTOpoe (Jist Ha-
IVISLTHOCTH ) JIydIlle IPONJUIIOCTPHPOBATEL Ha IpuMepe. Bo3bMeM n = 2 U pacCMOTPHM paclpe/ie/ieHie

Tl T2
p1 P2

P

¢ p1 =3/10 u p; = 7/10 Idyst MojiesmpoBaHus 3Toro pacupejesennst merojgoMm TS tpebyercst maccus T’
gymabl N = 10. 9T0, KOHEIHO, COBCEM HEMHOTO.

U3MeHnM Tereph 5TH BeposaTHOCTH: TTosioxkuM p1 = (3-10°+1) /105 u py = (7-105—1)/10°. BepositHo-
cru m3menmuch na 1078, a mmmma N Benomorarensroro Maccusa nojckounia o 108! Ioayuaercs, uro
agroputMm TS obsamaer 60JIbIIONH HEYCTOMIUBOCTHIO HAMSITHA: IPyOO TOBOPS, YeM MEHbIIIE MbI MEHSIEeM
BEPOSATHOCTH, TeM OdJibitast HaM TpebyeTcs naMsaThb. KoHedHO, 9TO cTpaHHOe CBOWCTBO.

Crenaem BbiBOJI. XO0Tst ajroput™ T'S u siBjisieTcsi ObICTPBIM, 00JIACTh €ro IPUMEHEHUsI CUJIBHO OTpa-
HIYeHa BenanHoi 3HaMenarens N B upexacrasienun p; = N;/N. A nmockosbky n < N (Bce BeposgTHOCTH
JIOJIZKHBI ObITh [IOJIOXKUTEJIbHBI), TO W YUCJIO 3HAYEHUIT MOJIETMPYEMOTO PACIPe/Ie/IeHUs He MOXKET ObITh
CJIATITKOM OOJIBIITHM.

Bozeparumcst Tenieps K MeTo/ly 0OpaTHBIX (DYHKIUH JIjIsi MOJEJUPOBAHUS OOIEro KOHETHOrO JUC-

KpeTHOro pactupejeierns ujga ((2.1.1]).

2.2.2 TlociaemoBaTeJbHBIN MeTOZ OOPATHBIX (PYHKITUI

BBuy cBoeit mpOCTOTHI U HATISIHOCTH NOCALIO8AMENLHBIT MEMOO 06pamHbLT GyHKYUT 3aHIMAaET (HEe
CJIMIIKOM €My COOTBETCTBYIOIIEE) [IEPBOE MECTO BO MHOIMX yUeOHUKAX 110 MOJIEIMPOBaHNI0. PaceMoTpum

dopmyy (2.2.2)) u mosoxkm

n
T = E /L]I(Si—l,si](a)' (2.2.5)
i=1
Cortacno (2.2.5)) 3Hagenne T paBHO HOMEPY ¢ TOTO OKHA (S;—1, §;], Ky/a monajaer «. JIerko Buaernb, ITo
T MOZKeEeT 6bITb IpeacTaB/JI€eHO B BHJIE

7=min{i: a < s;}. (2.2.6)

eiicTBuTesnbHo, ecim s;—1 < o < §; (9T0 SKBHBAJIEHTHO T = 1), TO (v > §; IIPU BCexX j < i, 1 a < §j IpH
Bcex j > 1. Popmysia HABOJIUT HA MBIC/Ib, UYTO MOYXKHO BBIYHCIISTD T, TOCJIE0BATETHHO CPABHUBA
« C S1,S2, ¥ TaK Jlajee 70 TeX I0op, IOKa MEPBLIi pa3 He peasin3yeTcs HEPABEHCTBO & < S; IPU KAKOM-TO
t. Ilosrydgennoe 4mciio ¢ 1 eCTh 3HaMEHHE T.@

DTa ujesi 1 CTOUT B OCHOBE IIOCJIEI0BATEILHOIO METOIa OOPATHBIX (DYHKIMA. SAIIMIIIEM COOTBETCTBY-
romuit asroputM. [locko/bKy y HAC paciipeie/ieHe MPeIoiaraeTcs 3aJaHHbIM cBoeil Tabmreil, a Jis
BBIYUC/IEHNS T HAM HY>KHBI HE BEPOATHOCTHU P;, & HAKOIJIEHHBIE BEPOSITHOCTH S;, TO OTHECEM BBIYNCJICHHE
HaAKOIIJIECHHBIX BepOﬂTHOCTeIU/I B IIPpE€ABApUTEJIbHYIO T9aCTh aJI'OPUTMa

24Tak Kak P(a = s;) = 0, To, B IpUHIMIIE, HE BA>KHO, MPOBEPATDH JIM BBINOJIHEHUS HEPABEHCTB @ < §; mim « < Sj. Mbr
BCE PaBHO IOJIyunM pacupenesenue ((2.1.1]).

25KoHewHO, BLIYUCIIATD §; MOYKHO U B MOJIETUPYIOIIEil YaCTH IPU MOMOIIN PEKYPPEHTHOIO COOTHOMIEHHE $; = S;_1 4P, HO
B TaOJIMYIHBIX METOAAX CUUTAETCS TPAMOTHBIM BBIHOCUTDH B MPEABAPUTEIBHYIO 9aCTh BCE, YTO MOXKHO, — 9TO XOTb HEMHOTO,
HO YOBICTPUT MOJIEJIMPOBAHIE.
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Agropurm TIS (Table Inverse Sequential)
MopnesmpoBatyie KOHEUYHOIO AUCKPETHOIO PACIPEIEJICHHs] IOCAEA0BATEIBHBIM METOAOM OOPATHBIX (DYHKIIIIA

[Tpeasapuresbuble onepanuu: (GOPMUPOBAHUE MACCUBA HAKOIIEHHBIX BEPOATHOCTEH (81, ..., Sp)
Bxoguble nanubie: n, Maccus (pP1, ..., Pn)-
Pesynbrar: maccus (1, ..., S,).

1. (Mnuyuasusayus) i < 1; s1 < p1;
2. (Bwvuucaenue naxonaernur eeposmmnocmets) While i < n do (Z —i41; 881 +pi)§

3. (3asepwenue) STOP.

MonenupoBanue

BxojiHBIE JIAHHBIE: MACCUBBL (L1, ..., %n) U (S1,...,8n).
Pesynbrar: €.

1. (HMnuyuasusayus) Get(a); i < 1;
2. (Houck unwmepsasa) While o > s; do i =i+ 1;
3. (Basepuwenue) & < x;; STOP.

IIpoananusupyeM CBOMRCTBA 3TOrO aJII‘OpI/ITMaE Tpebyemast mamsite M (corsiacHO HaIeil JOroBOpeH-
HOCTH) paBHa, KoHedHO, 2n + O(1). Uro KacaeTcst TPYI0EMKOCTH, TO OHA OIPEIE/ISIeTCs] YUCIOM TAr0B
B mukie «Ilouck unmepsana». IToCKOJIBbKY B KasKJOM INare MUKJa OCHOBHOMN omepanueil sBIgeTcs Mmpo-
BEPKa HEPABEHCTBA (v > S;, TO MOXKHO CKA3aTh, YTO TPYI0EMKOCTH OIPEIENISAETC TUCIOM IPOBEPOK ITUX
nepasencTs. Ho 4mMCI0 9TUX CpaBHEHHsSI 3aBUCUT OT (@ W, CJEJOBATEILHO, Caydaiino. JlelcTBuTesnbHo,
ecim o < $1, TO AITOPUTM 3aKAHIUBAET PabOTy MOC/e OHON IPOBEPKU, & €C/IU ( > S, _1, TO TpedyeTcst
n mpoBepok. Jlerko BI/IILGTBE 9TO Ha CaMOM JieJie YHCJI0 CpaBHEHUN paBHO T, Tae T omnpejesieHo B (|2.2.5)).

3/1eCh MbI BUJIUM CYIIECTBEHHOE OTJINYNE CTOXaCTUIECKUX aJTOPUTMOB OT JIETEPMUHUPOBAHHBIX: €CJIN
CYUTaTb, 9TO 1 B TOM U B ﬂpyFOM C.quae prﬂOeMKOCTb olrpeaessaeTcda IuCJIOM KaKHX-TO OCHOBHBIX
olepaluii, To B JI€TEPMUHUPOBAHHBIX aaropuTMax (Ipu (bUKCAIUE BCEX MAPAMETPOB) 9TO YUCJO YETKO
OIIPEJIEICHO, a CTOXACTHYECKOM aJI'OPUTME MOXKET OBITh CaydailHbIM{*®| B 9TOM Ciiydae TPyI0eMKOCTh
CYATAIOT IPONOPIUOHANIBHON CPEIHEMY 9HCIy TAKHX OLEPAIHA.

B mamewm ciydae
n

C=<Er=> ip. (2.2.7)
i=1

Bumso, uro TpymoeMkocTb C' 3aBUCUT HE TOJBKO OT MOJEJIUPYEMOTO pacupejesenus P, HO U OT TabJjiu-
LIBL €0 PaclpeleseHnsl, TO €CTh OT CcIoco0a YIOPsI0UNBaHUs BEPOSATHOCTER Py, . . ., Pyp. Hanpumep, ecin
p1 6imsKo K 1, To ¢ Gosbmoil BepositHocThio ajroputM TIS 3akoH4YuT cBOIO paboTy 3a 1 mar, a eciau
Pn & 1, TO ¢ BepOATHOCTHIO, OJU3KON K 1, eMy moHaAo0uTCs m maros. VHade roBopsi, pu (UKCHPO-
BaHHOM N BeJimaIuHa [£7, Onpeesisioniasi TpyI0eMKOCTh TIOCIEI0BATEILHOIO METO/a O0PATHBIX (DYHKITHI

YIIOBJIETBOPSIET HEPABEHCTBY
1<Er<n (2.2.8)

26TToCKOMBKY Sp = 1, TO B IPEIBAPHTEIBHOM YACTH 9Ty BeJIMUMHY MOMKHO OBLIO HE BHIYUC/ISTE, & B MOIEINPYIOIIEH JacTH
HE IIPOBOJIUTH IIPOBEPKY OYEBUIHOTO PABEHCTBA (¢ < Sp. BBIUIDBIII, OJHAKO, MOI' OBl IOJYYUTh COBCEM MAJIEHbKUI, a, KaK
OKayKeTCsl B JTaJIbHENIeM, CTPYKTypa IPUBEIEHHON Mojieupyomeit dactu ajaropurma TIS ymobra u 1j1st MoIeIMpOBaHUsT
JIMCKPETHBIX PACIPEIEIEHAN ¢ GECKOHETHBIM HOCUTEJIEM.

27 TeiicTBuTeBHO?

28 A mokeT U He 6BITH, cM. Anropury BB.
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B 3aBUCUMOCTHU OT Mojiesiupyemoro pactpesesienns P. [Ipu aTom 0be rpaHuilbl TOYHBI B TOM CMBICJIE, YTO
[ET Mox)eT ObITh KaK CKOJIb YIOMHO OJIM3KOM K 1, TaK U CKOJBKO OJIU3KOI K n@

Takum obpazoMm, mpu PUKCHPOBAHHOM OOJIBIIOM 7 B 3aBUCHMOCTH OT pPacIpeiesieHus P U OT BbI-
OpaHHO Tab ULl 9TOro pacupeienseans ajroputMm TIS Moxker ObITH KaK O9eHBb OBICTPBIM, TaK U OYEHb
Me€JIJIEHHBIM. DTO0, KOHEUHO, He OU€Hb XOPOIIee CBOHCTEO.

Ecm tpymoeMKocTh ajropuTMa 3aBUCHAT OT HMapaMeTPOB, IMEET CMBICT M3yYaTh HE TOJHKO CaMbIN JIydnTuit
n caMBblii ij:U_HI/Iﬁ CJIyd9an, HO U HEKOTOPYIO «CPE€IHIOI0» CHUTYyalluIo. IIOE{CHI/IM7 KaK 9TO MOXKHO J1eJIaTb JIJId aJl-
ropurma TIS. Paccmorpum ciydaiiHbix BeKTODP (71, . .., Ty,) TAKOH, 9TO 71 + ... + T, = 1 U IPEANOIONKHUM, UTO
pacIpe/e/IeHe 3TOr0 BEKTOPa He MEHSIETCA II0CIe JIIOOH 1IepecTaHOBKU KOOPAMHAT. DTO 03HAYAET, B YaCTHOCTH,
4YTO BCe T; UMEIOT onuHakoBoe pacupejesenne. [losromy Em; = 1/n. Ecau B anropurme TIS B3gaTh BMecTo uc-
XOJTHBIX BEPOSTHOCTEN Pi, ..., P, CIydallHble BEJUYUHBI T, ..., Ty, TO IpaBas 4acTb CTaHET CJIy4allHOMI
BEJIMYMHON. A CPEIHIOI TPYIO0EMKOCTh AJI'OPUTMa €CTECTBEHHO CUMTATH IIPOIIOPIUOHAIBLHON MATEMATHIECKOMY
OXKUJIAHUIO 9TOM ciryvaiinoii Besmunubl. OHO, KOHe4HO, paBHO (1+2+...+n)/n = (n+1)/2. To ecTb B cpeHEM
TPYA0EMKOCTh aJITOPUTMa PACTET C POCTOM 7 JIMHEWHO, XOTd U B 2 pa3a MeJJIeHHee, YeM JIJIS CAMBIX <ILJIOXUX»
pacupeneseHui.

B ciy4ae, korna pacupenesnenne P GUKCHPOBAHO, BOBHUKAET €CTECTBEHHBIN BOIPOC: KaK BHIOPATH
TaKyio TabJIUILy 9TOr0 paclpeieseHus, 9To0 Moy YUBIIasica TPYAoeMKocTh ajaropurMa TIS 6puia Han-
MenbIeii? OTBer, B 00IEM, sIBJISIETCSI IIOHSITHBIM: HY?KHO YIIOPSIJIOYUTH BEPOSITHOCTH P1, . . . , P 110 yOBI-
Banmio. Jlokaxkem 3TOT mpocroil hakxT B caydae, KOIJa HOCUTENIb IMCKPETHOI'O paclpeesieHus P He
00s13aTEJILHO SIBJISIETCS KOHEYIHDBIM.

Jlemma 1. Ilycrb py ..., py, ... — HOJOXKUTEJIbHBIE YNCIA, B cyMMe jgafomue 1. Obo3HauuM p; pesyabTaT
VIIOPSLIOYMBAHUS IUCE p; 10 yobiBanuio. Torma

> ipi = ip}. (2.2.9)

i>1 i>1

Jloxazamenvemeso. Tlomoxum q; = Y j>i Dj- Tora, npecrabiss ip; Kak p;+. . .+p; (i pa3) u, rpynnupyst
HY2KHBIM 00Pa30M JIEHBI MOJIYICHHOTO PAIA, Oy IUM

dipi=i+...tpnt ) O2at APt )Pt D) =) g
i>1 i>1

def
ITosTOMy 1OCTATOYHO JOKA3ATH, U9TO ¢ = Zj>i pi <qi.Hol—q =pi+.. 407y > p1+.. 4pi-1 = 1—¢
(cieBa — cymma j — 1 HAUOONIBIINX U3 P1, ..., Pp, . . . TACET, CIPABA — CyMMa IepBbIX U3 HuX). [Tosromy
YTBepKJIeHNE TOKA3aHO. [

Bepremcst k MojesmpoBanuio. 113 yreepxkaenns Jlemmet [I] ciemyer, 1o, npeasapuresbHO yropsio-
B 10 yobiBaHuio Bepositnoctu p; = P({z;}), nepeiias K coorBercrByIolIeii TabmIe pacipe/Ie/eHus u
NPUMEHUB TIOCJIE 3TOrO MOCEI0BATENbHBIN METO/ 0OpAaTHBIX (PyHKIWI, MBI yMEHBIINM HCXOIHYIO TPY-
noemkocts ([2.2.7)).

Ha sToM ocHOBaH mpueM, KOTOPBIH TPUBOIUT K MOOUPUUUPOBAHHOMY NOCAEIOEAMEALHOMY MEMOY
obpammvix Pynryud. [Ipu 9TOM NpenonaraeTcst, YT0 BXOAHBIMEU JAHHBIMUA JIJIS aJTOPUTMa BCEe PaBHO
SIBJISIFOTCST MACCUBBI (X1, ..., Tp) U (P1,...,Pn). VHAUE TOBOPSI, MBI CUATAEM, UYTO CYNIECTBYET KAKAsA-TO
ecTeCTBEHHAsT YIIOPSJIOUEHHOCTh YUCE/I T, He CBA3aHHAs ¢ BEJUIMHON BEPOSITHOCTENH p;

He npuBost OMHOCTBIO COOTBETCTBEHHOTO AJIFOPUTMa, 0O03HAYNM JIUIL €r0 CTPYKTYPY.

29TToCcKOIBKY MBI HPEIIIOJIOMKIIIH, UTO BCE BEPOSITHOCTU P; TIOJIOKUTENBHB, TO HY OJHA M3 TPAHHUI] TOYHO JOCTHIATHCS
HE MOKeT.
30Bcitu, HanpuMmep, &; = i, TO TAKOE IIPE/IOIOKEHIE COBEPIIEHHO €CTECTBEHHO.
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Agaropurm TISM (Table Inverse Sequential Modified)
MozenupoBanue KOHEYHOIO JUCKPETHOTO PACIPEAeIeHnsT MOAUMDHUIIIPOBAHHBIM IOCIEL0BATEILHBIM METOIOM
0oOpaTHBIX DYHKITII

IIpenBapureiibHBIE Ollepalin

BxojiHBIE JIAHHBIE: N, MACCUBBL (D1, ..., p) U (T1,...,Ty).
Pesyabrar: maccusel (235, ...,25) u (s],...,8%).

B npedsapumenvhovie onepayut 8rodam:

1. Vnopadouusanue no yowmearuro wucen py,...,Pn 8MeCME ¢ 00HOBPEMEHHOT NEPECMPOUKOT MACCUBH
(1'17 cee ,(En)'
Pesyavmamv, — maccusve (pf, ..., pk) w (zf,...,z%);
2. Bulvucaenue Hosur naxonaiennur eeposmuocmets sy = py +...p;.
Pesyavmam — maccus (s3,...,85).
MonenupoBanue
BxojiHbIE faHHBIE: MacCUBBL (25, ...,25) u (sf,...,8%).

Pesynbrar: €.

Ima wacmo aseopumma TISM noayuwaemes us modeaupyrouweti wacmu aszopumma TIS samenot s;,x; Ha
EX

[TocMoTpUM, 9TO POUCXOAUT ¢ TPypoeMKocThbio Metoga TISM. Jlerko mokasarb, 9To Tenepb Ipu
(HUKCUPOBAHHOM 7t BMECTO Mbl uMeeM HepaBeHcTBO 1 < E7 < (n+1)/2, npudem npasast rpaHuna
JIOCTUraeTCs Ha JUCKPETHOM paBHOMEPHOM pacupejesennn. JlokazxeM 3To.

Iycte p1 > p2 > ... >pp, >0u) ;" p; = 1. Torga Zlepi > k/n. HeiictBuresnbHo, eciu Zle P <
k/n, To pr < 1/n (ocTaibHbIC BEPOATHOCTH B STOM CyMMe HE MEHBIIE Pi) H, CICAOBATEIBHO, » iy P <
(n—k)pr < (n—k)/n. ITosromy cymma Bcex BeposiTHOCTEN p; oKasbiBaeTcsi MeHbiie 1. Takum obpaszom,
npUMeHeHne MOIuUIMPOBAHHOIO METOa OOPATHBIX (DYHKIUIT IPUBOIUT K YMEHBIIEHUIO TPYA0EMKOCTH

MOJIE/TMPOBAHUS CAMOI'0 «ILJIOXOT'0» PAaCIIpPe/ieJIeHusT ITPUMEPHO B 2 pa3a.

Sameuvanmne 1. O6cynum HekoTOpble ocobernnocTu anropurma TISM.

1. Ilpex e Beero, mozesnupytommast dbyuknus aiaropurma TISM ormvaercst (Boobrie roBopst) oT MoJie-
sipyitomieit dpyHkiun coorsercTByoniero ajgropurma TIS, Tak Kak MeTO/IbI ONPEIEISIOTCS HE MOJIEU-
PYEMBIMHU PaCIpeIeIeHUSIMEI, a TaOJUIAMI 3TUX pacipeesiennii. Takum oOpa3oM, yMeHbIIIEHUE TPYIO-
emkocTn mipu nepexonae or TIS k TISM mocturaercst He 60Jtee COBEPIIEHHBIM CIIOCOOOM BBIUNCICHUST
MoOiesIpYIomeil GYHKIUN, 8 U3MEHEHUEM 3TOM (DYHKIIUH.

2. IIpu p; = 1/n mMogenupyiompe dbyHKIUI aIrOPUTMOB COBIAJAIOT. BoJiee TOro, OHU COBIAJIAIOT € MO-
nesmpyiomeii dyuknueir agropurma Uy (X). Tem caMbiM MbI TI0JIy4n/IH TEPBBIH IPUMED, KOIJIA Pa3HbIe
CITOCOOBI BBIMHC/ICHUST OJTHOM 1 TOM 2Ke MOJe/IUpyIoleil (pyHKIUN IPUBOIAT K PA3UTE/IHHO OT/IMIAIOIIIM-
CsI TPYJOEMKOCTSIM.

3. Eciin x; = i, To merox TIS npu coorsercrsyromnieit nepeeske rpedyer n + O(1) sueek namsru. By-
nyan mopudunupoBauubiMm 10 TISM on norpebyer yxe 2n + O(1) siaeex. B HeKOTOPBIX cuTyanusx 310
MOZKET OKa3aTbCdA CYIIEeCTBECHHBIM.

2.2.3 Meroa guXoTOMUN

ITockombKy MeTon 0OpaTHBIX (QPYHKIUI CBOANTCA K HAXOXKJEHHWIO HOMEpa 7 OKHAa, KyJa IOMaIaeT
cIydaiiHast BeJIMINHA (v, & TUCJIO0 OKOH KOHEYHO, TO €CTECTBEHHO ITOIIPOOOBAThH UCKATH 3TO OKHO Memodom

0ux0m0mu1@

31B anruos3branoil sureparype — bisection method, I0STOMY MHOIIA UCIOIB3YETCH TEPMHUH «METOL GUCEKI[HI».
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CyTb MeToza cocrouT B ciaeyomem. CHava a HAXOAUTCS YUCIO0 N, IPUMEPHO paBHOE 1n/2 (KOHed-
HO, IIPH HEYETHOM 71 9TO MOXKHO JIeJIaTh Pa3HBIME CHOCOOAME). 3aTeM IPOBEPSIETCs YCJIOBHE o < Sp,
(HAITOMHHM, YTO HAKOILUICHHBIE BEPOSITHOCTH CUMTAIOTCS yZKe BBIYHCICHHBIME). ECIM 9T0 HepaBeHCTBO
BBIIIOJIHSIETCsI, TO CJIE/IYONIas IPOBEPKa MIPOUCXOJIUT € Ng A2 N /2, B IPOTUBOIIOJIOKHOM CIydae Gepercst
ny ~ni+(n—mn1)/2 = (n+n1)/2 u v.a. B pesyiabrare Kaxk 1ol nTepanyuu MOIHOCTb MHOXKECTBA HHJIEKCOB
1, KOTOPOMY NIPUHAJIEKUT CIydaiiHas BeJIUINHA T, YMEHBIIAeTCS IPUMEPHO B 2 pa3a BHE 3aBUCUMOCTH
OT 3HaveHuil BeposiTHOCTeH p;. [IpuBemeM oIMH M3 BAPUAHTOB pean3allii STOH UIen.

Ausropurm TID (Table Inverse Dichotomy)
MopenmpoBatie KOHEYHOTO JUCKPETHOTO PACIIPEIEIICHAST METOIOM JINXOTOMUH

ITpenBapurenbhble onepamu: HGOPMUPOBAHNE MACCABA HAKOIIEHHBIX BEPOSTHOCTEH (81, ..., Sp)
Bxoauble ganubie: n, MaccuB (p1, ..., Pn)-
Pesynbrar: maccus (81, ..., 8,).

Anzopumm cosnadaem ¢ npedsapumenrvroti wacmovro anszopumma TIS.
MonenupoBanue

Bxognble paHuble: 1, MAaCCUBBL (X1, ..., ZLn) U (S1,...,585).
PesynbraT: £.
1. (Mnuyuasusayus) Get(a); @ <+ 1; j + n;
2. (Juxomomus) While i < j do

o k< |(i47)/2]; If o < sp then j < k else i < k + 1;
3. (3asepwenue) & + x;; STOP.

ITpokommenTupyem crpykrypy ajaropurma TID. Ilepemennsie i u j 3a1ai0T (TeKylee) MHOXKECTBO
I =1{i,...,j}, koropomy npunajgiexxut 7. [losromy HadaabHBIE 3HAYEHHS €CTh § = 1 U j = M, & OCTAHOB
POUCXOAUT 1IpH ¢ = j. Pasbuenune muoxkecTBa I Ha 2 yacTu npoBoauTcs BbranciacnueM k = |(i+7)/2]. B
3aBHCHMOCTH OT TOTO, B KAKYyIO U3 9TUX YacTell Ionajao 7 (IIPOBepKa STOTO OCYIIECTBIISIETCS IPH HOMOIIH
HepaBeHCTBa « < Sk ), WJIET LepecydeT JIeBOI MM [IPaBOii IPAHUIILI MHOXKECTBA .

Omnennm cBepxy TpymoeMmkocts ainropurma TID, no mpexkneMmy cootHOCs ee ¢ quciaoM 1’ IpoBEpPOK
HEPaBEHCTB (v < S WJIM, 9TO TOXKE CaMoe, YHCJIOM jesteHnii muoxkecrsa {1,...,n} Ha nse gactu. Ecim
TeKyIee MHOXKecTBO | umeer Bug {i,...,j}, 7o oHO cocrout u3 [ = i — j + 1 37eMeHTOB U pa3buBaeTcs
BbIOOpOM uncsia k = | (i + j)/2| Ha aBa HOJMHOMKECTBA, MMEIOIINX COOTBETCTBEHHO k — i+ 1w j — k
9s1eMeHTOB. JIerko BuzeTh, 4ro oba Tux uncia Jjexar mexiay (I —1)/2u (I +1)/2.

Taxum 06pa3oM, 3a M IMAroB aJrOpPATMa MOIIHOCTH MHOXKECTBA, JIOKAIH3YIONIEro IOJI0KEHHE CIIy-
qaifHoll BeIIuHbI T, He Oy1eT npesocxouTh Besmannbl max(1, Toh), rie

Tr=n/2"4+1/24+...+1/2™ <n/2™ + 1, (2.2.10)
u OyJIeT He MEHBIIE, YeM
T, =n/2m—1/2—...—-1/2" >n/2™ — 1.

s CJIeIyeT, ITO JIIoboe 9ucjio m, Ipu KoTopoMm 2" > n, sBJSETCsl ONEHKON CBEPXY TPYI0eM-
KocTH ajgropurma. MuunmasbHoe Takoe m pasHo |logy(n)| + 1. B 1o ke Bpemsi mepasercrso 1, > 1
YZIOBJIETBOPSIETCsI, KAK HETPYAHO BUIETH, Ipu m < [logy(n)] — 1.

Takum obpazom, B asiropurme TID nya Besuaunabl 1 BBIIOJTHEHO HEPABEHCTBO

[logy(n)] —1 < T < [logy(n)] +1 (2.2.11)

U, CJIeJIOBATEILHO, TPYI0eMKOCTb uMeeT B, C < logy n ipu n — 0.

Tem cambiMm 10 cBonM KadectBamu ajaroputrm TID (mpwu Toii ke Momenupyroneii byHKIUT 1 TEX Ke
3aTparax Ha MaMsiTh) PA3UTEIBHO OTJIMYAETCS OT MOCJEJI0BATEILHOIO MeTo[a O0PATHBIX (hyHKIMHA. A
UMEHHO,
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1. mpynoemrocts C' asropurma TID mpakTudyecku He 3aBUCUT OT pacipejesenus P rupu HUKCUpo-
BAHHOI MOIITHOCTH 7 HOCUTEJISI 9TOT0 PACIIPEJIEIeHNSI;

2. TpyaoemkocTh C' pacrer MejyieHHO (JorapudMUYecKn) ¢ pOCTOM 7, B TO BpeMsl KakK B aJIrOpUTMe
TIS poct cpesiHeit TPYIOEMKOCTA — JIMHEHHBIIA.

2.2.4 Meron YxkeHb

Ornucannble BBIIIE BAPUAHTHI METOJ@ OOPATHBIX (DYHKIIMI SIBJISIIOTCS BIIOJIHE TPaIUIMOHHBIMH. B
3TOM pa3/Iesie Mbl OIIUIIEM MEMOo0 ‘Iofcem;,@ ropaszo MeHee M3BECTHBI, O4eHb €CTECTBEHHBI, IIPOCTOI
JJIs peasin3aliu, U 38 CUET yBeJMIeHus TPpeOyeMoil aMsaTh MPUBOJLIINI K HEOXKUJAHHO MaJIofl Tpy10-
emroctu. dror Meros Bocxoaut K crarbe H. C. Chen and Y. Asau [12].

Wnesa merona cienyiomas. PaccMoTpum TabJIuIly pacipeieieHust , BBIUHMCJINM HAKOILJIEHHBIE
BEPOSITHOCTH §;, BbIOEpEM HEKOTOpOe HaTypajbHoe m > 1 u pazobbem orpe3ok (0,1] ma orpesku (.0-
Kasusyrouwue okna) Bumga 0 = ((j — 1)/m,j/m], j = 1,...,m. Homep v joxkamusyioImero okHa, Ky/a
noraJjaer ciaydaifHas BeJMduHA (v, HAITH OY€Hb IPOCTO: V = [ma].

Hakorienubie BepOSTHOCTH 8; pa3bUBaIOT OKHO (), Ha HECKOJIBKO MHTEPBAJIOB, U BCE, YTO HAM OCTa-
JIOCh — 3TO HAHTH, B KAKOH M3 3TUX MHTEPBAJOB IIONAJA CIydYaliHas BeJUYUHa (. Takum 06pasoM, Mbl
BO3BpAIAeMCsl K MCXOJIHON MOCTaHOBKE 3aJaun, HO BMecTo orpeska (0, 1] umeem mesio co (ciydaitHbim)
OTPE3KOM JJIMHBI 1/m, KOTOpBIH 1npu GOIBIIMX m pa3but, BooOIIe roBopsi, Ha ropa3/I0 MeHbIIee THUCJIO
OTPE3KOB, 4eM HCXOIHBIA.

IIpex e yem oOpMIIATE Ty UIALIO B BUIE aJrOPUTMA, IIPOUJIIIOCTPUPYEM €e Ha IIPOCTOM IIPUMeEpE.
Bosbmem n = 5 u paccMOTpuM TabIMIy pacHpene/ICHusT ¢ BeposiTHOCTSIMEU P = 1/6, po = 1/4,
ps = 5/12 u py = ps = 1/12. HakoruieHnble BeposiTHOCTH PaBHbl §1 = 1/6, s = 5/12, s3 = 5/6 u
sqg = 11/12 (kak Bcerma, sp = 0 u s5 = 1). CoorBercrByiomas Moaeaupyonias MyHKINsS HECKOIbKO
yCJIOBHO M300pazkeHa Ha Puc.

Teneps BoiGepem m = 4 u pazobbem orpesok (0,1] ma «oxkna» Buma ((i — 1)/4,i/4], i = 1,...,4.
(rpaHMIBI STUX OKOH OTMEYEHbI KUpHbIMU Toukamu ). Cirydaiitas BesmaunHa v = [4a] 3a1aeT HAM HOMED
OKHa, KyJia monaJja «. Ecam v = 1, To MojgenupyeMas caydaiinas BeIuanHa & MOXKET IPUHATD SHAYCHUE
z1 (mpn o < s1) mwam xo (upu « > s1). AHasjorudHo, ecim v = 2 10 ymbo & = xo upu a < Sy ambo
& = x3 IIpu BBIIOJIHEHNE ITPOTHUBOIIOJIOKHOIO HepaBeHCTBa. A eciu v = 3, TO ogHO3HAYHO £ = x3. Takum
06pa30M, BLIYHMC/IUB 3HAYEHUE I, MbI, BOOOIIE I'OBOPs, 3HAYUTEILHO Cy2KaeM O0JIaCTh HAIIETO IOHUCKA.
OCTa.HOCb IIOHATH, KaK MOKHO OpraHu30BaTb 9TOT HOBBII ITIOUCK.

€3
X ﬂ
Z2

T4

S1 1/4 S2 1/2 3/4 83 S4 1

oe

Puc. 1: Unnroctparnus k meroay YkeHb

Bepmemcst k 0611eMy cirydaio U OIpe e uM
rj=min{i:s; > (j—1)/m} mna j=1,...,m.

Kpome Toro, st y1o6cTBa HONOKUM Typq = N. CMBICT YuCes1 7j IIOHSITEH: eCJIU IIPOMEXKYTOK §); =
((4 —1)/m, j/m] conep:kur Kakne-HHOY/Ib HAKOILICHHbIE BEPOSATHOCTH, TO 7'j — HOMED HAHMEHbIIEeH u3
HHUX, €CJIN K€ HET, TO T'j = T'j41.

325 [10} Tor. I11.2.4] ynorpeGasiercs Tepmun the method of guide tables.
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Wnaue rosops, okHO {); COIEPKUT HAKOIJIGHHbIE BEPOSATHOCTH S; C HOMEPAMHI = 7'j,...,Tj41 — 1, 1
3HAHUE YUCEJI T, . .., Timt1 JAET HAM IHOJTHYIO HH(MOPMAIMIO O PACIIPE/ICIEHIN HAKOIJIEHHBIX BEPOITHO-
cTell s; MEXKIy Pa3IMIHBIMI OKHAMU.

Tax, B npumepe Puc. [l Mbl BuguMm, uto 71 = 1 (3T0 Beerja Tak IO ONPEJEIEHNI0), 'y = 2, T3 =
rg = 3 urs =5 (toxke no onpenesennto). Orciozna, HanpuMep, Mbl BuauM, 910 okHO (0,1/4] paséuro
HAKOIUIEHHBIME BEPOSITHOCTSAME Ha 1y — 1] + 1 = 2 wacTtu, okHo (1/4,1/2] — Toxe Ha JBE 9acTH, B OKHE
(1/2,3/4] HakoIIEHHBIX BEPOSITHOCTEN He CONEPXKUTCsI (Tak Kak s = r4), a [ocJe/iHee OKHO pa3buTo Ha
rs —r4 + 1 =3 gacTn.

3Hasg HOMep JIOKaJIN3yIOMEro OKHa j 1 HOMEP ¢ = 7j IepBOil HAKOIIJIEHHOH BEPOATHOCTH, IPEBOCXO/Id-
mieit sieByto rpanuity (j—1)/m 9Toro okHa, 0OCTaeTCs ONPEIEIUTh, B KAKOil N3 HHTEPBAJIOB, DA30MBAIOIINX
HaKOIICHHBIME BEPOATHOCTSIME OKHO §);, TIonajia cirydaiinas BeJImauHa «v. AJTTOPETMIYECKH IIPOIIE BCETO
9TO CZIeIATh TOCIeI0BATEIBLHO, HAUWHAS C TPOBEPKHU HEPABEHCTBA (v > §; U 3aTeM (B CJIydae HaJ00HOCTH )
yBeandnBasi ¢ Ha equHniy. Tak kak o < j/n, TO YNCIO0 TAaKUX IPOBEPOK HE IIPEB30OHIET 741 — 75 + 1.

Wuave rosopsi, BBes 0603HaUeHNe ¥V = [ma|, Mbl OyJIeM UCIOJIB30BATH MIPE/ICTABICHHE

T=min{i: a < s;}
i>Ty

BMeCTO 60Jiee TPAIUIMOHHOro 7 = min;>1{i : @ < s;}.

Peanmsyem mnosydennble coobpazkeHus B BuJe ajaropurma. HaxoxkIennme maccusa dmcel 7 (Kak u
BbIYUCJIEHUNE HAKOIIJIECHHBIX BepOHTHOCTeﬁ Si), KOHeLIHO, JIOJIZKHDBI 6bITb OTHECCHBLI B IIOJAIOTOBUTEJILHBIC
OlIepaITIH.

Agaropurm ChA (Cheng-Asau)

MoestmpoBaHe KOHEYHOTO JIMCKPETHOI'O PaCIIpeiesieHns IT0C/IeJ0BATEIbHBIM MeTOI0M UKeHb

Ipeasapuresbhble onepanuu: (POPMUPOBAHUE MACCHBA HAKOIJIEHHBIX BEPOATHOCTE!H (S1,...,Sy) U
BCIIOMOTATEJILHOIO MAaCCUBa (11, ..., Tm)
Bxomuble gannbie: n, m, Maccus (p1, ..., Dn).
Pesynbrar: MAcCuBbL (81, ..., 8,) U (F1, ..., Tm).

1. (Anuyuaausayus) i< 1; s1 < p1;

2. ([odcuwem s;) For k =2 to m do (sk < Sk_1 +pk);

3. (Houck oxna u 3anoanenue maccusa) For j =1 to m do
o (Ilepsoe s;, 6oavwee (j —1)/m) While ms; < j—1do i+ i+ 1;
o (3anoanenue maccusa) r; < i;

3. (3asepwenue) STOP.

MonenupoBanue
BxojiHBIE JIAHHBIE: M, MACCUBBL (L1, ..., Tp), (S1,--.y8n) U (T1, ... Tim).
Pesynbrar: €.
1. (Mnuyuesruzayus) Get(a); j < [m* ;i < 153
2. (Houck unwmepsasa) While o > s; do i i+ 1;
3. (Basepuwenue) & < x;; STOP.
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Mopenupytormast 9acTh He TpebyeT KOMMEHTapueB. B mpeaBapuTenbHOl 9acTH TMepBbe JBa MIYHKTA
IOCBSIIIEHB! BBIUMC/ICHUIO HAKOIJIEHHBIX BEPOSTHOCTEl, & OCTAJIbHBIC — 3allOTHEHHIO MACCHBA 7.

ObpaTumMcst Terephb K XapaKTEePUCTUKAM MOJIEIUPYIONEH 9acTl aaropuTMa. 1 pedyeMast maMsiTh, 0de-
BujHO, paBHa 2n + m + O(1). Yro kacaercs TpyaoeMkocTu MeToja (371ech, Kak u B Meroge TIS, ona
OIIPE/ICIISIETCS CPETHIM 9UCJIOM 1 IPOBEPOK HEPABEHCTBA (v > §;), TO €€ MOXKHO OIEHUTDH CBEPXY CJIE/Iy-
IOIIMM O00Pa30M.

BepositaocTs BeIOpaTh stokausyoee okuo ((j—1)/m, j/m] pasua 1/m. Hakomtenusie BeposTHOCTH
§i JEJIAT TO OKHO HA 'j41—7j+1 9acreil, 4To AB/AETCA ONEHKO CBepXy [l YnC/Ia IPOBEPOK HEPABEHCTB
a < s; TI0CIeIOBATEILHBIM 1IepebopoM ¢ HauuHad ¢ 19 = 7. [TosTomy

1 & 1 —
§EZ T‘j+1—’l“j—|-1) EZ 7"j+1—7“j):1+(7“m+1—r1)/m:1—|—(n—1)/m. (2.2.12)

Takum obpazom, MeTon UKeHb, MO-IPEXKHEMY ABJIAIONIUIACA OJHAM M3 BAPHMAHTOB METOAa obparT-
HBIX (DYHKIMI, JEeMOHCTPUPYET YAMBUTE/IbHbIE CBOHCTBA: IIyTeM yBeJndeHusi Tpebyemoi maMstu (310
perympyercst ImapaMeTpoM 1 aJroOpuTMa) OH MO3BOJIAET BeindnHe 1 CTaTh CKOJIb YTOJAHO OJM3KON K
enuuurie!

Hanpumep, eciu Mbl BRIGEPEM M = 7, TO IMAMATH YBEJWYUTCS MPUMEPHO B 1.5 pasa, B TO BpeMs
kak T Oyzer orpaHdYeHa YUCIOM 2 PABHOMEPHO HE TOJILKO II0 BCEM PACIPEICICHUSIM C OIMHAKOBOI
MOII[HOCTBIO HOCUTEJs (9TO Mbl HABJIIOAIN U B METOJIe JIMXOTOMHUN ), HO U 110 1.

KpaTtko orMeTnM BO3MOXKHBIE MOAMMDUKAIINNT METOAA 1KEHbD.

1. Eciin B mpeiBapuTesibHYI0 YaCTh aJIFOPUTMa BKIIOYUTDH JOIOJHUTEIHHO YIOPSI0UYUBAHKIE 110 YOLIBAHUIO
BEPOSITHOCTEHN, COOTBETCTBYIONIMX KaxKJIOMYy JIoKasmsytormeMmy okay ((j —1)/m, j/m], To (cM. KoMMeHTapun
k meroxy TISM) Bmecro (2.2.12)) Mbl mosyunm HEpaBeHCTBO

1 m
T< - Z rig1—1j+2) =14 (n—1)/2m. (2.2.13)

Tewm cambiM HepaBeHCTBa T < 2 MOXKHO TapaHTHPOBATH y2Ke IIPU M < 1/2, TO €CThb IPU MEHBIINX 3aTPaTax
maMsaTH, 4eM B ocHoBHOM ajiropurme ChA.

2. TlocmoTpuM Terephb, K YeMy NPUBOIUT YIIOPSNOYMBAHUE BEPOITHOCTEH p; r106asibHO (& He B KAXKJIOM JIO-
KaJIU3yIOIEeM OKHE OTJIEJIBHO).

Torma BepOSATHOCTH, COOTBETCTBYIOIIUE KAXKIOMY JIOKATU3YIOMEMYy OKHy, TOXKe OyJyT yIOPSZOYeHBI II0

yOLIBAHIIO, KPOME, MOYKET OBbITh, CaMOil IepBoii 110 MOPSIIKY BEPOATHOCTH.

IIycTh Tenepsb qi,...,Qr — HOJOXKUTEIBHBIE BEPOATHOCTH, B CyMME COCTABJISIIONIUE 1, IpUYEM ¢o > q3 >
. > qi. O6osnaunm t; = ¢q;/(1 — ¢q1). Torma

@1+ 2g2 + .. +ka*1+QQ+2QS+ A (k=D = (2.2.14)
=1+(1—g)(ta+2ts+...+(k—1Dty) <1+ (1—aq)k/2 <1+k/2. o
Orcrona
1 m
T< - > (rjg1—ri+3) =15+ (n—1)/2m. (2.2.15)

j=1
Ecmu mac waTepecyet, Hampumep, orpanndenue 1 < 3, To HepaeHcTBO (2.2.15) rapamTupyer ero mnpu
m > n/3, B TO BpeMst Kak HepaBeHcTBO ([2.2.12)) — smmb npu m > n/2.

IIpu ouensb GOBINIUX M MpeJIBapPUTEILHOE YIOPSI0UuBaHue BeposiTHOCTe p; adpdekTa He maer. Hampumep,
ecmm m > 1/ min(p1,...,py,), TO, odeBUAHO, 7j41 — 1; + 1 € {1,2}, u ynopsanounsamme TepseT CMBICT

33®opmasbHO 910 OTpaskeHo B Hepasencrsax (2.2.14) u (2.2.15): ecou k = 1, To mepasenctso (2.2.14) CTAHOBUTCS OUEHb
HETOYHBIM, ciaraemoe 1.5 B mpasoii gactu (2.2.15)) orpaxkaer umenno sror adderr. A uMmenno, eciu n GUKCUPOBAHO, &
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3. Ilepeiinem Teneps Kk ToMy Bapuanty ajaropurma ChA | Korja mouck BHyTPU KaXK/I0T0 JIOKAJIM3YIONIEr0 OKHA
npoussoauTcst Meronom quxoromun. Corsacto (2.2.11)), mouck sayTpu okua ((j—1)/m, j/m] 3akanauBaercs
He Gostee deM 3a 1+ logy (741 — rj + 1) maros. ITosromy

1 & 1 "
— 1 | — 1 — 1 — 1
- Z:: +logy(rj41 — 75 + m Z:: 0gy(rj41 — 15 + ))

m

1
=1 — 1 . — 1
+ m 0g, jlzll(TJJrl T+ )

K KaK MakCUMyM npoussejenust |[;-, z; Ha mMHOKecTBe T; > 0,21 + ...+ T, = k jocTuraercs npu
Tax xak Makc OM3BEIE =1 Tj j ,
= k/m u pasen (k/m)™, To

m-+n

1 m
T <1+ —log, =1+logy(1+n/m).
m
ameuvanmne 2. Ha camom jiesre meros; YkeHb OCHOBaH Ha IPEJCTABICHUU UCXOJIHOTO JIMCKPETHOIO
pacupenesienus P B Buje cMecu m 0oJjiee TPOCTHIX JUCKPETHBIX pacupeiesennii. He mokaspiBasg 3T0
[IOYTU OYEBHJIHOE YTBEP2KJIEHNE B ODINEM BHJIE, IPOUJUIIOCTPUPYEM €ro Ha IIPUMEDE.
Paccmorpum pacripenenenue

po (% T2 w3 T4 Ty
—\1/6 1/4 5/12 1/12 1/12)°

y¥Ke HUCIOJIb30BAaHHOE HAMU IIPH OObsICHEHUU CYyTH MeToja (CM. puc. . [TockoJIbKY B 9TOM IIpuUMepe
BBIOpAHO M = 4, & HAKOILIEHHbIE BEPOSITHOCTU MMEIOT PaBHbL 51 = 1/6, s = 5/12, s3 =5/6 u s4 = 11/12
(mpu 3TOM, KOHEUHO, Sg = 0 1 5 = 1), TO P MOXKeT ObITH MPEJICTABICHO B BHJIE CMECH

I T2 T3 Iy Ty . 1 I T2 + 1 T2 I3 + 1 I3 + 1 T3 Xq Is5

1/6 1/4 5/12 1/12 1/12) —4\2/3 1/3) " 4\2/3 1/3) "4\ 1 4\1/3 1/3 1/3)"

Ouenb J1€rKo y6e,ZLI/ITbCH B (bOpMaHbHOﬁ KOPPEKTHOCTHU 9TOI'O PA3JIO2KEHUA: HallpuMep, BEPOATHOCTDb
3HAUYEHUs T3 B IPABOR €ro 4acTH MOJIyYaeTCsd KaK CyMMa

11,1, 11_5
43 4 43 12
Cyrb xke gena odenb npocrasg. Orpesok (0,1/4] (cm. puc [I)) paséusaercs Toukoit s;1 = 1/6 Ha jse
gactu JymHEbl 1/6 n 1/12, coorBercTByIONME 3HAYECHUAM T U T2. ECIH MBI pACTSIHEM 9TOT OTPE30K JI0

OTpEe3Ka eJIMHUYHON JUIMHBI, TO 9TH YacTH npuodbperyr jymuel 4/6 = 2/3 n 4/12 = 1/3. Posro Takue
BeposITHOCTH nMeeT pacupejeserne Pp. C ocraabHBIMI TpeMsl OTpe3KaMi JUIMHBL 1/4 Bce aHAJIOIHTIHO.

2.3 O metTozme YoJsikepa

Bosbmem m > 1/ min(pi,...,pn) B Merome ChA. Torna, oueBunHo, Kaxaoe okHO (2 Oymer pa3ou-
BaThCsI HAKOILJIEHHBIME BEPOSITHOCTSIMU S; He 6oJjiee ueM Ha 2 unrepsasa. CiegoBaresibHo (M. 3amevanue
2)), TMCKpeTHOE KOHEYHOE pacIpe/ieieHne , obagaroree HocuTegaeM X MOIITHOCTH N, MOKET OBITH
LIPEJICTABJICHO B BUJIE PABHOBEPOATHOI cMecu m pacupenesenuii PV, cocpenoTodeHHbIX He 60/Iee deM B
2-X TOYKaX, eCcJau TOJIbKO Yncsio m = m(P) 1ocTaTodHo GoJIbIioe.

m — 00, TO npaBas d9acTb (2.2.15|) crpemurcs K 1.5, a e kK 1. [lockosibky HepaBeHCTBO (2.2.12)) He 3aBUCUT OT MOPsIJIKA P; B
TabJiHIle pacupeesenus P, To oreHka TpygoeMkocTu aaroputma ChA npu nmpeBapuTeIbHOM YIOPSA0UYEHUN BEPOSTHOCTE
p; 10 yOBIBAHUIO IPUOOPETAET BUT

T <min (1+ (n—1)/m, 1.5+ (n—1)/2m).
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Wnesa meroma YOnKepalﬂ [13] cocTour ToMm, 4To 3TO yTBEpXKEHHE OCTAETCS BEPHBIM U IIPH M = n,
ecs TosbKo pacupeesenns P Boibpanb cooTBeTCTBYOMIM 06pasonM. Koneuno, Takoil hakT odeBuIeH
upu p; = 1 /n OH TakxKe sICeH NIpHU N = 2: eCJU p; > Pg, TO paclpeesieHne Pl COCPEOTOYEHO B
Touke x1, a pacupeuesenne P umeer Bux

PR . ( o 2 >
1—2py 2py

HeticrBuresnbro, B 9T0M ciydae 1 — 2py = 1 — 2(1 — p1) = 2p; — 1 u, oueBuaHO,

P1 P2 2 1 2 2p1 —1 2p2 )
JlokazkeM COOTBETCTBYIOIIEE yTBEPKIeHNE B 001IeM Buie. PaccMoTpumM pactipeseserne P, onpeeenHoe

s ([2.1.1).

Ilpennoxkenue 1. Pacupenenenne P MoxKkeT OBITH IPEACTABICHO B BHJIE

P=3 n PO, (23.1)

=1

e pacipesenenns P onpeensiorcs Tabmmammn
) . ai b
) m 1 —m;

Zoxasameavcmeo. lokazaTesbcTBO IpoBOAUTCA 1o nHAYKIUU. Ilpu n = 1, 2 yrBepxknenne Bepuo. [Ipo-

Cai,b¢€X:{x1,...,$n}I/ITri€ [0,1].

BeJeM MHIYKIMOHHLIHN mepexon n — 1 — n. He ymenbmas obmaocTu, 6yaemM cInTaTh, YTO BEPOSITHOCTH
Pl, - ., Pp YIOPsiHodeHsl mo yobBaruio. Torga p1 > 1/n u p, < 1/n. Eciu p; = p, = 1/n, 10 pacupee-
neHue P — paBHOMepHOe Ha MHOxkecTBe X, n BCe Jokazano. Muaue p; > 1/n u p, < 1/n. Tem cambim
MbI MOYKEM IPEJICTaBUTH P B Bnﬂ@

P:Pn:1< 1 Tp >+n—1<xi 22 $fl>:
n \1—np, npy n pi Py .. Dp_q
1 -1
- (a:n a1 > et N 239
n \npn 1 —npy, n

rjae pi = (np1 + np, — 1)/(n —1) u pf =pn/(n—1) upu i > 2, upudem Z?:_ll p; = 1mup; >0 npu
t1=1,...,n—1.
IIprMeHss HHAYKIUOHHOE IIPEIIOJIOKEHHE, II0IydaeM TpebyeMoe. d

Umest npexcrasienue (2.3.1)), Hec10:KHO IpecTaBUThL cebe MOLEIUPYIOIIYIO YacTh aJIropuTMa Youl-
Kepa. BxomubiMu JlaHEBIME Oy T ducyao n u 3 MaccuBa JymHbl n: A = (aq,...,ay), B = (b1,...,by), a
TakKe MaccuB BepositHocreit II = (7q,...,m,). IIpu sT0M, BOOOIIE TOBOpSt, MaccuBbl A 1 B Hy:KHBI BHE
3aBUCUMOCTH OT TOIO XPAHATCS JIU YUCJIA X; B MACCUBE WJIM BLIYUCIIAIOTCS 110 Mepe HaJ 00HOCTH.

31B amrmos3pranoit mureparype — alias method.

35Torma pacupeenenne P paBHO PABHOBEPOSITHON CMECH PACIIPEIEIEHAMN, COCPEIOTOYEHHEIX B TOUKAX Tj.

36Takoe mpeoGpazoBaHIe KOPPEKTHO, TIOCKOIBKY (1—npr)/n < p1. HeficTBuTeIbHO, 9TO HEPABEHCTBO MOXKHO IIEPENNCATH
B Buje n(p1 + pn) > 1, 9yTo oveBnAHO, TaK Kak p1 > 1/n.
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CamMa MOIETMPYIOMAas 9aCTh BBINIAIAT CJIEAYIOIMUM 00pa3oM. ['enepupys JiBe paBHOMEPHO pacipe-
nesiennble Ha (0, 1] caydaiibble BeJMYUHBL O, (g, HoaraeM 7 = |[nag|. Ecan ay < 7;, 10 nosaraem
¢ =a,, aumnade £ = b;

[TpeasapurenbHas 4acThb (ecjim He 3a00TUTHCSI O €€ TPYIO0EMKOCTH) MOXKET ObITh OpraHu30BaHa I10-
pasHomy. Hanpumep, MoxkHO cieoBarh nokaszarenabcrsy [Ipeoxenns [I} caauana naifitn MakcuMaib-
HYIO p; ¥ MUHHUMAJIBHYIO Pj U3 BEPOATHOCTEH P1, ..., Pp, & HOTOM LepeiiTu oT pacupeneienus P = P,
pacupeaesienuio Pp,_1, BBIKHHYB U3 TabJIUIIBI J-1# cTosibert, epecuuTaB p; KaK p; <— (npi +npj —
1) /(n — 1) u npeobpaszoBaB OCTAJIbHBIE BEPOSITHOCTH Py, 110 TpaBWIY Pk <— ppn/(n — 1). OaHoBpemMeHHO
OCYIIECTBIISIIOTCSL IPUCBOEHNUS a1 = &5, b1 = a; u T = npj.

Barem Hy>KHO CIIeJIaTh TAKylO K€ OIIEPAIMIO ¢ paclpejaetenneM Pp,_1 1 Tak gasee. [Ipn Gonbmmx n
9TO, KOHETIHO, OYEHb TPYJAOEMKUI METO/I.

CymectBytor ropaszo 6osee OpicTpbie (1 6osiee TPYIHBIE JIs TIOHUMAHMUsI) CIIOCOObI (POPMUPOBAHNUS
maccuBoB A, B u I, Bocxonsmue x [14] (cm. rakeke [10, T II1.4], [I5], [16] wmm [7]). Msr ux, ognako,
KacaTbCs 3/1eCh He OymeM

2.4 Eme o metroae obpaTHbIX (DyHKIU

Paccemorpum pacupenenenue P, 3amaBaemoe Tabiunieit

D <1 e koL n) (2.4.1)

Pl oo Dk .- Dn

ITo omnpeenenuio, MeTo o6paTHBLIX (DYHKIMI I MOJIeJNPOBAHUA TOIO paclIpejieeHIsd CBOJIUTCS K
BBIUHCJICHUIO ColydaifHoil Besimunsbl 7 = min{i: «a < s;}, te s; = p1 + ... + p;. Torma L(7) = P.

$lcHo, uTO TaKas onepalusl UCIIOIb3YeT JIaJeKo He BCIO «CAydailHOCTby, cojlepzKallyiocs B «. Hampu-
Mep, ecsiu n = 2 U p; = pg = 1/2, TO I NOJNYYEHUsT T JOCTATOUHO 3HATH JIUIIH CTAPIIHI JBOMIHBIN
ONT CIydaiiHoil BEJIMYMHLI (v, OCTAJIbHBIC ONTHI B MOJIEIMPOBAHUN He HCIoab3ytores. Cremyromee yTBep-
JKJeHUe JaeT TeOPeTUIeCKYI0 BO3MOXKHOCTL UCIPABUTL 3TOT HEJOCTATOK.

IIpengoxxenme 2. Ilycre o € U(0,1). PaccMoTpuM MOJI0KUTEIBHBIE BEPOSITHOCTH Pl ..., Piy- .., B
CyMMe JIaolIye eJIuHUILY, ¥ HOJIOKUM S; = p1 + ...+ p; ¢ So = 0. [Iycrs 7 = min{i : a < s;}. Torma

1. cayuaiinas Besmauna 3 = (o — s,—1)/pr paBHOMepHO pactpejernena Ha (0, 1];

2. caydaiiHble BeJIMYUHBI 5 U T HE3aBHCUMEBL.

Jlokxazamenvemso. Tlpexne Beero, P(T = i) = p; npu ¢ > 1. Janee, npu z € (0, 1]

P(B<z,T=1)= P((a —8i-1)/pi < x, $i—1 < a < 8,-) =
=Pla < si—1 +pix, si-1 < a < s;) =P(si—1 < o < 541 + pix) = pix,

OTKYyJa HEMEJJICHHO CJIe/lyeT Tpebyemoe. ]

Bameuanue 3. 1. Eciim p; = 1/n npu Beex @ = 1,...,n, Tﬂ (a — $r—1)/pr = {na} u MBI mpUXOIUM
K YK€ HCIOJIb30BABIIEMYCsl Pe3yJIbTaTy O TOM, 4TO CJydaiiHble BequduHbl [na| u {na} He3aBUCHMBI,
upuaem {na} € U(0,1).

2. Pesynwrar [Ipeyoxkenus [2] rosopur o Tom, 9410 BO BCex CiIydasix, KOrja HEKOTOPOE JUCKPETHOE Pac-
npeJieJIeHne MOJIEIMPYETCsS METOJOM OOpPATHBIX (DYHKIMI, MBI MOXKEM CIKOHOMUTBL OJHO OOpaIleHue K
TeHEPATODY, 3AMEHIB €0 BBIMHCICHIEM CTyqainon semmammsr 5[V

3 Mockonbky [nai] n {na1} wesasucumsr, a {na1} € U(0,1), TO BMECTO (ra MOYKHO UCTIOB30BATH CITYHANHYIO BETHTHIHY
noy — 7+ 1.

38He ToMBKO TOTOMY, UTO STO 3aHSIO GBI MHOIO MeCTa. IIpOCTO MBI YCIOBIINCH MPEHEGPEraTh TPYIOEMKOCTLIO IPEIBa-
PUTEJILHON YacTU ajrOpUTMA.

39nourn Beromy. A modemy Hy»KHO 910 3aMedanue? Ul mouemy oHO BepHO?

40Bciu cpet BepOSITHOCTEI p; BCTPEYAIOTCS OUeHb MaJIeHbKHIE YHC/Ia, TO HA IPAKTHKE K TAKOMY [PHUEMY Hy»KHO IIOJXO-
JIUTH C OCTOPOXKHOCTBIO.
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3. MoxHO 3aMeTuTh, uTO IpHU JoKasaresnberse llpesyiozkenus [2] HUrIe HE UCIOIB3YETCS KOHEYHOCTH
qyuciia BepodTHocTel p;. TeM caMbIM JIOKa3aHHBIA Pe3y/IbTaT BBIXOAUT 33 PAMKH TaOJUYHBIX METOJOB
oOpaTHBIX PYHKITHIH.
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3 MoaenupoBanue AUCKPETHBIX paclpeaejeHnii, 3aBUCAIINX OT Hapa-
MEeTPOB

B srom pazmesie Mbl paccMaTpuBaeM TOJIBKO HamboJjiee ynoTpeOUTeIbHbIE METOIBI MOJIEINPOBAHUS
HanboJiee yIoTpeOUTEILHBIX IUCKPETHBIX PACIPEICICHUN.

3.1 MoaenupoBanue OMTHOMMUAJILHOI'O paclpeae/ieHus

BunomuasnbHoe pacupesesnenne Bin(n,p) ¢ napamerpamu n € N u p € (0,1) MOXKHO 3a/1aTh € IIOMO-
MIBI0 TaOJIUIIBI PACTIPEIe/ICHUS
o 1 ... kK ... n
P ( > ,
pbo pr --- Pk --- DPn
e p, = Crp*(1 - p)

OjmH U3 MeToJI0B MOJIe/IMPOBaHusl paciipejiesienus Bin(n, p) yxke paccmarpusascs B paszede |1 (cm.
Anropurm BB Ha cTp. . Dror MeTo OB OCHOBAH Ha TOM, YTO pacupezesenue Bin(n,p) — sro pac-
IpeAesIeHUe YUCIa YCIIEX0B B 1 NCHLITAHUSAX BDEPHYIIN ¢ BEPOATHOCTBIO YCIIEXa, P.

Jlpyroii oy /IgpHBIf METO, sIBJSIETCS IIPOCTO IOC/IEI0BATEIbHBIM METOIOM O0paTHBIX (DYHKIU, HO
B HeTabJMYIHOM BapuaHTe. A MMEHHO, HAKOILUICHHBIE BEPOATHOCTH Si 3[€Ch BBIUMCIISIOTCA HE 3apaHee,
a B TOM 2Ke ITUKJIe, TJie IIPOBEPSIOTCA HEPABEHCTBA ¢ < S. 1OUHEe, BEPOATHOCTU Pi PEKYPPEHTHO Tie-
PECUNTBIBAIOTCA OHA 9epe3 APYIyIO, a HAKOIJICHHBIE BEPOATHOCTH Si MOCIEIOBATEIHHO BBIYUCIAIOTCS
yepes Sp_1 U Pg-

[TockombKy 1715t GHHOMHUATBLHOTO pacupeenenus pg = (1 —p)™ u

n—k

Pk n—k+1 p

Pr—1 k 1-p

npu k=1,...,n, TO Mbl IPUXOJTUM K CJIEIYIONIEMY AJTOPUTMY.

Augropurm BIS (Binomial Inverse Sequential)
Mopnemuposanue pactpesesnenns Bin(n, p) mocaeg0BaTe bHbBIM METOIOM 00PATHBIX (yHKIIUI

Bxomuble manmbre: n, p.
Pesymprar: €.
1. (Mnuyuasusayus) ¢ < p/(1 —p); s <1<+ (1 —p) An; k < 0; Get(a);
2. (Ilepecuem seposmmocmeti u nouck oxna) While o > s do
e k—k+Lir—rxcx(n—k+1)/k; s+ s+r;
3. (Basepwenue) & « k; STOP.

JlagmMm KpaTkKue KOMMEHTapuu K ajropurmy. llepemennasi s obo3HadaeT TEKYILYIO HAKOILIEHHYIO
BEPOSITHOCTH Sk, & IepeMeHHasl T — TeKYIIYI0 BEPOSTHOCTD Pg. [I0CKOIBKY IepBasi HAKOILJIEHHAS BEPO-
SITHOCTb PaBHA P, TO MHUIMAJIU3AINA IIEPEMEHHBIX S U T OAUHAaKoBa. IlepemenHast ¢ 3aBesieHa J1jIsI TOTO,
4TOOBI HE JICJIUTh P HA 1 — p B IUKJIE.

TpyroeMKOCTb METOIa BLIUUC/ISETCS TOUHO TAKXKe KaK M B TAOJIMIHOM METOZe 00paTHLIX d)yHKuI/IfI@
A nmenHo,

n
CxZ(k+1)pk:E£+1:np+1~np
k=0

41C yuerom TOro, 4To HyMepaIsl BEPOSITHOCTEH HAYMHACTCS C HyJISL.
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pu bosrbmux np. Takum obpazom, TpyaoeMkocTh ajaropurma BIS 3aBucut ot n u p, npuwyeM npu HGUKCH-
POBaHHOM N HAUXYIIIIUM CJIydaeM sBisgercd p ~ 1. IMeercs npocToit criocod yaydIuTh 3TOT HAUX Y/ Il
cJIy4ail.

Bamerum, uro eciu € Bin(n,p), o n = n — £ € Bin(n, 1 — p). [losromy, ecau p > 0.5, T0 MOKHO
npuMmeHnuThb ajaroput™ BIS K MogennpoBaHuio ducia HeyAad B 7 UCHBITAHUIX BepHY/LIN ¢ BePOSITHOCTHIO
yclexa p, a IOTOM IIepeidTH K YUCIy ycrnexoB. KoHedYHo, 3T0 PaBHOCUILHO IPUMEHEHUIO IIOCIEI0BATE b
HOTO MeTO/1a 0OPATHBIX (DYHKIUI «CIIpaBa HAJIEBO», a HE «CJIeBa HAIIPABO». SAIMIIIEM COOTBETCTBY FOIIHIA
AJIPOPUTM.

Agaropurm BISM (Binomial Inverse Sequential Modified)
Mogenuposanue Bin(n, p) MonudunupoBaHHBIM IOCJIEI0BATEILHBIM METOIOM OOPATHBIX (byHKIN

Bxomubie manubie: n, p.
Pezynprar: €.

1. (Mnuyuaausauus)

o If p<0.b5thent<« pelset <+ 1—p;
o c—t/(1—1t); s 1+ (1—1t)An; k<« 0; Get(a);

2. (Ilepecuem sepoammocmeds u nouck okna) While o > s do
e ke k+lir+rsxcx(n—k+1)/k;s+ s+r;
3. (3asepwenue) If p < 0.5 then € < k else £ < n — k; STOP.

KommenTapust Tpebyer Juib BBeJIEHHE TIEPEMEHHON t, KOTopasg HeoOXOJUMa IPU 3aBEPIIEeHUN aJi-
ropuT™Ma, ITOOBI (€CJU HYKHO) HEePEHTH OT MOJIEJIUPOBAHUS UHCIa HEYAad B MCHBITAHUAX DepHYyIIN K
MOJIEJTMPOBAHUIO YKCIa yerexoB. Tpymoemkocts agropurmMa BISM umeer sug C' < n(min(p, 1 — p)).

Takum obpazom, anropurmel BIS u BISM cranoBsTcst BecbMa TPYIOEMKUMUA IIpU OOJIBIIUX 1

Boubiine n npuBHOCAT U elle OJIHY HEIPUATHOCTb B 9TU aJICOPUTMBI: Ollepallisl BO3BEICHUS B 6OJIb-
miyto crernesb (1 — ¢)" npu peajnusanuu Ha KOMIIBIOTEPE MOYKET [PUBECTH K UCYe3HOBEHMIO nopsiaka. C
9THM, OJIHAKO, 6OPOTHCs JIerKo. I10CKOIbKY CyMMa He3aBUCHMBIX CJIydaiiHbix Beawdans & € Bin(ng;p) u
& € Bin(ng; p) nmeer pacupenenenne {3 € Bin(nj+mng; p), TO 10CTATOYHO Pa3I0KUTh OOJIBIIOE 1 HA CYM-
MY OTHOCHTEJIbHO HEOOJIBIMNX CJIAraeMbIX 7, IPOMOJEINPOBATEH pactpeneserns: Bin(n;;p) u caoxuTh
pesyabrarbl. OOIIuUiA BUI TPYJLOEMKOCTH IIPU 9TOM OCTAHETCSI TEM KE.

3.2 MopaenupoBanue pacipejeseaus Ilyaccona

Pacnpeenenne [Tyaccona II(\) ¢ mapamerpom A > 0 OIHCBIBAETCS € TOMOITIBIO OECKOHETHOMN TaOJIUIIBI

pacipene/eHust
o 1 ... k ...
P ( > ,
Po P - Pk

e pp = Afe k! . Tlockombky pr./pe—1 = Mk, a pg = e, To mns pacupenenenus II(\) serko peasm-

3yeTcsi TOCAE0BATE/BbHBII HEeTaOJMIHBINH METOJ, OOPATHBIX (PYHKIIUNA.

AgaropurMm PIS (Poisson Inverse Sequential)
Monesmuposanue pacupezesenus II(\) nocienoBarebHbIM METOJOM OOPATHBIX (DYHKIII

Bxommbre mammabie: A.
Pezynprar: €.

42Kak n anropurm BB. HekoTophle METOMB MOJEINPOBAHNS GHHOMUAIBHOTO PACIIPEEIEHIS, TPYI0EMKOCTH KOTOPBIX
OCTAIOTCS OTPAHUIEHHBIME C POCTOM 1, MOKHO Haiitu B [10] rr. X.4]

27


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

1. (Mrnuyuasusayus) s <— 1 < exp(—A); k < 0; Get(a);

2. (Ilepecuem seposmmocmeti u nouck oxna) While o > s do
o k«k+1;r<rxAk; s« s+r;

3. (3asepwenue) & + k; STOP.

TpymoeMKOCTb CHOBa JIETKO CYUTAETCS:

o0

Cx> (k+1)pr=B&+1=X+1
k=0

Hpyroii nomynsipabiii (1 Ha caMoM JieJjie IMEIOTHiA ropas3 o 60Jiee riyOOKHUl CMBICIT) AJITOPUTM MOJIEJIH-

poBanus pacupesesnenus 11(A) TpeGyeT npejBapuTeIbHOrO JOKA3aTeIbCTBA HECKOJIBKUX YTBEPKIEHHI.

Jlemma 2. Ilyctb 11,...,7, — He3aBUCUMBbIE CJIyJYaiiHble BEJTMUIMHBI, NMEOIUE MOKA3aTeIbHOE PACIpe-
JlesieHne ¢ mapamerpoM . Oboznaunm S, = 11+. ..+1n,. Torma ciaydaiinas BeJimanHa Sy, nMeeT (OyHKITIIO
pacnpenenenns Gy, U IIOTHOCTD PACIPEJCTICHUs gy, 3a/laBaeMble mpu x > 0 dpopmynamm

n—1 ;
(px)? prat
Grp(z) =1- o gnl@) = e (3.2.1)
i=0

ITpu = < 0 obe pyHKIUU PaBHBI HYJIIO@

Joxasamensvcmeo. Ilpexxe Bcero 3amMeTnM, ITo HempepkiBHasg dynknusg G, , ABiderca DyHKIUeH pacrpeee-
HUsl: OHA MOHOTOHHO BO3PACTAET, PABHA HYJIIO Ha OTPUIATEIBLHON MMOJIyOCH U CTpeMuTcs K 1 mpu © — 00.
Henocpencrsenubim muddepeHnnpoBaneM yoeKIaeMcst, ITO G;l, #(SE) = gn,u(x) mpu z > 0. [eiicTBUTEIBHO,
upu z > 0
n-l g -1 n-l 415 n.n—1
! _ /J‘ T —px lu’ xz —pT lu xz —pT
G () = — — € + — ¢ =—¢ "
‘ — ! (n—1)!

Tem caMBIM OCTAIOCh JOKa3aTh, 9TO S, HMeET IJIOTHOCTL PACHPEIENIeHus gy . JTO JIETKO IPOBepsSeTCs II0 UH-
gykiun. IIpu n = 1, ogeBuznmo, g1, (x) = pe ", > 0. Tax 410 6a3a HHAYKINHN JOKA3AHA.

g muyKnmonHoro nepexoja n — 1 — n upejacraBum S, B Buje S,_1 + 1), U npuMeHIM (HOPMYILY CBEPTKH
JUIst TIOTHOCTel pacupesenenuii. [losyanm, yro npu x > 0

0o z  n—1 n—2
) T —y —u(z— _
In,u(T) = / In—1,.(T = Y)g1,.(y)dy = / ( ) — e~ H@my) pe "dy =

— 0o 0 (n — 2)'

n T n n—1

I —px n—2 1% —ux T
= — — d = 8 .
n—2)° /O(x 2 o T
VTBepKIaeHNEe TOKA3aHO. [

IIpennoxenne 3. Ilycrs ¢ > 0. PaccMoTpuM He3aBHCHMBIE CilydaiiHbIe BEJMYINHBL {1);};>1, HMEIOIITe
HokasaresbHOE pacipejenerne ¢ napamerpoM p. Kak un B Jlemme [2 monoxum S, = n1 + ... + ny.
Hakoner, oboznaanm 7 = max{n > 0: S, < t}, nomaras Sy = 0. Torma L(7) = II(ut).

Zloxazamenvcmeo. Haiinem BepossTHOCTH TOTO, 9TO0 T =n. [Ipun =0
P(r =0) =P(ny >t) = e
Pacemorpum n > 0. ITockoubky 7; > 0, To, cornacuo Jlemme [2
P(r=n) =P(S, <t, Spy1 >1t) =P(S, <t)—P(S, <t, Spt1 <t)=

£Hn
= P(Sn < t) - IP)(SnJrl < t) = Gn,u(t) - Gn+1,u(t) = (Iun? e Mt )

9TO U Tpe6OBaJIOCb J0Ka3aThb. OJ

43Ha, camom mete Kazxxmoe u3 pasencts ([3.2.1) 3amaer ramma-pacmpegenenne Gamma(n, ), cM. Hpe;momem&epaauena
@ Ipunoskenns 1.
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Caeacrue 1. Ilyctb aq,...,0p,. .. — IOCIEI0BATEILHOCTh HE3ABUCUMBIX PABHOMEDHO PACIPEIE/IeH-
ubix Ha (0, 1] coiyuaitabix Besmans. Ilosoxum pu A > 0

n
T=max{n>0: Hai > e_A}. (3.2.2)
i=1

Torna 7 € TI(A).

Jlokasameavcmeo. Tax Ka}@ In(1/a) € EXP(1) upu a € U(0,1) u

TZIH&X{HZOZZIHO[Z‘ > —)\} :max{nZO:Z—lnai <)\},
i=1 i=1

TO CCBhLIIKa Ha Hpe,H,JIO}KeHI/Ie 3aBepIIaeT J0Ka3aTeJIbCTBO. ]

[Tonbzysice CutesicTBueM (1] j1erko 3ammcaTb COOTBETCTBYIONIUN AJITOPUTM.

Aaropurm PEXP (Poisson Exponential)
Monenmposanne pacupenenenns 1I(\) gepes cirydaiiHbe BeJMINHBI ¢ MOKA3ATEABHBIM PACIIPEICICHAEM

Bxonnbie mannbie: A > 0.
Pesynbrar: €.

1. (Anuyuasusayua) i < 0; p < exp(—A); Get(a); q + «;

2. (Ilepecuem seposmmocmeti u nouck oxna) While ¢ > p do
o Get(a); g+ gxasi+i+1

3. (3asepwenue) & + i; STOP.

Jlerko BUJIETH, ITO NIPU OCYIIECTBJCHUHE STOTO AJrOPUTMa pOBHO & + 1 pa3 mpoucxoauT obparieHmne K
reHepaTopy ciydaifHbIx ducesi. Ilosromy TpysoeMkocTs anropurMa umeer Buj C' < A, TO ecTh OH (Kak
u ajgropurm PIS) masonpurosen npu 6oabimux A

Kpowme Toro, B nannmammusanui 060ux ajJropuTMOB IIPUCYTCTBYET Omeparop p <— exp(—A), KoTopblii
1pu OOJIBIIIX A MO2KET IPUBOJIUTH K UCYE3HOBEHUIO MOPsiiKa. Tak Kak CyMMa HE3aBUCUMBIX CJIYJIailHbIX
esimand & € (A1) u & € II(A2) umeer pacupenenenne II(A; + A2), To, pasbuB A Ha HECKOJBKO He
OYeHDb OOJIBININX CIAraeMbIX \;, UCIOIb30BaB oanH u3 ajaroputMmos PIS mwimm PEXP mia xkaxkmoro usz \;
CJIOZKUB TIOJTyYeHHBIE Pe3Y/IbTAaThI &;, MbI mosydnm & = » . & € II(N).

Kaxk y»ke He pa3 roBOpuoch, BCe METObI MOJEJUPOBAHUS CIIYIARHBIX BEJIMYUH MIPEIHA3HAYEHBI JJIsT PAbOThHI
B nukiax. Jlo paccmorperust Asiropurma PEXP He Bo3HUKAJIO COMHEHMS, YTO PE3yJIbTaThl PAOOTHI KayKIOT0O U3
TaKUX IUKJOB OYIyT HE3aBUCUMBI — IIPOCTO IMIOTOMY, YTO PACCMOTPEHHBIE METOIbI MOJEJUPOBAHUS COIEPIKAJIN
JIeTEPMUHUPOBAHHOE YHCJIO OOPAINEHUN K TeHepaTopy ICEeBIOCTydallHbIX unces. Hampumep, meTon oOpaTHBIX
byHKIMIT HCTIOJIB3YeT POBHO OJHO OOpaIleHre K reneparopy, a amsroputM BB — n obpariennii.

C anropurmom PEXP curyarus npyras. [IpeacraBum cebe, 9To MBI 2 pasa HoOJpsii obparaeMcs K pabore
3TOr0 AJTOPUTMa U TOJIyJaeM Caydaitabie Beauduubl &1 U &o. Ilpu mepBoM obpalieHun HaM Jjist 9TOTO MTOHAI0-
OMIINCh CITyYaifHbIe BEJIMIUHEL Uy, . . . , Ol¢, +1, & IIPH BTOPOM — Ql¢, 19, - . . , (¢, 4¢,42. 10 €CTh CilydaiiHas BeIMInHa
&1 TPHUCYTCTBYET B 3alUCH HE TOJIBKO MEPBOIl I'PYIIIBI UCIOJIB3YEMBIX PABHOMEDPHO PACIIPEJIE/IEHHBIX CJIYIailHbIX
BeJIMYUH (9TO €CTECTBEHHO), HO U BTopoil Toxe. [logemy ke Torga & u £ HE3aBUCUMBIL?

Nmes B Buay me Toabko Asiropur™m PEXP, Ho u gpyrue noxoxKue ciiydan, Mbl JJ0KazKeM o0Ilee yTBEePKIeHHE,
YCTPAHSIONEe STH COMHEHUSI.

“rx. P(—Ina>z) =P(a < e ) =e " npu z > 0, cM. TakKe paszien

-
45 AfropuTMBbl, 1A THPOBAHHBIE K GOJIBIINM A, MOXKHO HAHTU B [10] ror. X.3].
46Bostee TOro, BOSHUKAET COMHEHME B TOM, 9UTO CJIyYaifHasl BeJMYMHA { UMEET TO YK€ PACHpEIesICHNe, 9To U 1.
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[ycts B1, ..., Bn, - . . — HE3ABUCHUMBIE OJIMHAKOBO PACIIPEIEJIEHHBIE CITyYallHbIe BEJTNINHBI, TPUHUMATOITIE 3HA-
vyeHMsl B u3MepuMoM npocrpadcTse (H, H). Pacemorpum HF-uzmepumbie moamuokecrsa Dy, Muoxkects H* u 1mo-
goxkuM 79 =0, anpun > 1

{min {[ Z 1: (ﬂ'rn_1+17 cee 7BT7I,_1+€) S DZ} opu Tp—1 < 00,
Tn = Tn—1 1
“+00 Ipu Tp—1 = OO.

IIpensioxkenune 4. Ecoau P(r; < o0) = 1, To jyist so6oro n > 1
1. ciryuaiiHble BEJIMYUHBI T, To — T1, - .., Tn — Tn—1 HE3ABUCUMBI U OJIMHAKOBO PACIIPE/IEIEHBI;
2. ciayqaiinble BeJuduHsl Br, Br,, . . ., Br, HE3aBUCHMBI U OJUHAKOBO PACIIPE]IEJIEHDL.

Loxazameavcmeo. s mpocToTh 3anucu OyJeM JTOKa3bIBATh 3TU akThl A7 n = 2. [lepexom na obmumit cry4ait
He npejcraBiser Tpyaa. Obo3uadnm mpu i < j coObITHS

= (U { Bis---yBe) & Dy 1+1}> { Bis- -, Bj) EDj—i-‘rl}v

KOTOpBIe H3MEPHUMbI OTHOCUTENBHO o-airebp o(f;, ..., 3;). 3amernm, uro cobbitust A;, ;, n A, j, HE3aBUCHMBI
upu iy > ji, npudeMm P(A; ;) = P(Aiqn,j+n) As moboro h > 0.
Beenem orpanundennbie H-usmepumbie pyukimn fi, fo 1 H — R. Torma upu k < m
]E(fl(ﬁ7'1)f2(ﬁ7'2)77-1 = vaQ = m) = E(fl(/ﬁk)fQ(Bm)7T1 = vaQ = m) =
=E(f1(Bk) f2(Bm)s A1k, Akr1,m) = E(F1(Br), Av) E(f2(Bm), Akg1,m) =
=E(f1(Br), A1) E(fo(Bm—-r): Atm—r) = E(f1(Bk), 71 = k) E(f2(Bm—k), 71 =m — k).

TTosioxkue B mocsienneM papercrse f1 = fo =1 u £ = m — k, nojiyuum, 410

P(Tl = k77'2 — T :f) :P(Tl = ]{J)P(Tl :f)

Hautee,
E(f1(Br-)f2(8-)) = > E(f1(Br)f2(Bry). 71 = kyma =m) =
m>k>1
=3 > E(ABY) T = k) E(fo(Bnr) i =m —k) =
k>1m—k>1
=Y E(AB), 71 =k) Y _E(f2(80), 71 =€) = Efi(B-) Ef2(Br,).
k>1 2>1
YTBepxKaeHne T0KA3aHO. O

Iyist Toro, urobel npumenurb [Ipeyoxkenue {4 k amropurmy PEXP, myxuo mosoxurs H = (0,1], Dy =
{(ml, c,xy) C HF Hle x; < e_)‘} u B; = «;. Torga ciayvaiinast BeinanHa T, OlpejesieHHAas B , Oymer
cBsI3aHa C 71 paBeHCTBOM 71 = T + 1. IlepBoe yrBepxaenne Ilpeynoxkenns [f] nokaseisaer, aro Anropurm PEXP
MOXKeT OBITh UCIIOJIb30BAH B IIUKIJIE.

3.3 MonenupoBaHue reoMeTpUYeCKOro pacipe/iejieHus

Teomerpuueckoe pacupeseserne Geom(p) ¢ mapamerpom p € (0,1) onmceiBaeTcst ¢ MOMOIIBIO GECKO-
HeuHOH Tab/IMILI Pacpe/ie/IeHus
o 1 ... k ...
P ( ) ,
pPo P1 --- Pk ---
rae pr = p(1 —p)F.

JlBa criocoba MOJIeIMpOBaHUsT F€OMETPUIECKOTO PACIIPEICICHUS JIOCTATOTHO SCHBI U HE TPEOyIOT 0CO-
6oro obocuoBanus. [IepBblit U3 HUX — MOJEIMPOBAHUE UCIBITAHUI BEpHYIIIN ¢ BEPOATHOCTHIO yCIeXa p
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JI0 TIEPBOTO ycIlexa, ¢ MOCYeTOM UIC/Ia Heyaad || a BTOpol — HeTaGImuHbIil I0C/Ie0BATEIbHBIH METO
obparHbIxX QyHKIMI, OCHOBaHHBII Ha 1Iepecdere p, = (1 — p)p,—1 ¢ po = p.
BamnuiieM cOOTBETCTBYIOIIME aJITOPUTMBI.

Agaropurm GeomB (Geometric Bernoully)
MopnesmpoBatue reomerpudeckoro pacupeenenns Geom(p) depes ucnbiranus BepHysuim

Bxoambie nanmbie: p.
Pezynbrar: €.

1. (Mnuyuaausayus) i k <+ 0;
2. (Modeauposarue wucaa neydaw) While i =0 do <Get(a); Ifa<ptheni< 1else k+ k+ 1);
3. (3asepwenue) & + k; STOP.

IlockombKy B ajropurMe HaM Hy)KHO € + 1 pa3 MOIeIMpoBaTh UCIBLITAHUS BepHysan, To

1-— 1
C=Ee+1=—L11=2.
p p

BarmuieM Ternepb aJrOpuTM MeTo1a OOpATHBIX (PYHKIIHIA.

Asropurm GeomlS (Geometric Inverse Sequential)
Mopnenuposanue pacrpesesnennst Geom(p) 110CI€I0BATENIBHBIM METOIOM 0OPATHBIX DYHKIHIL

Bxoambie nanmbie: p.
Pezynbrar: €.

1. (Mnuyuarusayus) s < r < p; k< 0; ¢ + 1 — p; Get(a);
2. (Ilepecuem seposmmocmeti u nouck oxna) While a > s do
o k< k+1;r<r*xq s+ s+r;
3. (3asepwenue) & + k; STOP.
Kak o6pr4H0 B 110C/I€10BaTEIBHOM METOJIE OOPATHBIX (DYHKITHI,
C=) (i+1)p=E{+1=1/p.
>0

Takum obpazom, 0ba MeTOJIa OKa3bIBAIOTCSI IJIOXUMU TP MaJIbIX p. CyIIecTByeT, OqHAKO, TAKOU CITO-

co0 peajiu3anyy MeTo/1a 0OPATHBIX (DYHKIINH, IIPH KOTOPOM TPY0EMKOCTb 110 Kpalineit Mepe hopMaIbHO
HE 3aBUCUT OT P.

JleficTBUTETbHO, HAKOIJIEHHAS BEPOSITHOCTD Spt1 = P + - - - + Pp JIJI TEOMETPUIECKOTO PACIIpesiese-
HUS UMEET BU/L

n
sne1 =) p(l=p)'=1—(1-p)"*.
i=0

[Tosromy cobbitre {£ = n} npuobperaer Bu/I
{{zn} = {sn<a§sn+1} = {1—(1—p)”<a§1—(1—p)"+1}:
= {(1 —p)”'H <l-a<(1 —p)"} = {(n+ In(l —p) <In(1 —a) <nln(1 —p)} =

:{n<M§n+l}7

4TTlepsoe yrBepxiuenne IIpemoxenus [ MoxeT GLITH MCIOIB30BAHA IS STOTO METOJA, €CJIH HOJIOKUTE H = (0,1],

Dy, = [p, 1171 x (0,p) u Bi = .
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1 TeM CaMbIM

€= |In(l —a)/In(l —p)]. (3.3.1)

D1y ke HOPMYITy MOXKHO MOy IUTh U T0-Apyromy. IlycTh 17 — cirydaiiHast BeJInInHa, IMEIOIIAsT TOKA3aTeIbHOE
pacupejesierne ¢ napamerpom A u £ = |n]. Torma nmpu n > 0

P =n)=Pn<n<n+1)=e ™ —e DA = (] _ g7}

IockoubKy ciayvaiinas Bejuauna — In(1 — «) /A uMeer nokasareabHOE PACIPEIEJIEHHE C IAPAMETPOM A, TO B3sB
A= —In(1 — p), upuxoaum K dopmye .

IIpu MomeMpoBaHUM €CTECTBEHHO 3aMEHHUTh 1 — o B popMyJie Ha «. B pesyibrare mpuxouM
K CJIEYIONIEMY aJITOPUTMY.

Anroputm GeomDIM (Geometric Direct Inverse Modified)
Mogesuposanue pacupezeenus Geom(p) MOIubUIUPOBAHHBIM IPIMBIM METOJOM OOPATHBIX (DYHKIUI

Bxommbre nanmbie: p.
Pesymprar: €.

1. (Modeauposanue) Get(a); &€ + [In(a)/In(1 — p)|; STOP.

Taxum ob6pazoM, JijIst MOJEIUPOBAHUS TeOMETPUIECKOro pacipeesieans Merogom GeomDIM Tpe-
OyeTcs oJHO OOpalleHle K T'eHepaToPy IICEBIOCIyYallHbIX YUCEJ, J[Ba BBIYUCIEHUS JIorapudMa U OJIHO —
1eJioit wactu guciaa. Eciau caurars, 9ro BpeMst BbIYKMC/IeHus 3Hadenuii dyHukiwmii |z ] u In(z) orpanndeno
upu Beex ¢ u z € (0,1) oHON U TOM K€ HOCTOSIHHOM, TO TPYJ0EMKOCTh ajroputMma umeer Bug O(1)
PaBHOMEPHO II0 P.

ITo cpaBHEHUIO C MPEIBIAYIUMY AJTOPUTMAME ITO BBIIVISIUT HEMHOIO CTPAHHO, TAK KAaK MHTYUTHUBHO $ICHO,
9TO TeOMETPHUYECKOE PACIIPE/Ie/IeHne ¢ MAJEHBKUM [IapaMeTpPoOM P JOJKHO ObITh, B MPHUHIINIIE, CJIOXKHBIM JIJIsI
MO,ILGJII/IpOBaHI/IH@ Pazbepemcs, B uem 31€ech me1o.

Ha npumepe reomeTpudeckoro pacipeiesieHust UMeeT CMBIC/I TIOTOBOPUTH O HEIOCTATKAX TOI'O KJIACCHIECKOTO
HOJXO/Ia K MOHSITHIO TPYJIOEMKOCTH, KOTOPOTO MBI TIPHJEPKUBaeMcst (1 OyieM IIPHUIep:KUBAThCS B JIAJIbHENIIEM ).

KopoTko roBopsi, J1eJ10 B TOM, 9TO 338 HCTOYHUK CJIy9IailHOCTH Y HAC IPUHSITO CYUTATH HE3aBUCHMBIE PABHOMED-
Ho pacupegesentbie Ha (0, 1] ciydaiiible BeJIMYUHBI, KOTOPBIE [0 OIPEEJCHAI0 UMEIOT CIETHOE YUCIO JBOUUHBIX
pa3psioB. B 1o ke BpeMmsi GOJIBITMHCTBO T€HEPATOPOB IICEBIOC/IY YaifHbIX YNCET BHIPAOATHIBAIOT TOCIEI0BATE b
HOCTB umces Buia a; = k; /M, rne M — Gosbioe 1esoe qncno@a k,e X={0,...,M —1}.

D10 o3HaUaeT, 4TO Goslee aeKBATHBIM UCTOMHIKOM CJIyYaiiHOCTH BJISIETCS NIOCAEA0BATEIBHOCTD {€; };>1 He3a-
BUCHMBIX CJIyYailHBIX BEJIMYMH, DABHOMEPHO paciipejiesieHHbiX Ha MHOxKecTBe X . IIpu M = 2 sj:eMeHTHI Teopun
MOZEIMPOBaHUs (B OCHOBHOM, JAMCKPETHBIX) CAyYailHbIX BEJUYUH C TAKUM MCTOYHMKOM CJIyYaliHOCTH ObLIM pas-
paboranbl B crarbe Kuyra u fo [I1], HekoTopble pe3ysbrarhbl jyjis MPOU3BOJLHOrO M MOXKHO HAWTH B pas3jelie
(6

B sTom pasnesie, B 9aCTHOCTH, JOKA3aHO CJIeJyIollee yTBepKaeHne. 1IycTh MbI HCIOJIB3YEM IIOCJIEI0BATE b
HOCTb {&; };>1 J/Is MOJEINPOBAHUS JUCKPETHOrO pacupezesenus P. OupeennM TpyJ0eMKOCTh COOTBETCTBYIOMIETO
AJITOPUTMA, KAK CPEIHEe UUCJIO UCIIOIH30BAHHBIX CJIyYalHBIX BEJTUINH 51-@7 HEOOXOIMMOe [T TIOJIY Y€HUsT OTHON
CJIyJaltHOH BeJIMYWHBI, IMEIOIell pacupeseaeHue P.

Torza, Bo-1IePBbIX, CYIIECTBYET ONTUMAJIBHBIA (TO eCTh MMeomuil MUHUMAJIbHYIO TpydoeMkocTb Cyy (P)) an-
TOPHUTM, U BO-BTOPBIX, 9Ta MUHUMAJIbHAS TPYI0EMKOCTD YIOBJIETBOPSIET HEPABEHCTBY

Ha(P) Ha(P) M

— < C < 3.3.2

log, M — (P) logy M M —1" (3:32)
rue asondHag suTponus Ho(P) pacupenesienus P ¢ BEPOATHOCTAMU D1, - . . , Pp, - - - Olpesesierca hopMyIIion

Hy(P) == pilog, pi.

“8em MeHbIIe P, TEM IeOMETPHYECKOE PacIpeIesenne GobIe «pa3Mas3anos 1o cueTHoMy mHoxectsy {0,1,...}.

49Kak npasumo, M = 2%, tak 4To UHCIA @; NMEIOT KOHEYHOE HHCJO JABOMYHBIX PA3PSIOB, B TO BPEMs KAaK (t; — GECKO-
HedHOpa3psiaHoe uncyio. Hanbosee gacto ucnonmb3yercs d = 32.

5070 ectp cpemmee umcso obpamennii K (MICAILHOMY) FEHEPATOPY IICEBAOCIY YANHBIX THCEI.
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st TeOMETPUYECKOIO PACIpeesieHus ¢ [IapaMeTPOM P, CTPEMSIIEMCH K HYJIIO, IIOJIydaeM, 9TO
oo
Ha(P) ==Y _p(1—p)'(logyp+ilogy(1 — p)) =
=0

1 _
= logy(1/p) — Tp logy (1 — p) ~ logy(1/p) — 0.

CitetoBaTeILHO, €CJIM MBI XOTHM ITPOMOJIEJTUPOBATH T€OMETPHIECKOE PACIIpeiesIeHIe MeTOIOM OOpATHBIX (DyH-
Kunﬁﬂ TO 1Ipu PUKCUPOBAHHOM M U IIPU JOCTATOYHO MaJjIOM P MbI OyJIeM UMEeThb OIy TUMbIE TOTEPU B TOYHOCTHU
MoiesimpoBaHus. [Ipyu MofeMpoBaHu pacipeiesieHrs ¢ OOJIBIION SHTPOIMEll CJIe/lyeT UCIIOJb30BaTh METO/IbI, B
KOTODBIX 33JIefiCTBOBAHO HECKOJIBKO ODPAIEHUl K TeHEPATOPY ICEBIOCTy YalHBIX qmcen@ Kak yzxe roBopmiiocs,
Gostee oapobHO 06 THX MpobaeMax HAIUCAHO B paszese [0}

S1nu so6bIM IPYTUM METOLOM, HCIOIb3YIOLIMM OJHO OBDAIIEHIE K [EHEPATODY.
52310 OTHOCHTCS U K JUCKPETHOMY PABHOMEPHOMY PACIIPE/ICJICHHIO, IBOMYHAS SHTPOIMSA KOTOPOro pasma log, n.
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4 OO01mme MeToabl MOJAEJIMPOBAHUS

He cymecrByer oOIMIENPUHATOIO CIUCKA METOJOB MOJIE/JIUPOBAHNSA, KOTOPbIE MOTIJIA ObITH HAa3BaHBI
«OOIMUMIY WU «YHUBEPCAJIBHBIMEU». 1€M He MeHee, Mbl BBIIEINM 3 METOa, AU KOTOPBLIX B TOH mn
uHOIi crerieHu (M B TOI WM WHOM KOMOUHAIIUY) UCHOJIB3YIOTC B GOJIBIIMHCTBE IPAKTHYECKUX aJITOPUT-
MOB.

4.1 Metoa obpaTHBIX (DYyHKIIUIA

IIycts P — pacupeenenue, 3aJaHHoe Ha GopeneBckux moaMHoxkecTsax R. O6osHaunM F' byHKINIO
pacupejiesienust pacipejeserust P, 1o ectb nosoxum F(x) = P((—oo,z)). Meron obparHbix ¢yHKIui
JUIst MOZEJIMPOBaHUs paclpene/eHus P OCHOBAH Ha CJIELyIOIIEeM YTBEPXKICHUH.

Jlemma 3. Omnpenemnm dbyukmmo G : (0,1) — R pasencTrBoMm
G(y) =inf{z e R: F(z) > y}. (4.1.1)

Torma 1. upu y € (0,1) u t € R nepasencrsa G(y) <t u y < F(t) 5KBUBaJIEHTHBI;
2. dyukiust G sBJIsieTCs MOHOTOHHO HeyObIBaloIeil 1 HelpepbIBHOI cripaBa.

Aoxasameavemeso. 1. Obosnaunm A, = {z € R : F(z) > y} u gokaxkem, uro A, = (z,+00), e
z = G(y). Tak xkax F' MoHOTOHHO HeyObIBaer, T0 A, =< z,+400), e JieBast ckobka "< ' o3Havaer,
9TO TOYKA Z MOXKET IIPHHAJJIE’KATh WK He IpHHAJIexkarh MHOKecTBY A,. Kpome toro, F(z) < y.
HeidicrBuresbho, nycrs F(z) > y. [ockonbky dbyuknus F HenpepblBHA CJI€Ba, TO U3 3TOIO HEPABEHCTBA
cexyer, aro F(z*) > y upu mekoropom z* < z, uro nporusopeunrt ([4.1.1).

Tenepsb pe3yabTaT MEPBOrO MYHKTA JIEMMBI CTAHOBUTCS OYEBUIHBIM, TaK Kak Npu (DUKCUPOBAHHOM ¥
kazkoe n3 HepaseucTB G(y) <t uy < F(t) osnavaer, 4ro t € Ay.

2. Monorounocts dynkuuu G ciegyer usz Brimodennst {x : F(x) > y1} D {z: F(x) > y2}, BepHOro
npu y; < y2. lHycrs dyukius G ne siBiasgercs HenpepbiBHOli ciipaBa B Touke y € (0, 1). Dro 3HaquT, 9T0
CYIIECTBYET TaKasl II0CJIeI0BATEIbHOCTD Yy, | Y U Takoe uucio t, uro G(y,) >t > G(y) upu n > ng.

CoryiacHO TIePBOMY YTBEDPIKJIEHUIO JIEMMbI 9TH HEPABEHCTBA SKBUBAJIEHTHBI HepaBeHcTBaM F(t) > y
u F(t) < y,. lHockonbky ¥, | y, mojydaemM OIpOTHBOPEYHE. O

CaencrBue 2. B yciosusix Jlemmsl 3| coryuaiinas Besmaunna G(a) uMeer pacnpe/jienenue P.
Jlokasamenvcmeo. Dro caexyer u3 nenodkn pasencTs P(G(a) < x) =P(a < F(x)) = F(x). O

MeTost, Mojie TMPOBaHUs OJIHOMEPHOIO pacupesesienus P ¢ dpyHKiueil pacipe/enenus F' npu momorm
mopesmpytomieiit by (4.1.1) HazbiBaeTcs memodom obpammoix Gyrryu.

OnumreM Tpu XapakKTepHbIe CUTYAIIMH IIOBeIeHUsT (DyHKIIUN Gﬂ ITycts z € Ruy € (0,1) cBa3ansr
coorHoreneM F(x) = y.

1. Ecmu B okpectHOCTH TOUKHN 2 (byHKIUsS pacupesenenus F obparuma, To G(y) = x.

2. Ilycrs (x1, x2] — MakcuMabHBIH (M He MycTOit) MHTEpBaJ MocTOsHCTBA DyHKIMN F'| comeprrarmmit
rouky z. Torma G(y) = xo.

3. Ecau y1 %ef F(z+0) >y, ro G(z) = x upu mwobom z € [y, y1).

Ecre JBa CTaHIapPTHBIX BapUaHTa HUCIIOJIb30BaHUA METOdA O6paTHI)IX beHKHI/Iﬁ

53V6emurech, ITO STU OMICAHHS BEPHEL.
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1. O6osnaunm z, = inf{z : F(z) > 0} n z* = sup{z : F(z) < 1} n npexnonoxnm, aro F(x,+0) =0
u F(z* —0) =1 (eciu x4 = —00 mwim &* = 400, TO COOTBETCTBYIOIINE PABEHCTBA CYUTAIOTCS
aBTOMATHYECKU BbINOJIHEHHbIMHT). [Ipenosoxkum, uro cyxenne Fy dynkuuu F Ha IPOMeKyTOK
(24, 2*) obparumo. Torga npu y € (0,1)

G(y) =inf{z: F(z) > y} = inf{z: F.(z) >y} =inf {2 : 2> F Y (y)} = F, (). (4.1.2)
Pagencrro (4.1.2), KoHeqHO, U JIAJI0 HA3BAHUE METO/LY.

2. PaccmoTpuM JcKpeTHOe pacupegenenne, 3aapaemoe Tabumneit (2.1.1]), u npeamonoxum, uro
x; < x; mpu ¢ < j. Obosmaunm s; = p1 + ...+ p;. Torma dbyHKIMA pacnpesereHns, 3a1aBac-
Mast pactpejenenneM P, npuaumaer 3Hadenust F(z) = 0 npu x < xq, F(x) = s; npu z; < x < mj41
(i=1,...,n—1)u F(x) =1 upu = > z,.

ITosTomy

. T mpu 0 <y <s
Gly) =int{z: F(z) >yy=4"" PH oSy s
Tip1 upu 8 <y <Sip1, t=1,...,n—1.

9T0 B TOYHOCTH COOTBETCTBYET ompeesieHuio (2.2.1)) u 0ObsICHSIeT TEpMIH «MeTO 0OpaTHBIX (PYHK-
Uiy, UCTIOJL30BABIIUICS B pa3jieax u l

Jlerko mokazarh ciemyronuit HhakT, MPOACHSIONII MeTO I OOPATHBIX (DYHKITUH HECKOJIBKO C JIPYTOil CTOPOHBI.

IIpensoxxenune 5. Ilycrs P — mekoTopoe pacuperenenue ¢ dyuknueir pacupenenenus F. Ilpemgnomoxum, aTo
H :(0,1) = R — mMoHOTOHHO HeyOBIBaOmasa namepumasa dbynaknus takas, ato L(H («)) = P. Torma H(y) = G(y)
nouru Beioxy 1o Mepe Jlebera na (0, 1). Ecau x Tomy ke H siBiisiercst HenpepbIBHOI ciipaBa, 10 H (y) = G(y) upu
Bcex y € (0,1).

Jokasameavemeo. Bosbmem t € R u pacemorpum muOkectBo A = {y : H(y) < t}. Beumy MoHOTOHHOCTH
dyukiuu H sro muoxkectBo umeer Buj (0,a:), Te yriosasi ckobka ") " o3Havaer, 4TO TOUYKA G; MOXKET Kak
OPUHAJJIEXKATh, TaK U He NpuHaiexkarb MHoKecTBy A;. [lockonbky P(H (a) < t) = F(t), To a; = F(t).

Orcrona u u3 Jlemwmst [3] cienyer, aro pst moGoro ¢ € R

{y:Hy) <t<Gy)}=(0,F1)n[F(t),1) c {F(t)}.

Taxnm obpasom, P(H (o) < t < G(a)) = 0 st moGoro ¢ € R. Iockonbky

P(H(a) < G(a)) =P < U {H(a) <r < G(a)}) < Z P(H(a) <r < G(a)),

rERg rERg

rie Ry — MHOXKecTBO parpmonanbHbx wuces, To P(H(a) < G(a)) = 0. Ananornano noxaseisaercs, aro P(H (o) >
G(a)) =0, n nosromy dyrximn G u H cOBIAJAIOT TOYTH BCIOLLY.

Ecin nse dbyHKIMU COBIAJAIOT [IOYTH BCIOLY, TO OTJIMYATHCA OHU MOTYT TOJBKO B TOYKAX PA3PbIBA OJHOM
u3 3rux dyskuii. [lockobKy B Toukax paspbiBa ¢dyuknun G u H HEIpepbIBHBI CIIpaBa, TO 3TOT BAPUAHT TOXKE
HCKJIIOYAETCs. O

3ameuanmne 4. Koneuno, Bmecro Mogenupyiorieii dopmyisr § = G(a) moxuo ucnosibsosars & = G(1 — a).
Bosnukatomasi npu stoM Mozenupytomast dyskimust Gi(y) = G(1 — y) sABiasgeTcss MOHOTOHHO HEBO3DACTAIOIIEH
u jyist Hee BepeH anasior IIpemmoxenust [5] YunreiBast 970 coobpakeHne, MOJEJUPOBAHUE paclpejeserus P ¢
OMOIIBIO (DYHKIMN (wm ¢ nomorpilo dyHkimE G1) MOXKHO HA3BATH MOHOMOHHbM MOOCAUPOSAHUEM.
Tepmun «merom oOpaTHbIX QyHKIHT», TEM HE MEHee, ABJIsSeTcs Dojiee TPAIUITUOHHBIM.

54OTM6TI/IM, 9TO B paszeJsie 9TOT TEPMUH HCIIOJIb3YyeTCs 0E30THOCUTEILHO K TOMY, YIOPAJOYEHBbI JIM YUC/Ia T4 IIO
BO3paCTaHUIO, UJIX HET.

35


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

4.1.1 Ilpumepsnl

[Tepeitnem x mpuMepaM. DTH TPUMEPHI OTHOCITCS K HECKOJIHKUM CTAHIAPTHBIM PACIPEICTCHUSIM 1
COOTBETCTBYIOT IIPE0OPA30BAHUIO . [Ipu 3anucu mroTHOCTEH U (DYHKIUI pACIPEIe/IEHUsT YCITOBUM-
cs, 910 hopMysia JJisi IJIOTHOCTA HMPUBOAUTCS TOJIBKO I TeX apryMEHTOB, /IS KOTOPBIX ILJIOTHOCTD
He paBHa HYJIO, a (Gopmysia 1y DYHKIUE PACIPEJIEICHUS — JIJIsi T€X apryMEHTOB, Tje 3Ta (DYHKITHS
OTJIMYHA, OT HYJIS W €IUHUIIHL.

1. Iokasamenvnoe pacnpedesenue EXP(N) ¢ mapamerpom A > 0 uMeeT IJIOTHOCTD PACIIPe/Ie/IeHUsT

p(x) =Xe ™™, > 0.

Baech 2, = 0, 2% = 400, Fy(x) =1 —e M npuax > 0u G(y) = —In(1 —y)/\ npu y € (0,1).
Taxkum 06pazoM, MOJEIMPOBAHUE IIOKA3ATEJBHOIO PACIPE/IEJICHIs] METOOM OOPATHBIX (DYHKIHI
ocymectBisiercs Kak & <— —In(1 — a) /. Tlockomsky £(1 —a) = U(0, 1), T0 Ha IpaKTHKe UCIOIb-

3YIOT MOJIEIUPYIONLYIO (hOopMyJTy

&+ —In(a)/A

2. Pacnpedeserue Panes MOXKHO 33J1aTh IJIOTHOCTHIO
p(z) = ze 2 1> 0. (4.1.3)

Monyuaen, uro @, = 0, 2* = +00, Fy(z) =1 —e /2 npu z > 0 u G(y) = /—2In(1 — y). Crosa
epexo/is oT & K 1 — v, mostydaeM TPaIUIHOHHY0 MOJICTHPYIONLYI0 (hopMyILy

€ <+ sqrt( — 2 xIn(a)). (4.1.4)

3. CUmenennoe pacnpedenenue ¢ napamerpom v > () uMeer IJIOTHOCTH
p(z) =2z € (0,1). (4.1.5)

B srom ciyuae z, = 0, 2" =1, Fi(x) = 27, G(y) = yY/7 1 meron o6paTHbIX (DYHKIMI IPUBOIUT
K MozeJupylomeil popmyJie

£ an(ify).
4. Pacnpedeaenue Ilapemo ¢ napamerpom v > 0 3a/a€TCsl IIIOTHOCTBIO
p(x) =y 77 2> 1. (4.1.6)

Baech T, = 1, 2* = +o0, Fy(z) =1 — 277 u G(y) = (1 — y)~ /7. Kax u pampiue, 3aMeHss o Ha
1 — a, mpuxoauMm K MofeupyIomei popmysie

E—aNn(=1/).

OTcrofa u U3 MPeapIIYIero TpuMepa MOXKHO 3aMETUTh, 9TO €CJii £ UMEET CTEIIEHHOE PACIPEeIeIeHNe C TapaMeTPOM

v, 10 1/€ umeer pacupeesenne ITapero ¢ TeMm »Ke napamMeTpoM.

5. Pacnpedenernue Kowu MMeeT IIOTHOCTb PACIIPEIE/IEHUST

1 1

T17a2 TR

p(x) =
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B srom cayuae z, = —o0, ¥ = 400,

1 1
F.(z) = F(z) = = + — arctan(x)
2
npu z € R n G(y) = tan (7(y — 0.5)) = —cot(ry) = cot(m(1 — y)). Tem campiv (3amenss o Ha
1 — o), moJIy4aeM MOJAEIUPYIONyIo hOopMyILy

& <+ cot(m * ).

OrmeruM, uro coydaiiHasi BeJM4IrHa tan(ma) TakKe UMeeT paciipe/ieieHue Komnﬂ HO COOTBET-
cTByOmAs MoJeaupyomas (hyHKIUS B 9TOM CJIydae He SBJISeTCA MOHOTOHHOI.

[TomBoisi HEKOTOPBIE UTOTH, MOXKHO CKA3aTb, UYTO METOJI OOPATHBIX (DYHKIUI JjIs MOJEJIUPOBAHUS
pacupeneienus ¢ obparumoit pyukimeit Fi Oyner moctaTodHo 3PpOEeKTUBHBIM, €C/IA CYIIECTBYET TOUHAS
1 OBbICTpast MIPOIIELypa BHIYUCIEHUSI 0OPATHON K 9TOi dyHKITUN.

4.2 Metoa or6opa

Metox or6opa (B Apyroii TepMUHOIOIMH — METOJ| MCKJroYeHust uian Merox ¢on Heiimana, B an-
[IOSI3BIYHOI JuTepaType — rejection method) siBisiercst BecbMa paciipOCTPAHEHHBIM, YHUBEPCATIBHBIM
u (npu rpaMoTHOIN peasm3anun) 3HHOEKTUBHBIM METOJIOM MOJIEJIUPOBaHUs paciipejiesienuii. [Ipuasroe
3/1€Ch M3JIOYKEHUE METOa 0TOOPa OTJIMIAETCS OT TPAIUIIMOHHOIO HECKOJIBLKO OOJIBINEil OOIHOCTHIO.

4.2.1 Wpesa merona

IIpounnnrocTpupyem uiero merona orbopa Ha mpocreiiiem npumepe, BocxoasineM kK JIxx. dou Heiima-
Hy. Paccmorpum miornocTs pacupesenenus p(x), x € R, u obosnaunm H noarpaduk 3Toil mI0THOCTH:
H = {(z,y) : 0 <y < p(x)}. fcno, uro nBymepHas mepa Jlebera mesy muokecrsa H pasaa 1. Beejem
CJIyYailHbIII BEKTOD E = (&1, &2), paBHOMEDHO pacIpe/IeJIeHHBIN B MHOXKecTBe H 1 HaiieM pacrpe/eseHne
ciyuaitnoit Bemuuannsl &;. [lomyunm, aro

z p(x) z
P& < 2) = / dzdy = / diL‘/ dy = / p(z)dz.
{(z,y)eH: x<2} —00 0 —o0

Takum 06pa30M, CJIyLIafIHa,H BeJIM4YUHa 51 nMeeT IJIOTHOCTDb paclipeie/IeHud p.

0 1

Puc. 2: WumocTparus K ujaee MeToma oTbopa

55Bcim ciyuaitnas Benmunna & uMeer pacnpesesenne Kommm, 1o 7 = 1 /€ Toxke umeer pacupezenenne Kommu.
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OTcro/1a MOsIBJISIETCST WJ1esT MOJIETUPOBAHUS PACIpeieieHnst P ¢ IIOTHOCTBIO PACIIPEI/IEHHsT P @ €CJIN
MBI CyMeeM IOJIyUINTh PEATU3alUI0 CIYydaiiHOrO BEKTOPa, PABHOMEDPHO PACIPEIEIeHHOr0 B moarpaduke
IJIOTHOCTHU P, TO NEPBasg KOOPJUHATA STOTO BEKTOPa Oy/IeT NMETh Hy?KHOE HAM DPACIIpPe/IeIeHNe.

[Tpe/1osi0kuM Tenepb JONOJTHUTEIBHO, YTO IJIOTHOCTH P cocpeioroueHa Ha orpeske [0, 1] u orpanu-
veHa nocrostauoit M (em. puc|2) rie M = vraisup p). B sTom ciryuae numeercst <<O‘I€BI/I,HHaH>>m IpoIeIy pa
MOJIEJIMPOBAHUsT PABHOMEPHOTO paciipejiesiennsi B obsactu H. A UMeHHO, MOJIe/IUpysl paBHOMEPHOE pac-
npejiesieHne B IpsMOyrosibHuKe [a,b] X [0, M], Hy?>KHO IpPOBEPUTD, JIEXKUT JIM HOJIyYeHHas TOYKa IO
rpaduKOM IJIOTHOCTH P WX HET. Kc/in JIesKUT, TO TepBasi KOOPUHATA ITOM TOUKHU SBJISIETCS] PE3YJIbTa~
TOM MOJIEJIMPOBAHUS, €CJIU HET — MPOIELyPy Hy?KHO HOBTOPUTD.

Nuave roBopsi, MOIy4uB 2 ciiydaifHble BEJMYUHBL (11, (rg, MBI IIpOBEpsieM HepaBeHCTBO p(a) > Mag
U MOBTOPSIEM 3Ty MPOIELyPY JI0 TeX II0P, MOKa 3TO HEPABEHCTBO HE BBITOJHUTCS

Vnest BBIDJISLINT TPUBJIEKATEIBHON, HO BO3HUKAIOT BOINPOCHI, YTO JEJaTh, €CJIU IJIOTHOCTH P HE SB-
JISIETCsl OPPAHUYEHHOM 1 /UM €CJIM OHA MOJIOXKUTEJIbHA Ha BCeil IpsMoit (& mouemy 06sI3aTe/IbHO Ha TIPsi-
MOI#i?).

4.2.2 Teopus merona

Mpbr HauHeM ¢ HEOOXOMMMBIX HAM CBeleHHUil 006 abCOJIOTHON HENPEPBIBHOCTA MEP U ITPOU3BOJIHBIX
Panona-Hukomnma.

O mpousBoaubix Pamona-Hukoaumma. Ilycrs (D, D) — HekoTOpOE M3MEPUMOE IIPOCTPAHCTBO U V
) )
1 — Mepbl, 3a7aHHbie Ha D. Mepa v HazbIBaeTCs abCOAOMHO HENPEPBIEHOT OTHOCUTENBHO MEPBI [4, €CIIU
Jutst moboro A € D rakoro, uro p(A) = 0, Bemosnsercs pasenctso v(A) = 0. CoiicTBO abCcOIOTHOI
HEIPEPBIBHOCTHU 3aIIUCHIBACTCSA KaK U < [
Vwmeer mecto craeyromuit BapuanT teopeMbl Pajtona-Hukonnma (ee J0Ka3aTebeTBO MOXKHO HANTH,
Hanpumep, B [17, rr. 11.8.1]).

Teopema 1. Eciu p — o-kKoHeuHnasi Mepa, TO IJjisl TOI'O, UTOOBI KOHEYHas Mepa v ObLia abCOJIOTHO
HEPepbIBHA OTHOCUTEHHO (4, HEOOXOAMMO ¥ JIOCTATOYHO, UTOOBI CYIIECTBOBAJIA Takas D-m3Mepmmast
dyuRIMSA T, 9TO 1T Jroboro A € D

V(A):/Ard,u. (4.2.1)

[Tpu sToM (byHKIUS 7 €MHCTBEHHA C TOYHOCTHIO JI0 MHOYKECTBA, [i-MEPBI HOJIb.
Kpowme Toro, mis moboit bynxnmn f € L (dv)

/Dfdl/:/Dfrdu.

OyHKIWS 7 Ha3bIBAeTCsI Npouseodnoti Padona- Huxoduma MepbI ¥ OTHOCUTEJILHO MEPHI 4 U 0003HaTa-
ercst 7 = dv/dp. NHorma s1oT ke bakT 3anucbiBaeTcst Kak dv = rdy.

3ameuanmne 5. 1. Jlocrarounocrs B Teopeme (1| ogeBuana. Tak »Ke sicHO, 9TO 3aMeHa B IIPABOIl YacTU
paBeHCTBa GYHKINN 7 Ha APYTYIO (DYHKIINIO, COBIAIAIONLYIO (4-TIOYTH BCIOLY C T, HE MEHSIET JIEBYIO
yacTb. CyTb Teopemsl [1| cocronT, KOHEUHO, B JIOKA3aTE/ILCTBE HEOOXOIUMOCTH.

2. Ha camom sese yreepxkenue Teopewmsr [I] octaercss B cuite, ecim v sIBIASETCST KOHEIHBIM 3apPsi/IOM.
VMeHHO B TAKOM BHJE 3Ta TEOPEMa UCIIOJIb3yeTcss B Teopun meTojia MouTte-Kapio.

Ham monamoburcest omuo ciiefacTBrue n3 TeopeMbl Pamona-Hukomnma.

56 KaBBIYKY MOSIBIUTHCH M3-3a TOTO, UTO STy MPOIELYPY BCE PABHO HYYKHO OGOCHOBBIBATE.
STPacipocTpaHuTe 9TH COOBPAYKEHMs Ha CIIydaii, KOI/a OrPaHMYeHHas IIOTHOCTE P COCPEIOTOYEHA Ha KOHEUHOM OTPE3KE
[a,b]. To, 4T0 y BAC NOJIYYIUTCs, MHOTJA HA3BIBAIOT Mmemodom don Hetimara.
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CaencrBue 3. Ilycrs (D, D) — msmepumoe mpocTpaHcTBo. Pacemorpum pacupenesnenust P, Q u o-
KOHEUHYIO MepY [4, Olpejie/ieHHble Ha D, u npemamnooxuMm, 9to dP = pdyp u dQ = qdu. Torma umeror
MECTO CJIELYIOIIUE YTBEPKICHUS.

1. Pacupesenenne P abCOMIOTHO HEIIPEPHIBHO OTHOCUTEIBHO Q TOIJIA U TOJIBKO TOT/A, KOIJIa

p{z :p(z) #0, ¢(x) =0} = 0. (4.2.2)

2. Ilpu sTom Q-1104TH BCIOIY

RN

0
’ 4.2.3
0 (4.2.3)

AP\ _ e [p(2)/a(z) mpn q(x)
dQ<) (2) {0 e (o)

Jloxazamenvcmeo. He ymansas obmmuocTn, 6ysieM CIMTaTh, 9TO (DYHKIMU P U ¢ HEOTPUIATEIHHBI.
1. TIpeamonoxum, uro yeiaosue (4.2.2) bmosneno. Torpa npu jrobom A € D

P(A) = /A pl(a)u(dz) = /A ) ¢ / p(z)(dz) =

An{z: q(x)=0}

/ P g(omtan) + [ p)a(de) = [+ I,
An{z: q(x)#0} Q(‘T) An{z: q(x)=0, p(x)#0}

Cornacuo (4.2.2)), Is = 0. [TosTomy

= = @ xT) = r\ox xTr) =
P(A) =h= ~/14ﬂ{x:q(z)7é0} Q(x) Q(d ) /Aﬂ{x:q(x);ﬁO} ( )Q(d )

= r(z)Q(dz) + /

An{z: g(x)=0}

/ r@)Q(a) = [ 7(2)Qda).
An{z: q(z)#0} A
Takum 06pasoM, eciid yCIOBUE BBINIOJIHEHO, TO P < Q u dP/dQ = .
2. Ilycrs remepn P < Q. Ilomoxum A = {x : p(z) # 0, ¢(z) = 0}. Ilo omnpenenenuo, Q(A) = 0,
nosromy P(A) = 0. To ecrn

0="P(A) = p(z)p(dr). (4.2.4)

/{w :p(x)7#0, g(x)=0}

[Mogunrerpasnbras dyHKIMs B ipaBoii yactu (4.2.4]) crporo mostoxkuresibHa, C1e/10BaATEIIBHO, MHOKECTBO
UHTErPUPOBAHUST UMEET [i-MEPY HOJIb. O

Teopema o MetToze orbopa. AjropurTMmueckKasi cXxeMa MeToJia. BepHemcs Temepb K METOMY
or6opa. [Iycrs (D, D) — HEKOTOPOE U3MEPUMOE IPOCTPAHCTBO U P, Q — pacipejiesienus, 3aj1annblie Ha D.
Bynem npennonarars, 9To pacrnpeneienne Q mascopupyem pacupeesaerne P, To eCTh 9TO CyIIeCTBYeT
npoussognas r = dP/dQ Panona-Huxonuma meper P 1o Mepe Q, obJiaaomast CBOACTBOM viaisupg r <
M < oo.

IIpennoxenune 6. [lyctsb n1,...,7Mp,... 1 Q1,...,Qy,... — HE3ABUCUMBbIE B COBOKYITHOCTH CJIydailHbIE
Besimansbl, npudem L(n;) = Q, a a; € U(0,1). O6oznaunm

T =min(n : r(n,) > May). (4.2.5)

Torma nMeT MECTO CJAEYIONINE YTBEPK ICHU.
1. Cayuaiinas BequmanHa T — 1 UMeeT TeOMETPHUUECKOE PacIpesesenue ¢ mapamerpom 1/M.

o def
2. Cnyuaitnas Beqwanna £ = 1), UMeeT pacupeneaeHue P.
3. Cny4Jaiiuble BeJTUIUHBI T U & HE3ABUCUMBI.
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Loxazameavcmeo. Bynem mokasblBaTh BCe yTBep:KeHUsi omHoBpeMenHo. BoseMem A € D. Ilpu n > 1
IIOJIy IUM, 9TO

P(n, € A, =n) =P € A,r(m) < Man,...,7(1-1) < Mag_1,7(n,) > May,) =
= (P(r(n) < Ma))" "' P(n € A,r(n) > Ma),

riae n u o HesaBucuMbl, L(n) = Q u a € U(0, 1). Hasee, tak kak 7(z) < M npu Q-m.B. , TO
r(z)/M 1 1

P(ne A,r(n) > Ma) = / Q(dz)dt = / Q(dm)/ dt = — / rdQ = — P(A).
2€A, r(z)> Mt A 0 M J4 M

Iostomy P(r(n) < Ma)=1—1/M n

P(nr € A,r=n) = % <1 — ]\14>n_179(,4).

Orcroza cpady Bujso, uro 7 — 1 € Geom(1/M). Kpome Toro,

oo o0 1 1 n—1
P == = = —_ - — X
(€)= PireAr=n)=) + <1 M) P(A) = P(A)
n=1 n=1
CJIe,H,OBaTeJIbHO, OCTaJIbHbIE YTBEP2KJIECHUA TO2KE TOKa3aHDbI. O]

Bameuyanme 6. I13 npusejeHHoro Jokazarenbcrsa cieiyer, uro P(n € Alr(n) > Ma) = P(A) nis
soboro A € A. VHorma MMEHHO 3TO PABEeHCTBO CUMUTAIOT 0ODOCHOBAHMEM METOa 0TOopa.

ITpexx e vem pasbupaTh aJlropUTMHUYECKHE aCHeKThl MeToJa 0TOopa, 00CYIUM yCJIOBHe VTaisupg r < 00, UC-
nosib3yeMoe B [Ipemoxxenun @ A umenno, obozuauum My = VIraisupg 7 M HOoKaxkeM, 9To aucyio My —1 (ecsin ono
MAaJI0) MOXKHO CUATATh MEPOii Gym3ocTu pacupeesnenuiit P u Q 110 Bapualuu.

Ilpennoxkenune 7. 1. My > 1, npudgem My = 1 Torma u TOJBKO TOrAa, Korma P = Q.
2. supyep |[P(A) — Q(A)] < 2(Mp —1).

Jokasameavemeo. 1. Heiicreurensro, ecin My < 1, to 1 = P(D) = fD rdQ < My < 1, 4ero 6bITH HE MOXKET.
IIycts Teneps My = 1. O6osnauus A = {z : r(z) < 1}, B={z :r(z) =1} u C = {z : r(z) > 1}. Ilo
yenosuio, Q(C) = 0. IToaromy, eciin Q(A) > 0, To

1:73(D):/DrdQ:/ArdQJr/BrdQJr/crdQ<Q(A)+Q(B):1,

u Mbl npunum K nporusopeunio. Cienosaresnsuo, Q({z :r(z) =1})=1u P = Q.
2. Tak Kak

Oz/D(rf1)dQ:/D(r71)+dQ7/D(r71)_dQ,

TO

/Dr—ldQ:/D(r—lﬁdQ—i—/D(r—l)dQ:2/D(7"—1)+dQ:2/T>1(r—l)dQ<2(M0—1)

sup |P(A) — Q(A)| = sup ’ / (r— l)dQ’ < sup/ |r —1|dQ = / |r — 1|dQ < 2(My — 1). (4.2.6)
A A lJa A Ja D

Tem cambiM, ecyin uncio My 6sm3ko K 1, To pacupenenenust P u Q OJIU3KH 110 BAPUAIWH. O

Bamnuem o6ILIy0 AIrOPUTMHUIECKYIO CXeMy MeTo/a 0T00pa, BhITeKaoILyo 13 IIpeioxkenust [6]
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AaropurMuydeckasi cxeMa MeToZa oToopa
MogenupoBanue pacupejienenns: P MeTonoM 0oTbopa ¢ MaXKOPUPYIOIAM pacipe/eiennem Q

Bxoznble mganuble: Gyukims r = dP/dQ, maxkopanTta M.
Pesynbrar: €.

1. (Ombop) Do (n < Q(-); Get()) while r(n) < Ma;
2. (3asepwenue) & < n; STOP.

Yro KacaeTcs TPYJOEMKOCTH METO/a, TO OHA IMPOIMOPIINOHAJILHA CPEeTHEMY UUCIY MOIEIUPOBAHUI
citydaiinoro Bekropa (1, ), To ectb Beuunae Er = M.

ITokazkeM BO3MOXKHOCTH HMCIOJB30BAHUSA METOA OTOOpa B IMKJeE, OMMpasCh Ha BTOpoOe yTBepxKaenne IIpes-
noxenus [l Bossmem H = D x (0,1) u 8; = (n;, ;). Kpome Toro, nosoxum G = {(z,t) € H : r(z) > Mt} n
ompenemnm Dy, = (H \ G)*~! x G. Torga ciyuaitnas semmanna 7, Ipenmozkenns 4] coBnagaer ¢ T, opeieTeHHol
B [£2.5), a 87, = (n;, r). CreioBaTesbHO, CTPYKTYpa MeToja 0T6opa oluchiBaeTcst 1Ipeyioxkenuem

ITocmoTpuM Teneps Ha HpeBapuTeabHbll npumep pasznena [£.2.1] ¢ Toukn spenns lpeioxkenus [6]
B npumepe Pucynka 2| D = [0,1], D = Bjy;) — 6openesckas g-anrebpa moamuoxects orpeska [0, 1], a
pacupe/iesieare P OlpeeneHo CBoeil IMI0THOCTIO P, KOTOpasi OrpaHnvena IocTOaHHo M.

Beenem mepy p = mes; na orpeske [0,1] n Bosemem Q = p. Torma dP/dp = p, dQ/du = 1 u,
cornacuo CreacTBuio , cymiecTByer npoussojHast Pajgona-Hukomuma r = dP/dQ =p < M.

ITosToMy [JIst MOZEIMPOBAHUS pACIpeae eHus PP Mbl JOJKHBI Ha, KaxKJIOM [are obmei aJropurMude-
CKOIt cXeMbI 0TGOpa MOJIEJINPOBATH CJIyYaiiHble BEJIMUUHBI (1, (ig U IPOBEPSITH HepaBeHCTBO p(a) > Mas.
Kak T0o1bKO 9TO HEPABEHCTBO BBIIOJHUTCS, PE3Y/ILTATOM PAbOTHI aJrOpUTMa OKaxKeTcsd & = . VmeHHo
9Ta LPOIEypa CI0BECHO onucana B pasdzese [A.2.1]

Hakomner, npuseneM OJUH WILIIOCTPATUBHBII HpHMep@ IIycTh 3a/a4a COCTOUT B MOJEIMPOBAHUU «XBOCTa»
HOPMAaJIBHOT'O PacCIIpejiesIeHHs C ILJIOTHOCTBIO

p(z) = pa(x) = C(a)efxg/Q, x>a>0, (4.2.7)

o0 .2
rae C(a) = 1/ [ e ®/?dx. Taxum obpasom, y nac D = [a,+00), a P = P, samaerca miorHocrsio ([4.2.7)
OTHOCHUTEJILHO Cy2KkeHusi Mmepsbl Jlebera na D. B kadectBe Q = Q, BO3bMEM PACIIPEIEIICHNE C INIOTHOCTHIO

9(2) = qa(x) = 272 1> 0> 0. (4.2.8)

2 2
Pacrnpenenenmio Q npu x > a > 0 coorsercrByer dbynkuus pacnpenenenus F(z) = F,(z) = 1 — el =#)/2,
no3ToMy Q MOXKET GBITH IIPOMOJIEMPOBAHO METOIOM OOPATHBIX (DYHKIMH, KOTOPBIi (I0cse 3aMeHbl a Ha 1 — aq)

OpUBOIUT K Momesupyiomieil dpopmyiie n = /a2 — 21n(ay).

Hanee, mpousBomnas Pagona-Hukomuma r gBjsieTcst OrpaHUYeHHON, TaK KaK
r(z) = p(z)/q(z) = 271 C(a) e < M= M(a) = a *C(a) e npu x> a.

Hepagsencrso r(n) < Masg, KOTOpOe HY>KHO IIPOBEPSITH B METOJIE OTOOPA, OUEBUHBIM 00PA30M [EPETNCHIBAETCSI
KaK (1) > a, WM, yIUThIBas KBaJPaTHBI KOpeHb B Mojiesmpytotieit popmyite s 7, Kak ain? > a.
Orcioa cpa3y ke IPUXOUM K CJIEJIYIOIEMY AJIFOPUTMY.

AsropurMm Meroma orbopa AJis pacupenesaenus (4.2.7))
MogenupoBanue pacupezenenus (4.2.7) meromom orbopa ¢ MaxkopupyomuM pacupeieienueM (4.2.8))

Bxonmnanie nannere: a > 0.
Pesymprar: €.

1. (Mnuyuarudayus) b < axa/2;
2. (Omoop) Do (Get(aq,az); B+ b—1In(ar);y  az * az) while Sxv < b;

58car. [10) ror. 1X.1.2
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3. (3asepwenue) & + sqrt (2 x 3); STOP.

TaxkumM 06pa3oM, Jisl TOIyYeHHs] OJHON peasus3aryn cIydaiiHoil BesmanHbl £ HyKHO B cpexrem: 2M (a) pas
06paTUThCs K TeHepaTopy HceBaocayvaiinbix ynces, M (a) pa3 cocunrarsb jorapudM U OJUH Pa3 U3BJeYb KBaJl-
PaTHBII KOPEHb.

Yro kacaercs rpynoemkoctu M (a) obcyxaeMoro Merona orbopa, To, KaK HETPYIHO BUIETD,

/OO e_x2/2dx _ _/oo o1 (6_w2/2) __ (x_le—acz/Z) - + /OO e—xz/Qdm—l =

=a e e’/? —/ 222 dy = a e /2 —|—/ rd (6_12/2) = (4.2.9)

a a

—alemt/2 4 (xfsefﬁ/z)

> o0 2 2 2 o0 2
—/ e P 2dr 3 =g e /2 _ g3 /2 3/ e "2 4.
a a

a

TTosTomy

o0 2 2
/ e 2y ~ e /2/a
a

upn @ — oo u M(a) — 1 npu Tex ke yciaoBusx. Bosee Toro, npn a > 1 u3 (4.2.9) ciaexyer, uro 1 < M(a) <
a?/(a? — 1), Tak uTO NPH GOJIBIINX @ AITOPUTM OKA3ZBIBAETCS JOCTATOYHO (P DEKTHBHDIM.

4.2.3 O6cyxknaenue. BapuaHTbl 1 mpuMepbl

1. O160p c orpanumuveHusiMu. OOCyauM, IPU KAKUX YCJIOBHUSAX UMEET CMBICJ UCIOJIB30BaTh METO/T
otbopa.

[TockosbKy pactpesiesierre P MOAEJIUPYETCS ¢ UCIOJIb30BAHIEM MOJIECJIMPOBAHUS pacipejesienus: Q,
TO P MOJIKHO OBITH «CJIOKHBIM JIJIsI MOJEJTMPOBAHUsT», 8 Q — «IIPOCTBIM JIJIsI MOJETUPOBAHUS».

Yucsio M jposmkuao 661Th O5u3kuM K 1. CorsiacHo 9TO O3HAYAET, 4TO pacupeieicaus P u Q
JOJI?KHBI OBITH OJIM3KU 110 BAPUAIIAH.

O6bryHO peasinzanus 3TUX TpebOBAHUN MPUBOIUT K TOMY, 4TO IpousBojnas Panona-Hukomuma r
OKa3bIBAETCs CJI0YKHA, JIJIsI BraucaeHuii. EcTh HeckoJIbKO crioco60B 60PHOLI C 9TUM SBJIEHUEM, OCHOBAHHBIX
Ha TOM, YTO Ha CAMOM JIeJie HAM HY>KHO He BBIYUCIATH (DYHKIUIO ' B TOUKE 1), & IIPOBEPATH HEPABEHCTBO
r(n) > Ma. Tlosromy JocTaTovHO 1Ipeobpa3oBaTh TO HEPABEHCTBO B 60jiee MPOCTOE SKBUBAJIEHTHOE.
Hampumep, nHOrIa moMoraeT jgorapudMIpOBaHue 00enx JacTeil HepaBeHCTBA.

Hpyroii (n gacto 6ostee 3bdeKkTUBHBDII) Hpmemﬂ BaKJIFOYAETCS B TOM, 9TOOBI HANTU TaKue MPOCThIE
B BBIUUCJHUTEIBHOM cMbIcae dyHKimu 1 u 72, 910 0 < r1(2) < r(x) < ro(x) < M upu Beex z € D.

Tora MOKHO, HAapUMep, CHavYaa IPoBepsATh yciaosue 11(n) > Ma (B 9TOM ciydae MOJIEJIUPOBAHIE
3aKOHYEHO), 3areM, ecan 11(n) < Mo, uposepsthb yciaosue 12(n) < Mo (1pu €ro BBIIIOTHEHUN HYKHO
MOJIE/TMPOBATh HOBYIO Hapy (1), ¢)), ¥ JIUIIb B CJIy4Yae HEBBIIOJIHEHUsI OO0MX ITUX HEPABEHCTB TEPEXO/IUThH
K 1posepke HepaseHcTsa 1(1) > Ma. Ecin npu 9T0M OKaxKeTcsi, 4T0 BEPOSITHOCTh

P(ri(n) < Ma < ro()) = M~ /D (ra(2) — 1 (2)) Q(d)

MaJia, TO HEIOCPE/ICTBEHHO IPOBEPSITh HepaBeHCTBO (1) > Mo npuunercs peﬂKom
[TpeacTaBuM OJHY U3 BO3MOYKHBIX aJTOPHUTMUYECKHX CXeM OTOOPa ¢ OrPaHUYCHUSMHA.

AnropurMudeckasi cxeMa MeTo/a OTOOpa ¢ OrpaHUYEHUSIMU
MogenupoBanue pacupeieieans P MeTOIOM 0TOOpa ¢ OTPAHMYEHUSIMA U MaXKOPUPYIONUM pacipeeaernemM Q

5B aHroa3bIYHOI JMTEpAType STOT IpUEM HA3BIBACTCH <«squeeze principles, cM. [10} rur. II1.3.6]. ITosromy dbyHKIUM
71, T2 MHOI/A HA3BIBAIOTCS COHCUMAIOULUMU.

50K oneuno, npu peasbHOM MOJIEMPOBAHUN OjHA U3 (DYHKIWMIA 71, 'y MOXKET OTCYTCTBOBATH. POPMAJIBLHO 9TOMY COOTBET-
cTByeT BbIOOp 12 = M wnmm r1 = 0.
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Bxonubie pannsie: 1 = dP/dQ, maxkopanra M, cxxumaroriue QyHKIUH 71, I'y.
Pesynbrat: £.

1. (Ocnosnoti yuka ombopa)
e Do

o Do (Omobop ¢ ucnoavzosanuem Gyrruud r1 u ra)
Get(a); n + Q(+);
If r1(n) > M * « then (£ < n; STOP);
o while ro(n) < M * «;
e while r(n) < M x o
2. (Basepwenue) € < n; STOP.

IIpuBenem mpumMep, WILTIOCTPUPYIONINH CMBIC/T OTOOPa C OTPAHUIEHUSIMUT.
Paccmorpum pacupejiesienne P ¢ IJI0THOCTBIO

p(z) =1+ 0.01sin(27x), = € [0,1]. (4.2.10)

Eciu cpasaurs pacupenenenue P ¢ pacupegenenuem Q = U(0,1), To Gpocaercs B ryiasa, 4ro, ¢ OIHONE CTO-
poubl, P u Q Onu3ku, a ¢ Ipyroit — pacupezesenne P ropas3no 0oJiee CIOXKHO JIsi MOJEJIUPOBAHUS, deM Q.
TTockonbKy

dP
r(z) = 70

1o HepasercTso 1(n) < M« 3anucsiBaerca kak 100+ sin(27a;) < 101ag, u obmuit asropurm orbopa npuodperaer
CJICAYIOIINI BUJ.

(z) =p(z) < M = 1.01,

AsaroputMm meroma orbopa st pacnpenesgenus (4.2.10))
Mopesuposanue pacupezesenus (4.2.10) meromom orbopa u3 pacupezesnenus U(0, 1)

Bxonnwle mannnie: ¥ = 8 arctan(l).

Pesynbrar: €.

1. (Omoop) Do Get(a,as) while 100 4 sin(9 * a1) < 101 * a;
2. (3asepwenue) & + aq; STOP.

B srom anropurme s 1oJIydeHus OHON peasmsaliu & HaM HY2KHO B cpegHeM 2.02 pa3 obpamarbcs K reHe-
paTopy IiceBocaydaitabix ynces1 u B cpegaueM 1.01 pa3 caurars yHKImo sin. Ecim yeaoBUTbCsI, YTO BEIYUCTIEHIE
byHKIMY Sin ABJISIETCs TPYIO0EMKON orepalueil, ToO UMeeT CMBIC PACCMOTPETHh BAPUAHT 0TOOPA C ONPAHUIEHUSIMUA.

Bamerum, uro min, p(z) = 0.99, nosromy BbibepeM B KauecTBe (DYHKIUK 71 ITY HOCTOAHHYIO. UTO KacaeTcs ro,
10 He OyJIeM ee JJIsl IPOCTOTHI BBOIUTH BoBce. OTMETHUM, 4TO HepaBeHCcTBO r1 (1) > M« 9KBUBAJIEHTHO HEPABEHCTBY
ag < 99/101, mosTOMY AATOPUTM NPUOBPETAET CJIEIYIONTHN BHUI.

AaropurMm Merosa orbopa ¢ orpaHUYEeHUsSAMHU AJis1 pacupeseaeHust (4.2.10)
Mopnenuposanue pacupenenenus (4.2.10) meTomom orbopa ¢ OrpaHUIeHASIMA

Bxoznbie mannble: ¢ = 8arctan(l), a = 99/101.
Pesynbrar: €.

1. (Ocnosnot yuks ombopa)
e Do (Ombop co corcumarowets pymnryued ry)

Get(ag, a2); If ag < a then (£ < a;; STOP);
e while 100 + sin(¥ * a1) < 101 * awo;
2. (Basepwenue) € < ai; STOP.

B srom Bapmanre or6opa dyHkuus sin cauraercd junib ¢ BeposTHOCThIO 0.02/1.01 &~ 0.0198 Ha KaxkgoM
mare muKJa. IlosToMy cpejrHee IUCIIO TOACYETOB CHHYCA JJIsl OJIydeHusT oo peasm3anun & pasHo 0.02, uro
CYIIECTBEHHO MEHBIIE, YeM B MPEJIBIIYIIEM aJTOPUTME.
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2. Metozx orGopa ajisi AUCKPEeTHBIX pacupenenenuii. Konedno, obimast aaropurMudeckast cxeMa
orGopa, IpeJCTaBIeHHAsl B pa3/ielie IOJIUTCsT HE TOJIBKO JJIsi aOCOJIIOTHO HEIPEPBIBHBIX paciipe/ie-
JIeHnil B eBKJIMJIOBBIX IpocTpaHcTBax. [TokarxkeM, KaK OHA BBIIVISUT JIsl JUCKPETHBIX PACIIPEICICHII.

[Tycrs Hama 3ajada — HPOMOJIEINPOBATH paclipejieieHie P, COCPeJOTOYCHHOE HA KOHEYHOM HJIN
cdeTHOM MHO)ecTBe D = {Z1,...,Zp,...} U ONPEIEICHHOE HEOTPUIATEIbHBIMI BEPOATHOCTSAME D; =
p(xi) = P({zi}).

Beesiem Ha noxmuoxectax D cumraronnyto mepy p pasencrBoM p({z;}) = 1. Torga P < p u coor-
BeTcTBYyIOMmast npousBoaHas p(x;) Pamona-Hukonnma pasua dP({z;})/du({x;}) = p;. HeiicrBurensuo,
nas moboro A C D

PA= 3 pi= 3 padutin)) = [ pd

i, EA it EA A

AHajiormgubIM 006pa3oM Jioboe Apyroe pacupeienenne Q, cocpeloTodeHHoe Ha [, abCOJIIOTHO Helpe-
PBIBHO OTHOCHTEJILHO CUMTAIONIECH Mepbl i ¢ mpomsBognoil Pamona-Hukommma q(z;) = ¢, tme ¢ =
Q({x;}). Hosromy, cormacuo Caencrsuio [3] ycioBue cymecrsoBanust npoussojanoii Pajona-Hukonuma
IIePEeNuChIBAE€TCS B Bﬂgelg «ecau p; # 0, To ¢; # 0», a caMa IPOU3BOIHAS PABHA

i
= mpn g #0;
ri=r(x;) =1 %
0 mpu ¢; =0.

[TosTomy, ecsm orHOIIEHNE P;/q; OTPAHIYEHO CBEPXY MOCTOSHHOM M, TO OOIMii aJrOPUTM METOA
oTbopa coxpaHseT cBOil Buj ¢ 3aMeHoil HepaseHcTB (1) < Mo Ha p,/q, < Ma.

3. MonenupoBanue cyxkeHuil pacupejesienuii. B npumepe pasziesa 0obcyX)1aaach Caeayio-
I1asi IPOIe/Lypa MOJICJINPOBAHNS PABHOMEPHOTO pacupeenenus B noarpaduke H miorHocTa p (eM. puc.
2)): HyKHO MOJE/IMPOBAaTH PABHOMEDHOE pacipejesenue B mpsimoyroibauke [0, 1] x [0, M] mo Tex mop,
MTOK& TOJTyYeHHDBIN CIy9IafiHblii BEKTOP 7) He monaaeT B H. DToT BeKTOp U OyJeT MMeTh HY)KHOE HAM
pacrpejesieHue.

Koneuno, Takas WHTYUTUBHO O4YEBUIHAS IIPOIEAypa HYyXKIaeTcs B obocHoBaHuu. Kpome Toro, oHa
CTPYKTYPHO TIOXOKa Ha MeTO/T 0T6opa, HO (hOpMaIbHO OTIMYAETCS OT HEro, TaK Kak Ha KayKJIOM IIare
MeTro/ia 0Tbopa MOJIEIMPYETCsi He TOJIBLKO ciIydaiinas BesmanHa 1), HO 1 « € U(0, 1). B obcyxaemom xe
mpuMepe & OTCYTCTBYeT. B 5ToM HY»KHO pa3obpaThcst.

Haunem c omnpenenenus cyxenus u pacinupenus pacrpenenenuii. [Iycrs Ha namepuMoM mpocTpan-
crBe (D, D) 3amano pacupezernenne Q u myctb G — m3aMepumoe noamuoxkecTso D takoe, 1aro Q(G) > 0.
Kaxioe nsmepumoe MuOXKecTBO A € D mopoxkgaer noamuox)ecTBo A N G MuoxkecTBa (G, a ceMelcTBO
De = {ANG, A € D} asnsercs o-anrebpoit.

Takum 06pa3oM MbI HPUXOAUM K usMepumomy npocrpanctBy (G, Dg). Pacnpenenenne P = Q|g,
onpeesertoe Ha (G, D) paBeHCTBOM

P(B) = Qa(B) = 2D)
Q(G)
Ha3bIBaeTCs cyorcenuem pacnpedeserus @ na G. DTo olpeieaeHIe UMEET OYEBUIHYIO UHTEPIPETAIINIO:
ecau ciydaiiHasg BeamdanHa § mMeeT pacupefenenne Q, To Q|g — 9T0 ycioBHOe pacupeesienne & mpu
yeqosun € € G.

[Tycts Temepnr Ha mamepumom npocrpancrse (G, D) 3amano pacupenesnenune P. Torma ero MoxHO

pacwupums 1o pacupeneenus PP (A), sagannoro na (D, D) ¢ moMomsio hopMyJIbt

PP(A)=P(ANG), AecD.

613 j1ech mcmosb3yercst ToT GhaKT, YTO €UHCTBEHHOE MHOMKECTBO, HMEIOIIEE CUUTAONLYI0 MEPY HOJIb, SIBJISIETCS IIYCTHIM.
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Koneuno, pacupenenenus P u PP pasamunsr (onu onpesesensl Ha pasHbIX mpocrpancrsax). Ho,
nockomsky PP (D \ G) = 0, a P(A) = PP(A) npu mobom msmepumom A C G, TO ¢ TOUKH 3peHus
MOJEJIMPOBAHUSI STUMHU PA3IUIUSIMU MOYKHO IIpeHeOpeUb

Bepremest kK MosiesimpoBanuio. Pacemorpum uamepumoe pocrpanctso (D, D) u ero usmepumoe moji-
mHO)ecTBo GG. Byznem cunrars, uro ua (D, D) onpejeneno pacupejenenne Q rakoe, uro Q(G) > 0.
Harmra iesib — npomosieimpoBath cyxkenne P paciipejiesieHuss O Ha MHOXKeCTBO G.

Bynem oroxmectBiaare paciupenune P na D ¢ P u Haiigem npousBonnyio Pamona-Hukoguma r =
dP/dQ. HerpynHo Bujerh, 4To

1
r@) ={ 9@ ™" Tes (4.2.11)

0 HHaJe.

HeitcrBurensHo, pu A € D

P(A) = P(ANG) = Q(Cf;(g)G) _ Q(lG)/A]IGalQ:/ArdQ,

rje Iy — ungukarop muoxkecrsa A. Iockosbky 7 < M = 1/Q(G), T0 MbI MOXKEM MOJIETIMPOBATH PAC-
npenesaene P MeTogoM 0TO0pa ¢ IIOMOILBIO PacIpele/IeHNs Q.@

[Tycrs n € Q. Torga ¢ yuerom (4.2.11) ocHoBHOE HepaBeHCTBO Meroja ot6opa r(n) > Ma nupuobpe-
TaeT BUJL

1>a upu neQG,

r(n) > Mo +—
0>a upn né¢G.

CanenoBaresbHo, cobbiTre 1(1) > M 3KBHBAJEHTHO (C TOYHOCTBIO JI0 COOBITHS v = 1, KOTOpOE MMeeT
HYJIEBYIO BEPOSATHOCTD) COObITHIO 1) € (B, M sl peau3alii MeTo/Ia 0TOOpa MOJIEJIMPOBATH CJIyYaiiHyTo
BeJIMYUHY ¢ IIPOCTO HE HY2KHO.

BamnmieM COOTBETCTBYIONLYIO aITOPUTMHIECKYIO CXEMY.

A.T[l"OpI/ITMI/I‘{eCKaﬂ cxemMa MeToga 0T60pa AJIdA Cy2KeHHd paclipeejieHunud Q Ha MHOXKecTBO GG

PesynbraT: £.
1. (Omoéop) Don«+ Q(-) whilen ¢ G ;
2. (3asepwenue) & + n; STOP.

Tpynoemkocts Merona pasa M = 1/Q(G). CnenosarenbHo, 4yeM MHOXKeCTBO (G MaccuBHee, T€M
oTbop addexkTuBHEE. Bpemst ncnoHenns aJropuTMa 3aBUCAT U OT CIIOCO0a IIPOBEPKU IMPUHAIIEIKHOCTH
TOYKHU 7) MHO2KECTBY G B CJIO2KHBIX CJIydadaX, KakK H JIJIsd O6H.[eFO aJIrOpUTMa, MOXKHO HCIIOJIbL30BaTb
cxuMaromue QyHKIAN.

Eciu B3site G C G C G2 u nonoxuts M I, (z) = ri(z) < r(z) < ra(z) = Mg, (z), Tonpui = 1,2
IpOBEpKa HEPaBeHCTB 15(1) > M« cBefeTcst K MPOBEPKHU MPUHAJJIEXKHOCTH TOUKH 1) MHOXKecTBaM G;.

Ecnu muoxkecTBa G ABJIAIOTCS «IPOCTHIMU» U JOCTATOYHO TECHO AlpPOKCUMUPYIOT G, To oT6op ¢
TAaKUMHU ONPAHUYIEHUSIMHU MOXKET OKA3aThCdA JOCTATOYHO 3hPeKTuBHbIM. [IpuBesemM COOTBETCTBYIONLYIO
AJTOPUTMHUYECKYIO CXEMY.

A.T[I‘OpI/ITMI/I‘IeCKaH cxeMa MeToJa 0T60pa C OrpaHUYeHndMU OJId Cy2KeHUuA pacr[pe;[e.neHI/If/i

92C Toukm 3penmss Momermposanus: ecim o € U(0,1), To He Bce sur pasHO, rae onpeneneno L(a) — Ha GopesTeBCKIx
noaMuoxkectBax R wim Ha 6openesckux nogamuoxkecrsax (0, 1]7?
53 Tounee, MBI MOmeIMpyeM paciiupenne Ha D cyKeHus: pacupeeiaennst Q Ha MHOXKeCTBO G.
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Pesynbrar: £.

1. (Ocnosnoti yuxa ombopa)
e Do

© Do (Omobop ¢ nposeproti nonadanus 6 G1 u Ga)
n < Q(+);
If n € Gy then (§ < n; STOP);
o while n € Go;
e while n ¢ G;
2. (Basepwenue) € <+ n; STOP.

4.3 Metoa MUCKPETHOI JeKOMMOO3UINKU pacIipeaejdeHuin
4.3.1 OO6uag cxema u IIPUMeEPHI

Paccmorpum usmepumoe mnpocrpanctso (D, D) u KOHEYHOe WM CYeTHOe YHCJIO pacupejenenuii P;,
3aJaHHBIX Ha 9TOM IPOCTPaHCTBE. KpoMe TOro, pacCMOTPHUM IOJIOKUTEIbHBIE BEPOSTHOCTH ¢;, B CyMMe
JaroIue eJimHuIly. Toria pacupejieaeHne

P = Zqipi (4.3.1)
i>1

Ha3bIBaeTCst duckpemmol kKomnozuyued (mo-apyromy — duckpemnoti cmecvlo) pacupeiesaeHuit P; ¢ Beca-
MH# ¢;, a camo upeacrasienne (4.3.1) — duckpemmnoti dexomnosuyueti pacupenenenns P. Koneuno, eciu
(D, D) = (R%,By), To ([£3.1)) sxBuBasenTHO aHAJOrHYHOI JeKoMIo3uImn (DYHKIME pacipeaesenus F
pacupeieenns P:

F(z) = aF(x)

i>1

ntst moboro € RY, rie Fy — dbynxmus pacipeenenus pacupeaenenus P;. Ecim e Bee pacipeeenus
‘P; abcoJIFOTHO HENTPEPBIBHBI OTHOCUTEILHO OJIHOU U TOW 2Ke MepPHI (4 ¢ Tpou3BoaHbIME Pajtona-Hukouma
pi, TO P Toxke abCOIOTHO HENMPEPLIBHA OTHOCUTENIHLHO 3TOH Mephl ¢ nmpoussoaHoi Pajona-Hukommma
p = dP/du Buga

p(z) =Y api(x). (4.3.2)

i>1
BrisicanM, KaK MOXKHO MOZEINPOBAThH pacrpeneserne P, ucxons u3 npejacrasienus ((4.3.1).

IIpengioxkenne 8. Paccmorpum coyuaiinble Beanunnbl & takue, yro L£(&;) = P;. Kpome roro, mycrs 7
— HesaBucuMasi ot {§;, i > 1} cay4vaiinas Besmauna ¢ pacnpenesneaneM P(T = i) = ¢;. Torna cayvaiinas

BenmunHa £ = &, umeer pacupejesenue (4.3.1)).

Loxazameavcmeo. Ilycts A € D. Torna

PEcA) =) P&GedAdr=i)=) PGeAdr=i=> PGeAP(T=i)=> q¢Pi(A).

i>1 i>1 i>1 i>1
JokazaTebCcTBO 3aKOHUIEHO. O

Bamnuiem renepb OBILY0 AIrOPUTMUIECKYIO CXeMy, COOTBeTCTBY N0 IIpepnoxkennto[§ O6oznatmnm
Q mmcKpeTHOe pacupejienenue, st koroporo Q({i}) = ¢;.
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AJ'II‘OpI/ITMI/I‘{eCKaﬂ cxeMma MeToaga ,ElPICerTHOﬁ AE€KOMITIO3UIINN

Pesynbrar: €.
1. (Buwibop xomnonermos cmecu) i < Q(+);
2. (Modeauposarue xomnonenwmu) € < P;(+); STOP.

OpHOolt 3 OCHOBHBIX OCOOEHHOCTEH METOa JIEKOMIIO3UIIUN sIBSIETCS IPUHIMINAIbLHAS HEOIHO3ZHAY-
HOCTB IPEJICTABJICHUS PACIpeiesiennss P B BUJie IIPABO YaCTU PaBEHCTBaA . C mpakTHIecKoil ke
TOYKH 3PEHMsI HEOOXOANMO, YTOOBI pacupeaesieaus P; u Q 6bLM ya0OHBIMA IS MOJAEIUPOBAHUSI.

IIpuBenemM HECKOIBKO MPOCTHIX IIPUMEPOB HCIIOJIb30BAHNUS METO/Ia TUCKPETHON JTEKOMIIO3UITIN.

IIpumep 1. PaccmorpuMm omHoMepHOe abCOMIOTHO HellpephbIBHOE pacipejesenne P ¢ IJIOTHOCTBIO

1/3 wpu 0<z <1,
p(z) =4¢2/3 upu 1<z <2 (4.3.3)

0 nHadge.

Koneuno, 310 pacupenesieaue MOXKHO MOJIEJUPOBATH PA3HBIMU crocobaMu (HAIPUMED, METOIOM OOpaTHBIX
dbyukumit), Ho HAC MHTEpecyeT UMEHHO MeTOJ| JeKOMIIO3HUIIH.

Jlerko mpeicTaBuUTH NJIOTHOCTH B Buze (4.3.2)) (monsiTHO, YTO 3HECH MEpa (1 — ITO OJHOMEpHAS Mepa
JleGera):

(@) = % Io)(@) + g Iig)(z) = é (@) + % pa(@). (4.3.4)

Orciona cpasy Ke MOJIyYaeTCs CJEYIOMuUil aJIropuT™ MoJeupoBanus pacupesenenus (4.3.3)).

AsroputMm auckpetHoii gekommo3uiiuu (4.3.4) ays moneaupoBanusi pacrnpeneaeHus (4.3.3))

Pesynbrar: €.

1. (Mnuyuasusayus) Get(ag, as);

2. (Modeauposarue cmecu) If 3+ < 1 then £ < ag else € + ag + 1;
3. (Basepwenue) STOP,

Onnako paszioxenue (4.3.4]) He aBageTCS AUHCTBEHHO PUTOAHBIM JIJIs MOJeMpoBanus. Hanpumep, MOXKHO
UCIIOJIL30BATh PA3JIOKEHNE

2

p() 3

Tio.2)()/2 + % I 2)(2) = % pile) + é pa(). (4.3.5)

Torga MBI IpUJIEM K CJIEIYIOMEMY aJTOPUTMY.

AstroputM auckperHoi mekommnosurmu (4.3.5) anas mogenupoBauust pacupesaesienus ((4.3.3)

Pezynprar: €.

1. (Mnuyuasusayus) Get(aq,as);

2. (Modeauposanue cmecu) If 3 < 2 then £ < 2 % ag else £ + ag + 1;
3. (3asepwenue) STOP.

Ormernm, uro B pazioxennu (4.3.4) HoCHTEIN IIOTHOCTEH P U Po OKA3AINCH JUIBIOHKTHBL, B TO BpeMs KaK

B pazsoxkenuu (4.3.5) — Her.
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Ilpumep 2. PaccMoTpuM ofHOMEpPHOE pacIpeneseHne P ¢ MI0THOCTHIO
pla) = e=1 (1 + e”) . >0 (4.3.6)

B orimame oT npeblIyInero npuMepa 3ech Hajuudue yA00HOro J1Jisk MOJeIMPOBaHus pa3sioxkenus Bua (4.3.2))
He 6pocaeTcs B 1Uia3a. lTeMm He MeHee,

—z— —z— — 1 —z\k —z— — e — z
pla) = e et YT (o)t e 3 e
k=0 k=0
-1, -z = e’ —(k+1)x -1 -z — e”! —mx = e”!
e D Gy (R D = e D Spmen™ = ) Sy pala),
k=0 m=1 m=0

IJie po — IVIOTHOCTD II0KA3aTeJIbHOI'O pacIIpe/lesleHus ¢ ImapaMeTpoM 1, a p,, Ipu m > 1 — IUIOTHOCTH IIOKa3aTeIb-
HBIX pacipejesiennii ¢ mapamerpoM m. OTCro1a MPUXOIUM K CJIeIYIONIEN aJrOPUTMUIECKOI CXeMe MOJIe/TMPOBAHMS
pacipeieseHust 6e3 yTOUYHEHHUSI CIIOCODOOB MOJIEIMPOBAHMS I0KA3aTEILHOIO PACIIPE/Ie/IeHUs U Paclpe/iesie-
unsa [lyaccona.

AnroputMm JUCKPETHOM AEKOMIIO3UIIUU AJIsI MOAeJiupoBaHus pacnpenesenus (4.3.6)

Pesymbrar: €.

1. (Mnuyuasusayus) n <+ Exp(1); i « II(1);

2. (Modeauposanue cmecu) If ¢ = 0 then & < n else £ < n/i;
3. (3asepwenue) STOP.

Kak BumHO, yradHoe mpeJicTaBJIeHHEe B BUJIE CMECH MPUBOJIUT K JOCTATOYHO KOMIIAKTHOMY CIIOCOOY MOJIEJIV-
pOBaHus He CJIMIIKOM IIPOCTOrO PaclpejiesIeHus.

4.3.2 Moaudukanum MeToJa AUCKPETHON JeKOMIO3UIINN

Ha mpaxTuke 119 MOIeTMPOBAHNST CIOXKHBIX PACIIPEEIEHUN PEIKO UCTOMB3YIOT OJINH M3 N3T0XKEH-
HBIX ODIIIUX METOOB B YUCTOM BHJE. Kak mpaBmiio, 3TU METOJbI IPUMEHSIIOTCS B BUJIE PA3TUIHBIX KOM-
Gunaiuii. MHOrOYMC/IEHHBIE IPUMEDBI TAaKUX KoMOuHanuii MmoxkHo HaiiTu B [13]. 31ech Mbl npuseneM e
MOMUKAIINYA METOJA JINCKPETHON JTEKOMIIO3UIINN, UCIOJIB3YIOIINE, KPOME TOTO, UIEH METOa OOPATHBIX
dyHKIME 1 MeTos1a 0TOoPA.

1. JuckpeTHasi JeKOMIIO3UIUSA C OOpaIleHUEM.
Boobiiie roBopst, MeTOJ IUCKPETHON JIEKOMIIO3UIIUU 110 OIPEe/IeHUI0 TpedyeT KaKk MUHUMYM JBYX 00-
paleHunii K reHepaTopy ICEBIOCTYYaHbIX YUCET — JIJIT MOJICJTUPOBAHUS JUCKPETHOTO PaCIIPEIe/IeHUs
Q u JIs MOJIETMPOBaHUst OJHOrO U3 pacupesenenuii P;. Ipeioxkenue [2 (cm. pasmesn 2.4) mokasbiBaer,
ITO B CJIydae, KOTJa pacipeesienne O MOJEIUPYETCST METOIOM OOPATHBIX (DYHKITHIT, MOKHO YMEHBIITUTD
KOJITYECTBO ODPAIEHUH K reHepaTopy.

Tounee, TaMm Jl0Ka3aHO, 4TO ecyu pacupejesnerne Q mogenupyercst kak 7 = min{i : a1 < s;}, rue

$; = q1+...+q; — HAKOILIEHHBLIE BEPOATHOCTH, TO Bdﬁf (a1 —87-1)/qr € U(0, 1) u cayvaiinble BeJIMIUHBI
B, T HeaBuCUMBI. TeM caMbIM MBI MOYKEM HCIIOJIB30BATE 3 IJIsl MOJIEJIMPOBAHUSI OJTHOTO U3 PaCIpeleIeHIi
P;.

Dror npuem BbIIsAUT Hanbosee 3hdeKkTHO, Korja pacupeeiaenus: P; (1, cieJoBaTesbHO, pacipe-
Jesierne P) onpejesieHbl Ha 6OPEJIEBCKUX MOJMHO)KecTBaxX R.

HeiicTBUTesIbHO, eciu Jyisi pacipejeieHuil P; npumeHsoTcs Mojeaupyommue dhopmynsl G;(ag), rue
G; : (0,1) — R — mekoropsie dyukimm, To 6aaronaps [Ipenmoxkenuio 2| B 9Tux opMyIax BMECTO (g
MbI MOYKeM HCI0Jb30BaTh 3. Takum obpazom, B 3ToM ciydae cmech (4.3.1) Oymer mozgenupoBarbest ¢
ITOMOIIBIO OJHOI'O OOPAIEHNsI K T€HEPATOPY.
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Koneuno, nanbosiee cranaprublit Boioop dyukiuit G; cBg3aH ¢ 00IUM METOA0M 00pATHBIX (DYHKITHI
pasnena 1.1} PasGepem sror ciyqail noapobHee, chopMyIMpOBaB COOTBETCTBYOMINUI PE3yIbTaT B BUJIE
OT/IEJILHOTO YTBEPK ICHUS.

Paccemorpum passioxkenue u obozHauuM F; pyHKIMM pacrpeiesieHus OJJHOMEPHBIX PACIIPe/ie-
nenuit P;. Kpome Toro, nosoxum (Kak B Merose obparubix dbyukuuit) G;(y) = inf{z € R : F;(x) > y}.
st muckperHoro pachpejenenus Q onpeaeauM §; = g1 + ...+ q; ¢ s = 0.

ITpengnoxxenune 9. Ilycrs o € U(0,1) u 7 = min{i : a < s;}. Torga ciyuaitnas Besminza

5 = GT((a - 3771)/%') (437)
uMeeT paclipejiesieHne P.

Jlokazamenvemso. Ilyers ag € U(0,1) u o, aq mesaBucumbl. Torga, cornacuo IIpesoxkenuio (8 ciry-
vaitrast BequmanHa & = G (al) nmeer pacrpenenerne P. Ilo IIpennosxenuto [2| 5T0 pacupeneneHne He
U3MEHUTCS, €CJIU (v] 3aMeHUTb Ha (o — Sr—1)/qr. O

3ameuvanue 7. Eciu #Hocurenu pacupejesenuii P; momapHO JU3BIOHKTHBI, TO, KAK HETPY/HO BUJIETD,
mozenupyomas dopmyia (4.3.7) coBmagaer ¢ mojeaupyoireil hbopmyioii MeToga obpaTHbIX (QyHKIMIT
JJIsT pacupegeaeHust P

IIpuBememM HECKOIBKO IIPUMEPOB.

Ilpumep 1. Paccmorpum pacupenenenue (4.3.3). B pasmese [IPUBEJIEHBI J[BE JIUCKPETHBIX JEKOMITO3UIUN
(4.34

sroro pacupezenenns. Cortacao 3amedanuio |7|, paznoxkenue (4.3.4]) ms Hac He npecTaBsieT WHTEPECa, TaK €ro
KOMIIOHEHTBI IMEIOT U3 bIOHKTHBIE HocuTesu. [loaromy ocranoBumcs Ha passoxkenuu (4.3.5]), Koropoe B TepMUHAX
byHKIINI pacupee/ieHnit UMeeT BH

2 1

F(z) = 7 Fi(z) + 3 Fa(2),
3 3
rje
0 mpu z <0, 0 mpu z <1,
Fi(z)=<z/2 mpu 0<z<2, u F(z)=qz—-1 nmpu 1<z<2,
1 upu x > 2 1 npu x > 2.

CrenoBaresnbHO, B 0603Hauennsx 1lpeioxenns [0 ciyuaiinast BeluanHa T IPHHAMAET 3HaUeHUst 1 1 2 ¢ Bepo-
sitrocTsivu 2/3 1 1/3, G1(y) = 2y u Ga(y) = y+1. TloaToMy MBI OTy9aeM cJIe Iy IOl aIrOpuTM MOJETUPOBAHMUST

pacupesesennst (4.3.3]).

Hexkomnozunus (4.3.5) ¢ oGparennem fJist MoZeimpoBaHus pacupeneiaenus ((4.3.3))

Pesynbrar: €.
1. (Hrnuyuasusayus) Get(a); B < 3«
2. (Modeauposarnue cmecu) If B < 2 then £ « 8 else £ + 5 —1; STOP.

BaIVIGTI/II\l, 9TO MOJIEJINPYIOMad (byHKI_[I/Iﬁ 31€Ch HE ABJIACeTCA MOHOTOHHOIA.

54TJokarxure 910.
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Ilpumep 2. PaccMoTpum pacupefeneHue ¢ II0THOCTHIO

n

1 —1 —x/i
= — 4.3.
p(z) - Zz e , x>0, (4.3.8)
=1
TO €CTh PABHOBEPOATHYIO CMECh IIOKa3aTe/IbHbIX pacupenenenuit EXP(1/i), i =1,...,n.

OGBIMHBL MeTOA AUCKPETHOI AeroMmosunnn paszena [1.3.1] npuBoauT K CIIeLyIomeMy alropuTMy.

CrangapTHBIN MeTO JeKOMIIO3UIINY [Jis MOAeJIMpOBaHUsi pacnpenaejgenus (4.3.8)

Pesynbrar: €.
1. (Buwbop xomnonermos cmecu) Get(aq); 7+ [nxaql;
2. (Modeauposanue xomnonenmuy) Get(ag); & < —7 * In(ag); STOP.

HUcnosnb3oBanue BapuanTa JAEKOMIIO3UIMU ¢ OOPAIIEHUEM [I03BOJISET COKOHOMUTDH (Ha HPAKTUKE — IPHU OTHO-
CUTEJIEHO HEGOJIBIIIOM 1) OJJHO OOpAIIEHNEe K T€HEPATOPY MCEBI0CTY YaHBIX THUCEL.

JlexoMmmo3urins ¢ obpaliienneM AJs MOJeIMpoBaHust pacipeaesenus (4.3.8)

Pezynbrar: €.
1. (Bubop xomnonermos cmecu) Get(a); 7 < [n*al;

2. (Modeauposarue xomnonenwmoy) & <— —7 * In(r — n * a); STOP.

Ob6parumMcst Terepb K APYyroil MoauduKalIu MeToma IeKOMIIO3UIINN, CBSI3aHHOI ¢ MeTomoM oTbopa.

2. MeTo/, IeKOMIIO3UIN-TOTOJTHEHWSI.
Paccmorpum pazioxkenue

P=qPi+(1-g)P, (4.3.9)

rie 0 < ¢ < 1 u Py, Py — pacupejiesieanst B uamepumom tpocrpanctse (D, D). Bygem cunrars, 9to pac-
npejiesieane P MOJeIMpPyeTcsi MeTOI0M 0TGOpa ¢ MOMOIIBIO paciipeeserust Q, npudem r = dP;/Q(z) <
1/q n ucnonbzyemasi B orbope mazkopanra M pasaa 1/q. Torga agropurmMudeckasi cxemMa MOJICTUPOBAHUS
JIEKOMITO3UIUHA MOYKET BBITVISIJIETH CJACIYIONIUM 0Opa30M.

Hdekomnosuniusa P ¢ orbopom ajsa Py
Bxonubie pannbie: dbyukuus r = dP; /dQ, qucio g € (0,1).
Pesynbrat: £.

1. (Bwbop xomnonenmos u modesuposarue Py)
Get(8); If 8 < ¢ then

e Do (7« O(-); Get(a)) while g *7(n) < o
e £+ n; STOP.

2. (Modesuposanue Py u 3a6epuienue)

&€ < Pa(-); STOP.

Ecin uepes t, 0603HaUUTh CpejiHee BpeMsi IPOBEPKHU HepaBeHCTBa ¢ (1) < « 1 BBECTU 00O3HAUEHMsI
ty,tq,tp, A0 CpegHero BpeMeHn MOJIEeJINPOBAaHUST paclpeleIeHui U(0,1), Q u P2 COOTBETCTBEHHO, TO
cpejiHee BpeMsi MOIEINPOBAHUsI CIy YaifHOM BEJIMINHBI £ C IIOMOIIBIO OIMCAHHOI'O BBIIIE aJrOPUTMa OyIeT
NMETDhL BUJ

tr +qtg+ty +t.)/q+ (1 —q)tp, = tg + 2ty +t, + (1 — q)tp,. (4.3.10)
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B 10 ke Bpewmst, kak ciemyer u3 [Ipemmoxkennst |§| pasena m, P(gr(n) < a) = ¢q. D10 HABOAUT HA
MBICJIb, YTO B CJIy4ae, KOIJIa BBIIOJTHEHO HEPABEHCTBO ¢ (7)) < <, HyKHO (6e3 clienuaabHOro PO3bIrphIIia
KOMIIOHEHTBI JIEKOMIIO3UIIUAN) TOJIOKUTL & = 1), & IIPH BBIIOJHEHUH IIPOTUBOINOJIOXKHOIO HEPABEHCTBA —
MOJICTMPOBaTh pactpeenenne Po. JlokaxkeM COOTBETCTBYIOIIEE YTBEPKICHHE.

ITpennoxenne 10. Paccmorpum pazinoxenue (4.3.9). Ilycrs n,€s n o — HezaBucumble cirydaiiHble

BesmauHbI, nMerorue pacupeesnenns Q, Py u U(0,1). IIpeanonoxum, aro r(x) def dP1/dQ(x) < 1/q
npu Q-nournu Beex . I1oa0KuM

n upuqr(n) <o,

&= (4.3.11)
&> wmnade.
Torma L(£) = P.
Joxasameavemeso. Tlpu A € D neiicrBys Tak ke, Kak B IIpeyioxkenuu [0 momyanm, aro
PEeA)=PneA qr(n) <a)+P(E e A qr(n) 2 a) =
=qP1(A) + P& € A)Pgr(n) = a) = ¢P1(A) + (1 — q)P2(A) = P(A).
YTBepxKIeHNE JOKA3AHO. O

U3 Tlpenyoxkennst BBITEKAET €CTECTBEHHAs AJTOPUTMUYECKAs CXEMa MOJICTUPOBAHUS PACIIPE/Ie-
nenns ([4.3.9), KOTOpYIO MBI OIlyCKaeM 3a OUYeBUIHOCTBIO (KOHETHO, IPOBEPKY HepaBeHCTBa ¢71(1) < o
MOYKHO MPOBOJIUTDH O-PA3HOMY, B TOM YHCJI€ U C IIOMOIIBIO BBEICHUsT CKUMAIOMNX (DYHKIHUI).

BaxkHO MOMUEpKHYTH JIOTHYECKYIO CTPYKTYPY OOCYKIA€MOTO METOJ/A: OH CJIEJIYET U3 Pa3JIOyKeHUs
pacmpeiesiennst P Ha IBe KOMIIOHEHTBI, OJ[HA U3 KOTOPBIX MOXKET OBITH YI0OHO TTPOMOIETMPOBAHA, METO-
JIoM 0TOOpa, COTJIACOBAHHBIM ¢ BecaMu pasyiokeHusi. [locsie aToro muka meroia orbopa 3aMeHsIeTCsT Ha
€ro TEPBLI IITar, MpUYeM B CJIyYae HEBBITIOJTHEHUs YCIOBHI ITOTO IIara MPOUCXOIUT «JIOMOJTHEHIEe —
MOJIEJTUPYETCS BTOPasi KOMIIOHEHTa CMECH.

B anrosseranoit imreparype 9TOT MeTON HOCUT HazBaume «the acceptance-complement method»,
em. [10, rur. 11.5], MBI 371€CH HA30BEM €ro Memodom deKOMNO3UUUU-OONONHEHUA.

OdeBuIHO, 9TO BpeMsl MOJIETUPOBaHUS CJIydaiinoil Besmdaunbl & coriacHo dopmyre (4.3.11)) pasuo

ty +tv +t, + (1 — ¢)tp,, uro Ha ty Menbine, yem B (4.3.10).

IIpumep 1. IlpommmocTpupyeM 3TH PacCy>KIeHUs Ha IPUMEPE MJIOTHOCTH
p(z) =146 sin(2rz), tme z€[0,1] m 0< 0 <0.5. (4.3.12)
Ota wrorHocTh mpu 6§ = 0.01 y2Ke MOSBJIsIIACH B CBA3U € 00CYXKIeHneM 0TOopa ¢ orpanudeHusmu, cum. (4.2.10)).
Basas nekoropoe 0 < ¢ < 1, npejcrasum p(x) B BUIE

0
p(x) =qpi(x)+1—¢q, tme pi(x) =1+ p sin (27z). (4.3.13)

Seno, aro npu g > 0 dyHKIUS p; HEOTPUIIATEBHA U, CJIEIOBATENIBHO, SABJSETCS IJIOTHOCTHIO HEKOTOPOrO pac-

npenesenusi. Tem cambiv (4.3.13)) siisiercst wacTabiM caydaem (4.3.9)).
Yrobsl npumeHnTh K pacipeeierunto (4.3.13)) IIpemmoxenne BbIOEpEM B KaduecTBe Q pPaBHOMEPHOE pac-

upegenenue U(0,1). Torga r(x) = p1(z) u maxr(z) = 1+ 60/q. Jna roro, arobsr ycaous Ipeioxenus |10 6buiu
BBITIOJTHEHBI, OCTAJIOCH 00eCTIeunTh HepaBeHcTRo 7() < 1/¢, KOTopoe BBITIOMHSIETCS, O9eBHTHO, Ipr ¢ < 1 — 6.
Urak, Boibpas 0 < ¢ < 1 — 0, IpUXOJUM K CJIEJIyIOIEMY aJaropUTMY.

AJroput™M QeKOMIIO3UIMHU-AOIIOJIHEHN JJIs paciupeneaenus ((4.3.12))

Bxonuste gamnste: 6 € (0,0.5], ¢ € [0,1 — 6], ¥ = 8arctan(1).
Pesynbrar: £.

51


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

1. (Buwibop nepsoti komnonenmoy) Get(aq,ag); If ¢ + 0 *sin(d * a1) < ap then (€ < ag; STOP);
2. (Bmopas xomnonenma) Get(ag); € + az; STOP.

dcHo, 9To TS peasm3ay aaropuTMa MOHAT00NTCS B CPeTHEM 3 — ¢ OOPAIeHnsi K TeHEPATOPY IICEBIOCILY YailHbIX
qucesl U OJHA [IPOBepKa HepaBeHCTBa ¢ + 0sin(vay) < ag. Ecau canrarh, 9T0 TPYHLOEMKOCTH ITON IPOBEPKU HE
3aBHCUT OT ¢, TO CJIEJIyeT BBIOMPATH ¢ MAKCUMAJIHLHO BO3MOYKHBIM, TO €CTh mojiaratb ¢ = 1 — 6.

Kak nokazano B [10, pazzx. I1.5.4] MeTox geKOMIIO3UIAA-IOIOIHEHAS YI0OHO UCHOIB30BATD JIJIs MOJEJIUPOBa-
HUs pacipeeseHuit, 0mu3kux K papaomepuomy. [Ipumep ¢ pacupenenennem (4.3.12)) oTHOCHTCS UMEHHO K TAKOMY
CJIy9alo.

4.3.3 OOt MeTod JeKOMIIO3UIINN.

Dopmyia (4.3.1) orrocuTCs JIUIIL K 9aCTHOMY (JMCKPETHOMY) CJIy9ar0 YTBEPKICHUS, sIBJISIONErOCs OCHOBOM
00ITIero MeToIa JIEKOMITO3UITIH JJIsi MOJIEJIMPOBAHNS PACIPEIE/IeHN. DTO YTBEPXKIEHNE MOXKHO CHOPMYINPOBATD
CIIETYIOTIM 00Pa30M.

IIpengoxxenune 11. Ilycrs (€2, F,P) — BeposrHOCTHOE IIpOocTpancTBO. PaccMorpum orobpazkenue 7 : (Q, F) —
(G,G) nu dyukmuo f: (AX G, F xG) — (R, Bg). Eciu E|f(w, n)| < 0o u aua moboro ¢ € G ciaydaiinas BeauInHa
f(+,t) u orobpazkeHne 7 HE3ABUCUMBI, TO

Ef(w,T) = / Ef(w, )P, (dt). (4.3.14)

G

Jloxazamenvcmeo. TlockonbKy cirydaiinbie Beamausbl f( -, ) U 77 HE3ABUCUMBI, TO, HE YMAJIAs OOIMIHOCTH, MOKHO
CYMTATH, 9TO OHH OIPEJIEJEHBI HA PA3HBIX BEPOATHOCTHBIX NpocTpaHcTBax ] °| Tounee, paccMOTPHM BEPOSITHOCTHBIE
upocrpanctsa (1, F1, P1) u (Qa, Fa, Pa), apustomuecs kouusimu (2, F, P). [Tomoxkum Q* = Q1 xQy, F* = F; X Fa
uP* =P ®Ps.

Hanee, nst w* = (wy,wz) € Q* onpenenum f*(w*,t) = f(wi,t) n n*(w*) = n(ws2). dcno, aro L(f*(-,1)) =
L(f(-,1)), L(n*) = L(n), npuaem f*(w*,t) u n* Hezasucumbl. TosTomy

Ef(w,n) = E*f*(w* n*) = /Q e )P () Pa( ) =

:/Pn(dt) f(wl,t)]P’l(dwl):/ Py (dt)Ef(w,t).
G o G

VTBepxKaeHne T0Ka3aHO. O
K cobcTBeHHO MOIETMPOBAHUIO MMEET OTHOIIEHNE Caeaylomee caeacTsue u3 [Ipemmoxkenns

CaencrBue 4. Ilycrs orobpaxenns & : (Q,F) — (D,D) un : (Q,F) — (G,G) 3ajJaubl HA BEpOATHOCTHOM
upocrpancrse (€2, F, P). IIpennosoxkum Kpome TOro, 9o cyiiecrsyer Takoe orobpazkenue 3, (1) : (GxQ, GXF) —
(D, D), uaro

§(w) = ﬁn(w)(w)a (4315)

rze upu Jiuobom ¢t € G ciaydaiinas Besmanta By - ) He 3aBUCUT OT 7).
Torma nst mobsix A€ Du B e g

P(¢€ A,neEB)= / P(B: € A)P,(dt). (4.3.16)
B
B wacrrOCTH,
P(é € A) = / P(8, € AYP, (dt), (4.3.17)
G

Jokasameavemeo. s nokazarenascrsa (4.3.16]) mocrarouno npumennts Ipeoxenne 11|k dyrknun f(w,t) =
]IA(,Bt(w)) HB(t). L]

55C mpaKTHYeCKO# TOYKH 3PEHMS STO O3HATAET, UTO IPU MOJETHPOBAHNUN C/IYUANHBIX BEIUIIH f (+,t) m n uconb3yroOTCA
HabOPBI (v; C HEIIEPECEKAIOIIMMUCS HOMEPAMHU.

52


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

Ob1iast aJIropuTMHUIECKast CXeMa MOJIEJIMPOBAHUST CJIyIalHON BeJIMIUHBI £, BBITEKAIOIIAS U3 IIPE/ICTABICHUS

(4.3.17) Cnencrus [4, ocHoBana Ha 3ajanun GyHKIuUU [, yuoBierBopsitomeit (4.3.15]), u BBIMISLAUT CJIeILy FOIIM
0bpazoM.

AJ'II‘OpI/ITMI/I‘IeCKaﬂ cxemMa 0611.(61"0 MeToda AEKOMIIO3UIInUnu

Bxonnbie nannble: dyakmms (.
Pesynbrar: €.

1. (Buwbop xomnonernmos cmecu 1) t < Py(-);

2. (Moodeauposanue &) € + By; STOP.

Bameuanne 8. Ormernm wactHble ciydan obmero yrsepxaenust Caeacrsus @l Ecom 7 — muckpernast coy-
JaiiHasl BeJMYNHA, TO OOIIAs JeKOMIIO3HIN CBOAUTCS K JMCKPETHON Jexommosunun paszena [1.3.1} Paccmorpum
abCOJIIOTHO HEIPEPBIBHBIN CIIyJai.

ITycrs coBmecTHOe pacupeieienue &£,17) UMeeT IUIOTHOCTH pacupejesieHue (TO ecrb IpOU3BOJHYI0 Paona-
Hukomuma) pey (x, t) ornocuresnsro Mepsl pu(dz)®@v(dt) B (Dx G, DxG). Toraa, Kak 0ObIYHO, CIIy JaifHble BEJININHBI
& m 1 0061a1aI0T NJIOTHOCTSMUI

pe(x) = /G Pen (i, O0(dt) 1 py(t) = /D Pen(a, )i d)

OTHOCHTENBHO MED i B ' COOTBETCTBEHHO.
O6osuaunm Dy = {t : p,(t) # 0} u monoxum

t
Pen(@:1) ecim t € Dy,
Pep([t) =4 pn(t) (4.3.18)

pe(z) eciau t ¢ Dy.

Torpma, yanTbiBast, 9TO Pn(DO) = 1, MoJry9uM Ieno4YKy PaBeHCTB

[ ([ penteomtaa) ) pygan = [ ([ 20D ) gany - [ L HEE AP () =
= /BmDO </Ap§n(x,t))/¢(dx)> v(dt) =P € A,ne BNDy) =P € A,ne B).

Dro ozHauaer, (em. (4.3.16])), aro must nomyuenns peanuzanuu cirydaiiHoil BemauHbL S; HY?KHO MOJIETUPOBATH
pacripejiesierne ¢ mIoTHOCThIO ((4.3.18]) oTHOCHTEIBHO MEpBI ,u(dm)m

IlonsaTHO, YTO NpUMEHEHUE ODIINEro MeTOJa JEKOMIIO3UIIMH JIJIsi MOJIEUPOBAHUS TPEOyeT HEMAJIOrO MCKYC-
CTBaE IIO9TOMY 3TOT METO/I IPUMEHSIETCS He TaK dacTo. lIpuBeieM HECKOJILKO IPUMEPOB €TI0 UCIIOIb30BAHUSI.

Ilpumep 3. (HeraruHo-GuHOMUAIBHOE PACIIPEIEIICHHE. )
Paccmorpum Herarusao-6unoMuasbaoe pacupenesnenue NB(k, p) ¢ napamerpamu k > 0, p € (0,1). Dr1o muckper-
HOE paCIpeiesieHne 3a/1aeTCsT TabuIeit

0o 1 ... n ... L(n+k) 4
: n = 1—p)".
4 (po Pro--- Pn >’ ve P I'(k)n! p=p)

S6Ecu mamra mems — TpoMogeTApoBaTh BekTop (£,7), To BMecto ([#.3.17) meobxomumo momb3osarsea (.3.16). Ajropurm

MIPY 9TOM MPAKTUYECKU HE MEHSIETCS.

57 InorHocTs HAa3BIBACTCH YCA08HOU naomHocmbio £ npu yeaosuu ) = t. B obimem cirydae pacupesenenne cirydaii-
HOI1 BeJINYIUHBI B¢ — 9TO peryJisipHblii BADHAHT YCJIOBHOIO pacipe/esenus & npu yciaosuu i) = t. Ham, onHako, TepMuHOIOr st
¥ TEXHUKA YCJOBHBIX pacIpeesieHuil 37ech He MOHAI00UTCs.

58Hy>kHO yMeTh HAXOAUTH KAK MOIXOJISIIEE PA3IOKEHIE pacupezenenust P, Tak u GYHKIHIO .
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Koneuno, Takoe pacrpeeseHne MOXKHO MOJECTHPOBATDL HETAOJUTIHBIM METOIOM OOpaTHBIX dyHKIHt. Kpome
TOrO, IIPHU IeJIOM K ClydaiiHas BeJIMYnHA, PABHA YACIY HeyJad J0 k-ro ycrexa B HCHBITAHUSX BepHysm ¢ Bepo-
SITHOCTBIO yCIIeXa P, UMeeT Kak pa3s pacrpeenenne NB(k, p). MoKHO, 0/{HAKO, UCIIOJIB30BATD JJIsl MOJIETUPOBAHMUSI
pacupegesenus NB(k, p) u MeToJ[ JIEKOMIIO3UIIUN.

JeiicTBUTEIbHO, ITyCTh CIydaiiHas BeJMYnHA 1) UMeeT ramMma-pacnpenesnenne Gammal(k, ;1) ¢ mapamerpamu
(k, u)ﬁ a ceMefcTBO ciaydaiiHbix Besudud Oy () obsalaer CaedyOIUMy CBOicTBaMU: BO-1IepBbIX, () (-) He 3a-
BHUCHT OT 7], BO-BTOPBIX, Oi(-) € II(A) u, Hakonemn, dynknus Sy (w) u3MepuMa 10 mape ()\7w)m Torma, coriacHo
Crencrsuio [

P(B, = n)=/oo P(Bx = n)gk,u(N)dA = /Oc A s MNe=lemnAg = " /OO A=l o=t DA =
7 o A e Y T(k) T(k)n! J,

@b T(n+k)  TD(n+k) ( u1>’“( 11>".
H+ H+

L(k)n! (p+ 1)tk T(k)n!

Tem cambiM MBI oryanan pacupegesnerne NB(k,p) ¢ p = u/(1 + p). IockosbKy napamerp p sIBJISIETCS Iapa-
MeTpOM MacIITaba raMMa-pacipesiesieHusl, OTCIONa CPady Ke CJIeJyeT aJrOPUTMHUYecKasl CXeMa MOJIeITMPOBAHNS
pacupegenenus NB(k,p). Tak kak 3/ech He yTOUYHsieTCd METO, MOJeJUpoBaHus pacupesenenus [lyaccona, To
BMecCTO omeparopa £ < [y B ajropurMe 3anucan omneparop & < II(A).

AusropurMudeckasi cxema MojesaupoBanus pacnpegenenust NB(k, p) Mmerogqom gekoMmnosunuu

Bxoamubre nanmbie: k, p.
Pezynbrar: €.

1. (Anuyuasusayus) p < p/(1—p);
2. (Buwibop komnonenwmo, cmecu) s <— Gamma(k,1); A < s/u;
3. (Modeauposanue xomnonenmoy) & < II(A\); STOP.

KoneuHo, TpymoeMKOCTb 3TOro Meromna OyJeT 3aBUCETh OT BBIOPAHHBIX CIOCOOOB MOJEJIMPOBAHUSI FaMMa-
pacmpeiestenns u pacupenenenus [lyaccona.

IIpumep 4. (BymepHOe HOPMAJBHOE PACIIPEJICJICHUE. )
I110THOCTD HEBLIPOXKIEHHOTO JIBYMEPHOIO HOPMAJILHOTO PACIIPEIC/ICHUS, KAK I/ISBGCTHOH HMeeT BUJ

1 (xl—a1)2 (xl—al)(xg—ag) (l‘g—ag)z
( ) ! 2(1-p)? o} 2 0102 - o3

P T1,r2)—=———F—= €

el 2mo1094/1— p?

Ijie ap,az — MaTeMATHIecKne OXKWIAHNS KOODJWHAT CIydaitnoro sektopa (£1,&2)T, mmeromero pacmpenenenne
[#:319), 07,03 — coorsercrpytomue (no0KuTebEBIE) uCTepcnn, a p € (—1,1) — KoaddumenT KoppeJsiun
MezKLy &1 1 .

O6eymm ncnonbzosanne Coencreus [] st monenmposanus pacnpesenenns (4.3.19), cunras, uto Mbl yxe
yMeeM MOJEJUPOBaTh CraHiaprTHoe HopMasabHoe pacupenesnerne N(0,1). Torma, ecim € € N(0,1), To oe + a €
N(a, ?).

IIpexne Bcero, monmoxkum a; = as = 0. Herpyuano BI/I,ILETBE garo & € N(0,0?). Kpome Toro, yciaosHas
IIOTHOCTD P, |¢, (T2 | ¥1) = pe,e, (@1, 22) /pe, (¥1) ABIsIETCH | IUTOTHOCTHIO HOPMAJBHOTO pacupeaeaenns N(0,72)
c0=0(x)=pogri/or ut=(1-p*o3.

(4.3.19)

%9To ecrb mmeer mmotHOCTB gk, (A) = p* MNle A /T(k), cocpemorouennyio ma (0,00). O MOIEIMPOBAHHE raMMa-
PaCIpeIeIeHusT CM. Pa3Ies @

"Tlociemmee CBONCTBO BCEra BLIIOIHAECTCA IPH MOACIApoBanui. Hampumep, 06a METOIa MOIEINPOBANKS PACIPEICTe-
nus Ilyaccona (cMm. pasgen MMEHHO TaKue.

e ﬂeMMy IIpunoxenus 2. Kak n3 IOy YUTh ?

"2IIpoBepbre 3TO.

"3TIposepsre!

o4


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

IMosTomy (cm. 3aMeanHe B HammeM ciay4dae 3y = poat/o1+034/1 — p?ea, THe 5 € N(0, 1) u He 3aBucut or & .
CoOTBeTCTBYIOINIT BapraHT OOIIEH aJrOpUTMUYECKONR CXEMbl JTEKOMIIOZUIMA MOXKET OBITh 3aIlUCAH CJICILYIONIM
obpazom[

AsropurMuydecKasi cxeMa MOJeJIMPOBaHUSA JBYMEPHOIO HOPMAaJILHOTO pacHnpeeseHus
Bxonmble mannbIe: a1,as,01,02,p, 0 = /1 — p2.
Pesynbrar: &1, &s.

1. (Modeauposanue N(0,0%)) g1 + N(0,1); &1 < o1 * €15
2. (Modeauposarnue ycaosrozo pacnpedeaenun) o < N(0,1); &3 + o9 * (p xe1 + 0 * 52);

3. (Bocemanosaerue cpednux) & < &1 + aq; &2 < & + ag; STOP.

Sameuanue 9. [Ipuse/ieHHbI BbINIEe aJrOPUTM HMeET U JApPYyroe obocHoBaHue. JleficTBUTEIBHO, HOCKOJIBKY PeUb
UJIET O JIBYMEPHOM ['ayCCOBCKOM DACIIPEIEJICHNH, TO JIJIsI MOJIEIMPOBAHUS! o MOXKHO HCIIOJIB30BATH (DOPMYJLY
Jlemmbl pa3;gena nosoxkus k = 1. Do jrerko HpOBepI/ITb eCJT 3aMeTUTh, 9TO (OHOMEDHBIH) BEKTOD (35
paBen po0z, a (1 x 1)-marpura X1 nMeer B (07).

ITpumep 5. (Pasromepnoe pacmupesnenenue B moarpaduke MIOTHOCTH. )
PaccmoTrpum apymepHyio 00sacTh D, aBIAI0NTyIocs NoArpadUKOM INIOTHOCTH P, PacHpegenenusa Py, u IOCTaBUM
3aJady Mojenuposanus pacupenenenus U(D) ¢ IIOTHOCTBIO D, ¢, (%1, 22) = Ip (21, xg)m

Ecim obmacts D sBAsieTcss HeOrpaHUMEeHHOM, TO Takas 3aJada MOXKET OKa3aThcs HempocToil. [TokazkeMm, Kak
€e MOXKHO PeaTh METOJOM JEKOMIIOZUIH B IIPEIOJOKEHUH, ITO CYIMECTBYET JIOCTATOYHO MPOCTON AJTrOPUTM
MO/IEJIMPOBAHUS PACIIPEIEIeHust Py .

BameTuMm, 4TO

]ID(.’El,-'ITQ) — 1
P¢, (,131) V231 (1‘1

Pey |6 (T2]21) = peyes (21, 22) /pe, (21) = ) Lo.pe, (21)) (T2),

TO €CThb 9Ta YCJIOBHASI INIOTHOCTD sIBIIsteTCsl paBHOMepHOM Ha (0, pe, (21)). IlosToMmy, ecu Mbl y2Ke mOsy<nan pea-

JIM3AIMIO  CITy4aitHOil BeJIMYUHbI £ C INIOTHOCTBIO D¢, , TO, CONIACHO 3amedanuio [8 s o/kHa GbITE PABHOMEPHO

pacnpezenera Ha uarepsaie (0,s) ¢ s = pg, (t), 9TO He HpPEICTABIISET CIOKHOCTH JJIsl MOAECIHPOBAHUSL.
IIpommmocTpupyeM 3Ty UIEIO B CIytdae, KOIIa P, ABJISETCS IIOTHOCTLIO pactpenesnenus ITapero ¢ mapaMer-

poM v > O TO eCTh KOTJa Pe, (1) = va_I]I(oyl)(xl). Corytacuo pazmeiry &1 Momeupyercs Kak £ = a}/w.
Torma MOXKHO TIOJIOKUTh

(v=1)/

& = a8l =qa2q; T =z /&1

Sanumrem COOTBGTCTByIOHLI/IIU/I aJIFCOPUTM.

AJsropurMuYeckKasi cxeMa MOJEJIMPOBaHUSI PABHOMEPHOI'O paclipeielieHns B noarpadpuke
miiotaoctu Ilapero

Bxonnste nannbie: v > 0.
Pezynbrar: &1, &s.
1. (Modeauposarue abcyuccw) Get(aq); &  ag A (1/7);

2. (Modeauposanue ycaosrozo pacnpedeaenun) Get(az); o + v * g * ag/&1; STOP.

" OTMeTHM, UTO B AIrOPUTME CHAYAIA MOIEIUPYETCS ABYMEPHOE HOPMAILHOE PACIPEIEICHHE C HYICBHIMU CPEIHIIMH, a
[IOTOM JIEJIA€TCS OYEBU/IHBIN 11€PEXO0JL K CPEJHUM (1, A2.

">Tak mposepsre!

Ecmu (m1,12) € U(D), T0 71 UMeer IIOTHOCTD P, -

""Bem 4 < 1, To moarpaduk mrorHocTH Ilapero siBIsSieTcsl HeOrpaHTIEeHHbIM.
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4.4 HeckoJbKo yIIpa>kHeHUil ¢ perieHusMu

B sTor pazzen momemeHo HECKOTBKO yUIeOHBIX yIpayKHEHWH Ha OOIIMe METOMbI MOIETUPOBAHMUS.
Kaxxoe u3 yrnpakHeHUsI COCTOUT B TOM, YTO HYKHO IPOMOJIEJIUPOBATDH OJIHO U TOXKE OJHOMEDPHOE Pac-
IpeJieIeHne, 3a/1aBAeMOe CBOEl IIJIOTHOCTBIO, TPEMsI MeTOJaMU — OOPATHBIX (PYHKIIUM, JTeKOMIIO3UIIUN 1
orbopa.

1. IIpomonenupoBaTh Tpems criocobaMu pacupesesieHue ¢ IVIOTHOCTHIO

1 npu |z| < 1,
p(z) =ce® mpuxz>2,

0 nHadve.

Permtenne. Haiinem cragana mocroguayio c. [IockoabKy

c (2 +/ e_xdx) =c(2+e?) =1,
2

TO
1
c=—.
2+e2
e Metoa obpaTHbIX DYHKIIWIA.
Haitnem dyukimio pacipejeenus.

0 npu r < —1,
z+1 mpu — 1 <z <1,

F(z)=c P N
2 mpu 1 <z < 2,

2+ (e 2—e™®) npu2 <.

ITpu y € (0, 1) pemum orHOCUTENBHO = ypaBHeHue y = F'(x) va npomexyrkax (0,2¢) u (2¢,1).
(910 Te mpoMeKyTKH, Ha KOTOPLIX F' jlerko obpaiiaercs, IpuieM pe3yJbTaT oOpalleHusl 3a-
[UCBIBAECTCS POCTHIM AHAJUTHYECKIM BBIDAYKEHHUEM. )

Ecin y € (0,2¢), To HykHO permarh ypaBrenue ¢(z + 1) = y, noayuurcsa © = y/c — 1.
Ecmm xe y € (2¢,1), To Hy>KHO pemaTh ypasHerne y = c(2 + e~ 2 — e~ %). Ero pemenne —

r=—-In@2+e?—y/c)=—In (1=y)/c).

Tem cambIM [OJTyYaeM CJIeLyIOIUil ajiropuTM.

1. (Mnuyuaausayua) Get(a); b« 2+ e 2 a + 2/b;

2. (Buwucaernue obpamnot gynkyuu) If o < a, then £ <~ bxa—1 else £ «+— —In((1 — ) *b);
3. (3asepwenue) STOP.

st peassanum MeTosa TpebyeTcs OJuH pa3 0OpaTUThCs K MEHePaTopy IICEeBIOCITy YailHbIX

qucen u (B cpegaeM) 1 —a ~ 0.07 pa3 cocuurars jorapudm, a TakKe IPOU3BECTH HECKOJIBKO
apupMeTHIeCKIX OIEePAIHii.

e Meroa HeKOMIIO3UIIUMN.
Hockomeky p(z) = cl_1 41)(z) + ce™*I(3 1.o0)(T), TO ecTecTBenHO MpeCcTABUTL P(T) B BHjE
emecu miotHocTelt p1(z) = Ly 41)(2)/2 1 pa(x) = e‘x+2I(27+oo) (). Tem cambIM HOJTy9aEM,
91O

p(z) = qip1(x) + @2p2(),
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e q =2c=2/(2+e ) uq=e"2/(2+e?). dcno, uro q1 + g2 = 1.

Pacrpeiesienne ¢ I0THOCTBIO p1 MOJIEJIUPYETCst KaK 2« — 1, & pacipe/iesieHue ¢ IJIOTHOCTHIO
p2 — kKak N+ 2, rae n = —In(«a) € EXP(1).

OTrcrosia — ajaropurT.

1. (Mnuyuaauzayua) Get(ar, an); ¢ < 2/(2+e71);

2. (Modeauposanue cmecu) If a < g, then € <— 2a0 — 1 else £ < 2 — In(aw));

3. (Basepwenue) STOP.

st peanmsaiuu MeToa Tpedyercs 2 pa3a 00pPaTUTHCS K TeHepaTopy IMCEBI0CTY YaiHbIX T~
cen u (B cpeaneM) 1 — ¢ ~ 0.15 pa3 cocuurars Jjorapudm, a TakKe IMPOU3BECTH HECKOJIBKO
apu@MeTUIeCKNX OMepaInii.

Meton orbopa.

_,—x—1
Bribepem B KauecTBe MayKOPUPYIOMIErO PACIIPEIEJIEHHE C IIIOTHOCTBIO ¢(x) =€ L1 400)(2).
D0 pacipeesieHne JIErKo MOJIEJIUPYETCsT: J1JIsl STOr0 JOCTATOIHO HOJIOKUTL ) = — In(ay) — 1.

Torna mpoussoanasi Pajgona-Hukommma nmveer Bt

=cqe upu x > 2, < M = ce? ~3.5.

et mpu e (—
_p . p(z)/q(x) upu q(x) # 0, p € (—1,1),
) q ) 0 MHAaYe

0 nHage

J1st Toro, 9ro6el 3aIMcaTh AJIrOPUTM MOJEINPOBAHNST, HY?KHO YIIPOCTUTH IPOBEPKY HEPABEH-
crBa (1) < Mag (Torpa nukJ orbopa MpoJI0JzKAeTCs ).

IIpexkne Bcero, YuCa0 ¢ SIBJASIETCS COMHOXKHUTENIEM KakK r Tak U M, TO3TOMY Ha HEro MOXKHO
COKPATUTh.

Hauee, r(n) < Mgy BBIIOJHEHO TOTJa U TOJBKO TOrJIA, Korja jmbo 1 < n < 2, ubo

<1 u ™ <eay (4.4.1)

6o
n>2 u e<cla. (4.4.2)
C ygerom Toro, uro 7 = — In(ay ) — 1, moydaem, 4ro ycjaoBue [EPENNCHIBACTCS B BUJE

a1 > e ? u a10p > 672,

TO €CTb IIPEBpAIACTC B g > e 2, a yeiosue (4.4.2) — B Buze

a1 < e u oy > e L.
Venosue xe 1 < 1) < 2 npespammaercs B e 5 < o < e~ 2.
Auropurm:
1. (Mnuyuaiusayus) by < e b by < by * by; by < by * bo;
2. (Omobop) Do Get(a, ag) while
(bg < a1 < by) or (agay > by) or (g < b and ay > by);
3. (Basepwenue) & < —In(ay) — 1; STOP.
st peanmuszanun MeTosa Tpebyercst (He cauTasi CTAHJIAPTHBIX apudMETHUECKUX ONepPAaIliii)

B cpenneMm 2M =~ 7 pa3 oOpaTuTbCsd K I€HEPATOPY IICEBIOCTYUIAWHBIX UHUCET U OIUH pPa3
COCYHUTATD JIOTAPUDM.
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CpaBHeHre TPYJI0EMKOCTEN 3/1eCh OYEBUJIHO: METOJI 0TOOPA OKA3bIBAETCS T'OPA3JI0 Xy2XKe, YeM Me-
TO/, 00paTHBIX (DYHKIHIT. DTO He yAUBATEIBHO — METOJ 0TOOPA IIpeIHA3HAYEH JIJIsl MOJIeJINPOBAHMUST
CJTOYKHBIX PACHpeeIeHuii, a MeTos 06paTHbIX (DYHKIU (€C/au TOJBKO OH peajn3yeM) Beerja Tpe-
OyeT JIUIb OJHOrO OOpAIEHUs] K TeHEPATOPY.

Yro KacaeTcst METO/IA JICKOMIIO3UINN, TO (KaK €My U MOJI0XKEHO) IPU CTAHIAPTHO pean3aryun OH
Tpebyer 2 obpailieHusi K reHepaTopy. [Ipu 3ToM cam ajaroput siBjsieTcsl BeCbMa IpOo3pavHbiM. BBu-
1y 3ameuanust 7| ero Moaudukaims (To ecTh MeTOJ JIeKOMIIO3UIMU-00PAIEHN!s) CHOBA [IPUBEIET K
METO/Iy OOpaTHBIX (PYHKIHUIA.

. IIpomomempoBaTsh Tpemsi criocobaMu pacipeeeHne ¢ IMI0THOCTHIO

V2 mpuO<z<l,
p(z) =cx opu 1 < z < 2,
0 nHaJe.

Pemtenne. Haiinem nocrosianyio c. I[Tockosbky
1 2
c </ V2 dx +/ :rdx) =c¢(2+1.5) =1,
0 1

e Meton obparabix dyHKOuii. Halinem dyuknuio pactpenenenns. Tak kak npu 0 < x <1

/ 12 2/ d(tV?) = 2212, (4.4.3)
0

0

To ¢ = 2/7.

anpu 1 <z <2

/m tdt = (22 —1)/2,
1

TO
0 npu x < 0,
22:1/2 0<z<l1,
F(z)=c j by r=
x7/24+15 mpuml<x <2,
3.5 npu x > 2.

[Mogcranoska ¢ = 2/7 ybexkgaer HAC, ITO ITO JIEHCTBUTEIbHO DYHKIUS PACIIPE/ICJICHUS.
[pu y € (0, 1) pemmum orHOCUTENBHO = ypaBHenue y = F(x) va npomexyrkax (0,2¢) u (2¢,1).
Ecmm y € (0,2¢), To Hy»xHO pemars ypasrenne 2cx'/? =y, monyunres z = (y/2¢)?.

Ecmn ke y € (2¢,1), To Hy»HO pemath ypasrenune y = c(x?/2 + 1.5). Ero pemenne —

x=/2(y/c—1.5) = /2y/c — 3.
TeM caMBIM ITOJIy9aeM CJICAYIONMNA aJrOPUTM.
1. (Mnuyuaausayus)  Get(ar); by <= 4/7; ba < by x b1 /2;
2. (Bwuucaernue obpamnot gynrkyuu) If o < by, then £ < axa/by else £ + SQRT(7xa —3);
3. (3asepwenue) STOP.
st peanmsanum MeTona TpeOyeTcs OJMH pa3 00PaTHThCA K TeHepaTopy IICEBIOCITYYailHbIX

qucest u (B cpeaneM) 1 — by = 3/7 pa3 cocunrarh KBaJIpaTHBIl KOPEHb, & TaKyKe MPOU3BECTH
HECKOJIBKO apudMEeTHIECKUX OMePaInii.
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e MeTo/ 1€KOMIIO3ULIN.
ITockonbky p(x) = cxfl/QI(O,l)(:U) + Ly 9)(2), a fol V2 =2 n ff xdxr = 1.5, To ecte-
CTBEHHO IIPEJICTABUTH P(X) B BUJE CMECH ILIOTHOCTEI

1

2
pi(x) = 5x71/21(07+1)(x) u po(z) = 3 2 ) (x).

TeMm caMbIM TTOJIydIaeM, ITO

p(z) = qip1(x) + gap2(x),

riae ¢ =2c¢=4/7u g2 = 3¢/2 = 3/7. dcuo, aro 1 + g2 = 1.

Pacupezeiienue ¢ IJIOTHOCTAMU P U Po MOJAEJUPYIOTCHA METOHOM OOpaTHbIX (pyHKimit. s
p1 (9TO Ha caMoOM Jiesie CTelleHHOe PACIIpejiesieHne ¢ IapaMeTpoM y = 1/2) Meroj 06paTHbIX
GYHKINNE UMeeT BU, a2, a It po — v/ 3a — 1.

Orcroma — aJlropuTM.

1. (Mnuyuasusayus) Get(aq, an); g < 4/7,

2. (Modeauposanue cmecu) If a < g, then £ <— g * ag else £ + SQRT(3 x ag — 1);

3. (Basepwenue) STOP.

Jlst peanm3anuu MeToma Tpebyercs 2 pa3a 00paTUThCS K T€HEPATOPY IICEBIOCTY YaHbIX TH-
cen u u (B cpennem) 1 — ¢ = 3/7 pa3 cocunTaTh KBaJPATHBIA KOPEHb, & TAK¥KE MPOM3BECTH
HECKOJILKO apu@dMeTHIECKUX Olepaluil.

e Meroz orGopa. [Ipu Beibope Maxkopupyromieil (1 IpocToii /it MOJIeIMPOBAHNS) IIJIOTHOCTH ¢
B MeToJIe 0TOOpa B JAHHOM IIPUMEPE ACHO, 9TO HOCUTEIb ¢ JOCTATOYHO OPATh COBIAIAIOIIUM C
orpeskoM (0, 2) (BHe 9TOro oTpe3Ka IIOTHOCTD P paBHa Hyuio). Toria ocHOBHBIM TpeGoBaHIEM
Oyner orpammdentocts ornorrennst p(z)/q(x) na muoxkecrse (0,2).

1/2

[Tpocroii croco6 3Toro o6uThest — TO B3ATh () MPOIOPIMOHAIBHBIM T~ /< Ha 9TOM MHO-

xkecrBe. Tak, BeibepeM

—-1/2 2
q(a:):C{x upu z € (0,2),

0 nHage.

Bsuny pasencrsa nosyaaem, aro C' = 273/2 a meron 06paTHBIX hyHKIm IS MOIe-
JIMPOBAHMUS PACIPeJIE/IeHHs C IVIOTHOCTBIO ¢ JIaeT MOJIeIUPYIONyto hopmyry 1 < 2a7.
Haiiyiem reneps npoussoanyio Panona-Hukomnma r(z) mis o € (0,2) (B ocTaJIbHBIX CIIydasix
OHA PaBHA HYJIO).

1 0 1
c { mprl<e<=i - g 212 = 32/T~4.6.  (4.44)

@) =p@)/a(z) =5\ 1/ pul<ze2 s

J1J1s1 TAKOTO POCTOro PacIpe/IeJIeH s 9T0, KOHEYHO, OYeHb MHOI'O, HO HAC Ceifuac Takue BeIn
HE BOJIHYIOT.

Tenepb HyzKHO 3aHATHCsI AJITOPUTMUYECKOIT MPOoBepKoit HepaseHncrsa 1(n) < Mas, tae n =
202. Uz ([4.4.4) cpasy xe cieyer, 9T0O OHO BHITOJHAETCH, ecm 6o 202 < 1 u ag > 2-1/2
6o 202 > 1 u /203 < 21/2q.

ITockoIBbKY TOCIIe/IHEE HEPABEHCTBO IIEPENUCHIBACTCH KaK (] < (v, TO MBI IPUXOJHUM K CJIe-
JIYIOIIEMY aJIlOPUTMY.

1. (Hnuyuanuzayus) b+ 2712,

2. (Ombop) Do Get(ay,az) while ((a1 <b and as >b) or (a1 >band az > ay));
3. (Basepwenue) & < 2% ag * ay; STOP.
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5 Ilpuembl MoO/ieJIMPOBaHNs PA3JMIYHbIX paclpeaeaeHuii

B sToM pasaesie MBI KpaTKO OCTAHOBUMCS HA METOMAX MOJAEIUPOBAHNS HEKOTOPBIX IOMYJISPHBIX PAC-
IIpeJiesIeHuil, pacCMaTpuBasi, KakK OOBIYHO, JIUIIb [TPOCTBIE I PEATU3AIMH AJITOPUTMBI.

5.1 Ilonsipubie MmeToabI

prnna IOJIAPHBIX METOHAOB IpeJHadHa4Y€Ha JJId MOIAEC/IMPOBaHNA pacnpe,neneHI/Iﬁ, TaK WJIN WHa4de
CBA3AaHHBIX C ABYMEPHbBIMU PaCIIPEACTICHUAMNU, NTHBaAPUAHTHBIMU OTHOCUTEJJIbHO BpaHleHHfI.

5.1.1 PaBHoMepHOe pacrpeiejieHue Ha OKPY>KHOCTU St

ITo onpesenennio, ciy4aitnbrii BekTop & = (&1, &))" paBHOMepHO pacipe/ieien Ha eIMHIIHON OKPY K-
noctn St ¢ menrpom B myste, ecm £2 + €2 = 1 ¢ BepoATHOCTBIO | M €C/M TONAPHBIH yToJl (0 BeKTOpa &
paBHOMepHO pacupejeset Ha [0, 27).

V3 3TOro onpejieieHust cpasy ke ClejlyeT MoJeanpyomas (popMysa Ijsd paBHOMEPHOTO PacIpejie-
nenns Ha S':

&1 = cos(2mar), & = sin(2ma). (5.1.1)

Borunciienne JByX TpUrOHOMeTpUYecKuX (ByHKIUIL, OJHAKO, MOYKET OKa3aThCs TPY/I0eMKOil onepa-
uneﬁm Cranmaprhoit anbrepuarusoii dopmyne (5.1.1) aBiasgercsa mcnonbzosanme Meroma orbopa s
MOJIe/TMPOBAHHS PABHOMEPHOTO pacpesesienns B exananaroM kpyre B (0) = {(z,y) : 22 +y? < 1} ¢
HEHTPOM B HyJIE C HMOCJIEAYIONell HOPMUPOBKOII pesysbrara. PopMaibHoe 060CHOBAHUE ITOM JOCTATOUHO
OYeBUJIHOII IIPOIEyPhI CJlelyeT U3 Marepuasa paszena [7.2.2)

BammiieM cOOTBETCTBYIOMMN aJITOPUTM.

MoaenupoBaHue paBHOMEPHOI'O paciipedesieHns Ha OKPY>KHOCTH S' IOJISPHBIM MeTOIOM

Pesynbrar: (£1,£2).
1. (Omébop 6 xkpye)
e Do
Get(ag,an); B1 = 2% a1 —1; Po 2% ag — 1; d < By * 1 + P2 * Ba;
e While d > 1;
2. (Hopmuposka) t < sqrt(d); & < B1/t; &o < Ba/t; STOP.

HerpysHo BujieThb, 9TO 371€Ch TPYI0EMKOCTH oTO0pa paHa M = 4/ ~ 1.27. Tlosromy st Mojesu-
POBaHMsI PABHOMEPHOI'O PacIpe/ie/ieHnst Ha OKpyKHoCTH Tpebyercst (B cpeareM) 8/m & 2.55 obpariennit
K PeHepaTopy IICEBIOC/IyYaliHbIX YUCe/] U OAHO U3BJIeYEeHUE KBAJAPATHOI'O KOPHII.

Sameuvanue 10. 3amernM, UTO IPU UCIOJB30BAHUE O00CYKIAEMOT0 METOJa TepsieTcs HHPOPMAIs O
HOJIAPHOM paJIyce T CIydaifHoro BeKTOpa, paBHOMEpHO pacupesenentoro B By (0). Cormacro pasmemry

"8KonewHO, IpsIMOe BLIMHCIICHNE OIHOM U3 9THX (byHKI[Hil (mampumMep, cos) MOXKHO 3aMEHHUTH Ha €€ BBIPAKEHHE depe3
BTOPYIO C IIPUCBOEHUEM COOTBETCTBYIOIIEI'O 3HAKA:

1 —sin?(2ra)  mpm |a — 0.5 > 0.25,

cos(2ma) =
(2ma) {—\/ 1 —sin?(2r@) wHaue.

DTO HECKOJBKO YOBICTPSIET MPOIIEIyPY, HO HE PEIIaeT MOJTHOCTHIO BCIO MPObJIeMy.
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7.2.1| IIpunoxenus 1, 9TOT MOJSIPHBIN Panyc UMeeT IIOTHOCTD paciipe/iesenust py(t) = 2t1 9,1y nu, 9TO
TOXKe caMoe, PYHKIIUIO PaCIIpPeIeIeHIsT
0 mpu t<0,
F.(t)=<t> mpu 0<t<1,
1 opm t>1.

Hostomy P(r? < t) = P(r < v/t) = t upu t € [0,1] u, cremoBarensho, caydaiinas peamanna d = 12

(mostyuenHast B ajiroputMe mocjie orbopa 1o yeaosuio d < 1) paBaomepHo pacnpezenena Ha (0, 1]. Kpome
TOTO, 3Ta CJIyYaliHas BEJIMYNHA, HE 3aBUCUT OT MOJIEJIMPYEMON TOUYKHU HA OKPYKHOCTH.

CIle/10BaTeIBHO, €CJIH IOJSAPHBIA AJTOPUTM MOJIEINPOBAHUS PABHOMEDHOIO paCIpeeseHus Ha St
UCIIOJIb3YEeTCs B MUKJIE, TO MOYKHO COIKOHOMUTH OJIHO OOpAaIlleHne K FeHEePATOPY MICEBIOCTYIailHbIX qHCel,
WCIIOJIb30BAB I TOM eI KBaIPAT IMOJJISIPHOIO pajauyca d, MOJIyIeHHBIN IPU IPeIbIAyIIeM MOIETNPO-
Banuu. [Ipu Takoil opranusanuu Ham norpedyercsi B cpejnem 8/m — 1 ~ 1.55 obparnenuii k remepaTopy
TICEBJIOCTY YATHBIX LH/Icen.m

5.1.2 HopmMaJjbHOe pacipegejeHne

BhICTpOMYy W KadecTBEHHOMY MOJICJHPOBAHIIO HOPMaJbHOro pactpejesenns N(a,o?) mocsmeHo
MHOXKeCTBO IyGJmkarmii (cm., Hanpumep o63op B [10, 1. IX]; Hekoropbie Merobl mojpobHO omuca-
ubl B |20, pasmen 3.4.1|). Oxnako camble addekTuBHbIE U3 PAa30OPAHHBIX TAM AJTOPUTMOB SIBJISIOTCS
HEIPOCTHIMU JIJIsT PEAJIU3AIIH, [IO9TOMY MBI OCTAHOBUMCS JIUIIIh Ha HAUOOJIEE MOMYISPHBIX METO/IAX.

KoHeuHo, HaM JI0CTATOYHO yMeTh MOJIEJMPOBATh CTaHIapTHOE HOpMasbHOe pactpeenerne N(0, 1).
Eciin B Hasmmann umeercst ObICTpast U TOYHAS MPOIIELypa Bbluucsenus ooparnoil dyukinun ¥V k dyHKIIN
pacIipe;iesieHust

o1 2
@(w):/ —— e 2qt
—o0 V2T
CTAHAPTHOIO HOPMAJILHOTO PaCIIpe/IeIeH s, TO, BIIOJIHE BO3MOYKHO, HY?KHO HCIIOJIB30BATH UMEHHO 9TOT
c11oco6 MOJIeJIMPOBaHUst. AJIBTePHATUBOl SIBJISIETCS HOJISIPHBIA METOJI, IJle MOJIEUPYIOTCS [[BE HE3ABUCHU-

Mbl€ CJIydaiiHble BesnanHbl 1,2, Kax/aas n3 KOTOpbIX uMeeT pacupeserenne N(0,1).
JeiicTBUTEIbHO, TIOCKOJIBKY COBMECTHAs INIOTHOCTD pacipe/jienenus &1, & UMeeT BUJL

1 2.2y
p(a:,y) = 27 € (@ +v7)/ y T,y € Rv
s
TO, KaK CJIeJlyeT U3 pasjiesa ITpunoxkenns 1, HONIAPHBI paIuyc 1 1 MOJISPHBINR yTOJ (0 CJIydaiiHOro
BekTOopa (£1,&2) HE3aBUCHMBI, TIPUYEM HOJISAPHBI yroJ paBHOMEpHO pacupeseneH Ha [0,27), a moJsp-

HBIIT pajinyc uMeer pacupesesenue Pasest (4.1.3)). Orciona, npumensist mojesmpyrornryto dpopmyoty (4.1.4)),
cpasdy Ke IPUXOJUM K IIPEICTABIEHUIO

&1 =+ —2In(a1) cos(2maz), & =+/—21In(aq)sin(2ras), (5.1.2)

rie ag, az € U(0, 1)@

Koneuno, dpopmyist ((5.1.2) MOKHO HEIIOCPEICTBEHHO UCIIOIB30BAT JIJIs MOJIEIUPOBaHUs (Cpa3y JBYX
HE3aBUCHUMBIX) peajn3anuii CIydaiiHbIX BEeJMYUH ¢ HOPMAaJIbHBIM DacipejiesieHneM. 3aMeHsisl, KaKk U B
paszese[5.1.]] Bordnciienne CHHyca I KOCHHYCA MOJIEJIMPOBAHIEM BEKTOPA, PABHOMEPHO PACIIPE/IE/IEHHOTO
Ha S!, IPUXOANM K CJle/IyIoNeMy HOJISPHOMY aJIrOPHTMY MOJIEIHPOBAHNS HOPMAJBLHOIO PACIIPE IeIeHNMSI.

"9KoHevYHO, BO3MOYKHO U JIPYTOE UCIIOJIE30BAHNE CITyJailHON BeIHINHBI d, He CBSI3aHHOE C MOJIEINPOBAHIEM PABHOMEPHOTO
1
pacupenenenus Ha S .
80U norma dopmyny (5.1.2) massBatoT npeobpazosaruem Bokca-Mioinrepa.
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MopenupoBanue HopMmasibHOro pacupenesieaus N(0, 1) MoJsspHbBIM MeTOIOM

Pesyabrar: (£1,&2).
1. (Ombop s xpye)
e Do
Get(ar, a2); 1 = 2% a1 — 15 Bo = 2% g — 15 d <= B1 % B1 + P * Ba;
o While d > 1;

2. (Modeauposanue) Get(a), t + sqrt( — 2In(a)/d); &  Bi *t; & < P2+ t; STOP.

Scno, uro sror ajropurm Tpebyer B cpeaHeM 8/m+1 obpalieHuii K reHepaToOpy, a TaKKe MO OJHOMY
BBIYHCJIEHNIO JorapudMa U KBaJIpaTHOro KOpHs. [loCKOJIbKY B pe3ysbTare MOJIyYaeTcs JBe HE3aBUCHU-
MbI€ peajin3aluil HOPMAJILHOTO PACIPEeIe s, TO Ha KaxKIylo U3 Hux npuxogurcs 4/m + 0.5 ~ 1.77
obpainenuii K renepaTopy, a Takxke 1o 0.5 Beraucienuit jorapudma u KBaJIPaATHOIO KOPHS.

Jlnst yMeHbIeHUsT quc/ia 00OpaleHnil K TeHEPATOPy CEBIOC/IY YaiHbIX 9UCeSl MOXKHO HCIOJIb30BaTh
uieto Sameuanus [[0] A MMeHHO, JIJIsi MOJIE/IMPOBAHNUS TOJISIPHOTO PAJMYCa BMECTO (v MOXKHO B3STh Be-
JananHy d, KoTopasi He 3aBUCHT OT HOJISIPHOTO yrja U paBHoMepHO pactpesesena ua (0, 1]. Torma mbr
IpUIAEM K MOAUMPUIMPOBAHHOMY MOJIIPHOMY METO.LY.

MognenupoBanue HopMasibHOro pacupenesienus N(0, 1) MmogudunupoBaHHBIM MOJSIPHBIM METOAOM

Pesynprar: (£1,&2).
1. (Oméop e xpye)
e Do
Get(ag,an); b1 <~ 2%xay — 1; Po 2% ag — 1; d < By * 1 + P2 * B2
e While d > 1;
3. (Modeauposarue) t < sqrt( - 2ln(d)/d); &1 < B1*t; &9 < B xt; STOP.

B1ech Ha OJIHY peaJin3aliio HOPMAJIbHOIO pacupejiesienns npuxoiurcs 4/m ~ 1.27 obpainenuii K
TeHePaTopy.

5.1.3 PaBHOMepHOe pacnpeneieHne Ha cdepe S°

Pesyubrarsl, nzinoxenusie B puioxkennu 1 (M. pasgedn [7.2.2)), M03BOJISIOT BBIIBUHYTH HECKOJIBKO
HIeit TT0 TIOBOJLY MOJIC/TMPOBAHIA PABHOMEPHOTO pacipeenenus Ha chepe {(x,y,2) : 22 +y? +22 = 1}@

1. Eciu y Hac ecThb GBICTPBIH METOJ[ MOJIC/NPOBAHUS CIydaiiHOro BekTopa 7 € R3 ¢ mioTHoCTHIO pac-

npenenenns suga f(y/z? + y? + z2), To HOpMHEPOBKa 5Toro BekTopa & = 77/||7]|| Kacr nam mckomerit
pe3ysbTaT. Y HaC y’Ke €CTb [[Ba eCTECTBEHHBIX BAPUAHTA PeaM3al[iU TAKOH UIEH.

e MoXXHO B KadeCcTBe paclpejeleHnsl BEKTOpa 7] B3ATh PaBHOMEDHOE pacIpelesieHue B Iape
{(z,y,2) : 22 + y?® + 22 < 1} n MogempoBaTh 3T0 pacupe/enenue or6opom u3 Kyba [—1,1]3.
Mnage roBopst, MO’KHO TIOIPOGOBATE IEPEHECTH Ha TPEXMEPHOE IIPOCTPAHCTBO METOJI, OIIMCAH-
HLBII B pasjesie OT60p U3 TpeXMEpHOro Kyba BO BIUCAHHBII AP, OJHAKO, UMeeT CPeIHee
9HCIIO IUKJIOB, paBHoe 6/m &~ 1.91, Tak 9TO METO/ OKA3BIBACTCS CIIUIIIKOM prﬂOGMKHME

81 nrepec k paBHOMEpHOMY pacnpesiesenuio na S? cBa3an ¢ HeOBXOIUMOCTBIO B psjie (PUBHICCKIX 33,188 MOJICIUPOBATE
cyqaitnoe Harpasienne B R3.

82B G6abIMX Pa3sMEpPHOCTAX CUTYAIASA €Il XY¥Ke, TaK KaK OTHOIICHHE 00beMa Mapa K 00bEeMY OIMHCAHHOrO BOKPYT HErO
Kyba OBICTPO CTPEMUTCS K HYJIIO C YBEJIMYEHUEM Pa3MEPHOCTH.
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e Moo Takxke B3aTh 7 = (01,M2,m3) ", e n; € N(0,1) n mesapucumbr. Ecu y Hac ecTb
6bICprII>‘I MEeTOd MOAe/JIMPOBaHNs HOPMaJIBHOI'O pacCIlipeae/JIeHUud, 3TOT METO/I IVIAJUTCA BIIOJTHE
[PUEMJIEMbBIM

2. Kak ormeueno B paszgese [7.2.2] Ilpuoxkerns: 1, KOOpAMHATHI CIydailHOrO BEKTOPA, PABHOMEPHO
pacipeieseHHoro Ha cepe S?, MOIyT GbITH IPEICTABICHBI B BHIE

&1 = cos(p) cos(f), & =sin(p)cos(f), & =sin(6), (5.1.3)

riae (em. dopmyny ([7.2.9) ciyuaiinbie Bemuunnbl ¢ u 6 Hesasucumbl, ¢ € U(0,27) u 6 umeer
IIOTHOCTH pacnpesenenus pg(x) = 0.5cos(z)1(_r/27/2) (7).

Cama 1o cebe momenupyomasa popMyJIa BDsAJ, JIM IPATOJHA, JJIA IpakTuku. MoxkHo, og-
HAKO, 3aMETUTh, TO YCJIOBHOE pacipesenenne sekropa (£1,&2)T upu yenobun &3 = t ssisercs
PaBHOMEPHBIM Ha OKPYXKHOCTH pajuyca /1 — t2 ¢ menrpom B myne. [lockombky &3 € U(—1,1) (06
9TOM TaKKe CM. paszjes [7.2.2]), To mosiBjsieTcst peajibHasl ajabTepHATHBA Mojeaupyoieii ¢hopmysie
G1.3).

O6Cy M aaropuTM, peaJu3yIonyii 3T paccy K aennst. Haunnaercs aaropuTm ¢ MOJEMPOBAHUS PaB-
HOMEpHOT'O PacHpeeleHus: Ha OKPYKHOCTH HOJISPHBIM METOJ0OM pas3iesia (3TO Hy»KHO J1J1s TeHepa-
IIMI TepBLIX JIBYX KOODJAMHAT BEKTOpPa &), a TMOJIydaloNtascs I 3TOM CIydaifHas BeJmdanna d, paBHo-
MepHO pactupejeserHast Ha (0, 1], 6yier nConb30BaThCst JAJist MOJICJIUPOBAHUS 3.

Mnasde ropopst, mocjie IpEMEHEHHsI TIOJISIPHOTO MeToa pasenalb. 1.1 Mbl oty UM C/IydaiiHblii BEKTOp
7 = (n1,m2)", paBHOMepHO pacupeenennsii Ha S', u ciayuaitnyio semunny d € U(0,1), nesapucumyio
¢ 7. Koneuno, mbr momaraem &3 = 2d — 1. Yo kacaercss sektopa (&1,&2)T, To om Gymer momyuarnes
yMHOKenneM 7] Ha pesmranny /1 — €2 = (/1 — (2d — 1)2 = 2/d(1 — d).

SammimeM cOOTBETCTBYIONTHIN aJITOPUTM.

MopenupoBaHne paBHOMEPHOTo pacrpezesenus Ha cdepe S? MoJAPHBIM METOIOM

Pesymnprar: (£1,&2,&3).
1. (Ombop s xpye)
e Do
Get(a1,az); B1 = 2x a1 — 15 B2 = 2x ag — 15 d < B * B1 + B * Pa;
e While d > 1;
2. (Hopmuposka u pesysvmam) t < 2 xsqrt(l — d); & < [+ t; Eo < Paxt; €3+ 2xd — 1; STOP.

Ormerum, aTo MHOXKUTEb 2v/1 — d B TpeTbeM IyHKTE aJTOPUTMA TOJyYaeTCs U3 ITPOU3BEJICHUsT
HOPMUPOBKH 1/ Vd B monsipaoM Meroze it S u MHOKHTEIIS 2/d(1 —d) ns &1, €.

Kak u B osisipHOM METOI JIJTst MOJIEJIMPOBAHNS PABHOMEPHOT'O PACIIPE/IESIEHUS HA OKPYKHOCTH, 3/1€Ch
Tpebyercst (B cpesaeM) 8/ /2 2.55 obpalleHnii K TeHepaTopy MCeBIOCTY YaiiHbIX YUCesl U OJ[HO U3BJIEYe-
HUE KBaJIPATHOI'O KOPHSI.

5.1.4 Pacnpenenenune Konm

Ob6patHbie pyskiuu. B pa:meﬂeHOKa?,aHo, 9710 (MO IUDUIPOBAHHBIN) METO 06pATHBIX (DYHK-
nuit It MOJIeSIMpoBaHus pacupeesenus: Ko cBoauTes K UCIOJIL30BAHIIO MOJIEJIUPYIOIIeil (hopMyJIb
¢ = cot(ma) = cos (ma)/ sin (mar). Ecam dyHKIms KoTaHreHC cIuTaeTCs JOCTATOYHO OBICTPO, TO METOJ
o6paTHBIX (QYHKIIUIT OKa3bIBACTCS BIOJIHE KOHKYPEHTOCIIOCOOHBIM.

83Botee Toro, oH, BOOGIIE TOBOPSI, MOAUTCS /I Cephl JIF0BO0I He CIMITKOM GOJIbIIo# pasMepHOCTH d > 1, MOCKOIBKY
TPYZOEMKOCTb 9TOTO METO/a PACTEeT JIMHEHHO C POCTOM d.
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ITonapubiii meron. Tax kKak BeKTOp (sin (rar), cos (7ra))T PaBHOMEPHO pACIPEIe/JeH Ha, IOJOBUHE
oxpyzxuocTn {(x,y) 1y > 0, 22 + y? = 1}, To He IpeaCTABAACT TPY/Ia OMHUCATL HOJAPHBIH METOJ MOIe-
JIMPOBaHMUsI pacipejiesieHnst Kommm: Hy»KHO MeTos0M oT6opa n3 upsiMoyrosbauka [—1, 1] X [0, 1] moxyunTs
BEKTOD 7], MMEIOTIII paBHOMepHOe pacrpesenenne B moaykpyre {(z,y) : y > 0, 22 +y? < 1} u B3ars
OTHOIIIEHHE €r0 OPJMHATHI K abCIUCcCe

MonenupoBanue pacnpejeiieHuss Koy moJjisipHbIM METO0M

Pezynbrar: €.
1. (Omobop & noayxpye)
e Do
Get(ag,an); B+ 2*xay — 1; d+ %+ ag * ag;
e While d > 1;
2. (Pesyavmam) & < asz/B; STOP.

B cpennem meros Tpebyer 8/ obpaienuii kK reseparopy. Kpome Toro, «6ecriaTHO» MOJIEIUPYeTCst
ciyqaitnast Besimunsa d € U(0, 1), nesaBucumasi or &.

MopgenupoBaHue 4depe3 HOPMAJIbHO pachpe/ieJieHHbIe CIydailHble BEJIMYUHBI. XOPOIIO U3-
BECTHO, YTO OTHOIIeHHe MBYX He3aBucuMbix N(0, 1)-pacipe/e/leHHbIX CIIyqailiHbIX BEJINYIUH UMEET pac-
peJjiesieHne Komn.lﬁ DToT (PaKT MOKHO UCIOJIB30BATh IIPU MOJIEJIMPOBAHUH, €CJTU €CTh OBICTPBIN MEeTO/T
reHepUpPOBaHus HOPMAaJIbHOI'O pacnpeggeﬂeHm{@

84HopMupoBaTs BEKTOp 7] Ha €ro JIMHY He HYKHO, TaK KaK HAC HHTEPECYET TOIHLKO KOTAHI€HC COOTBETCTBYIOIErO YIIIA.
85[Iposepnre!
86K omeuno, MOISIPHEIA MeTO pas/iea JIJTsI 9TUX [eJIeil He TOJUTCS.
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5.2 MogeaupoBaHne MHOTOMEPHBIX I'ayCCOBCKUX pacHpeaesieHuit

ITpu MoJeMpOBAHUN MHOIOMEDPHBIX TI'ayCCOBCKUX DaclipejiesieHne (OlpejiesieHne U CBOCTBA CM. B
[TpuioxKkeHnu 2) UCTOYHUKOM CJIyYaHHOCTH €CTECTBEHHO CUUTATD [OC/IEI0BATEILHOCTD {&y,, N > 1} Hesza-
BUCUMBIX HOPMAJILHO PACIIPEICIEHHBIX CJIYIalHBIX BEJIMYUH C HYJI€BBIM CPEIHUM U €IMHUYTHON TUCIIep-
cueii. Kak 06bIMHO B TAKUX CJIydasx, MeToJ| MojeaupoBanust £, € N(0,1) Mbl yTOUHATEL He GyjeM.

Urak, paccMoTpuM Tpu HauboJiee MOIYJISIPHBIX MeTo/la MojiesiupoBanus pacupeenenus: Ng(a, ).

Metoa npuBe/ieHNsT KOBapUAIMOHHONM MaTpPUIbl K AuaroHajgbHoii dpopme. Ilycts pp > ... >

g > 0 — cobCTBEHHBIE YMC/Ia MATPUIIBL Y, YIIOPSIOYEHHbIE 110 YOBIBAHUIO C y4ueToM KparTHocTu. Kax

u B Jlemme 0] Ilpunoxenns 2, o6osnauum Uy, . .., Uy COOTBETCTBYIOILYI0 OPTOHOPMUPOBAHHYIO CUCTEMY

COOCTBEHHBIX BEKTOPOB 1 mosioxkum U = [Up : ... : Uy]. Kpome toro, ob6osnaunm A 1uaroHajgbHYIO

MaTpHIly C 3jeMeHTaMu Aj; = ;. Hakonen, mycrnb € — d-MepHBIl BEKTOP C KOMIIOHEHTAMH £1, . . . , £4.
Kak cmexyer u3 Toit ke JlemMmbr @ B 9THUX YCJIOBUSX UANY2E e Ng4(0,Y). CremoBarenbHo,

g ¥ 1L UN2E e Ny(@a, Y). (5.2.1)

Dopmyia 0 CYIINECTBY $IBJISIETCs MOJlesmpyomnieil opmysioit mist pacupeseienust Ng(a, X).
CooTBercTByOMUit METOJ (MEMOOD PA3A0IHCEHUA KOBAPUAUUOHHOT MAMPULDL) MOKET CAUTATHCS YHUBED-
CaJIbHBIM, €CJIU TOJILKO €CTh YBEPEHHOCTH B JOCTATOYHON TOYHOCTU HAXOXKIEHUsI COOCTBEHHBIX UUCEN U
COOCTBEHHBIX BEKTOPOB MaTPUIIBI Y

Bameuanne 11. Ob6oznaunm k = max(j : pj > 0) u npexnnosoxum, uro k < d. Kpome Toro, mycrsb
UK =[Uy:...: U], Ay, — nmaromambmas k X k Marpura c Njj =5 > 0,1 & = (eq,... ,ex)t. Torma,
KaK HETPYIHO BI/I,ZLeTb neperuercs Kak & = a + U (’“)A}C/ €. Taxmu 00pa3oM, eciiu MaTPUIA
Y BBIpOXK/IeHA ¥ UMeeT paHr k, To 1jis MojeanpoBanus pacupesenenus Ng(a, ) myxno k (a me d) pas
reHEePUPOBATH CTAHIAPTHOE HOPMAJILHOE PacIpeeIeHue.

HespipoxxgenHoe pacnpejesienue. Utepaninonubiii MeTos. lTepalinoHHbBIN METO MOIEIUPOBa-
HUsI MHOTOMEDHOTO HEBBIPOXKJEHHOT'O T'ayCCOBCKOI'O PACIIPEJIEJIEHNsI OCHOBAH HA, CJIEIYIONIEM IIPOCTOM
yTBepqueHI/H/I@

PaccMoTpuM CHMMETPHYIHYIO HOJIOKUTEIBHO OIPE/ICSICHHYIO (1, CJIeJ0BATEIHHO, HEBBIPOXK/ICHHYIO)
marpuiny X pazmeproctu d X d. I[Ipu 1 < j < d oboznadum X HOAMATPUILY MATPHILB! X, HAXOASILYIOCS Ha

HepecevdeHnH IEePBBIX j CTOJIOIOB ¢ IepBbIME j cTpoKamu . [Tocegamit croiber MaTpuiibl Y 0603HAMNM
—T 2 T 2 .. “ el 1—1
(Bj ,O'j) ; TAe 05 — j-i IMaroHaJIBHBINA 9/IEMEHT MaTPUIBL Y=%g4apB e R

Kpome Toro, [1si IIPOU3BOJILHOIO BEeKTOpa @ = (ay, . ..,aq)" € R? o603HauIM a; = (ai,..., aj)T.

def T «—17
Jlemma 4. 1. Jlis moboro 1 < k < d BHIIOMHEHO HEPABCHCTBO A7y = Ori1 — Bri1 Sy "Briq > 0.

2. Iyers &, € Ni(ak, Bg) u erp1 € N(0, 1), npudem ex 1 u &), Hezapucumbl. O603HATIM
=T -1/ —
Eht1 = @1 + Bea1 S5 (€ — @) + A1t (5.2.2)

- —T T - _
u mosoxknM &y = (&, &ey1) - Torma &y € Ng(@pt1, Skt)-

87B HeKOTOPBIX CJIydast, KOI/a MATPUIA Y. HMeeT IPOCTYIO CTPYKTYPY, OKA3BIBAETCSI BO3MOYKHBIM HAXOAUTD B SIBHOM BHJIE
nuHeltHOe Mpeobpa3oBanue, nepesosmee £ B £.

88TIposepnre!

89 CymiecTByeT pasimdHbIe ClIOCOObI JOKA3ZATEILCTBA, JIeMMbI (HampuMep, MOXKHO SIBHO BBINHUCATD JIMHEHHOE OTOOparKe-
HEE (E,;F , skH)T &y 41 U 3aTeM IIepPeCuuTaTh COOTBETCTBYIOMHeE II0THOCTH). Hauboee ecTecTBeHH b 13 STHX CIIOCO60B
HCIOJTB3YeT TOT (DAKT, YTO YCJIOBHOE MATEMATHYECKOE OXKUIAHUe {41 NP YCIOBHH &, COBIAJAET C JIMHEHHON perpeccueit
€r+1 Ha &, (cp. Ilpumep 4 pasnena PO MOJEJIMPOBAHKE JBYMEPHOIO HOPMAJBLHOIO pacupezenenus). [Ipusegennoe
HIXKE JIOKa3aTe/IbCTBA BBIOPAHO U3 COOOPaYKEHUN 3aMKHYTOCTH Y KOMIIAKTHOCTU U3JIOZKEHUSI.
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Joxazamenvcmso. 1. To ycnosuio, X T 1 X > 0 gs moboro X # 0. Bossmem X = (YT, —I)T rie
Y = E,;lﬁlﬁl. Tax kax

Ek Bk+1
Ypri= (5T 0 ,
Bre1 T
TO
S B Y Y — B
0< XT0X = (0T - [ (—1) Y B
Brt1 Tieq Bri1Y — 0iyy
—1 15 _15
= YUY —280,Y + 071 = B S Sk Bt — 280155 Bt + 0r =
2 T 173
= Ok+1 — Prp1Xy Pt
2. Koneuno, gocrarodno paccmorpers ciaydait @ = 0. Ilpexkie Bcero, ciaydaitHbIl BEKTOP 7pyq =

=T T
(§ k ;€k+1) SIBJISIETCsI TAYCCOBCKUM (9TO IIPOBEPSIETCs] HEIIOCPEJICTBEHHO 110 OLpeJIiesieHnto, ¢M. IIpuiio-

= =T T . .
xenne 2). CresoBaTesIbHO, BEKTODP &yiq = (5 & ,§k+1) TOYXKe TayCCOBCKUU KaK Pe3yIbTaT JIMHEHHOTO
npeodpasoBaHus BEKTOPa T, 41

[TosToMy HaM OCTAIOCh MPOBEPUTH, ITO KOBAPUAINN CJIYIAWHON BETUIWHBI {11 C KOODIMHATAMN

. = . = =T
ciydaifHoro BeKTopa &, POBHO Takue, Kak Hy:kHo. [leficTeurenbno, Tak Kak K&, &, = X, To

T T = ST =T e =T =T T
E&e+1&, = E(Br1 2y '&r + Akt16r41) & = Bra i E€rE = Brs1Zr 'Sk = Bjpq-
Kpowme Toro,
E&t 1 = E(Br1 2y "&by Sk ' Brp1) + Aipy =
T e TN = T =
= Br15n (ke ) Sk Brrt + Ot — Brs1 Sk Bro1 = Orgr -
VTBepxK ieHne J10Ka3aHo. O

3ameuanne 12. Jlna dukcupoBaHHOrO kK BTOpOE yTBEPXKICHHE JEMMBI OCTAeTCS BEPHBIM, €CIH OT-
Ka3aThCsl OT TPEJIIOJIOKEHNsI, YTO MATPUIA Lk y1 HEBBIPDOXKJIEHHAsST (JIOCTATOYHO ee HEeOTPUIATETbHOMN
omnpegesentnoctn). Ecmn rank X1 < k4 1, To A%H =0

@opmynsr (5.2.2) mpu 1 < k < d dakTHIecKN SBISIOTCI MOJIEJUPYIONUMA JJIsi PACIPEIC/ICHUS
Ny4(@,Y). K HuM HyKHO TOJBKO IPUCOEIMHUTH MHUIUAIU3AIMIO: &1 = a1 + 01€7.

MopgenupoBaHue Yepe3 pa3JjoxkeHue XoJienkoro. B ToMm Buje, B KOTOPOM OH 3aIliCaH, aJITOPUTM,
OCHOBaHHbI Ha Jlemme , BOOOIIIE TOBOPSI, OUEHb praoeMKHﬁ@ Tewm He MeHee OH MOYKET OBITH HATIPSIMYTO
HCIIOJIb30BaH 1IpU OTHOCUTENIbHO Hebombimx d (cm. 3ameuannue [0 pasmena[1.3.3 wust d = 2) npu nomomu
CJIEJIYIOIIEr0 TPHeMa, TTO3BOJISIONIETO MPOBOIUTD BLIYUCIEHNE BEKTOPOB ,Bk,TJrlE,;l B SIBHOM BH/IE.

Hycrs B ycnopusx Jlemmer [] cpemnne a; pamer mymo npu moGom j. Kpome toro, oGosmadmm 7
9JIEMEHTHI MaTpuIbl X. Torma paBencTsa MOZKHO TIEPEINCATD B BUJIE

,

& = aner,

&2 = ag1€1 + axen,

(5.2.3)
§ =ajie1+ ...+ ajj-16-1 + a;,€;,

\,gd =ag1€1+ ...+ aqd-1€d—1 + aq,q4cd,

99310 nokazano B Jlemme |§| IIpunoxenus 2.
91V6enurech B 9TOM.
92 A JITOPHUTM MOJTyYaeTCs PEKYPPEHTHBIM H IPH KaKI0M k HYYKHO 0OpaIIaTh MATPHILY k.
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rJie a; ; — HEKOTOpble KO3(MMUIMEHTEL, & £; — He3aBUCUMBIC CIyvaifHble BeJTMINHbI, NUMEIone CTaH apT-
HOe HOpMaJIbHOE paclpe/iesieHne

Ecmu, kak u B (5.2.1), BBecTu d-mepuble BeKTOpa-cTOJIONB € U & ¢ KOMIIOHEHTAMHU £1,...,Eq U
&1, ...,&q coorBeTcTBeHHO, TO paBeHcTBa (5.2.3) mepenumnyres B MarpuuHoii dpopme & = AE, tme A

— HIDKHSIA TPEYTOJIbHASI MATPUIIA C SJIeMeHTaMu a;; (To ecThb a;; = 0 mpnu i < 7).

Torma, oueBumHO, > = ]E&T — EAEE'AT = AAT | i MBI IPHXOIEM K KTACCHUECKOMY DA3JIOMKCHIIO
XOJIEIKOTO TIOJIOKUTETHHO OTTPEIEIEHHON MATPUIIBI. PeKyppeHTHBIe (hOPMYIIBI, BHIPAKAIOIINE JIEMEHTHI
@;j Iepe3 r;j XOPOIIO U3BECTHDLI, HO Mbl MOXKEM HOJIy4UTh UX U3 HEIIOCPE/ICTBEHHO.

JeiicTBuTeIbHO, TIyCTD ¢ > j. JIOMHOXKUB j-10 CTPOUKY B Ha &; W B3SB MATEMATUIECKOE OXKU-
JIaHUE, MOJIyINM, 9TO

Tij = Tji = Q1041 + ... + Qjja5;. (5.2.4)

Orcrozia, B3siB j = 1, cpa3y »Ke MOJIydnM, 9To ai] = /711 ¥ a;1 = 731/a11 npu 1 < i < d. Takum ob6paszom
[epBBIi cTosber MaTpullbl A HaiigeH.

st HaxoXKIeHnst BTOporo cToJibra (MepBblii ero 3JeMeHT PaBeH HYJIIO 0 OIPEJIEICHHIO), MOJIOXKIM
j =28 (5.2.4). Torma (npu i = 2) mOIyYUM, UTO a39 = T92 — @3, U, TOCKOJIBbKY YHUCIIO A2] y¥Ke HAilJIeHO,

_ 2

TO Qg2 = 22 — a5q.

IIpu ¢ > 2 u3 paBeHCTBA Tj9 = ;1091 + G;2022 HAXOJUM UNCJIA

T2 — a1021
a2 = )
a2

KOTOPBIE, KaK BUJIHO, BBIPAXKAIOTCS Yepe3 yrKe HafiJeHHbIe 3JIeMEHTHI IIEPBOTO CTOJIONA U G93.

JlaJibiie Bce MPOUCXOJUT AHAJIOTUYIHO: €CJIN MBI y3Ke HalLm mnepBbie j — 1 ¢Tob1oB MaTpuisl A, TO
(HeHyJIEBBIE) SJIEMEHTBI j-TO CTOJIONA HAXOAATCS Yepe3 HUX 1Mo (POpMyIam

j—1 j—1
Tij — > p_q it Qe .
J— .. 2 LY (=1 "t =)
ajj = \|Tj5 — E ajy u aj = upu i > j. (5.2.5)
k=1

@jj

Paccymorpum 60stee mogpobHo corydait d = 2@ ITpu d = 2 KoBapuaIMOHHAsT MATPHUIIA Y9 BBIPAYKAETCH
Jepe3 3 mapameTpa: JIBe JUCIHEPCUU 71| = a% U Tog = a% u KO3(pDUIUEHT KOPPEJSIUUA P, TAK UTO

T2 =121 = pPO102,
2
01 pPO109
pPoO102 g5

CooTBEeTCTBEHHO MaTpHuIiia A JOJIZKHa UMETDb BU/L

a 0
A= "1 .
a1 a2
_ _ _ 2 _ 2 _ 2 2
Kak MBI y2Ke BBIICHWUIH, a1] = 01, A2] = r21/a11 = pO2 M Q39 = T2 — A5 = 02(1 —p ) TeMm caMbIM
IPUXOJUM K CJIEILYIOIIEMY aJ'IFOpI/ITME MO/JICJINPOBAaHUS JIBYMEPHOI'O I'ayCCOBCKOI'O pacIpelie/IeHUus C

HYJIEBBIM CPEJHUM U KOBAPUAIIMOHHON MaTpHIeil, 3aJJaHHON CBOUMHU CTAHIAPTHBIMU OTKJIOHEHWSIMU T
K03 DUITUEHTOM KOPPEJISIIINN.

933anmeTnM, 9TO, 178 TIOGBIX KO3 MUIHIEHTOB a,; caydaitabli BekTop (&1, ... ,fd)T BCera Oy/1leT UMeTh d-MepHOe Tayc-
COBCKOe pactupezenenue (a mogemy?), IOITOMy HAM BCETO JIUIIb HY?KHO HANTHU TaKue a;,;, KOTOPBIE Obl 06ECIETUBAIM STOMY
BEKTOPY 3aJIAHHYI0 KOBAPHUAIMOHHYIO MaTPUILY.

94310t ciyuait yxKe pasobpaH B pasiee
IPYTO# IIOIXOJI.

95 KoHeuHo, 9TO TOT Ke CaMblil AJITOPUTM, YTO U B PA3JIele m

C TOYKU 3peHusd 06]].(61"0 MeTOoJa JEeKOMIIO3UIIUU, ceifivac MbI UCIIOJIb3YyEeM
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A.TII"OpI/ITMI/I'-IeCKaﬂ cXeMa MOoJZe/IMpOoBaHUudA ABYMEPHOI'O Ir'ayCCOBCKOI'o paclripeaeJjieHusd C HYyJI€eBbIM
cpeaHuM

BxojiHbIE JAHHBIE: 01, 02, p.
Pezynbrar: &1, &s.
1. (Modeauposanue nepeoti komnonenmoy) €1 < N(0,1); & < o1 *£7;

2. (Modeauposarue emopoti kKomnonernmot) €o < N(0,1); &o + o9 * (p xep+4/1— p?x 52); STOP.

Jist ajnropurMa XOJIEIKOTO CYIECTBEHHBIM SIBJISIETCS TOT (PaKT, 9TO B IEPBOH u3 (hopmyJt BO3MO2KHO
U3BJICUCHUE KBaJIPATHOIO KOPHs (TO €CTh YTO IIOJKOPEHHOE BbIPaXKEHHe HEOTPUIATENHLHO), a BO BTOPOH — dTO
3HAMEHATEeJb He paBeH Hysi0. [ 70Ka3aTeabcTBa 3THX (DAKTOB MOXKHO COCJIATHCS HA CTAHIAPTHOE OOOCHOBAHIE
CaMOro aJITOPUTMa, TO €CTh Ha BBIYUC/IUTEIbHYIO JIMHEHHYIO ajredbpy. B To Ke BpeMs CyIIecTBYeT W MX YHCTO
BEPOSITHOCTHOE JI0Ka3aTeIbCTBO, OHO HEMEJIJIEHHO CJIeJlyeT U3 .
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5.3 Pasuble pacrpegesieHus

B aTom pasznesie Mbl 3aTpOHEM METO/IBI MOJICTUPOBAHUS HECKOJILKUX TOMYJISPHBIX pacipeieneanii. Kak Bcerya,
OyIyT pacCMaTpPUBATHCS JIUIIb [IPOCTHIE JJIsi PEATU3aIUN AJITOPUTMBI.

5.3.1 IlokaszaTesbHOE pacupeaejeHne

CrangaprHbiil MeTos MosienupoBanust pacipeaeserns EXP (1) — sto (MmoxudunupoBaHHblii) MeTOI 06PATHBIX
dyHKumil, TpuBoAAIMIl K Mogesmpyomeit dopmyste { = —In(a) (em. paszzen [4.1.1).

Ecim momoxkutes d = 1, k = 1, ky = ko = 1 uw p = 1 Bo BTOpOM yTBepKaenun llpesoxkenus (cm.
pasjes [Tpuioxkenus 1), TO MOXKHO II0JIy9UTh METOJ, MOJIEIMPOBAHUs, aJIbTePHATUBHDI MeTOy 06paTHBIX
dyukuuii. JleiicTBUTeIbHO, B 9TOM CJlydae OKa3bIBAETCsd, YTO Ciydaiinble Bejuduubl & = na u £ = n(l — a)
[OKA3aTeIbHO PACIPEIeIeHbl ¢ NapaMeTPOM 1 U HE3aBHCHMBI, €CJIM TOJbKO HezaBucuMbl 1) € Gamma(2,1) u
a € U(0, 1)@ [TockoJibKy ciydaiiHasi BEJIMYUHA 1) MOYXKET OBITh IIPOMOJIETUPOBAHA KaK —ln(alaz)m TO MBI
MPUXOJIUM K CJIEIYIOIIEMY AJITOPUTMY.

MogenupoBaHue IOKa3aTeJbHOrO pacupejesenus paciaeruienneM Gamma(2, 1)

Pesynbrar: (£1,£2).
1. (Modeauposarue zamma-pacnpedenernusn) Get(ar, as); n <+ —In(ag * ag);

2. (Pesyavmam) Get(a); & « n* a; & < n — &1; STOP.

fcHo uTO TpUBemEHHBIN ajropuTM Tpebyer 3 oOpalleHus K IeHepaTopy ICEeBIOCTyYalHBIX YHUCET U OIHO
BBIUHCJIEHUE JIorapudmMa, HO IPU 3TOM BBIIAET 2 HE3aBUCHMBIX PEaTU3allii MOKA3aTEIbHO PACIIPEIEJIEHHON CITy-
JaiffHON BeJImYuHBI. TakuM 00pa3oM, Ha OJHY pPeain3anuio npuxoautcsa 1.5 obpammennit K renepatopy u 0.5 BbI-
quciaenuii siorapucdnma. CirenoBarebHo, onucaHHbIi MeTox paciiemienns Gamma(2,1) 6yger uMeTb MEHBIILYIO
TPYIOEMKOCTb, UeM MeTOJi OOpaTHBIX (bYHKITHL, ecju oOpalleHne K TeHepaTopy CTOUT JIENIeBJe, YeM BbIUUCIIe-
Hue siorapudma. KoHeuHO, HCII0JIb30BaHle APYroro MeToIa MOJEeJINpoBatust pacipeaeterns Gamma(2, 1) moxer
U3MEHUTH YIOPSIIOYECHHOCTD TPYIOEMKOCTEN STUX METOOB.

3ameuanue 13. Jlerko npezicraButh cebe 000OIEHNE MPUBEICHHOIO METOJIA, CBI3aHHOE C PACHIEIJICHUEM CJLy-
vaitnoit Besmunnbl Gamma(n, 1) B cyMMy 1 HE3aBUCHMBIX [IOKA3aTEJIbHBIX CJIyYallHbIX BeJnduH. J[jis 970ro HyKHO
HCII0JIB30BaTh BTOpoe yTBep:xkenue llpemmoxenus [18cd =n—1, k=n,k; = ... =kgy1 =1 u p = 1. Kpome
toro, 3ameuanue [20] pazzaesna [7.2.4] [Tpunoxkerns: 1 1M03BOJIsIET MOJENPOBATH COOTBETCTBYIOIIEE PACIIPE/IeIeHIe
Jupuxje Kak HabOp IPUPAIIEHUI 71 MOPSIKOBBIX CTATUCTUK, OJIYIEHHBIX U3 CJIyYaWHBIX BEJIUIUH (1, - . . , Q.
Ecnu cayugaiinag sesmauna 1 € Gamma(n, 1) momesmupyerca kak — In(ay . .. an)@ TO JIJIsI TIOJIy9eHUsT OJTHOM
peasmzanuu pacupezeienus EXP (1) rpebyercsa 2—1/n obpaienuii K renepaTopy U OJHO BbIYUCIEHHUE jiorapudma.
Kpome Toro, Hy:KHO JOIOJHUTEIHHOE BpeMsi (M, BO3MOXKHO, JIONOJHUATE/IbHAS [AMATh) HA YIODsaoduBanue (u
BBIUNCJIEHNE TIpupaIennii) (n— 1)-oii peasusanyu caydaitHoit Besmanabl, umerormeii pacupegenerne U(0, 1). fcho,
91O 1pu OOJIBIIUX 7 ITOT METOJ MOXKET OBITh H0jiee TPYIOEMKHM, YeM MeTOJl 0OpaTHBIX (YHKINNA. BO3MOXKHO,
CUTyalsl U3MEHUTCSI, €CJIU FaMMa-pacipeie/ieHne OyIeT MOIeIMPOBaThCst 00Jiee IKOHOMUIHBIM 00Pa30M.

Psan apyrux meTomoB MojenpoBaHUs MOKA3aTETHLHOTO pacnpeaeﬂeﬂnﬂ upusegsien B [10, rr. IX.2].

5.3.2 IlokazaTesibHOE pacIipejiejieHue C IepeMeHHON MHTEHCUBHOCTBHIO
Hatinem co ciie1yromiero yTBepKeHus.

JIemma 5. ITycrs h: [0,400) — [0, +00] — u3mepumas DyHKIMsL, KOHEUHAs! TOYTH BCroay 1o Mepe JleGera. Eciu
fooo h(t)dt = +00, To yHKIUSA

p(z) = h(z) exp (- /0 ’ h(t)dt) (5.3.1)

SIBJISIETCSI TNIOTHOCTBIO HEKOTOPOT'O PACIIPE/IeIeH s, COCPeI0TOYeHHOro Ha [0, +00).

96 Takum o6pazom, 7) «pacLIeIIsieTCs» Ha 2 10Ka3aTesIbHble HE3ABUCUMBIE CIIyYailHble BEJIMYUHBL.

97Cm. Jlemmy [2| pasmena
9®Onare-raxu Jlemma [2| pazgemna

99Hekoropble u3 Hux Gosee 3bPEKTUBHDI, YeM OIMCAHHBIE BBILIE.
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Joxasameavcmeso. 3amernm, ato pu x > ()

/O " p(y)dy — /O " h(y) exp <— /0 ’ h(t)dt> dy = /O 4 <eXp <— /0 ’ h(t)dt>> —1—exp <— /O ’ h(t)dt),

OTKY/Ia CPa3dy 2Ke CJIeIyeT YTBEPXKICHNE JIEMMBI. O
B nmanbreiiinem Mbl Bce BpeMs OyJieM IIpeIioiaraTh, 4To fooo h(t)dt =

3ameuanue 14. Ilpu h(z) = A > 0 pacupenesnerne ¢ NJIOTHOCTHIO [IPEBPAIAETCS B OOBITHOE ITOKA3ATE b
HOe pacupejesieHne ¢ mapaMerpoM \. [IoCKOJbKY 9TOT mapaMerp 9acTo HA3BIBAIOT MapaMeTpPOM WHTEHCUBHOCTH,
TO pacCIIpeiesIeHIe HOCHUT HA3BAHUE NOKA3AMEABHO20 PACTPEIEACHUS C NEPEMENHOT unmencushocmbio. Kak
cienyet u3 Jlemmol 5.3.2] coorBeTcTBYIOMAA DYHKINS pACIpeeeHus] TMeeT BHU/T

Fz)=1—exp ( /O h(t)dt), x> 0.

Taxkoit Buj umMeroT (GQYHKIUN pacipee/ieHnii MHOTUX yKe U3BEeCTHBIX HaM pachpesesenuit. Hampumep, st
pacupesenerus: Pastest (4.1.3) nmeer mecto paseHcrso h(t) = t, a s pacnpesernenns [apero (4.1.6) — pasencrso

0 t<1
h(t) = b= (5.3.2)
v/t upm t> 1.

O6¢cyuM Terepb METO/IbI MOJICIMPOBAHUST TIOKA3ATEILHOIO PACIPEIENIEHUSI C TIEPEMEHHO MHTEHCUBHOCTHIO.
Haunem ¢ metosa obparabix dyukimit. [TockosbKy

inf{z : F(z) >y} = inf {x 1—exp (— /0 h(t)dt) > y} -
_ inf{x . exp ( /Ow h(t)dt) <1- y} - inf{x : /Ow h(t)dt > —In(1 — y)} ,

TO TEM CAMBIM MeTOJ 06paTHBIX (DYHKIH JIJIsT TI0KA3ATELHOTO pacnpe;geneﬁnﬂ c nepeMeHHoﬁ MHTEHCHBHOCTBIO
cBozwres K Haxox gernio dynkuun U (z) = inf {z : H(z) > 2}, tae z > 0u H(z) = [ h(t)dt. Ecam sra npoueaypa
JIETKO OCYIIIECTBIISACTCS aHATUTHIECKH (MJIH JOCTATOYHO TOYHO U OBICTPO — ‘{I/ICJIGHHO) TO OHA BIIOJIHE IIPHEMJIEMa,
JUIsl MOZEJIUPOBAHUSL.

Tzt cayuas, koraa h(z) < M, MOKHO BOCIIOJIB30BATBCS ATBTEPHATHEHBIM MeT0710M [0 HEMHOTO HOXOKHM Ha
Meroz, ot6opa. ChopMmyaupyeM U J0KazKeM COOTBETCTBYIOIEE YTBEPKIEHUE.

IIpengoxxenue 12. Ilycrs Heorpunarensuas dbyaknus h, onpemnesernas Ha noiayocu (0, +00) 1 orpaHudeHHAsT
CBepXy MOCTOAHHONW M, yIOBIETBOPSAET YCJIOBHIO fooo h(t)dt = +o0. PaccmoTpuM /1Be 110CII€0BATEILHOCTH He3a-
BUCHMBIX B COBOKYITHOCTU CJIYIAHHBIX BEJIUIUH 1)1, . - ., Py« - U Q4. .., Oy, . . . C pacupesenerusmu 1; € EXP(M)
u a; € U(0,1). Tomoxkum

T=min{n: h(m +...+n,) > Ma,}.

Torna P(1 < 0co) u & e M + ...+ 1, uMeeT WIoTHOCTD pactpeaeserus (5.3.1)).

JHoxasamesvcmeo. Ilonoxum B, =m + ...+ n, u obozuadum p, (21, ..., 2,) COBMECTHYIO IUIOTHOCTH CJIy4YailHBIX
BesiauH [, . .., By. Torma mpu x > 0
Pé<z,7=n)= P(ﬁn <z, h(B1) < May,...,h(Bn-1) < May_1,h(Br) > Mozn) =

= / pn(zl, N2 le / dtl
0<z1<...<zp<x

e npu purcnpoBaHHbIX 0 < 21 < ... < 2z,

C, = {(tl,...,tn) :0<t;<1lm h,(Zl) < Mtl,...,h(zn_l) < Mtn_l,h(zn) > Mtn}

1008 2] sror meron mazsan memodom Koaemana, Coleman [28].
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Tem cambIM

/ dty ...dt, = (H (1— hﬁ))) hg\?) .

=1

ITockosbky (cMm. dopmymy (7.2.3) pasmena [7.2.1))

P21,y 2n) = Mre™Mn 0 < 2y <z9<...< 2z, <o,

n—1
P(£<x,7':n)=/ —Mzn <H< G )) h(]\i;)dzl...dzn:
0<21<...<zn<m

1=

—1
/ e_Mz"h(zn)dzn/ H (M — h(z)) | dz1...dzp—1.
0<zp <z 0<21<22<...<2n, ;

i=1

TO

—

Samernm, quTlTI
n—1 1 Zn n—1
(M —h(z)) |dz...dzp—1 = / M — h(y dy) .
/O<z1<22<...<zn <H ) ' ! (TL - 1)' ( 0 ( ( ))

i=1

TTosTomy

-1

Pl <z,7 <o00) = Z/ _MZ"hzn( 71)! (/Oz"(M—h(y))dy)n dz, =

n>1

_ /0 " e Mo p ) exp ( /0 T h(y))dy) iz, — /0 " (o) exp (— /O z" h(y))dy) Ao (5.33)

Yerpemnsist @ K 400 1 nosb3ysich Jlemmolit [ mosyuaem mepBelii IyHKT JOKa3BIBAEMOrO yTBEDIXK/ICHHE. 3aMeHa
P(¢ < z,7 < 00) Ha P(§ < x) B pasencrse (5.3.3) 3aBepriaer paccyKieHus. O

SaiimMeMcst Terepb TPYIOEMKOCTHIO METOJIA, KOTOpast, OYEBUIHO, MPOMOPIMOHATbHA 7.

IIpennoxenue 13. B ycnosusix Ipennoxkenns [I2] nmeer mecto pasencTBO

Er = M/OOO exp ( /Oz h(y)dy) dz. (5.3.4)

Joxasameavcmeo. Haiinem cuadasna sepogtaoctu Buga P(7 > n). Ilpu n = 0 Takas BepogTHOCTH pasHa 1.
Pacemorpum ciaywait n > 0. IloBropsisi paccyKIeHUsI, NPEANPUHATBIE IIPU JoKasareabcrse [Ipeanoxenus [12]
MTOJIYIUM CJIEJIYIONIYIO TIEIT0YKY PABEHCTB.

P(r > n) = P(h(B1) < Man, .., h(Bn) < Mar) = / M7 M (H (1 - hg?)) o .. dzy =
<z1<...<zp<T

0 i=1

n—1
= / e Mzn (M — h(zn)dzn/ H (M —h(z)) | dz1...dzp—1 =
0<zy, 0<z1<22<...<2p, i

i=1
—1

_ /OOO e~Men(pf — h(zn))ﬁ </OZ"(M - h(y))dy> R

Ol oueny?
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TlosTomy

ET:ZP(T>n):1+ZP(T>n)=
n>0 n>1
-1

1 [Tenr i) o ([ h(y))dy>n dz, =

n>1

=14 [T e r ) e ( |- h(y))dy) a2, =

—14 M/OOo exp (— /O h(y)dy) dz — /OOO h(zn) exp (— /0 h(y))dy) dz = M/OOo exp (— /O h(y)dy) dz.

VTBepxKaeHne T0KA3aHO. ]

Bameuanue 15. 1. O6oznaamm A = {z : h(z) = 0}. Ecim mes; (A) < co w h(z) > m > 0 npu z € A€, 1o
E7r < 00. IleificTBuTeibHO, B 9TOM CiIy4ae

/Oooexp < /O h(y)dy>dz = /Aexp ( /O h(y)dy)dz+/Ac exp ( /O h(y)dy>dz <

z o] z
< mes; (A) +/ hiz) exp <—/ h(y)dy> dz < mesl(A)—#l/ h(z) exp <—/ h(y)dy> dz = mes (A) + 1/m.
Ac h(z) 0 mJo 0

2. B wacruocty, ecim 0 < M — e < h(z) < M npu Bcex z u nekoropom € > 0, o Er < M /(M —¢). B gacruocrn,
ET = 1 upu h(z) = M. Tem campim meron Kosemana sipisiercst poctatodno 3¢ dekTuBHbIM, ecin QyHKIus h
OJIM3Ka K TIOCTOSTHHOIA.
3. B To xke Bpemst TpyoeMKocTh MeToa Komemana MoxkeT okazarhbest u 6eckoHeuHOi. [TokaxkeMm 5T0 Ha mpuMmepe
MOJIEJTUPOBAHUST PACIIPEICIICHUST HapeTom

Kax y:ke yrmomMuHaI0Ch, 1151 pacipejesenus [lapeTo nMeer MecTo paBeHCTBO . CitetoBaTeIbHO, MOXKHO

B3aTh M = ~. IlockonbKy
# 0 mpu z < 1,
| htwas =
0 vyIln(z) wpm z> 1,

TO
1 z 00 z o) oo

Er=+ (/ exp (—/ h(y)dy)dz—i—/ exp (—/ h(y)dy)dz) :7+fy/ e_’ylnde:'Y‘i"y/ 27 Vdz=+00
0 0 1 0 1 1

mpu v < 1.

5.3.3 CreneHnHoe pacipegejeHne

Meroz oOpaTHBIX QYHKIWMIL [1yIs1 MOJEINPOBAHUS CTEIEHHOTO PACIPE/EIeHUs C INIOTHOCTBIO Py (z) = ya? ~?
upu ¢ € (0,1) u v > 0 yxe obcyxkaanca B pasjeiie DTOT METOJ TOPOXKIAET MOIETUPYIONLYI0 (DOPMYILY
¢ = a7 u modTOMY €ro TPYI0EMKOCTH MAJIO 3aBICHT OT IApaMeTpa y. B TO jKe BpeMsl OHA MOKET OKA3aThb-
Cs1 JIOCTATOYHO OOJIBINOM JIJIsT TIPAKTUKY, TAK KaK BO3BEJEHUE UNCJIa B BEIIECTBEHHYIO CTENEHDb IIPOM3BOJIUTCS C
[TOMOIIIBIO BBIYUCJIEHUST JIoTapU(dMa U IKCIIOHEHTHI.

IIpu mesbix v = n > 1 cymecTByeT ecTeCTBEHHAsT AJIbTEPHATHBA MeTOy oOpaTHbIX dyHKImit. OHa OCHOBaHA
Ha TOM, YTO MAKCUMyM U3 7 HE3aBUCUMBIX OJIMHAKOBO PACIIPEIE/IEHHBIX CJIYIANHBIX BEJIMINH, UMEIONTIX (DYHKIIAIO
pacupenesienus F, pactpesesnen corsiacao dyukiun pacupenenaenns F". OTcoga cpady 2Ke BUIHO, 9TO CIyJaiiHas
BesmunHa £ = max(aq,...,Q,) UMEET CTEIEeHHOE PACIIPE/eJICHHAE C IIapaMeTPOM nlﬂ_nl IIpu mebombImIX 7 3TOT
c1rrocob MOoKeT 0Ka3aThbCs 3P HEKTUBHEE METO/Ia OOPATHBIX (DYHKITHIHA.

B HEKOTOpPBIX CiIydasiX MMeeT CMBICJI UCII0JIb30BaTh OIEpaTOp U3BJIEYEHUsI KBaJIPATHOIO KOPHsI, TaK KaK OH
peanm3yeTcss 3HAUUTEbHO ObICTpEee, YeM OIepaTOp BO3BEIEHUS B BEIIECTBEHHYIO CTEIEHb.

102K opeuno, merozn Kosemana — BoobIue 0OUeHDb IIIOXON METOZ MOLEINPOBAHKS STOTO pacipenesenus. Meron o6paTHbIX
dyHKImMi 316ch paboTaer ropasao jydine. Tak 9To HaIl TpUMep OTHOCUTCSI TOJIBKO K M3y UYEeHUIO CBOMCTB MeToma Konemana
U HE UMEET IPAKTUIECKOTO 3HAYECHUS.

1033azmeruM, 9T0 9TOT MPOCTOil haKT SIBJIsIETCs YacTHBIM cirydaeM CilecTBust |§| (paszmen IIputoxenus 1).
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5.3.4 Tamma-pacrpeaejieHue

ITnorHOCTh ramMma-pacupeenennss Gammal(k, 1) ¢ napamerpamu k, 11 > 0 3amaercst hopmMyItoi
pru(x) = pFah"te 7 )T(k), x> 0.

Iapamerp p sBisiercs napamempom macwmaba: ecou n € Gamma(k, 1), ro £ = n/u € Gammal(k, M)Fr_m-IHO:aTOMy
HAM JIOCTATOYHO YMeTh MOJIEJIMPOBATh raMMa-pacupezesenue ¢ p = 1. [lapamerp k (Tax HasbiBaeMblil napamemp
dopmor) Topaso Gosee BazkeH. MHOroUnC/I€HHBIE METOJIBI FeHEPUPOBAHUST TaMMa-PaCIIPe/IeJIeHNUsT, aJlallTuPOBAH-
HBIE K PA3JIUIHBIM (GOJIBIIMM 1 MAJIEHbKUM) 3HavueHusiM k, MoxkHO Hafitu B [10, ro1. IX.3]. 3nech Mbl orpaHmamMcst
JIUIITb HECKOJBLKUMU MPOCTHIMU 3aMEUaHUSIMU.

Kak yxe ormegasocs (cMm. HeMMypa3;LeJ1a, B YACTHOM cJiydae 1ejoro k > 1 pacupegenenue Gamma(k, 1)
MOKET OBbITh IIPOMOJIEJIMPOBAHO OY€Hb IPOCTO € HOMONIBI0 Mojeaupytomeil dpopmynsl & = —In(ag ... ax). Hpu
OTHOCUTEJIBHO HEGOJIBINUX k 9TO BBITVISIIUT BIIOJHE TIPUEMIIEMO

Ilepexom oT 1e0ro K BemecrBeHHoMy k > 1, B IpUHIMIIE, MOYKET GLITh OCYIIECTBJIEH C IIOMOIIBIO CJIeLy-
IOIIEero IPOCTOro cbaKTam ecm & € Gammal(ky, p), & € Gammal(ka, p) u &1, & HesaBucumbl, 10 & + &3 €
Gamma(ky + ko, ). Tosromy, ncnonb3ys pasnoxenue k = |k| + {k} u cunrasi, 9ro y Hac ecrb mpueMseMblil
METOJ, MOJEIUPOBAHIS TAMMAa-PACIPEIETIEHIS ¢ METBIM MapaMeTpoM (POPMBI, MBI IPUXOIUM K 3a/1a9€ MOIETUPO-
Banus pacupejesenns Gamma(k,1) ¢ k < 1.

Ecmu k = 1/2, To cuTyanus JOCTATOMHO TIPOCTa, TaK KaK CIydaiiHas BemamHa £2/2 uMeeT pacrpesesieHne
Gamma(1/2,1) npu £ € N(0, l)m IIpuBeieM OMH W3 JIEMKO PEAU3YeMbIX METOJIOB, MPUTOJAHBIX JJIs JIIOO0ro
k < 1. Bamerum, uro ipu x > 0

L e g 1 1 1
= = —_— < =
pr(x) = pra1(x) TR i leT T < ) x 10,1y (x) + 0 e 11,00)(2)
_ 1 1 I o _
0] kx™ " 10,1y () + D) e 11,00y (7) = M (k) qr(z), (5.3.5)
rie
1 1
M) =15 + aow
u
qr(x) = prkart 1o,y (x) + (1 - p;g)e_(x_l) 11,00 () (5.3.6)

c pr = 1/(kT'(k)M(k)) = e/(e + k). IIpu arom paBeHCTBO B JocTuraercs Kak upu ¢ = 1 rak u upu x T 1.
Acno, uro dyHKIWMA q) ABIAETCH IIIOTHOCTHIO HEKOTOPOI'O PACIIPE IEJIEHNUS.

Orcrona cpady BUJHA HIEd MOJECJUPOBAHUS: MOXKHO HCIOJL30BATH METOJ, 0TOOPa ¢ MAaXKOPUPYIOMIUM Pac-
upejiesienneM Qj, UMEIOIIUM ILJIOTHOCTD Gk, & CAMO paclipejesieane Qk MOJEJUPYETCs KaK CMeCh (C BECOM Py )
CTEIIEHHOI0 PACIPeJIeJIEHUs C [apaMeTpoM Kk M [OKA3aTeJbHOIO paclpejiesieHus, CBUHYTOro Ha 1 Bupaso (¢ Be-
com 1 — pg). Bamerum rakxke, 910, Tak Kak kI'(k) — 1 upu k — 0, To dyukuua M (k) orpanndena Ha IPOMEXKYTKE
(0,1].

HOCKOJII)Ky IIpU IIOJIO2KUTEJIbHbBIX T

zFLle=* /T (k) 1
_ 0 1 — e " 0<zx <1,
R EC B B R NN (O] s rs
k - Qk(]}) - xk—le_z/r(k‘) npu >1 o ; xk—l npu « >1 a
(1= prle=(==1) - el'(k)(1 — px) -
e” mpm 0<z<1,
=M(E)q 4 < M(k),
x mpu x > 1

1041 poBepore!

105F11e pas3 momdepKHeM, YTO IpH GOIbIIHX k (HE 06sI3aTEMBLHO MENIBIX) Hy2KHO HCTIOJIB30BATH 6O0JIEE TIPOABUHY THIE METO/IBI,
TPYJOEMKOCTh KOTOPBIX HE CTPEMHUTCSA K OECKOHEYHOCTH IIpH k — OO.

106 Tposepsre!

YO posepsre! Kerarn, eci y HAC €CTh GBICTDBIA METOJ, MOJEIUPOBAHIS HOPMAILHOIO PACIPE/CICHNIS, TO HAM JOCTa-
TOYHO HAY9YUTHhCA MOJEJIMPOBATH aMMa-pacipeaeienne ¢ mapamerpom k < 0.5.
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TO [PU UCIOJIb30BAHUU METOHa 0TOOPa HYXKHO C BEPOSTHOCTBIO P MPOBEPATH HEPABEHCTBO € > q, a ¢ Bepo-
ATHOCTBIO 1 — pj, — HEPaBEHCTBO 17571 > @, TJIe 1)] AMeeT CTElleHHOe pacIpeleseHne ¢ napaMerpoM k, a o — 1 —
pacnpesiesierne EXP(1). Tem caMbiM MBI IIPUXOJUM K CIIEJYIOIIEMY AJITOPUTMY.

MopenupoBanue pacupenesiennss Gamma(k, 1) mpu k < 1 meromom orGopa ¢ Ma*KOpPUPYIOIIIM

pacupeznenenuneM (5.3.6).

Bxomubie ganubie: k € (0,1).
Pezynprar: €.

1. (Hepecuem napamempos) p < e/(e+k); a < 1/k; d <+ p/(1 — p);
2. (Oméop)

e Do

o Get(ar, az); B« a1/p;
o Ifﬁ<1thenn(—ﬁ/\aelsen%—ln(d*(ﬂ—l));
e While (n <1 and exp(—n) <ag)or (n>1and nA(k—1) < as);

3. (Pesyavmam) & < n; STOP.

OrMeTnM, UTO B IPUBEJEHHOM AJITOPUTMe UCIOJIb30BaH pesyiabrar lIpeoxenus [2| pasnena [2.4] nossoss-
IOl U MOJEJUPOBAHUN CMECH PACIpeIe/eHul COKOHOMUTHL OMHO obpalneHue K redeparopy. Kpome aroro,
CJIeJIAHBI HEKOTOPBIE MIPOCThIE IPE00Pa30BAHMS

Oyukrus M (k) upurumaer Makcumasibhoe 3Hadenne =2 1.39 upu k =~ 0.8. B 1o ke Bpemsa M (k) — 1 upu
k—0, M(1/2) ~ 134 u M(1) = 1+ 1/e ~ 1.37. Takum 06pa3oM, METO/I OKa3BIBAECTCH HAUMEHEE TPYIOEMKIM
npu k, OJIU3KUX K HYJIIO

5.3.5 DBera-pacnpeznesaenue

Bera-pacupenenenne Beta(ky, ko) ¢ mapamerpamu k1, ko > 0 onpejesisiercsi IJI0THOCTHIO

_ Tk + ko) g ka—1
pk17k2 (‘T) - F(kl)r(k/’2> € (1 I) )
cocpeniorouentoit Ha muoxkectse (0,1). Kak ormeveno B pasmene [Ipunoxenus 1, 6eta-pacupeseseHne siB-
JISIETCsI YaCTHBIM CJIydaeM pacipeeienus Jlupuxiie.

PaccmoTpuM cHavasia HEKOTOPBIE YaCTHBIE CIydau napamerpoB ki, ke. Slcno, uro pacupenesnenue Beta(1,1)
apysierca pasaoMepHbiM Ha (0,1). Ilpu ko = 1 Mbl mosiydaeM CTelleHHOe pacipe/ieJieHue ¢ napamerpom m = ki,
MOJIEJTUPOBAHIE KOTOPOrO 0OCYKIAJTIOCH B pas3jieie

Kpowme Toro, eciu £ € Beta(kq, k2), 10 1 — & € Beta(ks, k1). Orciona cpasdy ke ciieilyeT MeTO, MOJEJIMPOBAHUS
pacnpeyesnierus: Beta(1l, ka).

Ecmn yucna kq, ko — neinble, To u3 Caeacrsust |§| (pasmen TIpusozkeHus: 1) MOKHO BBIBECTH CJIe YOI

criocob MosieupoBanus pacupeesienus Beta(ky, ks). CornmacHo yTBEPKIEHHUIO 3TOIO CJIEACTBUSA, IIOPAIKOBAA CTa-
(n)

TUCTHUKA, a[:] , TIOCTPOEHHAs IO BBIOOPKE Qi1 ...,Qn,, UMEET Oera-pacipesesienune ¢ napamerpamu k,n — k + 1.

o n
ITosTomy, ecan momoxkuts n = k1 + kg — 1, TO ciydaiinas BesmauHa afkl)] OyZeT mMeTh HyKHOE HaM PACIIpeIesie-
uue. [Ipu Hebombmux (1esbix) ki, ke 9TOT COCOO MOMKET OKA3ATHCS ITPUEMIIEMBIM.
Ob6cymum Terepb obmuit cirydait. CyiecTByer GOJIBIIOE YUCIO AJITOPUTMOB, JIOCTATOYHO S(P(DEKTUBHBIX JTHOO
JIJIST IPOM3BOJIBHBIX TTAPAMETPOB k1, ko, JIMOO JJIsi CUTYaIiy, KOTJa Ha 9T IapaMeTPhl HAJIOXKEHBI ONPDAHUIEHUST

108 A mropurM Apenca u durepa, cm. [21], a Taksxe [10) crp. 425].

199311 1peobpaszoBammsT MOKHO IPOJO/KUTE. HarmpuMep, BMECTO TIPOBEPKH HEpaBeHcTBa exp(—n) < (2 MOYKHO IIPOBe-
PATH 9KBUBAJIEHTHOE HEPABEHCTBO 1) > — In(az). Kpome Toro, MoxKHO NpuMeHUTH OTGOD ¢ OTPAHWYEHUSIMA W T.JI.

1O9Hampumep, M(0.1) = 1.09.

MIA ecim ko > 1, TO cTemeHHOE pACIIPEE/IEHHE C TAPAMETPOM ki MOMKHO HCIOIb30BATE B KAMECTBE MAXKOPUPYIOIIETO s
MeTrona orbopa.

12Hanpumep, €CTh aarOPUTMBI, CHEIMAIBLHO IIPHCIOCOBICHHbIC Ui ciiydaes ki = k2, min(ky, ko) < 1, max(ki, ko) > 1 u
T.JI.
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HocTtarouno mosHbI 0630p Takmx MeTonoB MoxkHO Hafitn B [10, mo. IX.4]. Mbl ke 37€Ch OrpaHUIAMCST OJTHUM
IIPOCTBIM JIJTsl PEAJIU3AIUH METO/IOM, KOTOPBIII SIBJISIETCSI BIIOJTHE KOHKYPEHTOCIIOCOOHBIM, €CJIA TOJIBKO Y2Ke UMEeeTCsI
XOPOIIHii CII0COO MOEJINPOBAHUS T'aMMa-PACIIPEJICJIEHUST ¢ TPOU3BOILHBIMUA TTAPAMETPAMH.

A mmenno, ecm mosoxkuth d = 1 B Ilpemnoxenun (pazmen IMpuioxkenus 1), TO OKazKeTCst, 4TO
citydaiinag Besmauna 11 /(11 +12) uMeer Gera-pacipeeiienne ¢ napaMerpamu ki, ko IIpU yCJIOBUH, YTO CJIyYaliHbIE
BEJINYUHBL 7)1, 1)z HE3aBUCHMBI M MMEIOT raMMa-pacupeieneans Gamma(ky, 1) u Gamma(ks, 1) cooTBeTCTBEHHO.

DTOT TIpUEM TIPEJICTABISIETCS] YHUBEPCAJIBHBIM, XOTsI M HE BCErJa MeHee TPYJIO0eMKHUM, deM 6oJjiee M30NIPEHHBIE
METO/IbI

113Bce 3aBHCHT OT TOro, HACKOJIBKO GBICTPO MBI yMEEM MOICIMPOBATH aMMAa-DACIPEICTICHHs C HYKHBIMU TTaPAMETPAMI
dopMBL.
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6 O MOJeJIMpOBaHUM C JUCKPETHBIM MCTOYHUKOM CJ'Iy‘-IafIHOCTI/I

MatepuaJst 9T0ro paszesa BHIXOAUT 33 PAMKH TPAIUIINOHHOIO MOJIEJINPOBAHUS, OIICAHHOrO BO BBenenuu, u,
BOODIIE TOBOPsI, MOXKET ObITH OIIYIIEH NIPU UTCHUU.

ToBopst B IPEBIIYIIUX pa3enax O MOJEJUPOBAHNUS PA3IMIHBIX PACIIPEIEEHN, MBI IO/ TPY0EMKOCTBIO aJl-
FOPUTMOB TIOHUMAJIH (CPEJIHEE) IMCII0 OCHOBHBIX Olepaluii, HEOOXOAUMBIX JIJIsI TOJTY I€HUST OHON PEan3aIu CIry-
YallHON BEJMYUHDI U CJIy9aifHOTO BEKTOPA. IIpH 9TOM MIPEIIIoIarajioch, 9T0 HCTOYHUKOM CJIy 9aifHOCTH SIBJISETCST
[OCJIEIOBATEBHOCTD (1, . - . ) (Up, - . . HEBABUCUMBIX CJIYYalHBbIX BEJIMIUH, UMEIONIUX PABHOMEPHOE DPACIIPEIE/ICHUE
Ha unTepBaie (0, I]PE]

Ha camom gesie, ofiHaKO, F€HEPATOPHI MCEBIOCTYYANHBIX IHCEN TTOPOXKIAIOT, KAK MPABUJIO, HOCIEI0BATE b
HOCTBb YHCEJ A1, ...,0y,... TAKAX, 9TO Jyisd Hekoroporo M > 1 BelmosHsdiorcs paseHcTBa a; = x;/M, rue
x; € {0,...,M — 1}]15' TeMm caMbIM IIPEIIIOJIOKEHAE O TOM, UTO CJIydailHble BEJUIUHBI (v; IPUHAMAIOT Belle-
cTBeHHbBIE (& HE PaIMOHAJIbHBIE) 3HAYCHUS OKA3BIBAETCS HEBEPHBIM U MOYKET CJIy?KUTH UCTOYHUKOM OMIAGOK.

C sT0it TOuKM 3peHus 6oJlee eCTECTBEHHBIM SABJISIETCS MPEIOIOKEHNAE, ITO HCTOTHUKOM CJIy9aiHOCTH SABJISI-
€TCs TIOCIIEIOBATEIBHOCTh HE3ABUCUMBIX CJIYYANHBIX BEJUUUAH €1, .. .,En,. .., KaXKJIasd U3 KOTOPHIX PABHOMEDPHO
pacnpenesiena Ha MHOXKecTBe {0,..., M — 1}.

OKa3BIBACTCS, UTO €CIIM OTPAHUIHBATHCS MOJICIIPOBAHIEM JICKPETHBIX pacrpeienenuii[ 10| To Takoi momxost
JIaeT BO3MOYKHOCTB OIIMCBHIBATH OITHMAJIbHBIE (B CMBIC/IE CPEJHEro 4ucsa OOpPAINEHUH K TeHePATOPY) METOIbI U
AJITOPATMBI MOJIEIMPOBaHUs. BoJee TOro, 9TU pe3yJabTATHI MOTYT OBITH HOJIE3HBI U IS TPAIUIMOHHOTO MOJIEIH-
poBaHWUs.

Haxmem ¢ mekoTOpBIX 00X HOJTO)KeHI/IﬁE

6.1 KopHeBble quarpaMMbl U CJIO>)KHOCTb MOJEJIUPOBaAHUS

PaccMmoTpum 3aa1y MoJieIMpOBaHus JUCKPETHOTO PacCIIpeiesieHus P, COCPeIOTOYEHHOTO Ha MHOXKeCcTBe X =
{z1,...,2N} n 3amanHOrO TAbIMIEH pacpeieeHns

. (xl U xN)7 6.1

pr ... Pk .-- PN

IIpearosiarad, 9YT0 UCTOYHUKOM CHy‘{aﬁHOCTH ABJIAETCA II0CJICJ0BATE/IbHOCTL HE3aBUCUMbBIX CJIy‘IanIHI)IX BeJINMYNH
{€i}i>1, KazKnasg U3 KOTOPBIX UMEET PACIIPEIECIICHHE

Q0 (0 ko M—1> (6.1.2)

9 - G --- qmM-1

¢ HEKOTOPBIMH BEPOSITHOCTAMHE ¢;. st mpocToThl 3ammcu ancaa N u M cauTaloTcss KOHEIHBIMU, XOTsSI HEKOTOPBIE
U3 JaJIbHERIINX PACCYKICHUI BepHBI U JJid ciaydas, korga N u/mwim M 6ecKOHEIHDI.

TpasMIMOHHO CIUTAETCsI, ITO TaKas IOCTAHOBKA 3a7aqm BocxomuT K [22], Tae obcyxmaercs cuayuaait M =
N=2,p =p2=1/2u g2 =¢q € (0,1), To ecrb paccMaTpPUBAETCsi MOJEJIMPOBAHNE CUMMETPUYHBIX UCIILITAHUIT
Bephyium ¢ moMons0 HecuMMeTPUIHBIX

Hac Gymer nunTepecoBaTh KOHCTPYUPOBAHUE U UCCJIEIOBAHIE aJITOPUTMOB MOJEIUPOBAHUS B JIOCTATOYHON Mepe
IPOU3BOJIBHBIX PACIIPEIEIeHUIT B ciy4ae, Korja pacupezenenue (6.1.2) sBjsiercs NpocThIM U yHUBEPCATIb-
HBbIM. 3J1€Cb MOXKHO BbIAEIUTH cTaThio |11, rue o6cyzKipaercs onTuMaIbHOe MOAEIMPOBAHNE DAcIpejesieHus P ¢
HOMOIIBIO CJIyYailHBIX OUTOB, TO €CTh B TOM CJIydae, KOIJla paclpeaesenne Q IpeIcTaBIsgeT co00i CHMMETPUIHOE
pacnpesesierne Beprymmm. CooTBeTCTBYOIIME anropuTMbl onybiankosans! B [23] u [24].

Kak npasuiio, B 06111eM cirydae MOJIEJIUPOBAHNE PACIpeIesieHus C TIOMOIIBIO HE3ABUCUMBIX CJIyJaiiHbIX
BeJIUUHH £;, uMerommyx pacupesesenue (6.1.2)), npoussoauTces MeTosoM KopHEBbIX quarpamm. KopHesast quarpanm-
Ma onwucbiBaercs Habopom D menouex (iq,...,4,.) ¢ iy € {0,..., M — 1}, ynosierBopsomux ycjaoBuio npedukca:
ecant (i1,...,4,) € Dy 10 (i1, . ip,J1y.- -y Jm) ¢ D npu mobbix m > 1w j1,...,Jm € {0,..., M — 1}.

14K pome TOro, Mpe/ImoIarasochk, 9To BCe MATEMATHYECKIIE OIEPAIMY Ha L YHCIAMHI ITPOM3BOASTCS aGCOMIOTHO TOUHO. MBI
ceifyac He obpalllaeM BHUMAHHUE Ha IOCIEHee 00CTOSITEIbCTBO.

"S5 Huorma a; mmetor sug (bx; 4 ¢) /M. JIas Halrero anajmsa 9TO He sBJISETCA TPUHIMITHATLHBIM.

116 1T 151 mepexo/ia K TEOpeTHYIECKN HEMPEPBIBHBIM PACIIPEIEICHNAIM HYKHO YUUTHIBATE IIPE/CTABJIECHIE YICEI C IIIABAONIEH
TO4YKO#M. MBI 371€Ch HE Oy/IeM 3THM 3aHUMATHCH.

" Msnoxenne Bemercs ma ocnose crarbu [27].

8 Pernenme sToit 3azaun ouenn mpocroe: ecam {g;, 4 > 1} — IOC/IEI0BATEIBHOCTD HE3ABUCUMBIX CITYHARHBIX BEJIMYHH C
pacupeneneruem Ber(q), TO Hy>KHO MOJOKATL T = min{s : £2,_1 # €2;} u B3aTh { = €2,. ObocHyiire 3Ty mponeaypy. dro
MOKHO CKa3aTh O €€ TPYA0EMKOCTHU?
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Kpowme Toro, npeamnosaraercst, 9To

> g a4, =1 (6.1.3)

(il,...,ir)GD

B srom ciygae mbr 6ysieM TOBOPUTH, 9TO KOpHEBas juarpamMma D cozaacosana ¢ pacnpedeneruem Q u Oyjem
o6osznauars ee D = D(Q).

Hakomer, mycrs KopHeBas jguarpamma D(Q) cBa3aHa ¢ pacrpejejeHueM P Ipu IOMOIM oTobpazkeHus: f :
D — X rakoro, uro mrs moboro xp € X

S Gia, =pe (6.1.4)
i)

(xkoneqHo, (| ) crenyer us . Torpa ymnorpebisiercss repmut xopresasn duazpamma D(P, Q, f), nopoosicda-
rowas pacnpedeserue P.

ITosoxkum Temepn
T=min{n: (e1,...,&,) € D}. (6.1.5)

Torpa, ouesmmno, (6.1.3) o3HaUaer, UTO T KOHEYHO TMOYTH BCIOAY, paseHcTBO (6.1.4) mepemnucwiBaercss B BUIE
P(f(e1,...,6+) = xp) = py, u OOIIAA CXEMA MOJEJUPOBAHUS PACIPEJIEICHUsT P BBINISIIUT CJESLYIONUM 00pa3oM:
UILETCA HAMMEHBIIIee N Takoe, 4To (€1,...,,) € D u nonaraercsa € = f(e1,...,&,).

ITpumep. Pacemorpum npocreitmmit ciayaait M = N = 2, ¢ = ¢ = 1/2, 1 = 0, 20 = 1, p1 = 1/3 u
p2 = 2/3. Torma B KadecTBe KOPHEBOW JMAIDPAMMbBI MOXKHO BBIOpPATh MHOXKECTBO D, cOoCTosIee U3 3JIEMEHTOB
(1), (01), (001),... OueBnano, pasercrso (6.1.3) mpu srom Gyzger BoimonHATbCA. OTobpaxkenne f : D — {0,1}
olpeieJiuM cJieyormum obpaszom: ecsu nernodka (0. .. 01), Bxoxsiias B D, umeer yeTHoe 4uciio Hysieil, To 3HaueHue
f Ha 9TO nenouke paBHO 1, HHaUE 9TO 3HAYEHUE PABHO HYJII0. [T0CKOIBbKY

o0 o0
1/3=)"27%, a 2/3=>) 27%%]
j=1

j=1

TO TOXKE BBINOJIHAETCA. Mojemupyornas nporeaypa 37eCh OYeHb IMPOCTas: MPOBOIATCI CUMMETPUIHBIC
HCIIBITAHUS BepHYIIIN /10 TIEPBOro yCIiexXa, eCJii OH HACTYMAeT Ha HEYETHOM HWCIBITAHUH, TO MOJETUPYEMOU CIIy-
JafiHoll BeJIMYMHe IPUCBANBaeTCs 3HaUeHne 1, ecyim Ha Y€THOM — TO OFlgI

Bepremcst K 001iemy ciaydaro u OyeM WHTePIPETUPOBATh CJIyYaiiHble BEJIMYUHBI €; KaK Pe3yJIbTaThl oOpalie-
HHU K HEKOTOPOMY T'€HepaTopy CIyYallHBbIX YHCeJI, PACIpeleJIeHHBIX COIVIaCHO .

EcrecrBennoit xapakKTepuCTHKON TPYIOEMKOCTH OIMCAHHOTO BBIME METOJa MOJIEIUPOBAHUS SBJISCTCA BEJIU-
gnna K7 — cpegmee umciio CayvaifHbIX BETHYIHH &5, HEOOXOAUMOE JJTd MOy IeHHA OJHON PeaTn3aIyi CIIyJaiHol
pesmunabl €. VHave TOBOpsi, IPU MOJIEJIMPOBAHUN PACIIPEJIENIEHNsT P COTJIACHO KOpHeBol muarpamme D(P, Q. f),
BeJinurHa ET — 9TO MPOCTO CPeHee YUCI0 OOPAIleHil K TeHepaTopy.

TouHoe BbIpakeHue st BT XopoIno u3secTHO B Teopun nHdopmaimu (Hanpumep, [26, . 1 §4]). Jas Toro,
9TOOBI JIOKA3aTh COOTBETCTBYIONMINN PE3YIBTAT BEPOITHOCTHBIMU METOIAMU, OCTAHOBUMCS CHAYAJIA HA TaK HA3bI-
BaeMoM mootcdecmae Baavda.

Jlemma 6. Ilyctb &1, ...,&,,... — IOCJIEI0BATEIBHOCTh HE3ABUCUMBIX CJIyYalHBIX BEJIUYUH, UMEIONINX MaTeMa-
TUYECKOe OXKUJaHue a U TakuX, 4ro E|&| < b < oo auist Beex 4. Ionoxkum S, = & + ... + &,. Pacemorpum
CIIyJalHYO BEJIMIWHY T C KOHEYHBIM MaTEMATHIECCKUM OXKUIAHUEM, TPUHUMAIOIIYIO TIeJIble ITOJI0KUTE/IbHBIE 3HaA~
9eHUs U TAKYIO, 9TO Jjist Jroboro ¢ > 1 ciyuaitnas Besndanna &; u coObITHE T > ¢ HE3ABUCUMBL. Torma y ciaydaitHoi
BEJIMYUHBL S, CYIIECTBYeT MareMaTudeckoe oxkujanue, npudem ES; = aET.

Jloxaszamenvcmeo. 3aMeTuM, UTO

bEr =3 bPB(r i) > S EIGIP(r = i) = S E(&lr =i =3 S E(&] 7 =n) =

i>1 i>1 i>1 i>1 n>i
=Y Y E(&Glm=n) =Y E(&l+...+ &l 7 =n) > > E(S.|,7 =n) =E[S,|. (6.1.6)
n>14i=1 n>1 n>1

193101 1 mpyrue momoGHbIC TPUMEPHI MOAPOOHO pazobpansl B [11].
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CuaenoBaresnbno, E|S;| < co. Teneps, noropsisi Bece npeobpazosanus ((6.1.6) ¢ 3amenoit b na a, |£;| Ha &, Hepa-
BEHCTB Ha PABEHCTBAa, |S,| Ha S, U MOJIB3ysICh TeM UTO (KaK yrKe JOKA3aHO), MOXKHO MEHSITh TOPSIOK CyMMUPO-
BaHUs B JIBOWHOI CyMMe ) .o > <., MBI IIOJIy<InM TpeOyeMblil pe3yibTar. O

Sameuanune 16. 1. Ecin coyuaiinbie BemduHbI §; OIMHAKOBO DACIPEIENIEHB (N, HATIPAMED, €CJIM OHU HEOT-
puIaTenbHbl), T0o yeaopne E|E;| < b < 00 BBIIOJHEHO aBTOMATUIECKH.

2. Eciin ciyqaitabie Besimannbl §; HeoTpunareabubl, a BT = 0o, To paBercrso ES, = aE7 Bce paBHO mmeeT mecTo
B TOM cMbIcie, 9o ES; = co. Do chosa caemyer u3 (6.1.6)).

Jljist Toro, 4robbl MOJMY4YUTh BbIpazkenue s E7, rae 7 onpeneneno B (6.1.5)), nam nmomamoburca monsTue
SHTPONHHA JUCKPETHOTO PACTIPEEICHAS

Onpenenenune 6.1. Ilycte K > 1. Paccmorpum guckperHoe pacipesienerne R ¢ BeposTHOcTsMu 1; > 0, e
i mpoberaeT KOHEYHOE WJIM CYETHOE UHCIIO 3HadeHmit u ) .r; = 1. Durponneit Hy (R) pacupenerenus R 1o
OCHOBaHMIO K HA3BIBAETCS YUCIIO

Hg(R) == riloggri, (6.1.7)

qepes logy oboznaven Jorapudm 1o ocuosanuio K u npeiunonaraercs, 9410 x1ogy (z) = 0 upu x = 0.

3aMeTHM, 9TO HOCUTEJb PACHpee/ieHus R B OLpe/e/eHn: He ydacTByeT. KOHeYHO, SHTPOINH OHOTO U TO-
IO JKe PacCIpeJieIeHns 0 PA3JIMYHBIM OCHOBAHUSM OTJIUYAIOTCS TOJBKO MHOXKUTesiMu. Kpome Toro, sHTpous
pacrpejiejieHusT ¢ KOHEYHBIM HOCHTEJIeM KOHEYHA, a €CJIU HOCHTENb paclpejesieHns R GeCKOHeYeH, TO SHTPOIUs
Hg (R) Toxke MOXKET OKa3aThCs OGECKOHETHOI.

Hawm monaobsiTcst ciieIyrorie CBOMCTBa SHTPOINN.

Jlemma 7. 1. dya pacupeznenenus (6.1.2) ¢ koneunbim M umeer mecro HepasencTtBo Hp (Q) < logy (M). Tem
caMbIM 1ipu puKkcnpoBaHHOM M MakCHMaJsbHAsl SHTPOIMsI JOCTUrAeTCsl Ha pacnpesernernn Q ¢ ¢; = 1/M.

2. 3agaB pasbucHre MHOXKECTBA HHICKCOB | BEPOSITHOCTEH 1; Ha HEIIEPECEKAIOMINECs IIOAMHOXKECTBa I; U IOJIOKUB
$j = Der, Ti» MBI IOIYIIM HOBoE pacupesenenio S. CooTHOMeEHHE MeK 1y SHTpoIHAMI pacupefeennit R un S
sajaercs paseHcrBaMu Hy (R) > Hg(S).

Joxasameavcmeo. 1. Pacemorpum ciaydaiinyio Beauduny &, NIPUHAMAIONLYIO 3HAYeHUs 1/¢; ¢ BEPOATHOCTAMU ¢;.
Ouesnnno, EE = M uElogy (§) = Hi (Q). Tak kak dynkuus log . siBisgercsa BbITYKIIOH BBEPX, TO 10 HEPABEHCTBY
Werncena Elogy (€) < log (E€).

2. YTBepKIeHue cIeayeT U3 MenovIKN mpeodbpa3oBaHmit

Zm logy r; = Z Z ri(logg (ri/s;) +logg (s;)) = Z Z rilog(s;) + Z Z rilogg (ri/s;) <

) VA g i€ly g i€ly

< Z Z rilogg(s;) = Zsj log s (s5)-

j i€l
Jloka3aTeabCTBO OKOHIEHO. O
Bepremcst Kk MaTeMaTnIecKOMY OXKUIAHUIO CJIyYailHONW BEJIMIUHBI .
IIpeanoxenue 14. Paccmorpum pacnpepenenne Qp, UMeoliee HOCUTEIb D U Takoe, 9To
Torma mmst moboro K > 1

Hg (Qp) = Er Hk (Q). (6.1.8)

129TTonsaTHe SHTPONUE MUPOKO HCIOAL3YeTcs B Teopuu mudopmarmu (cM., Hanpumep, [25] wm [26]). 3mech Mb orpans-
YUBAEMCH JIITH TEMU CBOMCTBAMU SHTPOIMH, KOTOPbIC HaM HEOOXOMUMEI.
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Joxazameavcmeo. O6oznaunm 1; = —logk (¢e, ). Koneuno, ciyuaiinble BeJIMIUHBL 7); TOJIOKUTEIbHbI, HE3ABHCH-
MBI U OJIMHAKOBO pacipejiesienbl. Kpome Toro, 3amMeTnm, 9To

{TZi}:{El ¢D, (81,62) ¢D,...,(€17...,€i_1) %D}

Iosromy cobeitue {7 > i} u caydaiiHas BenruunHa 7); HesapucuMbl. asee,

Eni = = qilogy(a:) = Hx(Q) < oo,

tak Kak M < oo. CiemoBaTeslbHO, MBI MOXKEM IIPUMEHUTH YTBEpKICHHE JIeMMbI |§| (a Tak:ke 3amevanue B
ciyaae ET = 00) u nosyuuts pasenctso ES; = ETHg (Q), rue S, =m1 + ... + 1.

OcraJjiocs gokaszarh, aro ES, = Hy (QD). HeticrBuTenbHo, ecan 0603uHa4auTh D, mogmuoKecTBO D, cocrosiee
u3 nenovex (i1, ...,4,) AJIUHBL N, TO OKAXKETCs, 9TO

Hg(Qp) ==Y > @6, 08x(a - ¢,). (6.1.9)

n2>1(i1,...,in)EDy

C npyroit cTropoHbl, Tak Kak BBuy yciosusi upedukca {7 =n} = {(e1,...,&,) € D}, TO
ES, =Y E(Sp,7=n) ==Y E(logk(c1...€n), (€1,...,&n) € Dy),
n>1 n>1
YTO B TOYHOCTH COBIIQJIAET ¢ HpaBoii uactoio (6.1.9)). O

Cueacrsue 5. B ycnosusax pemoxenns [14 mveer mecro nepasencrsd 2 ET > Hyc (P)/ log (M).
oxasamenvcmeo. Cormacro Jlemme |7} Hy(Q) <logg M, a Hi (Qp) > Hg (P). Orcrona u u3 (6.1.8) cpasy xe
ciemyer TpebyeMoe. O
6.2 Omnrumansusie D/ (P, f)-guarpamMmmsbr

Urak, mycts y HacC mMmeercss OECKOHEYHAs IOCJIEIOBATEIbHOCTh HE3aBUCHMBIX OJMHAKOBO DACIIPEIEIEHHBIX
CIIyJalHBIX BEJIUYUH €;, IPUHUMAIOIINX C PABHON BeposATHOCTHIO 3HaveHus 0, 1, ..., M —1 npu nekoropom M > 1.
B nambheiineM 4ieHbl 3TOM MOCAEI0BATENILHOCTH Oy/IeM HA3bIBATD CAY4atinvimu M -oumamu.

Paccmorpum HekoTOpyIo KopHeByto muarpammy D (P, f), mopoxatonyio pacupeenenie P, u 06o3HaINM

te(m) = card {(i1,...,im) : f((i1,- - im)) = Te}.
Torna ycnosue (6.1.4) npesparures B pasencrso Y, te(m)/M™ = py.

Beeznem npu z € (0,1) byuxiuun
v () = Z {M™z}/M™
m2>0

3JIeCh 1z ; ODO3HAYAET JPOOHYIO YACTh YHUCHA 2) U €, () = x| (mo , TaK 9TO
& 6 M™ d M

x = Z em(x)M™™.

m>1
Iycrs, nakouen, £ = f(e1,...,6,).

IIpensioxkenume 15. 1. JTns mro6oit kopresoii Dy (P, f)-auarpammer u aro6oro m > 0 MMeeT MeCTO HEPABEHCTBO

P(r >m) > {M™p,}/M™, (6.2.1)
4

2. Pasenctsa B (6.2.1]) nocruraiorces Torma u Tosbpko Torma, Korua ty(m) = e, (pe) M Becex m u £, Ipu 3TOM

Er = v(ps). (6.2.2)

14

121370 HepaBeHCTBO HOCHT B TeOpHH MHMOPMAIINN HA3BAHKE 06pammozo nepasencmsa Illenmona 0aa k0OuPOBAHUA KAHAAL
be3 nomez.
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oxazamenvcmeo. 1. Ogesngno, P(7 < m, & = xy) = to(k)/M* < pp, 9TO IKBUBAJIEHTHO HEPABEHCTB
1<k<m De, p Yy

ST M Er(k) < [ M),

1<k<m

TaK KaK CyMMa B €ro JieBOil yactu ecth nesoe dncyao. OTciona cpasy Ke IMOoJIydaeM, ITo

]P)(T>m):;P(T>m,fixg):Z(pgf]P(TSm,f:wg))Z

14

>3 (pe — [M7pelJM™) = 3 (M p} /M

y4

2. Eciu B (6.2.1]) nocruratorcst pasencrsa, To

te(m)+ M > M (k) = [M™p,]

1<k<m

qutst Beex £, m. Caenosaresbro, to(m) = |[M™pg| (mod M) = e, (pe).
O6parnoe yrBepxaenne ouesuano. [Ipeacrasienue (6.2.2)) ciaenyer us onpenenenus dynkuuu v(z) u paBe-
crea Bt =3~ P(7 >m). O

3ameuanue 17. Pesynbrar [Ipenoxenus |15 mokaspisaer, 410 BHIGODP t¢(m) = €,,(py) 0beceunBaeT He TOJLKO
MUHHAMAJIBHOE CPeJHee YUCJI0 OOpaleHuii K FeHepaTopy, HO OJHOBPEMEHHO M MUHHMAJbHBIC 3HAUCHHS BEPOSTHO-
creit P(7 > m) upu Bcex m > 1. B yacrHOCTH, IPU 9TOM JIOCTUraeTC MAKCUMYyM BepoaTHOcTH P(7 = 1), KOTODBIl
paBen

Dﬁ%)mf =1) = %: | Mpg|/M. (6.2.3)

IIpennoxkenune 16. MunnmanbHOe 3HaUeHne [£7 yIOBIETBOPSET HEPABEHCTBAM

max (1, Hy (P)) < Dfﬁgff) Er < Hy(P) + M/(M —1). (6.2.4)

,ZIO’ICGSG;WL@./M)CT)’LGO. JleBoe HEPaBEHCTBO y2Ke O6CY)K,H&.HOCL B pazjeJjie ,H.HH JI0Ka3aTeJIbCTBa IPpaBOr'O HEpaBEH-
CTBa 3aME€THUM, 9YTO

v(z) = Z kep(x)M~F

k>1

npu x € (0,1), u onpenenum dyuximo Hys(x) pasercrsom Hyy(z) = —xlogy,(x). Beuay (6.2.2) mocrarousno
nokazarb, 4to v(z) < Hpy(x) + aM/(M —1).
sz € (0,1) maitgem Takue reasie m > 0u 1 < j < M, gro |[aM™ | = j. Torna

Hyr(z) +aM/(M ~ 1) —v(z) =Y ek(x)M_k( —logy (x) + M/(M —1) — k) >
k>1

> M (M (M =1)=Toga (j+1) )+ D ex(@) M {(m—k-+M/(M~1)~logy, (j+1). (6.2.5)

k>m

Tak kaxk M > j > 1,100 < M/(M —1)—log,,(j +1) < 1, u mostoMy mmepBoe ciaraeMoe B Ipasoii dactu (6.2.5)
HOJIOKATEIBHO, & OCTAIbHBIE — OTPHIATEIbHBL. CIIe/I0BATE/IBHO,

H(w) +oM/(M = 1) = v(x) > M~ (M/(M = 1) ~ logs,(j + 1) )+

+> - 1)M‘k(M/(M—1)—logM(j+1)) ST (M - )M Fk - m) =

k>m k>m
- M*m((j 1) (M/(M — 1) —logy(j + 1)) ~M/(M — 1)).

Ju1st OKOHUAHMSI IOKA3aTeIbCTBA OCTAJIOCh 3aMeTuTh, uro ¥ (2/(2 — 1) —log, y) > z/(2 — 1) npu z € (1,+00) u
y € (1,z]. O
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3ameuanne 18. U3 (6.2.4) caenyer yro ET — 1 upu M — oo mia a060ro GbUKCHPOBAHHOIO pacupeiesenus P
C KOHEYHOII 3HTPOIIUEH.

Taxum obpazom, mist jgwboro M > 1 u 1000ro IUCKPETHOTO pacupesesiennss P CYIIECTBYeT ONTUMAJIbHAS
kopHeBas quarpamma Dy (P, f), JocTaBisiiomasi MUHIMYM CPEIHEMY YUCIy OODAIleHuil K reHepaTopy Ipu Mo-
JIEJIMPOBAHUN PACIpe/ieieHnst P ¢ moMorbio M-6uToB.

Crenyromeil 3aadeil siBjisieTCsl MOCTPOEHUE AJTOPUTMUYECKUX CXEM [JIsi ONTUMAaJbHOro M-6uToBoro moje-
JIMPOBaHUs JMCKPETHBIX pacupejesnenuil. Takue aaropurMbl MOKHO Haiitu B [27], oqaako oHu, BooOIIe roBops,
CJIUIIKOM CJIOXKHBI, HE UMEIOT ITPAKTUIECKON IIEHHOCTH U MOITOMY 3J/I€Ch HE TIPUBOIATCS.

Bwmecro 31010 MBI O6CYIMM TTPUMEHEHHUE MOJIyIeHHBIX Pe3yJIbTATOM K TPAJUIIHOHHOMY MOJEJINPOBAHUIO.

6.3 CBga3b ¢ TPaAUIIMOHHBIM MOJEJIMPOBAHUEM

Muorue TpaJuIUMOHHbIE METOABI MOACIUPOBAHUSA JUCKPETHLIX CJIyYailHbIX BEJIMYUH HCIOJB3YIOT IIpeobpaso-
Banue Buja { = f(a), e o — cayuaiiHas BeJImunHa, pABHOMEPHO pacupejesieHHas Ha [0, 1], a f — crenuaibHbM
obpaszom nomobpannas dpynknus. Hampumep, s MOAEIMPOBaHAS PABHOMEPHOTO PACIPEICICHAS Ha MHOXKECTBE
{1,..., N} ucnonpsyor mozgesupyioiyo dopmyiy & = [Nal, a 1jisi TeOMETPUYECKOTr0 PACIIPEIEJICHUsT C apar-
merpom p € (0,1) — npeobpasosanue £ = |In(a)/In(1 — p)] .

B obmeM ciydae 3TUM CBOWCTBOM O0JIAIAIOT BCE METOABl OOPATHBIX (DYHKIHI, KOTOPbIE SBJIAIOTCH TEope-
THYECKU TOYHBIMH, €CJIM, B YaCTHOCTH, (@ OECKOHEYHOE YHUCJIO JBOUYHBIX paspaioB. Kak yzke roBOpUJIOCH, Ha
IPAKTUKE 3TO HE TaK, U MOJACTUPOBAHME C TIOMOINBI0 METOMA OOpaTHBIX (PyHKIUI, BOOOIIE roBOps, MPUBOJNAT K
MTOTPENTHOCTSIM.

ITonpoGyem onmcaTh CUTyanuu, KOTJa TaKAe MOPENTHOCTH MOTYT OKA3aThCs CylecTBeHHbIMU. [Ipemmonaras,
YTO UCTOYHUKOM CJIYUARHOCTH SIBJISIETCS MOCJIE0BATENBHOCTD CIIydafiHbIX M-OUTOB, MBI MOXKEM JIJIsl ITOTO Pa3-
HBIMU CIIOCODAMHM HCIIOJI30BaTh pe3yJbTaThl paszea [6.2

Bo-nepBbIx, Kak cienyer u3 HepasecTs (6.2.4), muckpernoe pacupesernenue P ¢ Gombiioi (HaMHOro GoJib-
nieit equnuipl) M-surpormeit H )y (P) 3aBeomo Tpebyer GOJIBIIOro yucia obpallennii K reHepaTopy JazKe [pu
ONTUMAJILHOM MOJempoBanuu. COOTBETCTBYIONIMIA TPUMED ¢ TEOMETPUIECKUM PACIPEIETICHIEM y2KE Pa3obpaH B
paszeiie Dt coobparkeHusl, OMHAKO, He paboTatoT, ecin suTponuss Hyy(P) b HEMHOTO mpeBbimaet 1.

Mozkno geiicTBoBarh u 1o-apyromy. eilictsurensao, dopmyna (6.2.3) mM03BOJIAET COCYMTATH BEPOITHOCTDH
TOTO, YTO NPU ONTUMAJILHOTO MOJCIUPOBAHUN PACIIPEICICHUS pe6yeTcsI POBHO OJTHO ODOpallleHne K
remepaTopy. Ecim 3Ta BEpOSITHOCTD OKaXKeTCsl CYIIECTBEHHO MEHbIe 1, TO 000 MEeTOI MOJEINPOBAHUS PACIIpe-
JIE€TIEHUST , HCTIONB3Y O POBHO OJTHO OOpAIEHNE K TEHEPATOPY, OYI€T HETOTHBIM.

ITpuseeM IpUMeEPHI 3TOTO MOIXO/A JJIsl PABHOMEPHOTO HA MHOXKeCTBe {1, ..., N} 1 reomeTpuveckoro pacmpe-
nesnennii. B mepsoMm ciryuae

Tmax(1) & maxP(7 = 1) = A|A7Y
¢ A = N/M, aro passo uyato upu N > M. Ilpu N < M curyanus npyrasi. Hanpumep, npu THOMIHOM BbIGODE
M = 232 ya N = 2F < 232 tpebyercs poBHO 01HO OGpaleHne K TeHepaTopy, B To BpeMs Kak mpu N = 2F + j ¢
1<j<2k
Tmax (1) = 1= 27378 4 jo7F — j27%2,
9TO JaeT Mmax (1) ~ 1 — 2732+ npu manenpkux j u 6ompmmx k. Tem cambiM caydait N, 6imsknx K M, TpeGyer

BHUMATEJIbHOCTH 1 OCTOPOXKHOCTH.

Tabauna 1: BepositHocT ojHoro obpairenust K reaeparopy. ['eoMerpudeckoe paciipejiesieHue.

d k

16 9 10 11 12 13 14 15
32 25 26 27 28 29 30 31
64 57 o8 99 60 61 62 63

| Tmax(1) [ 0.97 [ 0.95 ] 0.92 | 0.86 | 0.75 | 0.59 | 0.35 |
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Yro KacaeTcs reOMeTPHYECKOrO pacupeliesienns, TO YI00HOe JJIsi TEOPETHIECKOro aHAJIN3a MPE/ICTABIEHUE
MIpaBoOi YacTH , BoODIIE TOBOPSI, oTcyTCcTBYeT. B Tabsurie 1| mpuBeeHbI pe3yIbTaThl KOMITBIOTEPHBIX BBHIUMC-
JIEHUI BEPOSITHOCTH Tax (1) miist M = 20 p Pa3JINYHBIX P BUJA 27k,

Kak u ciemoBaio oxumarb, npu k, OIu3KUX K d, aJCOPUTMBI, HCIIOJIL3YIOMME POBHO OJIHO OOpAallleHne K
TE€HEPATOPY MCEBAOCIYIaiiHbIX InCces, OYIyT BEChMa HETOUHBIMHU.

ITpubiinzKeHHOE PABEHCTBO YUCET Tmax(l) B Tabmuue [I| npu pasueix d, k ¢ omunakosoit pasuocroio d — k
OOBSICHSETCA TEM, UTO NIPH MATEHBKHEX P UHCJIO TeX 3HadeHui j, pu Kotopeix | Mp(1 — p)? | = n > 0, npumepro
pasro In(1+1/n)/p.

Sameuanune 19. Ecim sy Kakoro-to pacnpesienernst P 0Ka3aIoch, 9TO TUCIO Tmax (1) 61m3K0 K enuHMIE, 5T0
ellle He O3HAYAET, UTO JIOOH TeOpeTHIecKn TOYHBIA (B cMblciae BBeeHnsT) ajJropuT™ MOJIEIUPOBAHNST PACIIPeie-
JieHUsi P He IPUBEJET K CEPhe3HBIM OIMMOKAM IIPH UCIOJb30BAHUN € BMECTO (v B MOIEJUPYIONIEil (hopMyIIe OHOM
[IEPEMEHHOI. DTO O3HAYAET JIUIIh, YTO TAKUE AJTOPUTMBI CYIIECTBYIOT.

Brupouem, MHOTOAECATHIETHSIST MUPOBas MPAKTUKA MOKA3BIBAET, ITO MUCIOIHL30BAHNE XOPOIIO OMPOOOBAHHBIX
METOJOB JIJIsi MOJIEJIUPOBAHUS «Pa3yMHBIX» PACIpEIeIeHNil jleJlaeT TaKue OIaCeHUs HallPaCHBIMU.
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7 IIpunoxxkenue 1. IIpeobpa3oBaHus ciIydaifHbIX BEKTOPOB

ITpeoGpazoBanue cirydaiiHbIX BEJIMIUH U BEKTOPOB — €CTECTBEHHBII (M 9aCcTO JOCTATOYHO JIEMEHTAPHBI) CIIO-
€00 HaXO0XKJIEHUs MOJIEUPYIOMuX (OYHKIINH 3aJAHHOTO pacipeaeaeHus. B 5ToM MpuIoKeHUN IPUBOTUTCS JOKa3a-
TEJILCTBO OHOTO 00I1ero (akTa, OTHOCAIIEroCs K IPeodPa30BaAHMIO CIIYIalHBIX BEKTOPOB, NMEIOIIIX abCOJIOTHO
HEIIPEPBIBHBIE PACIPEIEICHNS, & TaK¥Ke 00CYKIAI0TCS JACTHBIE CIydan, YaCTO UCIOJb3yeMble IIPU MOIEINPOBa-
HHUU.

7.1 OO1ee yTBepKaeHNE

Ipennoxenne 17. Ilycts &€ € RY — d-mepuebrit coryuaitHeiii BeKTOp, 06,13 aI0MHi PACIIPE/IeICHIeM Pe ¢ mnot-
HOCTBIO pacupejiesiennst pe, upudeM Pg¢(D) = 1 mias HekoToporo usmepumoro D C R?. PaccMOTpEM H3MEpPHMOE
orobpaskenue ¢ : D — R? u mpe/momozkmm, 910 IpH i = 1,...,n CYIECTBYIOT OTKPBITHIE HOMAPHO HEIlepeceKaio-
muecs noaMHoKecTBa D; C RY, yI0B/IeTBOPSIONIUE CIICIYIOMUM YCIOBHSM.

1. Mruoxecrsa D n U}, D; coBnagaroT Pg¢-TIOITH BCIOY.

2. O6ozuaunMm ¢; = ¢|p,, ¢(D;) = ¢;(D;) = G; u upeanoIOKUM, ITO IpH JI0GOM ¢ oTobpaxkenue ¢; : D; — G

e dABjAeTCA Ouexmuei ¢ P; = ¢; L

e HenpepbiBHO juddepentnupyemo ¢ det ¢, # 0 B G;.

Torza ciayuaiiHbIl BeKTOp 7] = (b(f) obragaer mwioTHOCTEIO Py (Y) 1
pr i(Y)) [ det i(Y)] I, (Y). (7.1.1)
Joxasamenvcmeo.
P(7 € A) = P(¢( ZP e A EeDy) =) P(¢i(€) € ANG;, £ € Di) =

= Z]P’(qs,(f) €eANG,) = Z/{ ”» )EAQG.}pf(X)dX =

—Z/ () | det >|dY=/Zpng ) | det Wi(¥)] I, (V) Y,

qTo U Tp€6OBaHOCB JI0Ka3aTh. O

7.2 YacrtHble cJiydau, I1oJie3Hblie AJidd MOoAdeJIMPOBaAHUA

Ilepeitnem Tenepnb K mpumepam npumenenus [Ipegmoxxenust

7.2.1 Adwunnable tpeobpa3oBaHUSA

O6umas dopmyna. B ycnosusx [penoxenns (17 Bosemem n = 1 u ipun X € R nomosxum ¢(X) = AX +b,
re A — mesbipokennas d x d marpuna u b€ R Torma ¢(Y)=A"Y(Y —b) u (7.1.1)) npespamaerca B

py(Y) = |det A" pe (A (Y —b)). (7.2.1)
Hanpumep, ecm ciayuaitmeiit Bektop & = (£1,...,&1)T nmeer miornoets pacupesesenus pg(z1,...,24) 1 HAC
HHTEpecyeT COBMECTHOE paclpe/ie/leHue CIydaltHbIX BeIu4IuH 7y = &1, 7; = & — &§j—1, J = 2,...,d, TO COOTBeT-
CTBYIOITEe OTODPaKEHUE ¢ SIBJIAETCS JTMHENHBIM HEBBIPOXKJIEHHBIM C OIPEIEJINTEIEM, PABHBIM IFEI a obpaTHOE
oTOOpaXkKeHue 1) ONpee/IsATCs PABEHCTBAMEA T; = Y1 + ... + ¥, ¢ = 1,...,d. IlosTomy
Po(y, - ya) = Pe(yry1 + ¥z, -y + -+ Ya) (7.2.2)
Eciu xke (B 9THX K€ YCJIOBUSX) HAM HY’KHO HANTH COBMECTHYIO IIOTHOCTH DACIPEIEICHUs CJYJalHbIX Be-
gumane 1, = &1, = &1+ &2,...,ng = &1 + ...1g, TO COBEPIIEHHO AHAJOTUYHBIE PACCYKIEHUS anBegy@ K
pe3yJabTaTy
Po(Y1s- - Ya) = Pe(Y1,92 — Y15+, Yd — Ya—1)- (7.2.3)
122TTposepore!
1231 posepore!
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OpHoMmepHBbIil cay4yaii. B caywae d = 1 adunnoe oTrobpazkenue ¢ onpesesnsercss paBeHCTBOM ¢ (x) = ax + b,
YCJIOBUE HEBBIPOXKIEHHOCTU BBINISLIUT Kak a 7% 0 u dpopmyna ([7.2.1) npruobperaer Xoporio u3BeCTHBINH BHL

Poly) = ﬁ pe((y — b)/a). (7.2.4)

C TouYKHM 3peHus MOIEJMPOBAHUSI TO O3HAYAET, YTO MeHEepUPOBAaHUE OJHOMEPHOI'O PACIIPEJIE/IEHUs] C ILJIOTHOCTHIO
HE TPEJICTABJSET TPY/AA, €CJU TOJIBKO MBI YMEEM IOJIy9aTh Pean3allid CJIyJailHON BEJUYIUHBI £ C ILIOT-
HOCTBIO PACIPEJIEJICHH Pg: B 9TOM CJIydae JIOCTATOYHO IIOJIOKHUTD 1) = a& + b.

Takux npumepoB MHoro. Hamnpumep, ecim HaM Hy»KHO npomozesupoBaTs pactpeeseane EXP(u), To mocra-
TOYHO yMeTh MOJEINpOBaTh cayuaiinyio Besmuny 1 € EXP(1), a morom cmesnars npeoGpasosanue & = 1/u.
Jlpyroii cTaHIapTHBIN TpUMED: /i MOIEJMPOBaHUsI JIFOOOrO pacipee/ieHnsl U3 MapaMeTPUIECKOr0 CeMeicTBa
{N(a,0?),a € R,0 > 0} gocrarouno npomomesuposats 7 € N(0,1), a 3aTem cienath npeobpasosanue & = on + a
(nmm € = —on + a).

PaBHomepHoe pacnpegesieHne B obJiacTsaX. Ilycrsb ciydaifHbIH BEKTOD f_ PaBHOMEPHO pacIpelesieHo B
d-mepHoit obnactu D (koHeuHO, mpezmonaraercs, 9o 0 < mesg(D) < 0o0). Mratde rosops, mycts pe(X) = clp(X),
rie ¢ = 1/mesq(D).

O6o3znaunm G = AD + b — o6pa3 D npu HeBbIpOXKJIeHHOM TipeoOpaszosannu 0(X) = AX + b. Torja, Tak Kax
ALY —b) € D Torma n Tombko Torga, korma Y € G, o npuobperaer BT

py(Y) =cldet A1 15(Y).

Takum 0b6pazom, cIydailHbIil BEKTOP 7] pAaBHOMEPHO paciipejesied B obpasze G muoxkecTBa D.

OproHopMuUpOBaHHLIE JIMHElHbIe MpeobpazoBanus. Ilycrs & € R? — ciydaiiHbiii BEKTOp C ILIOTHO-
CTBIO PACHPENEICHU D¢, KOTOPas UMEET BUJL

pe(X) = F(IXI) =/ (VXTX), X = (o1,....20)".

Ecm A : R? s R? — opronopmuposannas marpuna n 77 = A€, To |det A| = 1, AT = A~!, u no dopmyre
721)

po(Y) = F(VYTAATY ) = f(Y).

Bnaunt, L(§) = L(AE).

O6ozuaunm Tereps 7 = ||€|| u T = g/r Torma ||| = 1, £ = r0 u (IOCKOIBLKY OPTOHOPMUPOBAHHOE
oToOpazkeHne COXpaHsieT JJIMHBI BEKTOPOB) AE = rAD. HOSTOM L(T) = L(AD).

CrenoBaTesIbHO, PACIPEIe/ICHHE CIyIailHOr0O BEKTOPa T, JIEZKAIIEro Ha eJUHIIHOH d-MepHOii cdepe ¢ IeHTpoM
B HyJI¢, THBADHUAHTHO OTHOCUTEIHHO JIIOOBIX OPTOHOPMUPOBAHHBIX MPeo0pa3oBanuii 3Toro BeKropa. 3uaqant, L(T)
SIBJISIETCST PABHOMEPHBIM PACIIPEJIEJICHIEM Ha 9TOi cdepe.

7.2.2 Ilepexoa K NOJIIPHBIM U chepUYECKUM KOOPIUHATAM

ITonsipabie koopauHaTbl. Kaxmas Touka X = (x,y)T € R?\ {0} Moxer GBITH OHO3HAYHO TIpeICTABIIEHA
B euge X = || X| e rue |[e| = 1. lonaras s = | X|| u e = (cost,sint)T, rme ¢t € [0,27), momyqaem Guexmmio
¢ : (z,y)T = (s,0)T, meitcreyomyto us R? \ {0} B (0,00) x [0,27). Koneuno, nepemennbie (s,t) sBisiores
TOJISIPHBIME  KOODJMHATAME BeKTopa X, a obpaTHoe orTobpaxkenue v : (0,00) x [0,27) — R?\ {0} umeer Bus
x = scost,y = ssint ¢ axobuanom det ¢’ (s,t) = s.

Ecii Temeps paccMOTpeTh CIydaiiHblil BeKTop & € R? ¢ IIOTHOCTBIO PACHpE/Ie/IeHHs pe(z,y) n obosHaIUTL
7, (Cy9aiiHbIe) TOTAPHBIE KOOPJWHATHI ITOTO BEKTOPA, TO, TAK KAK B 9TOM CIydae 7 = 1, MBI MOJIyIUM U3

[F.11), wro

Prp(8,t) = spe(scost,ssint) [ )x[0,27) (5, 1) (7.2.5)

24TTockombky P(r = 0) = 0, To 9Ta onepams KOPPeKTHa.
125 Toueny?
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Beipaxkenue ([7.2.5)) BbIIsuT 0cobeHHO IpocTO, ecan cymectByeT takas dyuxmus f : (0,00) — (0,00), 910
pe(z,y) = f(\/x2 + y2). B srom cayuae, oueBuaHO,

1
Prp(8,t) = 8f(8) Li0,00)x[0,2m) (8, 1) = 275 f(8) L(0,00) (5) o Ijo,27)(2)- (7.2.6)
9T0 3HAYUT, YTO CJIydailHble BEJIMIMHBI I U ¢ He3aBUCHMBL, ¢ € U(0,27), a r uMeeT IJIOTHOCTD PACIIPE/IeICHHSE
pr(s) =2msf(s), s > 0.
IIpumepsr.

1. CTanapTHBIM IPUMEPOM SIBJISIETCA PABHOMEPHOE PacIpe/ieeHue B eMHIIHOM KPyTe C IIEHTPOM B HYJIE, TJIe
f(s) =10,1)(s)/m u monApHLIi pajsuyc HMeeT IIOTHOCTL pacupesenenus p,(s) = 25l 1)(s).

2. Jpyroit craniapTHbIi OpuMep — COBMECTHOe pacupejieienue apyx HezaBucuMbix N(0, 1)-pacupejiesieHHBIX
CJIyJailHbIX BeJINYMH, /e

1 —(22442)/2
p(x,y) = Y- e (I,
_ =822 _
- 7
f(s) = e /2T, U IJIOTHOCTb PACIPEIEICHHUs MOJISIPHOrO PaIyca — 9TO IVIOTHOCTL DPACIIpPEIe/ICHIUST
Pajtes, To ectb pr(s) = se=*"/2 pu s > 0.

TlonsaTHO, KAK MOYKHO MCIIOJIb30BATH MOI0OHOTO PoJia (DAKTHI JJIsT MOJIEIMPOBAHUST: TTOCKOJIBKY TTOJISIPHBIN pa-
JIMYC ¥ TOJISIPHBIA yroJ HE3ABUCHMbI, TO MX MOXKHO MOJIEJUPOBATH OTJEJBHO, & IIOTOM IE€PEXOJUTh OOpATHO B
€BKJINJOBY CHUCTEMY KOODJHMHAT, IIPUYEeM CJIO?KHOCTU MOT'YT BO3HUKHYTH TOJIBKO IIPH MOJEJUPOBAHUU pacIipejie-
JICHUS IIOJIAPHOTO pajguyca.

Cdepuyeckne KOOpIMHATHI 1 PABHOMEPHOE pachpejiejieHrne Ha cepe. AHaJIOrmTHo TOJIPHBIM
KOODJMHATAM Ha IIOCKOCTH, KaXKIblil Heny/eBoil Bekrop X = (z,y, Z)T € R? MoxkeT GBITH OIHO3HAYHO IIPE/ICTAB-
nen B Buzne X = || X|| €, tme

€ = (cos(t) cos(u), sin(t) cos(u),sin(u))T, t€0,2m), we[-m/2,7/2].

9T0, KOHEYHO, COOTBETCTBYET IIEPEXO/LY OT €BKJIMJIOBOH CHCTeMBl KOOpAMHAT (Z,Yy,2) K chepudecKkoil cucreme
(s,t,u) co chepudaeckum paguycom s = || X||, goaroroit t u mupoToit u. XopoIo u3BeCTHO, UTO IKOGHAaH 06PATHOTO
oTobpazKeHus paseH s2 cos(u).

[osTomy, econ coryuaitaeiit Bektop & = (€1, &2, &3)T nmeer miornocTs pactpesenenus pg(z,y, z), To chepude-
CKH€ KOODJMHATEI T, 0, § 9TOr0 BEKTOPA UMEIOT COBMECTHYIO MJIOTHOCTD

Prip,0(8,t,u) =pe (s cos(t) cos(u), s sin(t) cos(u), s sin(u)) s* cos(u), (7.2.7)

cocpesiorouennyto B obsactu (0,00) X [0,27) x (—7/2,7/2). B cayuae, Korja

pe(@,y,2) = f(Va? +y? +22), (7.2.8)
pasenctBo ([7.2.7)) npuobperaer BuI

1 cos(u
Do, 0) = 47 2 F()M0.) (8) = T amy (1) XD T gy ()

Taxum 06pa3oM, CJIydaifHble BEJIUIUHBL I', ¢ U § OKA3bIBAIOTCS HE3aBUCUMBIMU, IIPUIEM JIOJITOTA  PABHOMEPHO
pacrpesesena na (0, 27), IWIOTHOCTD p,.(s) pacupesenenns r pasaa 47 s2 f(s2), a maoTHOCTD Pg(U) PacpeneneHus
mupoTsl § cocpenorodena Ha (—m/2,7/2) u paBHa Ha ToM nHTepBaJe 0.5 cos(u).

Hampumep, ecim € = (&1, &, &3)T — cayuaiinbii BexTop ¢ nesasucumbivu N(0, 1)-pacipe/ie/leHHBIME KOOP/IH-
HATAMHU, TO €ro IJIOTHOCTH pacipeesenus pasha (2m)~3/2e~(@ v +2)/2 'y jmma r = ||€]| storo BexTopa Gymer
UMeTb IUIOTHOCTH pacipejiesienus /2 /7 s2e=5"/2,

Kak y»xke 06cyKIa/10Ch B pasiese ecam catyuaiiablii BekTop & nmeer pacipesernenne (7.2.8), To Bexrop
v = &/||€|| pasrOMepHO pactpesenen Ha nosepxHoctH cdepsr {(x,y, z) : 22 + 32 + 22 = 1}. C apyroit cTopoHs,
KOODJHMHATHI U1, U2, U3 3TOIO BEKTOPA BBIPAZKAIOTCS depe3 CIydaiiHble BeJIMYUHLL ¢ 1 0 Kak

v1 = cos(p) cos(f), vy =sin(p)cos(f), wvs = sin(h). (7.2.9)
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IMockonbky 6 umeer mwoTHOCTD Py (u) = cos(u)/2, |u| < w/2, a dbyukius sin(u) obparumMa Ha TOM HHTEPBAJIE,
To, cormacuo [Ipemoxkenuto [17]
1
Pus(2) = 0.5 cos(arcsin(z)) ’arcsin’(z)‘ = 0.5 cos(arcsin(z)) cos(arcsin(2)) =05
upu |z| < 1. Takum ob6pazom, v € U(—1, 1). Koneuno, Takoe e pacipe/ie/ieHue UMeeT 1 CKaJIAPHOE IPOU3BEICHUE
v, = 'L st MOGOTO JIETePMUHUPOBAHHOIO BEKTOPA § e IMHIHOf 11 [ 20]

7.2.3 Tamma-pacnpegesenue n pacnpenejienue Jupuxiie

ITo onpenenennto, cayuaiitnas BenanHa £ nmeer ramma-pacnpesnenerne Gammal(k, 1) ¢ mapamerpamu k > 0
(mapamerp dopmer) u 1 > 0 (napamerp maciraba), €Ciau y Hee CYIIECTBYeT IIJI0THOCTb PACIIPEIEJIEHNUSsT, COCPEIO0-
rouennag Ha (0,00) u 3amaBaeMas GOPMyYJIOit

p* k-1
x) = ¥ e x>0
pe() o) ;
Cuyuaitabiit Bexktop (€1, ...,&4)T umeer pacnpenenenne dupuxie Dy(k1, ..., kgi1) ¢ TONOKATETLHBIMI Ta-

pamerpamu k;, €Cau ero IJIOTHOCTh PaCIpeIe/IeHIsT TMEET BUT

d
F(kl + '+kjd+1) ki1—1 kqg—1 kd+1_1
mg) = 1—z — .. — x>0, < 1.
a1 xd) 0k T (ot x] T (1= zq) x; ; T4
Ecimu k1 = ... = kgy1 = 1, 1o pacupenenenue Dg(ky, ..., k4+1) paBHOMEDPHO B obmactu ; > 0, Zle x; < 1.

Ipu d = 1 pacupegenenune Jupuxie nasbiBaeTcs Gera-pacupeaeienusy u obosnavaerca Beta(ky, k).
[IpuBenem omHO yTBEpPKIEHNE, CBA3BIBAIONICE TAMMAa-PACIIPEIeeHNe U pacupeaesenue Jupuxire.

ITpenyioxxenne 18. 1. Ilyctb 1y, ..., 14, a1 — HE3ABUCUMBIE CITyHaifible BemauHbl, ipudem 7; € Gamma(k;, ).
O6oznamm €1 = N1 + ...+ Nap1 1 § = 1i/§ayr mpu 1 <4 < d. Torma sekrop & = (&1, .- ,&0)T u coryuaiimas
BesmanHa g1 HezaucuMbl, npudeM & € Dg(ky, ... kgy1) u nge1 € Gamma(k, u), tne k =k + ... + kge1.

2. Ilycre n € Gammal(k, 1). Kpome Toro, paccmMorpum ciiydaifHblii BEKTOD
T=(m1,...,ma)" € Dalk,... kas1)

7 TOJIOXKUM Tg41 = 1 — 7 — ... — mg. Ecou n, 7 nesaBucumbt u k = k1 + ... + kgy1, tompu ¢ = 1,...,d + 1
citydaiiHble BeJIMIuHbl & = ;7 He3aBucuMbl U &; € Gamma(k;, ().
1. 10 I 17cn=1, D= (0,00)4"!
Joxazamenavcmeo. 1. Ipumenum Ipeoxkenue [17|c n =1, D = (0, 00) u
T

A(T1,. . Tgq1) = ¢ T1 T -+ Tapr
T1+...+xgr1 upum i=d+1.

mpu ¢ =1,...,d,

Torma obpaTHOe 0TOOpaXkKeHNe 1) 3aIUIIETCST KaK

YiYd+1 upu ¢ =1,...,d,
YW, Yar1) = (1, thapr) T =0T _ (7.2.10)
yd+1(1—y1—---—yd) upu ¢ =d+1,
rae y; > 0wmyr + ... +yq < 1. fcno, uro
Yd+1 mpu ¢ =j5=1,...,d,
0 upu i,j € {1,...,d}, i # 7,
;i /0y; =< i npu i=1,...,d, j=d+1,
1—(p1+...+ya) upnm i=5=d+1,
~Yd+1 mpu i =d+1, j<d.

1263701 (pakT MOKHO TaKIKe BHIBECTH U3 W3BECTHON TEOPEMBI ITKOIBHOM CTEPEOMETPHE O TOM, ITO ILIOMAIE TOBEPXHOCTH
cdepsl, BbICEKaeMas JBYMs ITapaJIeIbHBIMU IJIOCKOCTSIMU, IPOIOPIHOHAIbHA PACCTOSHIIO MEXKY STUMU IIJIOCKOCTSIMU.
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Skvo) OSH&H&GTE aro |det )| = yg 1 W, obosHauns k = ki + ...+ kqi1, IOIYyINM, 9TO COBMECTHAs MJIOTHOCTH
pacipeiesieHus CJIy4YaiHbIX BEJIUYUH &1, . ..,E4+1 PaBHA

k d k _

o) o d+1 k 1

p&(yla s ayd-‘rl) = d+1 I | (yjyd"rl ks ( E :y]) ydjjil e My ygl—&-l =
Hj:l F(kj) j=1

d

—1 Kat1—1 /J‘k k—1 e~ HY

S LV 1 H (1= w) yholemmvan (7.2.11)
H]+1 J =1 F(k)

rne y; > 0uy; + ...+ yqg < 1. IlepBoe yTBEpKIEHNE JTIOKA3AHO.
2. CoBMecTHOE pacpejesieHne CIy9ailHbIX BEeJIMYUH 71, . . ., T4, 7] UMeeT ILJIOTHOCTh pacupenenenus (|7.2.11)).
Bsaumuo-onHO3HAYHOE Tpe0Opa30BaHMe, IEPEBOSINEe ITH C/IydailHble BEJIUUUHBI B C/IydailHble BEJIUINHBI
&1, ... ,€4+1, IMeeT BHUT . Taxum obpazom, Bropoe yrBepxKaenue [Ipemroxkennus 18| sBisieTcss 0OpaTHBIM K
[IEPBOMY, M, TEM CAMBIM, CTAHOBUTCS OYEBHIHBIM O

7.2.4 PacnpenejieHUs MOPAJIKOBBIX CTATUCTUK

Mycrs a1, ..., — He3aBUCUMBIE CJIydaiiHble BEJUYUHBI, paBHOMEpHO pacupeseientbie Ha (0, 1). ITpu kax-

JIOM 2JIEMEHTADHOM COOBITUU W YHOPAIOUYUM YUCIa (v (w) 110 BOBPACTAHUIO M HOJLyYUM HOBBIE CJIydaiiHble BEJIH-
n n n o

quabl 0 < afl]) <...< afi]) < ... < afn]) < 1. OTu ciyyaiiHble BEJIMYUHBI [IPUHITO HA3BIBATH IOPSIKOBBIMU

craructukamu (Boibopku u3 pacnpenesenns: U(0, 1)). Koneuno, afﬁ) =min(ay,...,a,) u afs]) = max(aq,...,an).

IIpennoxkenne |17 103BOIAET JIETKO MOTYUUTDH CJELYIOMNAN PE3Y/IbTAT.

T
Ilpensoxxenne 19. Coyuaiinbiit BeKTOp 7] = (a[(ﬁ),...,af:])) paBHOMEDPHO pacrpejiejied B objactu G =
{1, yxn): 0< < ... <2 < ... <z <1}
JHoxazamesvcmeo. O6oznaunm U MHOKECTBO [IepeCTaHOBOK uucel 1, ..., n. 3adbukcupyem Y € ¥ ¢ ¥(1,...,n)=

(i1, in). Ipu X = (z1,...,2,)T Gymem obosnagars X BexTOp (T, ..., T;, )"
O6oznaunm Dy, = G, Torna, oueBuiHo, MHOKeCTBa Dy, u Dy, TU3BIOHKTHBI IpHU 91 # 3. Kpome Toro,

mes,, ((0,1)"\ U Dw) =0.

Yew

feno, uTo npn dukcnposanHOoM 1) € W oTobparkenne Oy : G — Dy, moTouedno onpeaenrennoe Kak X — X,
ABJISIETCS JIMHEHBIM U HeBBIPOZKAeHHBIM. IIpn sTOM MarpmIila orobpazkeHus O, OPTOHOPMUPOBAHHA H, CJIEI0BA-
TeJIbHO, UMeeT OIIPeJIeJINTeNIb, 110 MOIYJII0 PaBHBIN 1.

B sTux obosnadenusx orobparkenme ¢, mpeobpasyiomiee & = (ay,...,an)T B = ( Eﬁ), .. .,af:]))T MOYKET
OBITH (C TOYHOCTBIO JIO MHOYKECTBA MephI HOJIb) 3aIIUCAHO KaK
O(x1,...,x0) = @;l(xl, ooy @y) mpa (Z1,...,2Tp) € Dy,
npuaeM ¢pDy = G maa moboro ¢ € U. Tem cambiv ([7.1.1) mproGperaer Bz
= pe@Y)Ia(Y) = nlla(Y), (7.2.12)
pew
9TO M TPEOOBAJIOCH JTOKA3ATh. O

Caencteue 6. Ilycre 1 <s<nul <k <...<ks; <n.Torma s ycnosusix [Ipemioxenns [19|mocsietoBareibHbIE
Pa3HOCTH TOPSTKOBBIX CTATHCTUK

o™ o (n) (n) (n)
O] ko] ™ a0 Yko] — Ykoa) (7.2.13)
nmeroT coBMectHoe pacupenenenne Dy (1, ..., lsy1), tae by = ki, boy1 =n—ks+1nl; =kj—kj_yupul < j <s.
27T Iposepore!
128,H‘eﬁCTBI/IT6IIbHO?
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Zloxaszamenvcmeo. IOCTATOTHO JTOKA3aTh, 9TO CAyUANHbIE BETUINMHBI O‘El?l)]’ ceey af,? )] NMEIOT COBMECTHYIO IIJIOT-
HOCTb
s+1
I'n+1)
— l;—1

Py, (T, T) = =507 [ =05, (7.2.14)

Hj:l NS j=1
rme 0 < 1 < ... < zs < 1, a nepemennsle tg = 0 u X541 = 1 BBeleHBI TOJBKO JJIsI y,ZLO6CTBa 3aIucu. JTO

HEeMeJJICHHO ciefyer u3 pasencTsa ([7.2.2)) u onpenesenus pacupesenenus Jupuxie.
Ing mpocroThl 6ysieM joka3biBaTh paBeHcTBO ((7.2.14) mpu s = 2, ky > 1 u ks < n. Cornacuo ([7.2.12)),

ILIOTHOCTD Pk, k, COBMECTHOIO PACIPEICTCHNS CIIyIaiHbIH BeIMTHH ([, ], (([k,] AMECT B
Dky ks (T1, T2) :n!/ dzl...dzkl,l/ dzklﬂ...dzkrl/ A2yt .- . dzp,
Sky—1(0,21) Skg—ky—1(T1,72) Sn—kq (T1,1)
rme 0 <z <xa<1,0<s<tmS;(s,t)={(21,...,25) :s <z <...<zj <t} HOCKOJIbeFEI

/ dzy...dz; = (t—s) /5!,
Sj(s,t)

TO
Phoy ko (T1, 2) = n! xkl_l(xz — m1)k27k171(1 — xz)nsz
e (k1 — Dl(ky — k1 — Dl(n— ko)! :
qaro coorBercryer ([7.2.14)). Obmmit crydail uccieryercs aHaJOrUIIHO. ]

Bameuanue 20. B uacraocru, uz Ciezncrsus [6] ciiesyer, aro coBMecTHOe pacipejiesieHne pacipe/iesieHne Ipupa-

MIEHU TOPATKOBBIX CTATUCTUK afﬁ), agﬁ) — afﬁ), .. ,afs]) — O‘E:)—l] umeer pacupenenenne Jupuxie D, (1,...,1),

d
KOTODPOE€, B CBOIO Oepelb, sSIBJISIETCsI PABHOMEPHBIM PacIpesesienneM B obmact x; > 0, > ., x; < 1.

1297 ouemy?
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8 IlIpusioxkenue 2. MHoOromepHble rayCCoOBCKne pacrnpejesieHusd

Omnpenenenne 8.1. Tosopar, uro ciyuaiinbii sektop & = (£1,...,&4)T € R? umeer (d-mepmoe) rayccoBckoe
pacrpeienienue, ecam jyist joboro ¢ € R? cyuaiinas semmaumna (€,1) mmeer HopMasbHOe pactpeeserid 2| ¢

HEKOTOPbIMU ITapaMeTpaMHu a+ U 0'752.

Hy}KHbIe HaM CBOMCTBa MHOI'OMEPHBIX I'ayCCOBCKHX pacnpegeneHI/H‘/'I O6’]>€,HI/IH€HBI B TpU JIEMMBI.

8.1 OOmwmit ciry4aii

Jlemma 8. (Xapaxrepucruieckas hyHKIHUS TayCCOBCKOTO BEKTOPA)
Hycrs € = (&1,...,&)T € RY umeer rayccosckoe pacnpesenenue. Torga xapakrepuctuieckas bynkimms g (1)

CIIy9aifHOTO BeKTOpa & MMeeT BH/I
0e(t) = exp (i(a, 1)) exp (— (3t,7)/2), (8.1.1)
rae @ = E€ u ¥ — KOBapUANIMOHHAS MATPUIA BEKTOPA &.

Hoxasamenvemeo. TIpexie Bcero 3aMeTnM, ITO KOMIIOHEHTHI TayCCOBCKOI'O BEKTOPA 00J18/1aI0T BCEMU MOMEHTAMH.
JeficTBUTEIBHO, B35AB j-BIif OPT B KadecTBe ¢, MBI TIOIYYIHM, 9TO &; MMeeT HopMasabHoe pacnpenenenne. [TosTomy

MBI MOKEM TOBOPHUTH O CPEIHEM @ M KOBAPHWAIMOHHOI Marpuiie Y BeKTopa &.

2 A — 7
CocunraeM Teneps cpejiHee a; U IUCIEPCHUI0 07 CKAJSIPHOTO npoussesienns (£,t) =1 €. dcno, uro a; = (@, ).

JJTsT BBIMHUCTIEHUS TUCIIEPCUAN JIOCTATOYHO paccMoTpeTh ciaydait @ = 0. Torma

o? =RED?=EF €1 =1 EEL )i=1 2= (D).
CiiejloBaTeIbHO, XapakTepucTudaeckas MyHkims ;(7) ckangproro npousseaenus (€,7) pasna

Yi(1) = Eexp (i(£,7)7) = exp (i(a,?)7) exp (— (X7, f)7'2/2) (8.1.2)
Honarast 7 = 1 B (8.1.2), npuxoauM K Hy2KHOMY HAM Pe3yJIbTaTy. O

Taxum o6pazom, pacupejiesenne d-MepHOTO rayCCOBCKOTO CJIy9afiHOro BEKTOpa & MOJHOCTHIO OLPEJIEIIAETCST €r0
CpeJHUM @ U KoBapuaruonuoii marpuieii . ITosromy Mbl GyjeM ucnosb3osarh 3amuch £ € Ny(a@, X). Ormernm,
9TO HEBBIPOXKJIEHHOCTh KOBAPUAIIMOHHON MATPUIIA IIPU STOM HE MPEIIIOJIATaeTCs.

Caencrue 7. st Toro, 4robbl KOMIIOHEHTHI rayccoBcKoro Bekropa & € Ny(@, X)) Oblin He3aBUCHMBI, HEOOXO-
JIIMO U JIOCTATOYHO, YTOOBI OHU OBLIN TOMAPHO HeKoppeanOBaHmFiTl

Joxazamenvcmeo. Ciyaaitmbiit BekTop & = (£1,...,&q)" NMeeT HezaBHCHMBIE KOMIIOHEHTHI TOTJIA U TOIBKO TOT/IA,
KOLJa €ro XapaKTepucTuiecKas QyHKIUA ¢ (t1, ... ,tq) pacmagaeTcs B IPOU3BEIEHIe HEKOTOPHIX QYHKIMT BUIA
1;(t;). IlockompKy momapHasi HEKOPPETHPOBAHHOCTh KOMIIOHEHT 3TOIO BEKTOPA SKBHBAJIEHTHA [HArOHAJBHOCTH
€ro KOBapHUAITMOHHONW MaTPHIILI, TO YTBEPKJICHUE CJIEIYET U3 (POPMYJIbI . O

JIemma 9. (Coxpanenne rayccopoctu npu aduHHBIX npeobpasoBanusx. CylecTBOBaHHE. )

1. Ecm € € RY, € € Ny(@, ), b € R* u marpuma A mveer d cTo6108B 1 k CTPOK, TO 7 def AE+b € N (b+Aa, AXAT)
2. Kakospl 661 Hu 6p1mn BekTop @ € RY u d X d meorpunarennno OIpeJIeJIEHHast MaTPUIa Y, CYIIECTBYET TaKoe
BeposgTHOCTHOE TIpocTpancTso (2, F,P) u takas ciyuaitnas semmanna € : (Q, F) — (R4, By), uto £ € Ny(a, ¥).

Loxazameavcmeo. 1. 'ayccoBoCTb CIy9aiiHOrO BEKTOPA 7] CJIEILYET U3 IEMOYKH PABEHCTB
(7,5) = (A€ +b,5) = (b,3) + (£, A"5)

u OHpe,HeJIeHI/IH Broruncisisa cpeilHee U KOBApPHUAIIMOHHYIO MaTpPHUILy BEKTOpa ﬁ, oJIydaeM OKOHYAaTEeJIbHBIN

pe3yJIbTarT.
2. IIpexie Bcero, HaM JIOCTATOYHO paccMaTpuBarh ciay4ait a = 0. Ilycrs pg > ... g > 0 — coberBennble qucia
MaTpuIlbl Y ¢ yaeroMm ux kparnoctu. O6osnadnm U, ..., Uy COOTBETCTBYIOIIYI0 OPTOHOPMHUPOBAHHYIO CHCTEMY

130HanommmmM, 9TO 110 HAIIEMy COTJIAIICHHIO ITOCTOSHHAS ¢ MMeeT HopMaJbHoe pacnpesesenue N(a, 0).
1313 1ech HaM yI06HO CYMTATE, YTO CiTyHalinble BeJuaunbl £ U 1) Hekoppesuposanst, ecin Cov(€,n) = 0.
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cobcTBeHHBIX BeKTOpoB U nostoxkuM U = [Up : ... : Uy]. fcuo, uyro marpuna U sBisiercss OpTOHOPMUPOBAHHOIA,
upuuem X = UAUT, rie marpuna A jmaronasibHa ¢ 3jeMeHTaMU \j; = (.

PacemoTpuM Teneps ciydaitHelit BekTop 7 = (11, ..., 74)" Takoit, uto n; € N(0, f1;) u morpebyem, 4T06bI 9TH
KOMIIOHEHTHI OBbLJIM HE3aBUCHUMBI. Takue CjIydailHble BEJIMYUHBI CYIIECTBYIOT. Boustee Toro, Tak kak jmHeitHas
KOMOWHAIWST HE3ABUCUMBIX HOPMAJLHBIX CJIYYARHBIX BEJIMYUH UMEET HOPMAJbHOE DPACIpEIeSeHIe, TO BEKTOD 7]
uMeeT rayccoBckoe pacupegesieaue. Tounee, 7j € Ng(0, A).

Teneps, nonoxus & = UT, orydnM TpebyeMoe U3 HepBOro yTBEPIKICHU JeMMBbL. O

3ameuvanne 21. Kax yke roBopmioch, KarxKjas W3 KOOPAWHAT & MHOTOMEPHOTO TayCCOBCKOTO BeKTOpa & =
(&1,...,&)T mveer nopmambHOE (BO3MOXKHO, BLIPOYKIEHHOE) pactpe/iesienne. [lokaxkem, 9To obpaTHOE, BOOOIIE
roBOpsi, HepepHO. JJist 3TOr0 paccMOTpuM (PYHKIIAIO

1 2 2 1 2 2
_ 1@ty L @2
p(z,y) 5 ¢ to-e e(w)e(y),

rue £(z) — HedeTHaa u3MepuMast MYHKIHsL, 110 MOJLYJIIO HE MPEBOCXOIAINIAS € {UHUIIL.
$cno, uro upu stux yesaosusax p(z,y) > 0 u

1
/ p(x,y)dxdyz/ 276_(w2+y2)/2dxdy: 1,
R2

R2 &T0

TaK UTO P ABJAETCS TIOTHOCTHIO PACIPEIeeHnsa HeKOTOPOro cIydaifnoro sektopa (&1, &2)T. Konewno, sTo pac-
peJjieJieHne He ABJIAeTCs FayCCOBCKI/IMFigI B 10 ke camoe Bpems,

def 1 2
) = x,y)dy = e /2
pe, (2) /Rp( y)dy W

1 aHaJIOTHYIHOE PAaBEHCTBO BBIIIOJIHACTCA AJId IIJIOTHOCTH PacCIIpelde/ICHue CJIy‘{&fIHOfI BEJINYHNHBI 52. Tem cambiMm

51,62 S N(O, 1).

8.2 HeBbIpoxKIeHHBIN ciTyvaii

IIpeanoxenue 20. [Iycts & € Ny(@,Y). Ecim matpuma ¥ HeBLIPOXK/IeHa, TO pacipejiefenne BeKTopa & abco-
JIIOTHO HEIPEPBIBHO C MJIOTHOCTHIO

pe(X) = W (T X -2, X —@)/2 y cpe (8.2.1)

Jokasameavcmeo. Ham crosa mocratouno paccmarpmsarh ciy4dait @ = 0. [eiicrsys rak xe, kak B Jlemme [9]
PacCMOTPHM COOCTBEHHBIE YHCIA (i MATPUILI > U cooTBercrByomue marpunsl U u A. Tak kax marpuia X
HeBBIPOK/JIeHa, TO fi; > 0 mpu Beex j.

BBesiem rayccoBekuii ciydaiiubiit BeKTop 7 = (7)1,...,7q)" € HE3ABUCUMBIMU KOMIIOHEHTAMM M TAKOMH, UTO
n; € N(0, ;). Herpyamo BugeTh, 9TO IUIOTHOCTD PACHPEIEICHNs STOr0 BEKTOPa HMeeT BUJL

)T

det A=1/2 _/p-1
M) = "oman ¢ ATY Y2y ere.

Iloioxkum Tenepnb

d
E=Un=> nU;. (8.2.2)
j=1

132 NTejicTBUTEIBHO, MPUBEIEHHOE OIMCAHME IOJHOCTHIO ONPEJE/IsieT PACHPENeIeHre CIydailHOr0 BEKTOPA 7] KAK MEpBI
Ha GopeneBckoil o-arebpe B RY. A s mo6oit BeposTrOCTHOM Tpoiiku (R?, By, P) CyliecTByerT Takoe BepOSTHOCTHOE
npocrpanctso (Q, F,P) u takoit ciaywaiinerii Bektop £ : (Q, F) — (R, By), uro L(€) = P. s 10Ka3aTeIbCTBA, TOCTEIHETO
dbaxra mocrarouno B3ath Q = RY, F =By, P =P u £(w) = w as moboro w € Q.

133 A moueny?
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Corracuo Jlemme @ £ € Nyg(0,%). C apyroit croponsr, Tak kKak U~ = UL, det ¥ = det A u X1 = UA'UT, 10
u3 (|7.2.1]) mbr Oy 98€EM, YTO

_ _ det A—1/2 A —177-1 1
pe(X) = |det U 1p, (U1X) = Son— o~(ATUTY,UTY)/2 2

(27)d/2
—1/2 _ -1/2 _
Z(T;j;uge_(UA'lUTX3A3/2=:d2§;U:e_(z X, X)/2
VTBepKIeHNE TOKA3aHO. O
Pacemorpum Tenepp uactHbiil cayuait d = 2. Torma ¥ (B TepmuHax aucriepcnii 0%,(7% n KoappUIeHTa

KOPPEJISIIIUA p) UMEET BH/L

2
Y o1 po 120 2
pPo102 g5
it Toro, yTobel T8 MaTpHIla ObLIA HEBBIPOXKIEHA, HEOOXOAUMO U JI0CTATOYHO, YTO0BI |p| < 1, npudem det X =
oto3(l—p?), a

sl _ ; o3 —poi102
ofo3(1—p?) \~poroz o )’
tak a0 mpu Y = (y1,%2) "

o3yt + o3y — 2001021y

Y YY) =
( ) ofo3(1 - p?)

Takum ob6pa3oM, s CIydast HyJIEBOTO CPETHETrO

1 03yt + 03y3 — 2p0102Y1Y2
1 D) 0202(17 2)
V% Y1,Y2) = —————————F——= € 1¥2 p =
5152( ) 27010 /71_p2
vi | Y3 2%%)

1
L e (g

B 2mo1094/ 1 — p?

Ecou e cpestaee pasHo (a1, az)’, To B npasoit wactu dopmyst (8.2.3) Hy:KHO 3aMeHUTD Y1, Yo HA Y1 — a1, Y2 — 2.

(8.2.3)

8.3 BrbIpoxKaeHHBIIi ciry4aii

Kaxk Tosibko uTo nokazano, upu yciaosuu det ¥ > 0 MHOIOMEPHOE IayCCOBCKOE pacIpejie/ieHue ABJIAeTCs abco-
JIIOTHO HempepbiBHBIM. [IycTh Temeps rank ¥ = k < d.

Paccmorpum crosa pasiozxenne (8.2.2) n samernm, uTo mpu mokazareserse Toro, uto L(€) = N(0, X)), nukax
HE HCII0JIb30BaJI0Ch HEBLIPOXKIeHHOCTb Y |24 [lta ymo6eTBa 6y/ieM CUNTaTh, UTO COOCTBEHHBIC YUC/Ia MATPHUILL X
ynopsiiodenbl 1o yowsanuto. Torma py > ... > pp > 0 um u; = 0 mpu j > k. Ilpu stux ycnosusax (8.2.2)
npuobperaeT BUJ

k
£=> U
j=1

CuretoBaresibHO, Cirydaiiublii BekTop &, nmeromuii pacupezesenue N(0,Y), oKa3plBaeTCsl COCPEIOTOYCHHBIM Ha k-
MEPHOM JIMHEHHOM mojtpocrpancTee Ly ¢ basucom Uy, .. ., UkFEI Tak Kak 3Ta MOAIPOCTPAHCTBO UMEET HYJIEBYIO
d-mepuyio Mepy Jlebera, TO B BBIPOXKJIEHHOM CJIydae MHOIOMEDHOE T'ayCCOBCKOE PACIpE/IeIeHNe IJIOTHOCTA He
MeerT.

134 HeBBIPOK IEHHOCTD HyKHA GbLIA TOMBLKO JIJIsl OJIYYeHNs BUJA IIJIOTHOCTH STOI0 PACIPEIEIICHHSL.
135 A st pacupenenenus N(@, ) — na runepmockoctu Ly -+ G.
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9 Ilpuniaoxkenue 3. Ynpa kHeHUs

PaBHOMeprIe pacipeneJsieHnd B Ppa3/IMIYHbIX MHO2>KeCTBaXxX

1.
2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

ITpomosesiupoBaTh paBHOMEPHOE paclipeiesienue B o0bequnennn uarepsasios (—2, —1) u (1, 3).

ITpomoesiupoBaTh paBHOMEpPHOE pacipeelenne B KBajapare ¢ Bepmmaamu B Toukax (0,0), (1,1), (0,2) u
(1,-1).

ITpomoiesiupoBaTh pABHOMEDHOE DACIpe/eIeHre B Tpeyrojbaruke ¢ Bepmunamu B Toukax (0,0), (1,0) u
(0,1) 6e3 ucronb30BaHUs METOIA OTGOPA.

[IpomonempoBaTh paBHOMEPHOE PaCIIPee/IeHAE B IPOU3BOJBHOM TPEYTOJIbHUKE 0663 NCIIOIHh30BAHUS METO-
J1a oTbopa.

ITpomoesupoBaTh PABHOMEPHOE PACIIPEIEJIEHNE B Y€ThIPEXyrojibHuKe ¢ BepimHamu B Toukax (0,0), (1, 3),
(3,1) u (4,5), He ucnoIBL3ysT MeTOAa OTOODA.

ITpomoiesupoBaTh PABHOMEPHOE PACIIPEJIEJIEHNE B Y€ThIPEXyroJibHuKe ¢ BepimHamu B Toukax (0,0), (2,0),
(2,1) u (1,3), He ucHoIL3YsE MeTOa 0TOODA.

ITpomoesupoBaTh paBHOMEPHOE pacupejieienne B o0beaunenun npaMoyroiabauka (—1,1) x (0,1) u Tpe-
yTOJIbHHUKa ¢ BepimuHamu B Toukax (2,0), (3,0) u (3,2) 6e3 ucnonb3oBanus MeToa 0T6opa.

ITpomMoiennpoBaTh paBHOMEDHOE PaCIpeJesicHIe B O0beIMHEHNN TPEYTOAbHIKOB € BEPIIMHAMU B TOUYKAX
(0,0), (1,0) u (1,1) u B Toukax (0,0), (—1,0) u (—1,—1) Ge3 ncronb30BaHNs METOa OTOOPA.

ITpomoesupoBaTh PABHOMEPHOE PACIIPEJIEJIEHNE B BHILYKJIOM IISITUYTOJIbHUKE ¢ BepimHamu B Toukax (0, 0),
(0,2), (2,2), (3,0) u (2,—2), He ucnob3ys MeTona 0TdOpPA.

IIpomosiesiupoBaTh paBHOMEPHOE pacHpejiesieHre B TPABUJIBHOM IIECTUYTOJLHUKE C IIEHTPOM B HYJIE U CO
CTOPOHOM, paBHOI 1.

[TpomonempoBaTh TpeMsi crrocobamMu paBHOMEPHOE PACIIPEie/IeHNE B 00 beIMHEHNN KB IPATOB C BEPITUHAMMA

B Toukax ((0,0), (1,1), (2,0), (1,-1)) u ((0,0), (—1,1), (—2,0), (—1,—1)) coorBeTcTBEHHO.

[TpomMo e poBaTh paBHOMEpHOE pacipejiesienne B pasnoctn Kpaaparos [0, 112 u [, 1—¢]2. Yucno € € (0,0.5)
— IIapaMeTp.

[IpomosesmpoBaTh paBHOMEDPHOE PACIPE/IeIeHne B SJIIUIICE
2 2
) z Yy
{(az,y). 0§a2+b2§1}
JBYMS CIIOCODAMM.

[Ipomojie/IMpoBaTh JABYMs ClIOcOGaMH PABHOMEPHOe pacipejieenue B oobeunennn ksapara [0, 1] u kpyra
{(z,y) :a? +y? <1}

IIpomozemmpoBaTh paBHOMEPHOE paclpeliesieHue B 001acTh
{(z,y): R} <2*+y* <R3}

ABYM<I CHOCO6a1VII/I7 OMH U3 KOTOPBIX UMEET TPYJAOEMKOCTH, PaAaBHOMEPHO OTPDAHUYCHHYIO IO ITapaMeTpaM

0 < R; < Rs.

ITpoMosiempoBaTh paBHOMEPHOE PaCIpe/iesieHne B 00be JMHEHIN KPYTOB Pajinyca 2 1 3 ¢ IEHTPaMU B TOUKaX
(—2,0) u (1,2) cOOTBETCTBEHHO.

ITpomonenupoBaTh paBHOMEPHOE paclpeeeHne B 00be JUHEHIN JJLIUICOB
{(z,9): 0<2®+2¢y° <1} m {(z,y): 0<32® +y*> < 1}.

IIpomoieTMpoBaTh paBHOMEPHOE pacipeieIenne B mepecedenun 2-X kpyros { (z,y) : 22 +y% < 1} u {(z,y) :
(v + €)% +9y? < 1}, rae € — MasenbKoe YmcIo.

[IpomonempoBaTh paBHOMEPHOE PACIIPEIEICHIE B TOArPAdUKe INIOTHOCTH [TOKA3ATEIHHOIO PACIIPEIETICHILS

EXP(1).
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20.

21.

22.

23.
24.

25.

26.
27.
28.

29.

30.

31.

32.

33.
34.

IIpomomenmnpoBaTh paBHOMEPHOE PaCIpeieieHne B 00IaCTH
{(z.y.2): RY <a® +y" + 2% < R3}

JIByMsI CITOCODAMU, OJUH M3 KOTOPBIX MMeeT TPYI0EMKOCTh, PABHOMEDHO OI'PDAHUYEHHYIO 110 IapaMeTpaMm
0 < R; < Rs.
[IpomopempoBaTh paBHOMEPHOE PaCIPE/IeIeHIe B IIUINHIPE

{(z,y,2): 0 <z?4+y°<1,0<2< 1}.
[TpomopempoBaTh ABYMSsT criocobaMu paBHOMEPHOE PACHpeie/ieHe B IPSIMOM KPYTOBOM KOHYCE C BBICOTOM
1 u ocroBanmeM {(x,y) : 2% +y? < 1}.
[IpomopesmpoBaTh paBHOMEPHOE PACIPE/IeIeHNE B IPABIJIBHOM TETPa’Jipe, He UCIOJIb3ysl MeTo, 0Thopa.

IIpomosiesiupoBaTh paBHOMEPHOE pacCIpeseeHue B €JIMHIIHOM TPEXMEPHOM Iape C IEHTPOM B HyJe, He
HCIIOJIB3Ysl TPEXMEPHBI BApUAHT METOJa 0TOHOpa.

IIpomonesinpoBaTh paBHOMEDPHOE PACIPEIESIEHNE B TPEXMEPHOM IToArpaduke COBMECTHOH IIOTHOCTH IABYX
HezasucuMbix N(0, 1)-pacipe/ieleHHBIX CIyYaiiHbIX BEJIUUUH.

IIpomosieIupoBaTh paBHOMEPHOe pacipejieienue Ha rpanutie kpajiparta [—1,1]% aBymsa criocobamu.
[TpoMoiespoBaTh paBHOMEPHOE pacipe/iesieHne Ha o0be IMHeHIN Tpanut, Kpajparos [—2,2])% u [—4, 4]2.

ITpomoaempoBaTh PABHOMEPHOE DACIpE/eJeHNe Ha MPAHALE TPEyroIbHUKa ¢ Bepumuamu B Toukax (0, 0),
(1,0) u (0,1) aBymsa cocobamu.

IIpomosiesiupoBaTh paBHOMEPHOE PACIIPEIe/ICHUE HA TPAHUIE ITPABUJIBLHOTO IMIECTUYTOJHLHUKA C IIEHTPOM B
HyJIe U CO CTOPOHO#, paBHOIT 1.

ITpoMomemMpoBaTh PABHOMEPHOE PACTIPEIESIEHIE Ha O0bENHEHNH JIBYX OKPY?KHOCTEH ¢ TIEHTPAMH B TOTKAX
(0,0) u (—1,1) u paguycamu 1 u 2 COOTBETCTBEHHO.

ITpoMoieTupoBaTh paBHOMEpPHOE pacipejiesieHue Ha o0beuHeHun cdep
{(z,9,2): 0< 2+ 92+ 22 =1} u {(z,9,2): 0 <2®49°+ 22 =4}
ITpoMoieTupoBaTh paBHOMEpPHOE pacipejie/lecHue Ha MOBePXHOCTH IUJINHIPA
{(z,y,2): 0<2®+9*><1,0< 2z <1}

IIpomMonennpoBaTh paBHOMEDPHOE PACIIPE/IeJIEHIe Ha IPAHUIIE IPABUIBHOIO TETPAS/IPA.

ITpomonenupoBaTh paBHOMEPHOE PACIPEIe/ICHIE Ha IOBEPXHOCTH IPSIMOIO YCEUEHHOTO KOHYCa ¢ OCHOBAHU-
v {(2,y,2) 12?2 +y? <2,2=0} u {(z,y,2) : 22 +y?* < 1,2 =1}.
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O,Z[HOMepHI)Ie abCcoJII0THO HellpepbIBHbIE paclipeaejieHnda

1.

10.

11.

12.

[IpomosiesIupoBaTh MeTojiaM 0T6opa pacipe/iesieHne ¢ IIoTHOCThIo p(r) = 372 na orpeske [0, 1], ucnosnays
¢1(z) = 2z u g2(x) = 1. CpaBHATH METO/IBI.

. IIpomonespoBaTh IBYMsI CIIOCOOAME PacIpesieJieHle ¢ IUIOTHOCThIO p(z) = 0.5/\6_)“:6_(1‘, rme a € Ru

A>0.

2
ITpoMomeupoBaTh pacupesieieHne ¢ IIOTHOCTBIO p(x) = ¢ (e_c” +e¥ +xe”® ), x € [0,1], He ucmoab3yst

MEeTO/I 0TOOpA.

ITpomosesupoBaTh pacipejiesieHue ¢ IIOTHOCTBIO p(x) = ¢ (:c — :cz), x € [0,1], nByms criocobaMu, OfuH U3
KOTOPBIX HE HCIOJb3yeT METOJ] 0TOopa.

[IpomonempoBaTh AByMsi CIIOCOOaAMU PACIIPEIEICHIE C MIOTHOCTHIO

e ™ mpm 0<z <L,
p(z)=c
0 nHa4e.

CpaBHUTH TPYTOEMKOCTH MOJICTUPOBAHNS B 3aBUCUMOCTH OT L.

[IpomosesmpoBaTh ABYMsI CIIOCODAME PACIPE/IEJIEHNE C IIIOTHOCTHIO

plz) = ¢ el mpu |z| > a,
1 nHadJe.

CpaBHUTDH TPYTOEMKOCTH MOJIEJTUPOBAHUST B 3aBUCUMOCTH OT Q.

[IpomomempoBaTh AByMsi CIIOCOOAMHU PACIIPEIeIeHNe C IIOTHOCTHIO
P(x) = (€1 1, 400) () + €71 (L oo1) (7))
ITpomonesupoBaTs MeTomoM 0T60pa (3 c110coba) pacipeieseHre ¢ IIOTHOCTHIO

nmpu —1 <z <0,
nmpu 0 <z <1,
upu x > 1,
WHAYe.

p(z) =c

1
T
e—m
0
IIpoMomenpoBaTh AByMsl CIIOCODAMU PaCIpeIeseHre ¢ INIOTHOCTHIO
—x —1)2
e ¥ +e mpu x > 0,

px) =c —x+2? npu —1 <z <0,

e upu z < —1.

HpOBeCTI/I MOJe/JINPpOBaHUE paclipele/IeHusA C IIJIOTHOCTBIO

e~(@=1)? upu x > 1,

p(x) =cq 2 npu [z <1,

e’ npu z < —1.
[IpomozesimpoBaTh TpeMst CLOCOOAME PACIIPEJIeICHIE C IIJIOTHOCTHIO
p(z) =c(z —ex(l — 1)),

cocpeioroueHHO! Ha orpeske [0, 1]. TlapameTp € Maj ¥ IOJOXKUTEIIEH.

IIpoBecTn MonesIMpoBaHMEe PACIIPEETIEHIS C ILIIOTHOCTHIO

e 2l mpu |z| < 1,

p($)=0{

e~ el nHage

TpeMsi CIOCODAMU.
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13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

23.
24.

IIpoBecTn MomesinpoBanue pacIpeieseHus ¢ IIIOTHOCTHIO

x4 (2m)~1/2 e=*/2  1pu x| <2,
(2m)~1/2 ¢=2%/2 UHAYe.

p(z) =c

HpI/I,ILyMaTI) HECKOJIBKO CIIOCODOB MOJIeJINPOBAHUA PacCIIpeae/IeHud C IIJIOTHOCTHIO
—2z—x?

_ lz|~te opu |z| > 1,
p(@) = C{ 0 uHade.

[Ipumgymars HECKOJIBKO CIIOCOOOB MOJETUPOBAHUS PACIPEIEICHNS C INIOTHOCTHIO
— -3
p(x) = c(I+ )"

IIpumaymars HECKOJIBKO CITIOCODOOB MOJIETMPOBAHUS PACIPEIE/ICHNS C INIOTHOCTHIO

—2?—af?

p(z) =ce

2 3
ITpomosesupoBaTh pacupejesenue ¢ IIOTHOCTBIO p(z) = ce® —l=I”,

IIpuaymarh HECKOTBKO CIIOCOOOB MOJEIUPOBAHUS PACIPEICTCHUs C IIOTHOCTHIO
plz) = clzf e (14 |z[*),

HpI/I IIOJIOZKUTEJIbBHOM 3HAYECHHUU napaMeTpa Q.

HpOMO,He.HI/IpOBaTB pacupejgesienue ¢ IIJIOTHOCTBIO

2
_ e™™ upu A < |z| < B,
p(@) C{ 0 nHave

TpeMsi CIIOCODaMM.

[IpomonesnpoBaTh pacipejiesenne ¢ IIOTHOCTHIO

(@) = ¢ e~ npu 0 < x < A,
b 0 MHade

IIpu MaJIEHbKOM 1 OosbIoM A.

IIpoMonemmpoBaTh pacrpeseeHne ¢ IIOTHOCTHIO

2
—x
p(:z:)—c{e mpu 1 < x < oo,
0 nHate

U ACCJIEOBATH €0 TPYIOEMKOCTb.
Yraszanue. Ecim ® — dyukuus pacupenesnenus: N(0,1), o (1) ~ 0.8423...

IIpomomennpoBaTh pacupeaeaeHue ¢ IJI0THOCTBIO
e mpu 0 < x < o0,
p(z)=c
0 nHadge
HE MOJIEJIUPYsi HOPMaJIbHOE PACIIPEJIEICHIe.

I[IpomosiesupoBaTh pacnpesesnenue ¢ mwiotHoctbio p(x) = ¢ (1 + |z|)73.

IIpoBectn nByMs criocobaMu MOJIEJINPOBAHNE PACIIPEETIEHIS C IIJIOTHOCTHIO

11—zt mpu —1 <z <0,
p(r) =c{ a? mpu 0 <z <1,

0 nHadJe.
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25.

26.

27.

28.
29.

30.
31.

32.

33.

34.

35.

36.

37.

[IpomopesmpoBaTh TpeMst CIOCOOAME PACIIPEJIETICHIE ¢ TITIOTHOCTHIO
22 mpm0<z <1,
p(x)=c{ ¢ mpul<z<2

0 WHae.

IIpomonesinpoBaTh TpeMs crocobaMu PACIpe/ieIeHIe ¢ IIIOTHOCTHIO

1 mpu 0 <z <1,
p(r)=c¢ 2> mpml<a <2
0 MHaYe.

IIpoMonenpoBaTh YeTHIPbMSI CIIOCOOAMIE PACIIPEJIESIEHNE C IIJIOTHOCTHIO
22 mpn 1<z <1,
p(r)=cq 1 mpul<z<5/3,
0 wunaue.
TTpoMosieTMpoBaTh TpeMs crocobaMu pacipejieenue ¢ mioTHocTbio p(z) = c(x? + 23 + x), x € [0,1].

ITpoMosiesmpoBaTh pacipejiesieHne ¢ IIOTHOCThIo p(x) = ce™ “%(1 4+ e~b*), 2 > 0. IlapameTpsl a, b 1010KH-
TEeJIbHBI.

[TpoMosIeMpoBaTh pacrpeaenenne ¢ mIoTHoCTo p(x) = c(z ™2 + xze*“ﬁ), x> 1.

[IpomonesnpoBaTh pacipejieieHre ¢ IIOTHOCTHIO

z? mpu 0 <z <1,

z+1
0

p(x) =c

IIpomosesiupoBaTh pacupeseseHne ¢ MIOTHOCTHIO

2

mpu 1 <z < 2,
nHave.

T mpu 0 < |z| <1,
plz)=cq |z|—1 mupml<|z| <2,
0 nHaJe.
ITpoMoIeTupoBaTh pacipe/ie/ieHie ¢ ILJIOTHOCTBIO
—(1-=2)? >
e £ ez
nHate.

[IpomonenpoBaTh AByMsi CIIOCOOAMHU PACIIPEIEIEHIE C INIOTHOCTHIO

p(x)ZC{ 8

—|=|

nmpu x > 1,
nHaJe.

[IpomonempoBaTh AByMsi CIOCOOaAMU PACIIPEIEICHIE C IIOTHOCTHIO

_ x~? pwm |z| > 1,
p(w) = C{ ||  wmaue.

2

IIpomonempoBaTh TpeMsi CocobaMu PACIPEIEICHIE ¢ IIIIOTHOCTHIO

e’ mpu |z| <1,
p(x)=cq |z| wmpml<|z| <2,
0 nHadge.

IIpomomempoBaTh TpeMs CocobaMu PACIIPEIEICHIE ¢ IIJIOTHOCTHIO

x/2 mpu 0 < x <1,
plr)=<9 c(B3—xz) mpnl<z <2,
0 nHaYe.
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

IIpomonesnmpoBaTh TpeMs crocobaMu PACIpeiesieHIe ¢ IIIOTHOCTHIO

|z —3|/2 upm|z—3| <2,
1 mpu 5 < x < 6,
0 nHadge.

p(z)=c

IIpomonesimpoBaTh TpeMs crocobaMu PACIIPEIESICHIE ¢ IIIIOTHOCTHIO

|z —1| wpm|z—1] <1,
px)=cq |z+1] wpulz+1] <1,
0 nHadge.

IIpomonesimpoBaTh TpeMs crocobaMu PACIPEIEICHIE ¢ IIIIOTHOCTHIO

2—x upn0<z <2
p(x)=cS x+1 mpu—-1<z<0,
0 nHAYe.

IIpomonesimpoBaTh TpeMs crocobaMu PACIpPEIESICHIE ¢ IIIOTHOCTHIO

1 mpu —1 <z <0,
p(x)=c 2—|z—1 mpul<z <2,
0 nHAYe.

IIpomonempoBaTh TpeMsi cocobaMu PACIpPEIeSICHIE ¢ IIIIOTHOCTHIO

1— |z mpu 0 < |z <1,
pe)=cq 1—|lz|=3| npu2<|z|<4,
0 nHade.

HpOMO,He.HI/IpOBaTB TpeMd crrocobamMm pacupejgesienue C IIJIOTHOCTBIO

1 mpu —2 <z < —1,
2 nmpu 1 <z < 2,

||  wpwm |z| <1,

0 nHaJeE.

p(x) =c

[IpomosesimpoBaTh TpeMst CLIOCOOAME PACIPEJIeICHIE C IITIOTHOCTHIO

1 mpu 0 < z <1,
. 2—zx npu 1 <z <2,
PO =¢\ 1 ory1/2) upu-1<z<0,
0 nHaJe.

IIpomosiesiupoBaTh AByMs criocobaMu pacipeiesieHne ¢ MJI0THOCTBIO

|z[* + 71"l mpum [z] <1,
plx) =c{ e 2 upu x > 1.
e3” UHaYe.

IIpomosiesiupoBaTh AByMs criocobamMu pacipeiesieHne ¢ IJI0THOCTBIO

e’ mpn x < —2,

p(x)=cq 1 mpu —2 <z < 1.
e=@=1%  prave.

IIpomonesmpoBaTh ABYMsI CIIOCODAMM PaCIPe/IeJIeHNE C IJIOTHOCTHIO

x? upu |z| < 2,
p(w) = c{ eIl npu |z| > 2.
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48. IIpomoiempoBaTh ABYyMsI CIIOCODAMU PACIPEEIeHIE C IIOTHOCTHIO

B 1/vz npu 0 <z < 1/2,
p(w) = { 1/V1—2 mpml/2<z<l.

49. IIpomonemmpoBaTh JIBYyMsl CIIOCOOAMU PACIIPEIESIEHNE C IIJIOTHOCTHIO

_l 1/\/m mpu 0 < x <1,
@=2{}

p s nHa4de.

50. IIpomosenmupoBaTh pacupeeseHne ¢ MI0THOCTBIO

p(z) = 15—2 (1+(@-1%, z€]0,2].

51. TIpoMozieanpoOBaTh PACIPEIEICHIE C ITIOTHOCTHIO
pz)=c(05+ 2z +1)*), z€[1,2].

52. IIpomomenupoBaTh pacipeesieHue ¢ IIJIOTHOCTBIO p(xr) = cx2e_”“'2/2
pomozemp pacrapey p

He dBJideTcd MeTOJ0M 0T60pa.

JBYMsI CIIOCODAMMU, OJIMH U3 KOTOPBIX

2
53. IIpoMoLeInpPOBATh PACIPEIENCHIe ¢ IIOTHOCTBIO p(z) = cxde ™ /2 x> 0, aByMst crocobaMu, OJUH U3
? b 9

KOTODBIX HE SBJISIETCS METOIOM 0TOOpA.
54. TIpomomenupoBaTh pacipejieieHue ¢ IIOTHOCTBIO p(x) = ca®Pe" x> 0.
55. IIpomosempoBaTh CJIyYaiHyIO0 BEJUYNHY C IIJIOTHOCTHIO PacCIpee/eHns
e—M1-2)
p(zr) = il © € (0,1).

ITapameTp A mO/I0KUTETIEH.

cr/(1+ %), z > 0.

56. IIpomosiesiupoBaTh pacupeseaeHne ¢ II0THOCThIO p(x

57. IIpomojiesiupoBaTh pacupeseeHne ¢ IIOTHOCThIO p(x ccosh(z), 0 <z < 1.

cxcosh(x), 0 <z < 1.

()

()
58. TIpoMosenpoBaTh PACIpeIeIeHre ¢ IJIOTHOCTEIO P(x)
59. IIpomomenuposarh pacupejesierre ¢ woTHoCThIo p(x) = crsinh(R — z), 0 < x < R.
MopgenupoBaHue AByMEPHBIX M MHOIOMEPHBIX paclpeaedeHnit

1. TIpomojiesimpoBaTh AByMsI CriocobaMu pacipeiesieHne ¢ MJI0THOCTBIO

. e ™Y mpma’+y? <1,
pa,y) = C{ 0 uHade.

2. IIpomonenupoBaTh paclpe/ieIeHne C IJIOTHOCTHIO

2 2
. e Y mpux >0, y>0,
pley) = C{ 0 uHaye

3. IlpomomenupoBaTh JIByMsi CIOCOOAMY PACIIPEIEIEHUE C TIJIOTHOCTHIO

2 2
) ceT™® 7Y mpuax+4+y >0,
py) = { 0 uHave.

4. TIpomomesmmpoBaTh pacipeaeieHue ¢ IJI0THOCTBIO
2 2
e TV mpn—-1<zx+y<l1, |z|<3, <3,
plz,y) = c{ p > Y= || lyl

0 nHaIe
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10.

11.

12.

13.

14.

15.

[IpoMonenpoBaTh pacipesieieHre ¢ IIOTHOCTHIO

JBYMsI CIIOCODAMH.

IIpomosieiupoBaTh JBYMSI

IIpomonesupoBaTs AByMst

IIpomoniesupoBaTh IByMSs

IIpomonesnmpoBaTh AByMst

[IpomonemmpoBaTh AByMst

IIpomosieiupoBaTh JIBYMSI

IIpomonenupoBaTh AByMs

IIpomonenupoBaTh AByMs

IIpomonenupoBaTh AByMS

—z?—y? _
N T EN S ED

0 nHa4ye

criocobamu pacipe/jesienue ¢ IJIOTHOCTBIO

2 2
_ e ™ YV mpmax?+9? <1,
p(@,y) = c{ 0 “Hade.

crrocobaMu pacipeiesieHne ¢ IOTHOCTHIO

—x?_y?
o= &7 el <Al <2
0 nHayve.

criocobamm paciipeaesaeHue ¢ IIJIOTHOCTBIO

2 2
_foce™™ Y mpma?+y?>1,
p(@,y) = { 0 nHaYe.

crrocobaMyl pacipejiesieHne C IIJIOTHOCTHIO

2 2
e Y mpm 1 <a?+4y? <4,
p(@,y) _{ 0 uHATE.

crrocobaMu pacipeiesieHne ¢ IIOTHOCTHIO

p(y) = ——s eV
Ve +y
CHOCO6aMI/I paciipejiejgienue ¢ IJIOTHOCTbhIO
plz,y) = c(a® +y*) e V.
crrocobaMu pacipeie/ieHre ¢ MIOTHOCTHIO

z? +y2 mpn 0 < |z, [y| <1,
plz,y)=cle Y npu 22492 >4,

0 nHade.

crrocobaMu pacipeiesieHre ¢ IIOTHOCTHIO

1 mpu 0 < a?+y? <1,
pla,y) =cQ e V" upn a?+y? >4,
0 uHade.

crrocobaMu pacipeie/ieHre ¢ IIOTHOCTHIO

_ 27 2
plz,y) = c(2® |y + |z|y?)e ™™ V.

[IpoMonennpoBaTh pacipejieieHre ¢ IIOTHOCTHIO

_f clxllyl  wpum 2| < 1yl <1,
pl,y) = { 0 WHade.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

[IpomoneupoBaTh pacipejieieHre ¢ IIOTHOCTHIO

p(z,y) = {

clelly] mpm0<a?+y? <1,
0 nHajge.

Tpems crocobamu. CpaBHUTH TPYIO0EMKOCTH.

HpOMO,HeJII/IpOBaTB pacipejesienue C IIJIOTHOCTBIO

p(x,y) =

C

0

HpOMO,HeJII/IpOBaTB pacupejgesiennue C IJIOTHOCTBIO

p(z,y) = c(=?|y| + |z]y°)

IIpoMonenmpoBaTh pacrpeseeHue ¢ IIOTHOCTHIO

p(z,y) :{ 0

ABYM<I criocobaMu.

c(e™ 7Y 4 e¥TY)

npu 22 + 42 < 1,

nHave.

e~ (@ +y?)

npu 0 < [z, |y[ <1,
nHadJe.

[IpomonesinpoBaTh TpeXMEPHOE PACIPEIEIEHIE C IIOTHOCTHIO

p(r,y,2) =c

rie ||x|| = /22 + y2 + 22.

1

L+l [lx]|

0

1
mpu [|x||* < A%,

HHAaYe,

IIpomosesupoBaTh TpexMepHoe pacupeiesieHue ¢ IMI0THOCTBIO

p(x,y,2) =c

rae (x| = /2% +y? + 22

1L+ [[x[[?

0

1

npu [[x|* < A% z,y,2 > 0,

WHaYE,

HpOMO,HeJII/IpOBaTB pacipejesienrue C IJIOTHOCTbIO

p(z,y, 2) = c(|z| + |y| + |2) e (elHlvl+1=D,

[IpomonenpoBaTh AByMsi CIIOCOOAMHU PACIIPEIEIEHIE C INIOTHOCTHIO

clz| el
p(x’y) =

0

npu |z + [yl <1,

nHa4de.

[IpomomempoBaTh AByMsi CIIOCOOAMHU PACIIpEIeIeHNe ¢ IIOTHOCTHIO

cxye *Y
p(z,y) = {

0

mpu 2% +y% <1,

nHa4e.

IIpoBectu nByMs criocobaMu MOJIEINPOBAHNIE PACIPEEIEHIS C IIJIOTHOCTHIO

p(x,y) =

100

c

1+ 22 +y?

0

mpu 22 + 42 < 1,

nHave.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

IIpomMonenpoBaTh CIy4afiHbIil BEKTOP C IVIOTHOCTHIO PACIIPE/IEIEHUST

(SL‘ ) _ c(x2+y2) npu 1‘2+y2 <1,
Py 0 nHage.
IIpomozmempoBaTh CIy4YalHbIil BEKTOP ¢ INIOTHOCTHIO PACIIPEICICHUS

_ [ c(@®+y?) mpulz+yl <1,
pla,y) = { 0 rHade.

IIpomonesinpoBaTh CIy4aiiHbIil BEKTOP C INIOTHOCTHIO PACIIPE/IEIEHUST

_ [ c(@®+y?) wpu x|+ [yl <1,
p(,y) = { 0 WHade.

IIpomoeupoBaTh CaydaftHbINl BEKTOP C IJIOTHOCTHIO PACIIPeIeIeHUsT
2.2, .2

pla,y,2) = /a2 +y2 4+ 22" (@ FV ),

IIpomosiesiupoBaTh CaydaitHbIl BEKTOP € IJIOTHOCTBIO PACIIPEICICHUS
2 2 232

p(a,y,2) = c/a? + 2 + 22 e TV

[IpomMomempoBaTh YeTHIPEXMEPHBIN CIYyIafiHbIIl BEKTOP C MJIOTHOCTBHIO
(22222 t2
p(z,y, 2,t) =6<e ("t pi(my,zt))

rie

z z| |t x 2|, [t < 1
pr(,, 1) = {lilylllll il [y, |21, ] < 1.
0 nHa4e.

[IpomonempoBaTh CIyIafiHbIl BEKTOP C IVIOTHOCTHIO PACIIPE IEIEHUS

c 1

L e R o

IIpomosiesiupoBaTh AByMs CriocobaMu CaydaiiHbI BEKTOP € IJIOTHOCTHIO PACIIPEICTICHUST

|In(zy)] 0<wmy<I,
p(z,y) =c
0 nHadge.

IIpoMonennpoBaTh AByMsl CIIOCOOAMU CJIYYANHBII BEKTOD C INIOTHOCTHIO PACIIPE/IEIEHUS

2+ +22 0<a?+y?+22<,
plx,y,2) =c
0 uHaye.

IIpomonempoBaTh IByMsi ClIOCOOAMHU CJIYyIafiHBIII BEKTOP C IJIOTHOCTBIO PACIIPE/IEIEHUS

zyz 0<z<y<z<l,

0 nHaUe.

IIpomosiesiupoBaTh AByMs CiocobaMu CIIydIaHBI BEKTOP € IJIOTHOCTBIO PACIIPEICTICHUST

r+y+z 0<z,y,2<1,

0 nHade.

101


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

Tl'ayccoBckme pacripegesieHus

1. ITpomosesnupoBaTh JBYMEpPHBIN raycCOBCKUii BeKTOp co cpeauum (0, O)T 1 KOBapUAaIMOHHON MaTpuIlei

(1)

2. TIpomomempoBaTh TPEXMEPHBIH FayCCOBCKHUI BEKTOD C HY/JIEBBIM CPEIHUM U KOBAPHUAIMOHHON MaTpuIieit

1 05 1
X=105 1 0
1 0 1

3. IlpoMonenupoBaTh raycCOBCKUiT BEKTOP CO CPEJTHUM ¢ W KOBAPUAIMOHHONW MATPUIIE X, eC/Ti

5 3 7
a=(2,1,00" u =3 2 4
7 4 10

4. TIpomomenmpoBaTh rayCCOBCKUI BEKTOP CO CPEIHUM @ M KOBAPUAIMOHHON MATPHUIEH Y, €CIu
4
a=(0,1,1) u ¥ = 7

=N
N ot W
—_

0

5. TIpomMogempoBaTh rayCCOBCKUI BEKTOP CO CPEJIHUM G U KOBAPHUAITMOHHON MaTpHIeil Y, eciiu

a=(0,-1,1)T u =

— N =
Tt O N
S Ot =

6. IIpoMonenupoBaTh raycCOBCKUT BEKTOP CO CPEJIHUM @ W KOBAPUAIMOHHONW MATPUIEH X, eC/Tu

a=(1,1,00" u =

N DN =
W W w
W W N

7. IIpomomesimpoBaTh rayCCOBCKU BEKTOD CO CPEIHUM G W KOBAPUAIMOHHONU MATPHUIEH X, ecyn
1
a=(1,0,-)" uw %=1 3 -1
1
8. IlpoMomenupoBaTh rayCCOBCKUT BEKTOP CO CPEIHUM ¢ W KOBAPUAIMOHHONW MATPHUIE X5, eC/Th
5 3 4
a=(3,0,1)T ux=[3 2 2
4 3 5
9. IlpoMonenupoBaTh rayCcCOBCKUT BEKTOP CO CPEIHUM G W KOBAPUAIMOHHON MATPUIEH X, ecIu

a=(0,0,1)" u ¥ =

W N =

2 3
4 6
6 9
10. IIpomomenmpoBaTh rayCCOBCKUIT BEKTOP CO CPEIHUM G M KOBAPUAIMOHHON MATPHUIIEN Y, €CIIu

a=(0,1,2)T u ¥ =

W o N

0 3
2 1
1 5
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11.

12.

13.

14.

15.

16.

17.

18.

19.

IIpomomenpoBaTh TayCCOBCKUI BEKTOP CO CPEIHUM @ W KOBAPHUAIMOHHON MATpHUIIEH X,

a=(1,0,1)" u =

DO = =
N = =
=N N

IIpomomenmpoBaTh TayCCOBCKUIM BEKTOP CO CPEIHUM G W KOBAPHAIMOHHON MATpHUIIEH X,

3.1
a=(1,0,-1)T uw T=1[1 3
2 2

NN DN

[IpomomempoBaTh rayCcCOBCKUT BEKTOP CO CPEIHUM G U KOBAPHAIMOHHON MATPHUIEH X,

12 2
a=(1,2,-)T wo=[2 3 3
2 3 3

ITpoMoeTMpOBaTh TayCCOBCKHI BEKTOP CO CPEIHUM G M KOBAPMAIIMOHHON MaTpuiei X,
2 1 1 -1
1 1 0 1
- T _
a=(0,1,-1,0)" u X = L 0 1 -2
-1 1 -2 5

IIpomomenmpoBaTh TayCCOBCKUI BEKTOP CO CPEIHUM G W KOBAPHAIMOHHON MATpHUIIEH X,

2 -1 1 -1
) 1 1
1 1 2 =2
1 -2 10

IIpomomennpoBaTh TayCCOBCKUM BEKTOP CO CPEIHUM @ W KOBAPHUAIIMOHHON MATpHUIIEH X,

a=(-1,1,-1,2T u ©=

O = ==
[l

IIpomoeupoBaTh TayCCOBCKUI BEKTOP CO CPEIHUM @ W KOBAPHUAIMOHHON MATpHUIEH X,

a=(0,1,-1,3)7 u ¥ =

— = =
N O DN
O N O =
W O N

IIpoMonesnpoBaTh raycCOBCKMIT BEKTOP CO CPEHUM G U KOBaPHAIMOHHON MaTpHIel X,

a=(0,1,2,2)7 u ¥ =

[ S =S
|
—_
ot
|
—

IIpomosieiupoBaTh TayCCOBCKUI BEKTOP CO CPEHUM @ M KOBAPHUAIMOHHON MATPHUIIEH X,

3
a=(0,1,-1,-D)T u ©=

O R NN
=N =N
— O

2
2
1
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. IIpomomennpoBaTh rayCcCOBCKUiT BEKTOP CO CPEIHUM G W KOBAPUAITMOHHONW MATPUIEH Y, eC/Th

a=(0,1,1,-3)7 u =

— = =
N O N
O N O =
W O N

. IIpoMonenmpoBaTh raycCOBCKHUil BEKTOP CO CPEJTHUM G W KOBAPUAITMOHHOW MATPUIEN X, eCJTh

1 1 1 1
a=(0,1,1,-D)T u = } _31 _51 g
1 2 0 2

. IIpomomenupoBaTh rayCcCOBCKUiT BEKTOP CO CPEIHUM ¢ W KOBAPUAIMOHHONW MATPHUIEH X, €CJTH

3 2 1 1
a=(3,1,-1,-1D)7 u ¥ = ? g ? _01
1 -1 0 1

. Pemmuts 3ajaqm Ilpumepa B pasmnene
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Paziu4ynbie pacipeaejieHud

1.

10.

11.

[IpomonempoBaTh CIydaiiHyio BeIMIuHy £ C PACIPEIEIeHuEM
)\k
P(¢ = k) zcye_)‘ mpu 0 < k < N.

JByMst criocobamu. Jucsto ¢ = ¢(N) cauraercsi N3BECTHBIM.

IIpomosenupoBaTh caydaiiHyio BeIuIuHy & ¢ pacupeeseHneM
P =k)=c,CF2™ O0<k<n

JIBYyMsI CIIOCOOAMU.

HpOMO)ZLeJ'II/IpOBaTI) CJ'[y‘IafIHyIO BEJIMIUHY f C paclipejejJieHueM
P(é=Fk)=c,Ck27" 0<k<|n/2].

JBYMS CIIOCODAMI.

. HpOMO,HeJII/IpOBaTB pacipejgesienue C IJIOTHOCTBIO

1 ! 2
_ —(z=y)"/24
T) = e .
p( ) 2\/27T /_1 Y

IIpomosiesiupoBaTh JByMs criocobamMu pacipeseseHne, nMeroniee pyHKITUIO PACIPeIeICHUsT

p

B =0

npu z € [0,1].

[Tapamerp p upunumaer 3nadenus u3 orpeska (0,1).

IIpomomempoBaTh AByMsi CIIOCOOAMHU PACIIPEIIEICHIE C IIOTHOCTHIO

0 nHadJe.

p(x)—c{znw”f”?_"_ +1/(2—2) npu =z €0,1],

IIpomosesiupoBaTh AByMs criocobaMu pacipeiesieHne ¢ MJI0THOCTBIO

—1 z" z—1
. (& §m+€ npu xE[O,l},

0 uHayve.

p(z) =

ITycTh MBI yMeeM MOAEIMPOBATH Pacupeeaenue ¢ mioTHocThio p(z). Kak mpomMogenposaTh pacipepeienne

¢ wiorHoctwio q(x) = 2xp(a?) ?

IIpemraraercss MozeupoBarh pacipejesierne P jBymst crocobamvu. 1lepBblil U3 HUX sIBJISIETCST METOIOM
oTbopa pachpegeneaus Q1. Bo BropoMm cHadama MeTomoM 0oTOOpa ¢ MOMOIILIO pacipeneieHns Q1 MOIEIn-
pyercst pacupenesieane Q, a morom mMomeaupyercs P orbopom u3 Q. BeisicHUTH, pa3HBIE 9TO METOMBI WJIH

Her. Bee ycioBud OJ1d METOI0B 0T6opa CYUTAIOTCA BBIIIOJTHCHHBIMU.

IIpoBeputh pe3dyibrar Ha mpuMepe abCOJIIOTHO HEIPEPBIBHBIX pacipejeneHuii P, Q1 u Q ¢ IIOTHOCTSIMHU

p(x) = 322, q(z) = 22, q1(x) = 1, e = € [0, 1].
ITpoMOIeIMpPOBATh pacIpeeIcHne ¢ IJIOTHOCTLIO

c

pla,y) =g @2 +¢?
0 nHaYe.

npu 22 + 52 < 1,

k MaJIeHbKUX Pa3JIMIHBIX [IAPUKOB PACKJIAIBIBAIOTCS IO 1 PA3IUIHBIM GOJIBIINM sIUKaM (BCe MAapUKH 10
MEIIAIOTCA B OJIUH AMUK ). [IpoMosesnpoBarh AByMsl Cocob6aMu COBMECTHOE PACIPEJIEIeHIEe TUCIa IIapOB,

IIONABIIUX B ANUKN ¢ HOMepaMu 1, 2 i 3.
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12.

13.

14.

ITpoMoIeTMPOBaTh ABYMsI CIIOCOOAMH CayUaitHyto Beamauny & ¢ pacrpeaenenueM P(E = n) = np?(1—p)"~1
n>10<p<l.

)

HpOMO,He.HI/IpOBaTB cnyqaﬁHon BeJIMYNHY f C pacipeaejgaeHneM

34 2nt!

ITpomozesupoBaTs GuHOMUANIBHOE pacupeaesenue Bin(n, 0.5), ecim u3BeCTHO, UTO N ABJISETCS IAPAMETPOM
pacIpejiesieHusI, JIJKAIUM B IIPOMEXKYTKe OT ng J0 ng + 10, rjge ny — 6osbinoe aucio. Kakoit merto
cJIelyeT BIOpATh, 9TO0BI MOJEIMPOBAHUE OBLIO JIOCTATOYHO OBICTPBIM, a TpedyeMast IaMsTh — He CJIMIITKOM
6osbmoit? IIpuBeauTe HECKOTPKO BAPDUAHTOB DEIICHMUS.
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