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1 BeHleCTBeHHI)Ie JIMHEMHbIE CTallMOHapHBbIE I1oC/JIeJ0BaTEeJIbHOCTHU

PaccMOTpuM BeIeCTBEHHYIO CTAIMOHAPHYIO B IIHPOKOM CMBICJIE [OC/IEIOBATENLHOCTD { Ty }p>1. 110
OIpeJIeIEHTTO Ew% < 00. CTaHIapTHBIMU XapPAKTEPUCTUKAMEI ITOH IMOC/IE€/I0BATEILHOCTH SIBJISTIOTCST

e cpemnee 3Hadenne Ex, = a;

e xopapuanmonnas ynkuus R(m) = Ex,2y, 1, — a?, npuaem R(—m) = R(m), a R(0) = Dz2;

n’

e u cuekrpasibHast Mepa m(d\), cocpegoroduentnas Ha (—, ).

CrekTpajbHyI0 Mepy MOXKHO OIHUCHIBATH ee crekrpasbhoil dyukmueit F(A) = m((—m, A]). Ecau
CIIeKTpaJibHast Mepa abCOIIOTHO HEIPEePhIBHA, OTHOCUTEILHO MepHI Jlebera, To ee 0OBIYHO 3a1a10T CIIEK-
TpasbHOil moTHOCTBIO f(\). B citydae BemecTBeHHON cTAIMOHAPHON MOCJIEI0BATEILHOCTH CIIEKTPAJIb-
HYIO IIOTHOCTh MOXKHO CUUTATH UCTHON (PYHKIUEH.

CooTHotleHne MeK 1y KOBapUAIMOHHONW (PYHKIIMEN U CIIEKTPAIbHON MEPOil XOPOIIO U3BECTHO:

R(m) = / ™M m(dN),
—7,7]
MIpUYEeM B CIydae CyIIECTBOBAHUS CIIEKTPAIbHON IIJIOTHOCTH

R(m) = /ﬂ e F(N)dN = /7r cos(A) f(N)d\ = 2/07r cos(A) f(N)dA,

—T —Tr

To ectb R(m) — 0 nmpu m — oo mo reopeme Pumana-Jle6era.
IIpuBesnem oaun u3 BapuaHTOB OOPATHOIO COOTHOITEHMUS.

IIpenmoxenne 1.1. Ecau ), |R(m)| < oo, mo
o0
=5 ; e ™AR(m =9 ; ™ R(m <R(O) +2 mz__l cos(mA)R(m)) , (1.1)
npuyem f HENPEPHIEHA U 02PAHUNENA.

Hoxazameavcmeo. ObozHaIUM

g(\) = % Zeiim)‘R(m).

m

Psin B mpaBoit wacTu mocieaHero paBeHCTBaA CXOAUTCS, TTPIIEM

1 —imA —imA
\g(Al)—g(Ag)\é%;‘e o emima| | R(m)| <

<L S im0 W] B+ 3 (A

|m|<mg m>mo

CanenoBaresibHO, (byHKIUS ¢ HempepbiBHA. laJee,

/ kX G (NN = ZR / MR\ = R(—k) = R(k),

9TO U 3aKaH4YHUBaET JO0Ka3aTEJIbCTBO. ]
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CaencrBue 1.1. 1. 113 pasencrsa (1.1) cpa3sy ke ciefyer, 910

R(0)+2 ) R(m) = 2mf(0). (1.2)
m=1

2. PaccyxieHusivMm, aHAJIOTMYHBIME [IPUBEIEHHBIM B [Ipe ioxkennn 1.1, MOXKHO JIOKa3aTh, UTO JIJISI JIFO-
6oro mesoro k > 1 m3 Toro, uro Y. |m|¥|R(m)| < oo, To ciemyer, aro f k pas mempepbisHO udbde-
pennupyema. Takum 06pa3oM, IVIaJKOCTh CIIEKTPAIBHON IJIOTHOCTU OKA3bIBAETCSI TECHO CBSI3AHHOI CO
CKOPOCTBIO YOBIBAHUST KOBAPUAIIMOHHON (DyHKIINH.

B Teopunm xoMILTeKCHO3HAYHBIX CJIA00 CTAIMOHAPHBIX ITOCIEI0BATEIHLHOCTEN XOPOIIO U3BECTEH CJIe-
aytomuit dpakt. Ecmm x,,, m = 0,£1,+2,... — cmabo cranmoHapHas MOCIeI0BaTEIbHOCTL C HYyJIe-
BBIM CPEJHUM W CHEKTPAJBHON IIOTHOCTBHIO f, TO CYIIECTBYET TAKON CTAHIAPTHBIN OEJIBIA IIyM &,
m=0,£1,£2, ..., 910

o 0
Ty = Z Cm+tj€f = Z CLEL—m (1.3)
j=—00

f=—00

2
u ) lel® < oo
Kosapuarmonnas Gynknus mporecca (1.3) umeer Bujy

R(n) = Exgx, =E Z cj€j Z Clan€l | = ZEcchn gjel = Z CjCjgn- (1.4)
] l Jil J

J

CuekTpajibHasi IJIOTHOCTH Tiporiecca (1.3) paBHa

fA) = % cheip‘ . (1.5)
J

B wacrtrOCTH,
’2

f(0)=217r‘20j

Bameuanne 1.1. Menstst mopsiiok HyMepanun Ko3bdUIIEeHTOB ¢; (1 KOMIOHEHT GeJIoro MIyMa € ) MOXK-
HO IOJIy4YUTH (POpPMaJbHO JAPYIyIo pOpMY IpeICcTaBJICHHs JUHEHHOro Ipolecca. Hampumep, mosaras
s=—jue, =e_p, mpl BMecTo (1.3) mpmrgem

e}

/
T = E Cm—sEg-

S§=—00

Coorsercreenno uzmensitest u dbopmyint (1.4), (1.5). B 3aBucuMocT oT peraeMoit 3a/a4u Mbl MOXKEM
IPUMEHSTH pas3Hble GOPMbI 3aIIICH OJHOIO U TOTo ke mnporecca (1.3).

Mpbr OyneM TOTOJHUTENIHHO TPeOOBATL, YTOOBI CAyvUaiiHble BEJIUYUUHBI £, ObLIN BEIIECTBEHHBI, HE3a~
BUCHUMBI 1 OJIMHAKOBO PACIpeieeHbl. Torma moceoBaTeIbHOCTD, 3agaBaeMast (1.3), 6yer Ha3bIBATHCS
aunetinot. Kornedano, munelinas 1mocje0BaTe/IbHOCTD SIBJISIETCS CUJIBHO cTanmoHapHoii. Kpome Toro, HaMm
YZ00HO OyJieT cuuTaTh, YTO U KO3(MDMUIMEHTEI ¢; TOXKe BEIECTBEHHDL.

TockombKyY 3/16Ch MPOMCXOMUT MEPEXOL OT CTAIMOHADHBIX B IIMPOKOM CMBIC/IE IPOIECCOB K CHIIBHO CTAIMOHAPHBIM
IIPOIIECCaM, TO CXOIMMOCTH B CpeaHeKBaaparmaeckoM psga (1.3) okaseBaerca memocrarouno. U3 [5, ri. IV §2 reop. 1]
CJIeJyeT, YTO IIPH OIMCAHHBIX yCA0BUAX paf (1.3) GymeT cXOAUTHCs MOYTH BCIOJLY.
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Jlerko HamucaTh JJOCTATOYHBIE YCJIOBHS [VIAJKOCTH KOBAPUAIMOHHON (DYHKIMH JIst JIMHEHHOrO PO~
necca. eficreurenso, ecu ) [c;| < oo, To

2
SIS 9l DD »I2t) SIS D o{t) ISP

CiresioBaTe/IbHO, B 9TOM CJIydae CIeKTpaJibHast IIOTHOCTE (1.5) GyjierT HenpepbIBHOIA.
BouJtee Toro, nmeer mecro ciejyiorniee yTBepK/I€HUE.

Jlemma 1.1. Iyemo 8> 0. 37, 171%]¢j| < o0, mo > 171°|R(5)| < oc.

Jloxasamenvcmeo. eitcrsurensuo, tax kax |k + j|° < 28 max (|k|?,|5]%) < 2°(|k|? + |j]°), To

D PIRDI<S Y 1P Y el lewril = Y lerl D 1l lewril = Y lerl D lm = k|P|en| <
i i i k m

i o e =2 () (]

YTBepKIeHNE JTOKA3AHO. ]
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2 OueHuBaHHE CpeIHETrO

2.1 AcuMmnroTruyeckasi AUCIIEPCUS BbIOOPOYHOI'O CPe/IHEro CTAIlMOHAPHOI IocJie10-
BaTeJIbHOCTH

Cranmaprusiit dopma HITT mas mekoTopoii moc1e10BaTeIbHOCTH { Ty, frn>1 C OJIMHAKOBBIMI CPEJHNU-
MU, PABHBIMH @, 1 KOHEYHBIMU BTOPBIMU MOMEHTAMU MOXKET OBITH 3aIlMCaHa KaK

L <S”B_nm> — N(0,1), (2.1)

rme S, =21+ ...+ xp, B,%:]D)Snﬂn%oo.
Ecan mpu srom Bg ~ no?, te 02 = const > 0, T0 (2.1) MOXKHO HepenucaThb B BUJIE

£ (=) N,
() = o

win, BBOJsL 0603HAYEHNE Ty, = Sy, /N, B BUJIE

L <\/ﬁ w) — N(0, 1),
o
9TO 9KBUBAJIEHTHO

L(v/n (Tn, —a)) = N(0, o?). (2.2)

Hockonbky DT, = B2/n — 02, To 4ucjio 02 MOXKHO HA3BIBATL KOIPHUUUEHTIOM ACUMNIMOTUNE-
cKoti ducnepcuu, BBIOOPOYHOTO cpejHero. st KpaTKOCTH MHOIJIA B 9TOM CJIydae YIOTPeOISAoT TePMUH
ACUMNINOMUYECKAHA QUCTEPCU.

Bamernm, uto (2.2) cieayer u3 (2.1) W B TOM BBIPOXKJIEHHOM ciydae, Korma B2 /n — o2 = 0, ecim
nounmMars 1o N(b, 0) pacupejenenue, cocpesoTOYeHHOE B TOUKE b.

Bepremcsi Tenepb K CTAIMOHAPHOL 110CJI€0BATENBHOCTH {Zy }n>1. Ecin y Hee criekrpasbHas Me-
pa m He uMeeT HArpy3Kd B HyJe (HAIPUMED, €CIM Y HOCIEI0BATESLHOCTH CYIIECTBYET CIHEKTpasbHAs
mtoTHOCTH), To 10 3BY B L?(dP)

Tp—a— pu({0}) =0

B L2(dP) u, creoBaTelbHo, Ty, CTPEMHATCA K @ 1O BepOATHOCTH. TakmM 06pasoM, PH 3TOM YCIOBHHI Ty,
SIBJISIETCSI HE TOJILKO HECMEIEHHOH, HO M COCTOATEIbHONM OIEHKOI CPEIHEro .

Haitmem Temeph BbIpazKeHue st IUCIIEPCUN Ty,. KaK 0OBIYHO, IJIsT STONO MBI MOXKEM PACCMATPUBATH
TOJIBKO ciiydait a = 0.

Ilpennoxkenue 2.1. /Jlucnepcus DT, moocem bumvb npedcmasaena 6 sude
1 n—1
j=—(n-1)

a maxoice 6 sude

Dz, = /( . <m>2 m(d)).
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Zloxazameavcmeo. leficTBUTENBHO,

n n—1
_ 1 1 1 . .
=1 k,l=1 j=—(n—1)
Kpowme Toro,
Dz, = i(k—I)\ _ / L ik _ / SIL{ATY
Tn =g - Z e m(d\) _In e m(d\) Ao 2) m(dN),
( ’ ]k,lzl ( ’ ] k=1 ( ) }

9TO U 3aKaHUYMBAET JOKA3aTEIbCTBO. ]

[Tepeiijiem Tereph K HpejiebHOE TIOBEJIEHNE JIUCIIEPCUU BBIOOPOYHOTO cpejiHero. CHavda a JI0KaKeM
CJIE/IYIONIYIO 3JIEMEHTAPHYIO JIEMMY.

Jlemma 2.1. Ecau pad ) ~q ap cxodumcs abcoaommno, mo

n—1
lim Z(l —k/n)ay = Zak.
oo n=1 k>1

/lokasameavcmeo. Haiinem ng takoe, aro ) ;. |ax| < e. Torma npu n > ng

n—1 no 1
dar—> (1—k/n)a <Zyaky+ Zk\ak\—i— Z(k/n) lay,| <
k>1 k=0 k>n k=no
n() 1
<Y ag + = Z Klag| + ) lak|.
k>n k>ng

IlepBoe crnaraemoe cTpeMUTCS K HYJIIO IIPU N — 00, MOCJIeIHEe IO YCIOBUIO MEHBINE €, a CPeSIHee CTpe-
MUTCI K HYJIIO TIPU N — 00 U (PUKCUPOBAHHOM €. ¥ TBEPKJICHUE JTOKA3aHO. O

Teneps He IpeCTABISET TPYAA HARTH KOI(DDUITUEHT ACUMITOTHIECKON JUCIIEPCUH JIJIsi BBIDOPOYHOTO
CpeJTHeTO.

Ilpenmoxenne 2.2. Ecau ), |R(m)| < oo, mo npu n — oo

nDT, — R(0) +2 Y R(m) =27 £(0). (2.4)
m>1
Jlokazamenvcmeo. YrBepxkienue BoiTekaeT u3 pasencrsa (2.3), Jlemmbr 2.1 u Ciepcrsust 1.1. O

Bameuyanne 2.1. Takum obpaszom, ecm f(0) # 0, ro D7, ~ 27 f(0)/n u mmeer nopsiyiok O(1/n) npn
n — 0o. Ecim sxe f(0) = 0, To aucnepcust T, CTPeMHUTCS K HYJO ObICTpee, dem 1!



2.2 UIIT pus auHeidHOH 110C/1€40BaTeIbHOCTH http://statmod.ru

2.2 HIIT ana nauHeliHO# MOCJIEI0BATEIHHOCTHA
2.2.1 Jlemma o cjaboii cXoaguMOCTH

JIemma 2.2. ITyemo &, = Ngn + Ben npu n > ng(k), 2de Mgy u Brn npunumarom snavernus 6 R.
IIpednoaosicum, wmo 6biNOAHEHDL CACOYIOULUE YCAOCUA.

1. ITocaedosamenvrocmo Bi, pasHOMEPHO MO N CTOOUMCA NO 6EPOAMHOCTIU K HYAM0 Npu k — 00 6
mom cmuicae, wmo sup,, P(|Bin| > €) — 0 npu k — oo.

2. Man 06020 k L(Mkn) = Pr npun — 00.
3. Pr = P npu k — oo.
Toeda L(&,) = P npun — oo.

Loxazameavcmeo. Bosbmem f € Cpr, 0 < f < M. Torma

= E(f(nkn + /Bkn)a ’/Bkn’ > €|) + E(f(nkn + ﬁkn) - f(nk:n)v ‘Bkm‘ < 5) + ]E(f(nkn)y |Bkn| < 5) =
= Jl(k, n) + Jg(k,n) + Jg(k, n)

Hamee mrs jroboro € > 0

sup Ji(k,n) = sup E(f (Mkn + Bin)s |Brn] > ) < M sup P(|Skn| > ) = 0

upu k — 0. 3Ha4uT, BEIOOPOM k MOXKHO C/IeJaTh J] CKOJIb YyIOJHO MaJjibiM paBHoMepHO 1o n. laJee,

To ectb BBIGOPOM € citaraemoe Ja(k, 1) MOKHO CIIeJIATH CKOJIb YTOJHO MAJILIM PABHOMEPHO 110 k, . 3areMm,

J3(ka n) = E(f(nkn)a |Bl~m| < 5) = Ef(nkn) - E(f(nkn)a |ﬁkn| > 5) = Il(kan) + IQ(kvn)'

Canaraemoe Io(k,n) 6ymer paBHOMEpHO 110 N MaJio npu GoJbinoM k. Uro kacaercs I1(k,n), To

L (k,n) — / fap = (Ef(n,m)— / fde) + < / fdPy — / fdP) — Ly(k,n) + Li(k).

Bribopom k nenaem Iy mMaJibiM, a 3aTeM IIpU 9TOM (DUKCHPOBAHHOM Kk BBIOMPAEM TaKoe 1, IYTO MaJio [3.
Tem cambiM yTBEpKIeHNE TOKA3AHO. O

2.2.2 KoHeYHO-3aBUCUMbIE CJIyYallHbIE BEJIMYUHBI

Teopembl JleBu (oHOMEpHAsI 1 MHOIOMEDHAs) TOBOPST O ¢JIAGOH CXOAMMOCTH K HOPMAJILHOMY pac-
IPEJIEJICHAIO CYMMBI (IIEHTPHPOBAHHON U HOPMHUPOBAHHO() HE3aBUCHMBIX OJNHAKOBO DACIPEICTCHHBIX
ciydaiiubix BeqaunduH. Teopema JIunnebepra ocyiecTBiisieT 0TXOJ OT OJIMHAKOBOW pacipeie/IEHHOCTH, HO
COXPAaHSET YCIOBUE HE3ABUCUMOCTH. UTO Me/aTh, €CIU CIyJdaiiHble BeJTMIUHDI 3aBUCUMBI

IIpocTbIM OTKJIOHEHUEM OT HE3ABUCHUMOCTH SABJISIETCS] KOHEYHO-3aBUCUMOCTD.

Onpepesnenne 2.1. Ciyqaifuble BEJUIUHBL X1, . . . , Ty, . . . HA3BIBAIOTCS KOHEUHO-3AGUCUMBIMU, €CITA CY-
mectByeT Takoe N > 0, uro ajst joboro [ > 1, mobwix ki, ...,k u u J0OBIX ji,...,J TaKAX, 9TO
min j; — maxk; > N ciyuaiinele Bekropa (T, , ..., Tk,) 1 (Tj, ..., T ) HE3ABUCUMBI.

Ecnn aucno M — munuMasibHOe 13 BeexX Takux N, TO BeJiMIuHbl Ha3biBaroTcst M-3apucumbivu. [lo-
IyCKast HEKOTOPYIO BOJILHOCTH, MBI 6yjieM TakzKe roBopuTh O (< M )-3aBUCHMBIX CJIydailHBIX BEIMIHHAX.
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HpI/IBe,ZLeM HECKOJIbKO ITPUMEPOB KOHETHO-3aBUCUMbBIX CJIy‘IaI';IHbIX BCJIMYNH.

IIpumep 2.1.
1. OObIUHBIE HE3ABUCUMBIE CJIyUYaHBIE BEJIMIUHBI — HOJIb-3aBUCUMBIE.

2. Ilycrs Y1, ..., Yn,... — He3aBHCUMBIE Ciydaiinbie Beanauubl. OG03HAYNM T = Y;Yj4+1. Lora x; sBIs-
forest (< 1)-3aBHCHMBIMH.

3. TloysioxkuM B yCJIOBUAX TPEIBIIYIIETO IPUMEPA

M
Tk = Z ClYkete-
(=1

Takue ciydaiinble BeIUIWHBI KOHEIHO-3aBUCHMBI. Fciau mpu stom Ey; = const; u Dy; = consty <
00, TO T; — CTAIMOHADHAs B IMMPOKOM CMbICJIE JIMHEHHAS OCIEI0BATEbHOCTh. Keau y; OJMHAKOBO
pacCIpesiesieHbl, TO OHA, SIBJISIETCS CTAITMOHAPHON B Y3KOM CMBICIIE.

IIpex e yeM moKa3bIBATEL TPEIEILHYIO TEOPEMY, OCTAHOBUMCS Ha, CJIEIYIOIIEM IIPOCTOM (hakTe.

JIemma 2.3. ITycmob cayuatinsie seausunse &1, . . ., £ umerom odunaxosvie ducnepcuu, pasrvie o>. Tozda
D(& + ...+ &) < L2062,

Jloxaszamenvcmeo. lelicTBUTETBLHO,

L
D& +...+&) =) D& +2 >  Cov(,§) =
=1

1<i<j<L

=Lo>+20> Y p(zi,3) < Lo® + L(L - 1)o” = L*0?,
1<i<j<L

9TO U Tpe6OBaJIOCb J0Ka3aThb. OJ

Teopema 2.1. (IIIT mast KOHEIHO-3ABUCHMBIX CTAIIMOHAPHBIX MTOCJIEOBATEIHLHOCTEI)
ITycmo 1, ..., Ty, ... — cusvno cmayuonapras (< M)-3asucumasn nociedo8amesbHOCMb co CpeonuM
a, Kosapuayuonnol dynkyuetd R(m) u cnexkmpasvnot naommuocmoio f. Tozda

L(vn(Z, —a)) = N(0,0?),
20e

e}

M
ol = > R(l)=R(0)+2>  R(I) =27f(0). (2.5)
=1

l=—00

Jlokasamenvcmeo. Tlpex e Beero 3amerum, uro R(1) = 0 upu [ > M u nonoxum a = 0.
Badukcupyem k > 2M u mosoxkum N = |n/k|. Takum obpazom, n = kN +r, tne 0 < r < k.
OnpeennM ciieayIomue Iy daiiHble BeTUInHbL.

Nien = ((951 + .ot zeen) F (Tr + o To-m) + oo F (Tv—nar -+ wkaM)>/\/ﬁ (2.6)
(B xaxoit u3 N cymm 1o k — M caraeMbix, CyMMbl HE3ABUCUMbI M OJIMHAKOBO PACIPEJIEJIEHDI ),
Bin = ((mkaH + .ot ak) + (Tok—m1 o ook) + oA (TN ka))/\/ﬁ
(B kaxoit u3 N cymm 1o M ciaraeMbix, CyMMbl HE3ABUCUMbI U OJIMHAKOBO PACIPEJIEJIEHDI ),

Men = (TkNg1 + -+ T0) /1
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(ocTaBImIMecss MKCBI, UX 1UCI0 He Gosbiie 7 < k).
Bamernm, 910 /N Ty = 1}, + Brn + 1, Paccmorpum cymmy (2.6), cuntast, uro k dukcHpoBaHo, a
n — 0o. Obo3HaIM

B} e D(zy + ...+ xp—n)-
Ecmu n — 0o, o N — 00 u nosromy 1o teopeme 1. JleBu
L(\/n/Nnj,) = N(0,D(21 + ... + z3_nr)) = N(0, BY).
Tak kax ommnospemenno n/N — k, ro L(Vk M) = N(0, BZ), u citesoBarebHo,

E(me) = Pr = N(O’ Ul%)?

rJe ai = B,% /k. Hauee, cormnacuo Ilpennoxennio 2.2, upu k — 0o

op =

k—M]D)(xl—l—...—i—xk,M)_ k—M
k k—M N k

) (k= M)D(@1_1) = o°,

rue o2 onpeneneno B (2.5). Hosromy P = P = N(0, 0?).

Obosnavas r = n — kN, mosyanm u3 Jlemmsr 2.3, aTo

V)
N

r

1 k
D, = gD(kaH +...+z,) < —R(0) < ; R(0) =0

n
Vi P
1pu (bUKCUpoBaHHOM k U 1 — 00. [loaTomy M, — 0 m

L1y, + TMiy) = Pr = N(0, 07).

Hakowner, N/n < 1/k u

N M?N M?
sup DBk, =sup — D(z1 + ...+ xp7) < sup R(0) < — R(0) =0
n n N n k
upu k — oco. [pumensig Jlemmy 2.2, MbI BUAUM, 9TO YTBEPKJICHUE JTOKAZAHO. O

2.2.3 MHIIT nna sauHeitHOTO HpoIlecca

Paccmorpum Teneps smHeitHbiit npomece (1.3).

Teopema 2.2. [Iycmo
Ty = Z Cn+44€5 = E Cj€j—n,
J J

2de Zj lcj| < 00 uej — HesasuCuMbBE 00UHAKOBO PACTPEJENENHBIE CAYUATIHDIE BEAUNUHL C HYAESBIM
cpedrum u ducnepcueti 1. Toeda npu n — oo

L(vVnn) = N(0,27£(0)).

Jloxazameavcmeo. Bouibepem k > 1 u mmosioxxum

Tkn — E Cji€j—n, n Ugp = E Cj€j—n-

li|<k 31>k

10
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Torma

VN, = Z k€+\rzuk£—77kn+ﬁkn

3amMerum, 9TO Ipu (PUKCUPOBAHHOM K MOCJIEIOBATEILHOCTD Xk;, yIOBIETBOpsieT Teopeme 2.1 ¢ M = 2k.
[Tosromy mpu n — oo

'C(nkn) = Pr = N(O7 O-I?;)

rue

JlokarkeMm Terepb, YTO Ipu k — 00

of =0’ = Z R(?).

f=—00
Tak kak mocseansisi cymma pasta 2 f(0), To orcoma 6y;LeT careioBath, uro P = P = N(0,27f(0)).

JeiicTBUTEIbHO, TAK KAK c(k) — ¢jupu k — oo n |c {?A <l¢jl|cjtel, mpuaem
> lesllejuel < supled (Y lesl) < o,
j ¢ i
T0 Ry(¢) = R({). Anastormubiv obpasom |Ri(0)] < 375 [ejl[cjre| 1

ZZ cjl lejrel = (Z |CJ\)2 < 00.

CrenoBaTe/ibHO, a,% — o2
Tenepn, 9T00BI UCIIOIB30BATE JleMMy 2.2, JTIOCTATOYHO MTOKA3ATh, 9TO [k, PABHOMEDHO I10 11 CXOIUTCS
110 BEPOATHOCTHU K HYJIIO 11pu k — 0o. elicTBUTEIbHO,
2

n n
D =B L X eise ) =3 3 B{ $cotone | | X | -

=1 |j|>k £,m=1 || >k B>k
n
Z Z CaCp Ega EB—m = — Z Z CaCao—t+m <
Zm 1lal,|8|>k é,m:l |a| >k, |a—L+m|>k
1 n o0 1 n
E Z Z Z |cal lca—t4m] < n Z Z Z Ical |ca—t4m| =
=1 m=1 |a|>k, |a—l+m|>k (=1 |a|>k m:|a—f+m|>k
1 & 2
=22 Sel lesl= (X )
=1 |a|>k 181>k || >k

npu k — 00 PABHOMEPHO II0 7. ¥ TBEPXKIEHUE JOKA3AHO. [

3ameuanue 2.2. I/Ala yrBepxkenust Teopembl 2.2 cjiellyeT, UTO €CJIU HaM YIACTCH HOCTPOUTH COCTO-
ATEJIbHYIO ONEHKY fp,(0) wmcma f(0), TO MBI cTAaHZAPTHBIM 0OPA30M IMOIYIHM BO3MOXKHOCTH CTPOUTH
ACUMIITOTUIECKHE JIOBEPUTETHLHBIE HHTEPBAJIBI JJIsi CPEJIHETO CTAIMOHAPHOTO IIPOIIECCA.

11
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2.3 O coxpanenun LIIT nmpu nuHeliHOM TpeoOpa30BaHUU CTAIMOHAPHOI MOCJIEeNO0-
BaTeJIbHOCTU

Teopema 2.3. [Tycmov x1,. .., %y, ... — CAGOO CINAUUOHAPHAA NOCACOOBAMENHOCTG C HYALEBIM CDEOHUM
U KOHEUHBMU 8MOPbLMU Momenmamu. IIpu j > 1 paccmompum seujecmeenbie wucaa cj, YyooeAemeopa-
rougue ycaosuro Y |cj| < co. Obosnarum

Yn = g CjTnyj, mn =1
jz1

Emua%dg]D)(ml+...+xn)—>oo u

L((z1+...+zn)/0n) = N(0,1),

L((y1+ ... +yn)/on) = N(0,G?),

ede G =3 516

Jloxazamenvcmeo. Beerja MOXKHO CIUTATH, ITO CYIIECTBYET TaKast OPTOrOHAIbHAS CTOXACTHIECKAst MEPa
i, 9TO T, = f(—mr e™ u(d)). Torma y, = f(—mr} emMg(Np(dA), rae g(X) = Y5, e apnsercs
HerpepbIBHON Ha [—m, m] dyuknueir. Ormernm, aro G = g(0).

IIpenmonoxxum cHagasa, aro ¢; = 0 mpu [ > N. Torma

i(3/1+ T yn) = ZZCZ%—I—E ZC@Z%H
n TL

7j=1/4=1
<ZQ> +7ZC£ Zxﬁg—ZxJ = Ji(n) + J2(n).

fcno, uro L(J1(n)) = N(0,G?). Jlokaxem, uro npu dukcnposannoM N 1ocie1oBaTe bHocTb Ja(n)
CXOJIUTCsI 110 BEPOATHOCTH K HyIo. JleficrBuTesibHO, Tak Kak 1npu n > N B pasHOCTH

n n
def
Ir(n,t) = Z%‘M - ij
i=1 i=1

He Goslee 2N PasIMYHBIX CIATAEMBIX BUIA £ Ty, T0 DIs(n,l) < AN?*Dzy u D(Izx(n,f)/0,) — 0 n3-3a

P
yenosus o2 — oo. Crenosarenbho, Ja(n) — 0.
Iepeitnem k obmemy caywato. Oupegemnm gy (A) = >,y co € u momoxmm

e I UNCIUN ) S
(—m,7] 1<j<N
Taxum o6pa3oM, Y, = YnN + 2nN, T
tay = / e (g(A) — gy () dN) = 3 e
(—m,m] >N

fcno, uro gy (A) cxomures K g(\) paBHOMEPHO 110 .
Kaxk y»xe mokazaHo, ﬁ((le—i—. . .—|—ynN)/0n) = Pn = N(0, g%/(0)) upu duxcuposannom N un — oo.
Ogmospenmenno Py = P = N(0, g2(0)).

12
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Tenepn, aT0bBI cocarThes Ha Jlemmy 2.2) HYKHO JI0Ka3aTh, UTO zpN Opu N — 00 CXOJIUTCS IO
BEPOSITHOCTHU K HYJII0O paBHOMEpHO 110 1. Ho

2 . 2
Ez2y = / 9N — gn (V) [Pm(an),
(_ﬂ-vﬂ-]
]._‘,ZLe m — CHeKTpaHbHaﬂ I\/lepa HOCJIG,HOB&TGJHDHOCTI/I I]}'n. HOCKOJIBKy 9Ta I\Iepa KOHeqHa, a gN CXO,ILI/ITCSI K

g PAaBHOMEPHO, TO yTBEPXKJEHHUE JTOKA3aHO. O

Bameuyanne 2.3. Iloguepkuem, aro B Teopeme 2.3 He Tpebyercsi, YTOOBI HOCIEI0BATEIBLHOCTD { Ty }n>1
ObL7Ia CUJIBHO CTAIMOHAPHON, HOCTATOYHO, YTOOBI OHA ObLiIa €/1ab0o CTAIMOHAPHON U ITOOBI i BBIIOJI-
aatack LIIT. Hanpumep, ecam mpeanonoKuTh, 9TO CIydaliHble BEIMINHBI T, HE3ABUCUMBI, TO IJI HIX
JOCTATOYHO BBIMIOJIHEHUs ycjoBus JIunmebepra.

13
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3 OienuBaHue KoBapuannoOHHON (DYyHKITAA

3.1 Pazauunbie onieaiku. CMmernieHue

Tenepp Haia 3ajiada — MOCTPOUTH U U3YUIUThH CBOHCTBA OlEHKU 3HadeHusi R(k) M0 0Tpe3Ky Tpaek-
TOPUHA T, ..., Ly CTAIIMOHAPHOTO IIPOIIECCA.

Cy1ecTByeT HECKOJIBKO CTAHIAPTHBIX BADUAHTOB TAKUX OIEHOK. BO-11€PBBIX, B TEOPUH YACTO YA0OHO
CUNATATH, UTO MaTeMarmdeckoe oxkunauue Exr; = a uzBectHo. B sTtom caydae npu 0 < k < n MOXKHO
HCI0JIb30BaTh CTATUCTUKY

R (k) = (zj — a)(zjrk — a). (3.1)

»(0)

Ecin @ vensBecTHO (9TO mpakTHYIeCKast CHTyauHﬂ), TO aHaJoroM oneHkn Ry’ (k) sBisiercs

RW (k W@ jrk — Tn), (3.2)

n—k

riae T, = (x1 + ...+ xy,)/n. Ouenku (3.1) u (3.2) MOXKHO Ha3BATh IMNUPUHECKUMU.
Unorga y,[[O6HO UCIIOJIb30BATh HECKOJIBKO JIPYIUe OIEHKU. A MMEHHO, JaJIblile Mbl OyIeM UMEThb JeJ10
1 CO CTaTUCTUKaMN

1 n—=k ~
= Z J(j4k —a) = == R (k) (3.3)
n
L L 0 »
n 7 n n n ’

orymuaomumucs or (3.1) u (3.2) rosbko MuoxkuTeeM 1/1 BMecto 1/(n — k) mepej 3HAKOM CyMMBI.

»(0)

PaccMoTpuM BOIIPOCHI CMeIEeHHs 9TUX OLEHOK. SIcHO, uTo ER(O)(]C) = R(k), rak uro ouenka Ry’ (k)

HecMmernennasi. COOTBETCTBEHHO, ER,(l)(k) = (1 — k/n)R(k) u upu k/n — 0 ecTb aCHMITOTHYECKAST
HECMEIEHHOCTb.
Ilepeitzem Tenepp K CTATHCTHKAM Rg)(k:) u R%l)(k). 31ech, KaK BCerya, MOXKHO MOJOXKHUTL ¢ = 0,

n(1)

TaK KaK OT BBIYHTAHMUS JIIOOON KOHCTAHTBI U3 BCeX ; Beanduua Ry, ' (k) He MeHsercs.

IMpeanoxenne 3.1. ITycmv A% = def > |1R(j)| < oo ua=0. Toeda

1. ER(I)(k‘) R(k) + O(1/n) pasnomepro no 0 < k < n.
2. Ecau k/n — 0 npun — oo, mo

lim 7 (ER<1>(k) R(k)) = —27£(0).

n—o0
3. E‘Eg)(k;) — | = O(1/n) npu mobom Purxcuposarmom k.

Jokazamenvcmso. 1. Pacrumem Rg)(k:).

n—k
~ 1
R\ (k) = (zj — Tn)(Tj4k — Tn) =
n—=k =
1 n—=k 1 n—k
= RO (k) — > x| @ - S wjin | Tn+ 2 (3.5)
n—k = n—k =

14
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Cornacno Ilpemioxenuio 2.2, Ez2 = O(1/n). Hanee,
n n oo
_ 1 1 ) _ 1 9
Ex;z, = - E Exjz,, = - E R(j —m), }E$]xn| < - E |R(m)| = A /n,
m=1 m=1 m=—00
U [O9TOMY MaTeMaTHYeCKoe OXKHJIAHKe BTOPOIO M TPEThEro cjiaraeMoro B npasoit acru (3.5) oneHusa-
erca ceepxy depes AZ/n.
Bropoe u Tperbe yTBepIKI€HNE JI0KaXKeM OJHOBPeMeHHO. [TocKoIbKy

—k
1 i _ n _ -
n—k le‘j ZEn:n_k(ZEn—($n+k_1+...+xn)/n)xn:
]:
- ko Tp—ktl+ .o+ Tn _
:mZ—n_kx%— : n—=k =T

1 aHAJIOTUYIHO

—k
1 3 _ noo, -
J=1

"on—k" n—k "

10 (3.5) mosywaem, ITO

. . 9 _ ot
n<R,§ll)(k:)fR$lo)(k:)>:—m_:%ann_kk:fifn (x" k*;*_k e xn> —n (w zn> (3.6)

PaccmorpuM gerbipe ciaraembix B ipasoii yactu (3.6). IIpex e Beero, us Ipesyioxkenust 2.2 cieyer,
aro nEz2 — 27 f(0). Ecu k = o(n), To k/(n — k) ~ k/n u nk/(n — k)Ez2 ~ 27 f(0)k/n.
OcrajibHble JiBa CJIaraéMblX B IIPaBoii acTu (3.5) paccMaTpuBaIOTCst OMHAKOBO. Bo3bMeM BTOpOE U3
Hux. 1ToCKOJIBKY BeJTMYMHBI ]Ea_c? OrpaHMYeHsl 110 j, To 1pu k = o(n)
r+...+x _

1+ ...+ xR _ nk
E{f ——Z, || < E

AL PR p——
< p— kEz; nExZ2 = O(\/k/n).

[Tosromy npu k = o(n)
n (Eﬁ:g)(k) - R(k)) = En (z§g><k> - Eg‘J)(k)) ~ =21 £(0) + O(k/n) + O(\/k/n) — —2x £(0)
u 1ipu HUKCUPOBAHHOM k

lim sup nE ‘Egﬂ(k) - fzg))(k)‘ < 21 £(0)).

VTBep:KIeHne JIOKA3aHO. ]

Bameuanne 3.1. 113 1oka3aHHOIO cpasdy ke cJjejiyer, 9ro npu k = o(n)

ERD (k) = (” - k) ERD (k) ~ (” - ’“) (R(k) — 27 £(0)/n) ~ (1 - > Ry = O 5

n n
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3.2 CocCTosaTeJIbHOCTh OIIEHOK KOBApUAIMOHHOUW (PYHKIHNH. ACUMIOTOTUYECKHUE JIVC-
nepcun

3.2.1 OO6mmii B3rs

Ilycts 21,...,Zp,... — CTAIMOHAPHBIA B Y3KOM CMBICJIE IIPOLECC CO HYJIEBBIM CPEJHHM U KOBapHUa-
muonHol dyukueii R, (m). Paccmorpum onenky ]?i,(lo)(k) 3HAYCHNsT KOBapHannoHuoit dynknuu R, (To
€CTb IIPEII0JIAraeM, 9TO CpeqHee N3BECTHO. JTa OLEHKA SBJISeTCsa HecMelleHHoi. Jpyrue onenku 6ymyT
paccMOTpeHsI 1103xke). Mrak,

n —

. 1 -
RO(k) = —— > .
j=1

_ k) _ .
Bacuxcupyenm k. Toria noc/ieloBaTe/IbLHOCTD Yj = Y = T;jTjt) ABIACTCA CUILHO CTAIMOHADHOM, a ee
cpennee pasao R, (k). Bosee Toro,

1 ~
U = —— 4 yn_i) = RO(k).
Pk = — 1+ ynr) = B (K)

03TOMY,” €CcJIi KOHEYeH BTOPOM MOMEHT = Eziz%, To obmuii orBer n3secren n3 llpeioxenus 2.2:
I1 2 Ey? = Exda?, 6 I 2.2
B 0003HAUYECHUAX

Ry(m) = R (m) = Eyatms1 — Ro(k) = Exozptmm ik — Ro(k)

U IDH BBIIOJIHEHNH yeI0BusA ) . |Ry(j)| < 00, Bonpoc o cocToATe IbHOCTH 1 ACUMITOTHYECKOH Jiuciepeuu
OIIEHKHU RY )(k') pelaeTcsi 09eHb IIPOCTO:
H(0 k k
nDRP (k) — RF(0) +2 ) R (m). (3.8)
m>1
Hy»kHO OTBETUTDH HA HECKOJIBKO BOIPOCOB.

1. Ilpm Kakmx pasyMHBIX yCJIOBHUSX y MPOIECCA Y; CYIIECTBYIOT KOHEUHbIe BTOPbIe MOMEHTHI! (31ech
OTBET $ICEH: JIOCTATOYHO NOTPEOOBATH, YTOOLI ECE% < 00.)

2. Jlyis KakuX pasyMHBIX Mojiesieii BeIpazkeHue B IpaBoil dactu (3.8) MoxeT ObITh KOMIAKTHO 3alli-
cano?

n(0)

3. Ilpu kakux yciaoBusix Jyisi Ry’ (k) BBIIOJIHSIETCST HE TOJBKO 3aKOH OOJIBIINX 4HCES (9TO CJIe/yer
3 (3.8)), Ho n Lentpamsuas IIpenenbras Teopema? Bosee Touno, obozmaamy A? mpaByio dacTb

(3.8). IIpu KakuX yCIOBHIX E(\/ﬁﬁ,(io)(k:)) = N(0,A?)?
n) 7(0) (1)

4. Yro upoucxomut co crarucrukamu Ry’ (k), Ry’ (k) u Ry’ (k)?

Bynem pemrars 3Tu 331891 MOCJIEI0BATETBHO.

3.2.2 IlpenenbHble AuUCHEepPCUU NJis JUHEHMHOTO IIPoIlecca

Teopema 3.1. ([1], Teop. 8.4.2, c. 518, Cuencrs. 8.4.1, c. 521)

Iycmo z, umeem eud (1.3), 2de €; — odunaxoeo pacnpedeserivie HE3ABUCUMDBE CAYIATIHVIE GEAUHU-
HOL, UMENWUE HYALE0e cpednee, cOUHUMHYI0 JUCnepcuto U Konewmnbvil vemeepmolti momernm. Q603Ha UM
Ry (m) wosapuayuonnyio dynwyuro npoyecca Ty, Ecau Y, |ej| < 00, mo npun — oo

nDRO Z ( (k + DRo(k — 1) + Rﬁ(z)) +(Eet — 3)R2(K). (3.9)

23,[[er HaM y/:L06Hee CYUTATh, 9TO PA Ty HAYUHACTCA C HYJIEBOI'O MOMEHTA BPEMEHU.
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Aoxasamenvcmeo. Cormacho (3.8), HaM JIOCTATOYHO JIOKA3aTh, YTO B ODOBHAYCHUSIX YYj = T;Tj4) DAL

> Rék) (j) abCOMIIOTHO CXOMUTCS U ITO

S RO =Y (Rm(k + O)R,(k—0) + Ri(f)) + (Ee* — 3) R (k).
j 14

HOCKOJIbe oba JOKa3aTeJIbCTBa IIPOBOJATCA IMPAKTUYIECKU OJUHAKOBO, OCTAHOBUMCA TOJIBKO Ha BTOPOM.

Haiimem BbIpaxkeHue mjist Rék) (j)- Ilo ompenenennto,

R (j) = Eyoy; — R2(k) = Exozpzjzypy, — RE(k) =

=E (Z Cn%) (Z Ci2+k€i2> <Z Cz'3+j€z‘3> (Z Cz‘4+j+k€i4> — R3(k) =

i1 12 i3 iq
2
= D Ciy Cioth Cigtj Ciathry Beiysigeigei, — Ra(k) =

11121314

S Y er ¥ or Y o X o-mm-
11 =1o=13=1i4 11=12,13=14 11 713 11=13,12=14 11 F£12 11=1l4, l2=14 11712

= L(j) + (I2(j) — R2(k)) + I3(§) + Lu(4),

e 3Ha40K [ 3ameHsieT BBIPAXKEHUE Cjy Cigtk Cig+j Ciy+k+j Eé‘il €i9€i3Ei0, - ZLOKEDKGM, qTo
> L(j) = B"Ri(k), (3.10)
J
Y (L)) — Ri(k)) = —R2(k),
J
D I3(j) =D Ri(l) - Ri(k), (3.11)
7 l
> L(j) =Y Ru(k+1)Ru(k —1) — R2(k).
7 l

ITockomnbKy

L(j) =Be" > cicisnCivjCivjen

1

U psif Y, |em| cxomuTest, To ¢ yuerom pasencTsa (1.4)
Do) =Bt ciciwk Y civjeivjir = Bt Y cicinn Y acr = Ee*R3 (k).
j i j i !

Tenm cambiv (3.10) mokazano. Jlamee, Tax kaxk Ee? = 1, To

Z (12(j) - Ri(k’)) = Z Z CiCi+kCj+mCj+m+k — Z CiCi+k Z Ci+mCij+m+k | =

J i i#m i m

=" Z Z CiCitkCitiCitivk = — Ry (k).
i 7

[Tepeiinem k I3. [TockombKY

I3(j) = § CiCmAkCitjCm;+hk = 5 CiCmakCitjCmtj+k — E CiCitkCitjCitjths

i£m i,m i
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TO

E I3(j) = E E CiCitj (E Cm+kcm+j+k> — E E CiCitkCitjCitj+k =
j PR m i
= E R.(j) (E CiCi-i-j) - E CiCitk E CitjCitjtk | 5
J ( ( J

U MBI IpUXOANM K Beipaxkenuio (3.11). Hakomerr,

1I,(j) = E CiCrnt kCmtj Citjitk-
i#m

ITosTomy
STL(G) =D CiCmikCmaiCibiak — D D CiCitkCitiCitith (3.12)
j i im i
Kax y»e TOBOPUIOCDH, Bropas cyMMa B (3.12) pasna —R2(k). PaccMoTpuM HepByio cymMy.

E CiCmkCmjCitj+k = § CiCitj+hk E CmtkCmtj = § CiCivjrkRa(k — ) =

1,7,m ]

4,7 m
J ( J

[Tpemioxkenne moKa3aHO. ]

Sameuanue 3.2. AGCOIIOTHO AaHAJIOIUYHO JOKa3bIBaeTcsl boJiee obIee yTBepxK aeHne. A IMEHHO, B IIPe/I-
notoxkenusax [Ipepmoxennst 3.1 st 006X GUKCHPOBAHHBIX k, M

n cov(ﬁz,go)(k), RO (m)) 3" (Ro(k + D Ry(m — 1) + Ry(k + ) Ro(m + 1)) +
l
+ (Ee* — 3) Ry(k)Ry(m) (3.13)

IIpu n — Q.

3.2.3 pyroii Bua npeaejabHbIX KOBApPUAIAI

Beipaxkenne B mpasoii yactu (3.13) (u, B wactHOCTH, B 1paBoil dactu (3.9)) siBisiercsi JOBOJIBLHO
rpomosikuM. OKa3blBAETCsl, €r0 MOYKHO 3HAYUTEILHO YIPOCTUTh.

Ipennoxenne 3.2. Ecau ), [Ry(j)] < 0o, mo

S (Balk + DRl — 1)+ Rok + DRo(m + 1)) = 4 / " cos(Mk) cos(m) 2N, (3.14)
I -

2de f(A) — cnekmpasvras NAOMHOCTIG NPOUECCH Ty, .

Aoxasameavcmeo. Kax yue rosopuiioch, B IpenoiozKennt, 4to . [Rq(j)| < 0o cnexrpasibhas mor-
HOCTBb f HelpepbiBHA M OrpaHMYeHa ¥ [I09TOMY MHTerpaJl B rpasoii yacru (3.14) koneuen. [Ipeobpasyem
9TO BbIpazkeHme. Tak Kak

FO) = 5 S RGN,
J

18
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riae R(j) = Ry(j), To

Z p+J)>\
7r2

J:p=1

3 f2( Zl)\d)\ — ZR /_ﬂ— 'A(l—p—j)d)\ = QL Z R(])R(p)a

J+p=l
u
1/, 4 . .
COS()\k) COS()\m) _ 1 (61(k+m))\ + ez(k*m)/\ + ez(fk+m))\ + 671(k+m))\> 7
TO
4 [ f2(N) cos(Ak) cos(Am)dA =
1 : . . .
=5 | 2 RGER@+ Y, RGOEP+ >, RHOEM+ Y RHRE) | =
p+j=k+m pti=k—m pHj=—k+m pHj=—k-m
= Y. RGRG+ Y. RGRE) =D RGR(k+m—j)+> RGRE-m—j). (3.15)

pti=k+m ptj=k—m j j

Henast B 0benx coaraembix npasoii uactu (3.15) 3ameny j — | = j — k, noaydaem tpebyemoe. O

ITpumep 3.1. ITocmoTpuM, Kak BBINVIAIUAT IIpaBas 9acThb (3.13) B cirydae, Korjua &, = 0&y,, TO €CTh KOI/a
MCXOJHBI P — 6eplii myM ¢ aucnepcueii o2 > 0. IIpu sToM Gy1eM HOIb30BATHCH HPEICTABICHICM
(3.14). Ipexne Beero, f(A) = o /27, osromy 1pu k,m > 0

Ar / cos(Ak) cos(Am) F2(A)dA = 2 / (ellhrmA emilktm)d o pil=ktmd o cilk=m)A) gy —

- 47
4 8t upu k=m =0, 20% nmpu k=m=0,
o 47 upn k=m #0, =< o? npu k=m # 0,
0 upu k # m; 0 upu k # m.

Taxum obpazom, i 6e0ro myma

04(EE4—1) mpu k=m =0,
ncov(}?( )(k), RO (m )) Ny mpr k=m0,
0 upu k # m.

3.3 O nenTpaJsbHOIl NIpe/ieIbHOI Teopeme
3.3.1 IIIT njyst oreHOK KOBapuAIMOHHOI (byHKIUN

Nwmeer mecto crepyromee yreepxkaeane. Obozunadnm mpu K > 1

Wk = Y (Ro(k + D) Ro(m — 1) + Ry(k + ) Ro(m + 1)) + (Ee* - 3) Ry (k) Ry (m), (3.16)
l

Wic = {wr} ity n 6" = v (R () - Ra()).
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Teopema 3.2. B ycaosuar Teopemor 3.1 das aobozo K > 1 npun — 0o
£ (m 7t N(0, W, 3.17
(5() 7"'a£K_1) g ( ) K) ( . )

Zoxasameavcmeo. Mbl He GymeM TPUBOANTDL JOKA3aTEJHLCTBO 9TOrO Ipeijtoxkennd. OTMETHM TOJIBKO,
YTO OHO MOKEeT OBITH IIPOBEJEHO TeM ke criocoboMm, uro u Ilenrpasnbrast [Ipenensras Teopema 2.2 mist
CpEeJIHEro: CHadaJia IPOUCXOINT “‘ype3anune’ JUHEHHOIO MpoIecca T, J0 KOHEIHOW JMHEHHOH KoMOWHa-
MY HE3aBUCUMBIX CJIYYaiHBIX BeJIUYNH, 3aTeM npuMmensiercs LIITT 1jist KoHeYHO-3aBUCHMBIX CJIy YaTHBIX
BEeJIMYINH U, HAKOHEII, UCIIOoJIb3yeTrcs Jlemma 2.2. [

O6cynum Tenepb pesyiabrar IIpemsioxkenns 3.2.

Bameuanne 3.3. 1. U3 (3.17) caenyer oxnomepnas HIIT Buna
L(vn(RO (k) — R(k))) = N(0, wy). (3.18)

2. Crenyer obparuTh BHUMAHIE, 9TO KOBAPUAINH IIPEJIEIHLHOTO TayccoBcKoro pacupesenenns N(0, Xy )
COBIIQJIAIOT € TIpeJIeIbHbIMU KoBapuanusivu B (3.13).

3. B crarucruke nupeznenbable TeopeMbl TN (3.18) MCHOMB3YIOTCS JJIsi TOCTPOEHUS JTOBEPUTEIBHBIX
UHTEPBAJIOB, MOKPBIBAIOIIMX OleHnBaeMblii napamerp. O6cyaum (3.18) ¢ sroii Touku 3penus. s mo-
CTPOEHHsT ACHMIITOTHYIECKOTO JTOBEPUTEIHHOTO MHTEPBAJIa 3HAUCHHsT KOBapHalmoHHON GyHKImn Ry (k)
JIOCTATOYHO UMETh COCTOSITEJIbHYIO ONEHKY Wy AUCIEPCUN Wk. Lorga (B 00JIerdaromeM Ku3Hb PeIo-
JIOXKEHUH, 9TO Wy, > 0) 9TOT JOBEPUTEIbHBI HHTEPBAJ YPOBHS 1 — 7y BBIIVISIIUT KAk

(RO (k) = oy v/ B/ v/, RO (k) + 24 T/ V)

rie x, — pemenne ypasuerusi (z) — ®(zy) =1 — v, a & — dynkims pacupe/eseHns CTaHIapPTHOTO
HOPMAaJILHOI'O 3aKOHA.
Coruacuo (3.9) u (3.14),

— (Rz(k YD) R(k — 1) + Ri(l)) 4 (Bt — 3)R2(k) =
l

=4 / i cos(Ak) cos(Ak) f2(\)dA + (Ee* — 3)R2(k). (3.19)

—T

Bropas (comeprKarnast ClieKTpaJbHyIO II0THOCTD) dhopmydia B npasoii dactu (3.19) npencrasisercs 60-
Jiee yI00HOM JIjisi IOCTPOEHUsI COCTOSITENBHO OIEHKHU JUCIIEPCUN Wik. JlefcTBUTENbHO, yCcTh fr(A) —

Takast (M3MepuMast 10 \) OIeHKa CIEKTPAJIbHOM INIOTHOCTH, ITO SUP)y ‘]?n()\) —f ()\)| 5 0. Torna

IP’(' " Fa(NdA - :f(A)dA’ >€) 51[]’(/7r

—T —T

F) - f)] x> ) <
<P <27TSl>1\p | FaN) = FOV| > g> - 0.

Oanaxo ciiaraemoe, cojepskaliee deTsepTbiii MoMent Ee? Gesoro miyma e,, npejcraBisercs ropasio
6oJiee CJIOXKHBIM JIJIsi OIEHUBAHUSI, TAK KAK 9TOT OeJIbIil IIIyM HEIOCPEJICTBEHHO He HAOJIIOIAeTCS.

CraHIapTHBIM BBIXOJOM HMX 9TOTO IHOJIOXKEHUsI SIBJISIETCS IIPEJIITOJIOYKEHNE O TayCCOBOCTH OEJIOro Mry-
Ma €, U, CJIEJOBATEIBHO, O TAyCCOBOCTH CAMOIO IIpolecca Tp. B stom ciydae Ee? = 3 u npenenbubie
KOBapUAIUK W, BBIPAXKAIOTCS TOJIBKO Yepe3 KOBApHAIMU caMoro mporecca (B 6osee cxkaroit popme —
Yepes ero CleKTPaIbHYIO MJIOTHOCTD).

Takoe mpeooKeHne, OTHAKO, ABJISIETCS ITPOU3BOIBLHBIM U YACTO HAPYIIAETCd Ha IpakTuke. Bojiee
MIPAKTUYHBIM METOJO0M OOPBOBI C 9TOH CJIOXKHOCTBIO SBJISIETCS IIEPEXOJ], OT KOBAPUAIIMOHHON K KOppeJisi-
IIMOHHON (PYHKITUN.
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3.3.2 MIIT nas orieHOK KOPPEJasIUOHHON (pyHKIIUN

Jnst mepexoma or HIIT mrsa Beibopounbix KoBapuaruit K LIITT s BEIOOPOTIHBIX KOPPEISIUil HaM
ITOHATO0STCS CIIEYIOINEee IIPOCTOE yTBEPKIEHNE.

Jlemma 3.1. Pacemompum nociedosamennocms caywatines eexmopos &, € RF maxuz, wmo L(&,) =

N(0,%) u mampuyy A : RF s R™. Tozda L(AE,) = N(0, ADAT).

Joxazameavemeo. O6o3HAMIM (0, XapaKTePHCTHIECKYIO BYHKIMIO BekTopa &y,. 1o yenosuio, ¢, (1) —
e~ (tD/2 g moGoro t € RE. OTCI0/1a, MOCKOJIBKY XapaKTepHCTHaeckast (hyHKImMs BeKTopa A, B TOUKe
5 € R™ umeer sug ¢, (AY5), To

n(ATg) N 6—(2AT§,AT§)/2 _ e—(AEATg,g)/z’

9TO U MOKA3bIBAET yTBEPIKIEHUE. L]

ObozHaunM Ternepb

~0) /. _ RV ()
Pn’(7) = =5
Ry (0)

 nososm 1" = (@ (5) = pl), e p(j) = R()/R(0).

Teopema 3.3. B ycaosusx Teopemwvi 3.1 dan awbozo k > 1

L ((ngw, . ,n,(j)) ) — N(0, Up),

2de anemermu, mampuuwv, Uy umerom eud

uje = R;h(ro) /7r (cos(j)\) p(J )) (cos(l)\) (E))fz()\)d)\ =

—Z( (r+3) + pr =€) = 2p()p(r) ) (o +€) + p(r = ) = 20(D)p(r) ). (3.20)

Jlokazamenvemeso. JIjis IPOCTOTHI JTOKAZKEM STO YTBEPIKJEHHE B €ro OJHOMEPHOM BapuanTte.® Mmaue
TOBOPsI, JTOKAYKeM, UTO s J1Ioboro k

£ (V@ () = plk)) ) = N(O, ). (3.21)
3amMernm, 9TO

»(0) _ =(0)
VA (k) - p(h) = v A;SES;R” 0

1 pacCMOTPpUM CHa4daJIia IIpeaeJbHOe pacCIIpe/e/IiecHue I10CaeJ0BaTeIbHOCTU CJIy‘IafIHbIX BCJIMYNH

30606mIenne HA MHOIOMEDHBIH Ciyuaii He mpeacTaBaser Tpyma. Wrorma dopmyry (3.20) Hasesaror dbopmymoit Bapr-
JIeTTA.
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a gncia wy oupeesensl B (3.16). Tem cambiM, Tak Kak
R (k) = p(k)RY)(0) = B (k) = p(k) R (0) = (R(k) — p(k)R(0)) =
= RO (k) — R(K) — (k) (R (0) — R()) = 2" (RO (k) ~ R(k), BY/(0) - R(0))

re Z = (1, —p(k))T, To, cormacuo Jlenme 3.1
£ (Vi (B (k) = p(H)RP(0)) ) = N, 2" WinZ),
Jlerko Bugers, uto Z ' WioZ = woop® (k) — 2worp(k) + wiy. Ormerm, uto cormacuo [Ipepioxennio 3.2
woo = 47 i FA(\)dX + k4 R*(0),

wok = 41 /7T cos(\k) f2(N)d\ + kaR(0)R(K),

Wiy = 4T / cos® (k) f2(N)dX + kyR%(K),

rie ky = Eet — 3. Tlosromy

™

woor? () = 2uip (k) + wis. = 4 | (5P(8) = 2cos()p(R) + cost (W) 2N+

—T
™

2
+ra (R?(0)p? (k) — 2R(0)R(K)p(k) + R*(k)) = 4 / (cos(kA) — p(K))" f2(A)dA.
—T
IMockomnpky 1o Teopeme 3.1 ]%20)(0) cxopuTest 1o BepositHoctn K R(0), To (3.21) mokazamno, mpudem auc-
Hepcust Wy UPeJICcTaBiIeHa B MHTerpaabHoii dopme. [lepexon or mpejcraBieHnst wgj B MHTEPAJILHOM
dbopme K peICTABIEHIIO B BI/E CYMMBI IIPOU3BEAEHNN 3HAUEHUIT KOPPEIAMOHHON (DYHKIIUU IIPOBOIUT-
cd TaK ke kKak B [Ipemmoxkenun 3.2. O

IIpumep 3.2. Ecim ncxopnbil mporece — Oeblii IIyM, TO, KaK HETPYIHO BHJIETD, U = 0;_¢, TO €CThb
OIIEHKN KOBapUaIllMOHHON (PyHKIMK Ge/Ioro ImyMma B Ipeiese siBISIOTC He3aBUCUMbBIMU U MMEIOT CTaH-
JIapTHOe HOpMaJibHOe pactpeeneHune. Ha sroM (akTe OCHOBAH OIUH U3 IOIYJISIPHBIX KPUTEPUEB IIPO-
BEPKHU TOI'0, YTO CTAIMOHAPHASI IOCJIEIOBATEILHOCTD SIBJISAETCA OEJIBIM Iy MOM.

IIpumep 3.3. PaccMoTpuM MPOIECC CKOIB3SAIIEr0 CyMMUPOBAHUS

p
Tp = Ep + E AjEn—j-
Jj=1

st Takoro mporecca p(¢) = 0 npu |¢| > p u, KAk HETPYHO BUJIETD,
P
upe = 1+2Y_ p*(j)
j=1

upu k > p.

IIpumep 3.4. Vcmonb3ys paBeHCTBO

Ugk = Z (P(T +k)+p(r—k)— 2P(k)p(r))2’

T
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MOKHO JIEFKO COCYUTATh IIPEJIe/IbHBIE IUCIEPCUI OIIEHOK KOBAapPHUAIIMOHHON (DYHKIUN pPealn3yeMoro IIpo-
1ecca aBTOPErPecCuu MepBOTo MOPIKa

Tp = pTn_1 + 0/ 1— p2e,

¢ p(f) = plYl. B srom ciryuae

(1= p") A +p%) 2k
— 2kp™".
1— p?
B wactroctu, u1; = 1 — p?, uga = (1 +3p?)(1 — p?) w upr, — (14 p?)/(1 — p?) upu k — oo.

Uk =

Sameuyanmne 3.4. 1. YuureiBas 1. 3 Samedanuss 3.3 MOKHO CIEJIATh BBIBOZ, UTO HMMesl ITOIXOISIILYIO
(HampuMep, PABHOMEDHO 110 A CTPEMSIIIYIOCsI 110 BEPOSITHOCTH K HYJIIO) OIEHKY CIEKTPAIbHOM IIJI0THO-
CTHU, MBI MOXKEM TIOCTPOUTH ACUMIITOTHYECKUH TOBEPUTETHHBIN MHTEPBAJI JI/IsI 3HAUEHUsT KOPPETATTNOHHOI
dyHKIHUN.

2. Kak sokasano B [1], yreepxaenne Teopembl 3.3 ocraercss BepHbIM 1 6€3 HPEJIIIOIOKEHNsT O KOHEUHO-
CTH 9ETBEPTOr0 MOMEHTa 0OeJIoro ImyMa, HO 3aTO ¢ Oojiee OrpaHUINTEIbHBIMU YCJIOBUSIMU Ha, TJIAJIKOCTD
CIIEKTPAJIbHOM IIOTHOCTU. A MMEHHO, UMEeT MeCTO CJIEeyIolee YTBEpKIeHNe, [IPUBOIUMOE 37eCh 0e3
JI0Ka3aTeIbCTBA.

Teopema 3.4. ([1], meop. 8.4.6).

IIyemwv x,, umeem sud (1.3), 2de €5 — nezasucumvie 00UNAKOBO PACIPEIEALHHBIE CAYLATHDIE BEAUNUNDL,
umerougue nyaesoe cpeduee u edunurnyro ducnepcuro. Ilompebyem, wmobet 3, [cj| < oo u ]j]c? < 0.
Tozda umeem mecmo ymeepocdenue Teopemor 3.3.

Koneuno, ¢ uncTo MareMaTHvIecKoil TOUKM 3pEHMsI OTKa3 OT TPeOOBaHUsSI KOHETHOCTH YETBEPTOIO
MOMEHTa — 3TO Cepbe3Hoe ocyabjeHne ycaoBuii Teopembl. C TOYKHM 3peHMs NMPAKTUKH, TEeM He MeHee,
9TO He TakK BakHO. Hy»KHBI cepbe3Hble OCHOBaHUs, UYTOOBI CUUTATDH, UTO, HAIPUMED, MIPEIIOJIOXKECHUE O
KOHEYHOCTH YEeTBEPTOI0 MOMEHTA I MIOBTOPHON BBIOOPKU HE BLITTOJIHEHO.

3.3.3 pyrue olieHKM KOBAPUAIIMOHHOIN U KOPPEJISIHUOHHON DyHKITIii

»(0)

Kak yzke rosopuiiocs, onieaka Ry’ (k) 3nauenust koBapuarmonHoit yuknun R(k) umeer ckopee Teo-
5(0 51
peTuveckoe, YeM IpaKTH4YecKoe 3HadeHne. Ha npakTuke BMecTO R )(k:) UCIIOJIb3YIOTCSI OLEHKH R )(k:)

(0)

u Ry )(k‘), onpenesennsle B (3.2) n (3.4). Ham nonanoburcs takxe onenka Ry’ (k) BBegennas B (3.3).

Ilpengioxxkenne 3.3. Ecau 6 meopemazr 3.2, 3.3 u 3.4 3amenumo 1?27(10)(143) Ha ﬁg)(kz), 15;%1)(147) UAU
7(0)

n (k), mo ymeeporcdenus amux meopem ne USMEHAMCA.

(1
Zloxaszameavcmeso. Bymem nokaspiBaThb 3TOT (PaAKT JJIsT CTATUCTUKH R,(1 )(k) un Teopembr 3.2, ocTaybHBIE
cJIydan PacCMaTPUBAIOTCA aHAJIOTUIHO.
(1)
Corytacuo tperbemy nyukrty Ilpeioxkenns 3.1, E}R,(l ‘ = O(1/n). Ilosromy

g

P (Vi |RO (k) - RO (k)| >

»(1 (0 P
Nupivu cioBamu, /1 (Pw(l )(k) — g)(k)) — 0 mpu n — o0.
ITosToMy mOCIIEI0BATEIBHOCTH PACIPEIETICHUIT CIIydaiiHbIX BEKTOPOB

Vi (RO0) = Ro(0),..., RO (k) = Ro(k))

— 0(1/v/n).

Vit (RD(0) = Ro(0), ..., BV (k) = Ru(h))

UMEIOT OJIMHAKOBBIIT c1abblil pejiest (ecsin o, KoHedHo, cymecrByer). Corstacuo Teopeme 3.2 10T 1peiest
cymecrByer u paser N(0, Wy). O
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4 IlepuojiorpaMMbl 1 UX CBOMCTBA

4.1 CymMbI MHUMBIX 3KCIIOHEHT U si;ipo Peitepa

IIycts 8 € R un > 1. Obo3HaxuM

1 n o i n, B=2nl, 0 €,
= el = — ZTLB _ =
#n(f) V2mn ; 2mn 6.71 , uWHadJe.
- e —1
i n, B8=2nl, L e,
- V2rn | e DA/2 M , MHade.
sin(3/2)

Koneuno, ¢, (=) = ¢n(B). Kpome Toro, ¢, (5 + 2m) = ¢n(5) n

A7 1 n A7 Bk
[ enias == > [ eas o

—T

aysa goboro A € R.
dnpom @eiiepa naswiBaercsa dbynxuus O, () = |, (8)[>. Unbvu ciosamu, sapo Deiiepa 3amaercs

dopmyioit

1 n 2 K B=2ml, e,
d - - iBk - 2 )
n(8) 2mn Z ¢ 2 M nHa4e.
k=1 nsin® (8/2)

dcno, uro ¢, — HeoTpuuATeIbHAs HEIPEPbIBHAS deTHas 27-nepuoandeckas yukuus. fnpo Deitepa
obJiasiaeT CAeIYIONIUMI CBOMCTBAMU.

Jlemma 4.1. 1. /laa ar0b6020 X
T+ T
/ o, (8)dp = &, (A + a)da = 1.
—T+A -7

2. Jlas a0bozo m > By > 0 npu n — 00 umeem mecmo crodumocmos

sup P,(8) — 0.

7>|8|>Bo

3. IIpu X € [0, 7] obosnawum 737(1)‘) pacnpedeseHue, coomeemcmeyou,ee NAOMHOCIU, PasHot OYHKUUL
D, cyorcennot na [—m + A\, + A]. Ecau A € [0,7), mo PN = 0o npu n — oo. Ilpu X\ = m umeem
meemo cxodumocmv Py = 30/2 + d2x/2.

Jloxazamenvcmeo. 1. Tak Kak

[Cewas=t > |

—m4+A k=1 —T+A

T+ )
elﬁ(k—l)dﬁ’

YTBEP2KICHUE OYEBHJIHO.
2. OrmeruM, 9ro Ha npomexyTke [Bo, 7] dyuxius 1/sin(8/2) ne yboiBaer. [losromy Ha 5TOM HIpPOME-
JKYTKE

®n(8) < 2mn sin2(5/2) : QﬂnSiHQ(ﬁo/z)
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U BTOPOE YTBEPIXKJCHUE TOXKE JOKA3AHO.
3. Pacemorpum cravana ciaygait A = 0. Ilycrs g € BL(R), |g| < M u |g(51) — 9(B2)| < L(|81 — B2l

Torna
]/_ 8)dB — 9(0 ‘ 1/_ D, (B)dB| <

< / 19(8) — 9(0)|@n(8)dB + / \g(ﬁ)—g(o)\%(ﬁ)dﬁg
181<Bo T>[6>[6o

( — Bo)
: L/|5|<Bo Bl ®n(B)df +2M ©>|B|>Bo 2n(B)d < Lo + (60/2) ’

9T0 U JoKasbiBaeT yreepxkaenue g A = 0. Qs A € (0,7) 10Ka3aTeabcTBO AHAJIOIMYHO: HY?KHO Pac-
CMaTpPHUBaTh BbIPparKEeHUE

A7
A (9(8) — 9(0)) ®n(8)dB

—T

U OKPy2KaTh UHTEPBAJIOM JmHbL 2y Touky 0, rje By < A — 7.
Jlnst cnydast A = T HY»KHO PacCMaTpPUBaTh BbIPaXKeHUE

27
/0 9(8)®,(8)dB — (9(0) + 9(2m)) /2]

/ " 0, (3)d8 = | eaeas =172

Tak kak

u, 6ojee TOroO,

L (B n(8)d8 — /O " g2 — B)®, (27 — BB = / (27 — B)®.(8)dB,
TO
21
‘ [ as ~ (4(0) +g<27r>)/2] _
27

/ (9(8) — 9(0)) @, (8)dB + / (9(8) — (2m)) Bn(B)dB <

/ 19(8) — 9(0)|®n(B)dS + / lg(2m — ) — g(2m)| B (5)dB.
[ToBTOpSsisT IPEABIAYINE PACCYXKICHUsI, TTOJIyIaeM, ITO 9Ta CyMMa CTPEMUTCA K HYJIIO. ]

Caencrue 4.1. [lycrs g — HenpepbiBHast orpanndennasi dyukius u A € [0, 7). Torga npu n — oo

- s g(—N\), A€ 0,7),
/7T (A + a)g(a)da = /ﬂ+)\ @, (B8)g9(B—N)dB — {g(ﬂ)/2 +g(-m)/2, A=m.
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4.2 TIlepuogorpamMmMbl U1 BBIOOPOYHBIE OIEHKU CIIEKTPAJIbLHON IIJIOTHOCTH

Haganem co cnemyroriero onpeeneHns.

Ounpenenenne 4.1. [lycrs a = (aq,...,a,) — HEKOTOpbIE BellecTBeHHBIE Yucaa. Toraa GyHKIMst
Ia § :amefz)\m
27Tn
mi

Ha3bIBa€TCA nepuodoepammod II0CJICJOBATECJIBHOCTH A.

Bameuanue 4.1. 1. Unora B onpe/ie/ileHNN MepHOIOTPAMMbI UCTIOJIBL3YIOT OTINUHBIH oT (277m) ™! HOp-
MUPYIOIINHA MHOKUTEJIb.
2. Ecsin mosmoxkuth aj, = 1 upm Beex k, To okaxkercst, 9ro I(A) = D, (M), re D, (N) — aapo Deiiepa.

[Tepuomorpamma Jr060ii T10CIEI0BATETLHOCTH (A1, - . . , Gy ) OOJIAJIAET CJIELYIOIIUME CBOHCTBAMHU.

Jlemma 4.2. 1.

1
IL(\) = Z ap + 2 Z - Z ag aprm cos(m) | . (4.1)
m=1

2. Iy asasemces neompuyamenvHot wemmnot ozpanuiernots Henpepbisnol Gyrkyued, ydosaemsopaoued
yeaosuro nepuodunocmu In(A + 2m) = In(A).

3. Obosnavwum I nepuodoepammy nociedosamesvrhocmu a* = (a1 — @, ...,an — @), 2de a = Z;'l:1 a;j/n.
IIyemv X\ = 27k /n, 2de k/n ¢ Z. Toeda IL(N\) = Ia(N).

ﬂOKaSam@/LmeBO. HepBoe YTBEPXKACHNEC JOKAa3bIBa€TCA HEIIOCPEICTBECHHO:

B 1 i
Z ame”" A = Z apage =0 = Zaz%—Zakage (k=0
27Tn 27rn 2mn

m=1 k(=1 k=1 [
1 n n—1 n—¢
Zak +2 Z agag cos (k —ON | = " (Z az +2 Z Z gy (k—g) cos (b — O | =
1<€<k<n k=1 (=1 k—{=1
n—1 n—¢ n—1 n—m
1
Z ay + 2 Z Z Agagym cos(mA) | = Py % +2 Z Z Qg sm cos(m)
(=1 m=1 k= m=1 (=1

Bropoe He Hy:K1aeTcst B cliennajJbHOM JIoKa3aTebeTBe. JlokaxkeMm Tperbe yrBepKaenue. [lpu A # 27/l ¢
teZ

n

—iAn
Z p—iAm _ 1—e o—iA
1 —eiA '

m=1
[TociiesiHee BbIpazKeHHe MPEBPAIAETCS B HOJIb, €CJIM JIONOJTHATEBHO OTPeboBaTh, YT06bl A = 27k /n,
k € Z. llostomy B ycioBusax JleMMbr

n

n n
Z(am_— —iAm _ § A€ zm_aze—w\mzzame—zkm.
m=1 m=1

m=1
JlemMa moKasaHa. O

n

Bameuanne 4.2. Ecim B3ate A = 0, 10 okazxercs, uro Io(0) = (>n_; an)2/(27m), B TO BPEMs KaK

I:(0) = 0.
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ITepeiijiem Tenepb K OlleHUBAHUIO clieKTpasbHOll mwioTHocTu. Cornacuo IIpegioxkenuio 1.1, npu Bbi-
HoJHeHHN ycaosus y | |R(m)| < oo

FO) = % ST e R(m) = - L S cos(m) R(m). (4.2)

EcrecTBeHHO cunTaTh, YTO BHIGOPOUHBIM AHAJIONOM (4.2), HOCTPOEHHBIM 0 PEAIU3AIMA X1, . . . , Ty CTa-
IIMOHAPHOTO TIPOIECCa, ABISETCS CaydailHas OyHKIINAs

2 T

m=—(n—1) m=—(n—1) m=1

-1 n—1 n—1
Y 1 S —imA D 1 5 L[5 5
fA) =— Z e R(m) = — Z cos(Am)R(m) = o R(0) +2 Z cos(mA)R(m) |,
e R(m) — DoIxosmas oneHKa KoBapuanuonnoii gy, [1s HAITIX esteii MbI Gy [eM HCIOMB30BATH
JBa BapuanTa oreHoK R(m) — onenku (3.3) u (3.4). Vnaue rosopst (B upemiosoxkennu, uro Ex; = 0)
MBI OyIeM T10JIaraTh

n—m
R(m) = Tj Tj+m
7j=1

n—m

~ 1
R(m) = = )(Zjym — Tn)-
j:l

B nepBom ciiydae BMecTo f()\) MBI Oy/IeM IHCATH I,(LO)()\), a BO BTODOM — Lgl)()\). Konewno, orenka
7

. 1
n () Gostee ymobHA ISt TEOPETUIECKUX PACCMOTPEHHIT, B TO BpeMsi KaK L(1 )()\) — JJTsT IPAKTHIECKUX

HPUMEHEHUN.
(0) .
Cornacno pasenctBy (4.1), I, (\) sIBisleTCs 1ePHOJOrPAMMON IIOCIEIOBATEIBHOCTH X1, ..., Ty, &
1 , _ _
Lg )()\) — IEePHUOJIOrPAMMOI TIOCTEIOBATEILHOCTH L1 — Xy ..., Ly — Lyp. LaKAM 00pa30M, MbI TOJIYIUIN

JBa IIPpeCTaBICHUA OJHUAX U TEX K€ OLICHOK CIEKTPaJIbHOI IIJIOTHOCTU — YePe3 OLICHKU KOBAPUAITMOHHbBIX
QyHKIINN U depe3 MepuoIOrPAMMBI.
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4.3 CpeaHee 3HaYEHNE NMEPUOAOTPAMMBI

IIpeanoxenne 4.1. [Tycmw A € [0, 7]. Tozda
1.

n—1 n—1

r=1

EI,(LO)()\) — % Z < — |rn|> R(r) cos(Ar) = % (R(O) +2 Z (1 — %) R(r) cos()w*)) . (4.3)

r=—n+1

T T+A
EI0()) = / B, — ) f(a)da = / B,,(8)f(\— B)dB.

—T+A

3. Ecau cnexkmpanvtasd naomuocms f Henpepuera 8 moyuke A, mo
EIY(A) = f(N).
4. Ecau Y, |r||R(r)| < oo, mo
n (BIO(0) — f)) = —— irR(r) cos(\r).

s
r=1

Hoxazamenvcmeo. 1. PaBeHCTBO cilejlyeT U3 TOTO, 4TO, 110 OIIPEIEJIEHUIO

n—1
1 ~
IT(LO)()\) = o Z COS(T/\)RS])(”’)’
r=—n-+1

aERV(r) = (1 — |r|/n)R(r).
2.

n

D e

j=1

_ Z/ i(k— laf )dae—l(k DX _ En: ZA(k_l)(‘)‘_k)f(oz)d()é:/7r

T kl=1 -m

2mnEI0(\) = E

Z Expxie™ ik=D)A Z R(k

k=1 k=1

Tax xkax ®,(8) = |¢n(B)]?, To Bee noKazano.
3. O6osnaunm gy (5) = f(A — ). Cormacno Crencrsuio 4.1, upu A € [0, )

T+
/ B, (8)gr(B)dB — gx(0) = F(N).

—T+A

B To xe Bpems nipu A = 7

2
/O B (8)9x(B)A6 — (92(0) + ga(2m)) /2 = (F(m) + F(—m))/2

Tak Kak f(m) = f(—m).

4. Tak Kak

r>1

f\) = ( —i—ZZR cos( /\7">,
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To u3 (4.3) ciemyer, 9TO
1 00 n—1
EIOMN) — f(N)) = —= R A R(r) cos(A
n (ELO() = V) = — <n2 () cos(hr) + 3 rA(r) cos(n
[TepBasi cymMa CTpeMUTCsl K HYJIIO, a Bropast — K 1paBoii qactu (4.4). O

O cMmelneHnn oNeHKn Ifll). Nmeer mecro caepytomee yreepxkaenue (|1, reop. 8.3.6 rur. 8 §8.3]).

Teopema 4.1. Ecau cnexmpanvtas NAOMHOCMS HENPEPLIGHA 6 HYAE U TMOYKE X, MO
limn(EIY (A) — EIP(N)) — 0.

Takum o6pa30M, ACUMIITOTUYECKHE CBOMCTBA HeCMEIICHHOCTU obenx OIIEHOK COBITaJal0T JIJIsd HEIIpe-
PBIBHBIX CIIEKTPaJIbHBIX ILIOTHOCTEN.
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4.4 IlpenenbHoe pacripejiejieHUe IIepuogorpaMM
4.4.1 IlpenenbHble KOBapHualiiy MepUOIOTPAMMbI

Haunem ¢ ommo#t Teopembl, KOTOPYIO MpUBeIeM 06e3 JoKa3areabcTBa. 1lycTs &, — JuHeiHbIi mporecc
(1.3), rie € — He3aBUCHMBIE C/TydafiHble BeJIMYHHbI, HMEIOIINE HyJIEBOE CPeJIHee, eIMHIIHYIO JUCIEPCUIO
¥ KOHE'HbI 1eTBepThlit MoMenT. Kpome Toro, mycts  _; |¢j| < oo,

Teopema 4.2. IIpu X € [0, 7] un — oo
2
9 214(N\) ecau A=0 wuau
E(O0) - F)* 42 |
(A ecau A€ (0,m).

IIpu smom, ecau A1, Ag € [0,7] u A1 # A2, mo npu n — oo
E(L" (A1) = f()) (I (A2) = F(A2)) — 0.

W3 teopembr 4.2 ciiemyer, 9TO CpeHEKBAIPATHIECCKOE OTKJIOHEHHE IIEPHOI0TPAMMbI, BOODIIE TOBOPSI,
HE CTPEMUTCS K HYJIIO JJIsT JIMHEHHOTO MPOIeCca. XOTs U3 9TOr0 YTBEPXKIEHUs U HE CJIeIyeT HeCOCTOs-
TEJIBHOCTD IMEPUOIOTPAMMBI KaK OIEHKH CIIEKTPAJILHON IIJIOTHOCTH, TaKasd HECOCTOSTETbHOCTh CTAHOBHUT-
Cs1 BEChbMa, ITPaBIOMOI00HOI.

4.4.2 Pe3yabTaTbl U 00CY>KAEHUSA

ITess macTosero pasjeia — JI0KA3aTh CJIEAYIONIYIO TEOPEMY.

Teopema 4.3. [lycmov x,, — Aunetinoili npoyece, 3anucarhovill 6 sude
L = § Cm En—m,
m

ede Y, |em| < 00, U £y — MOCACIOEAMENLHOCTV HEZABUCUMBL 0OUHAKOEO PACTPEOCACHHDOLL CAYIATHOLL
seaunun makas, wmo Ee, = 0, Ee2 = 1. Tozda npu X € [0, 7] xoreurnomepnvie pacnpedeserua npoyecca

IT(LO)()\) cAab0 CTOOAMCA K KOHEUHOMEPHBIM pacnpedeseruam cayuatinozo npoyecca I(N) makozo, wmo
1. Ecau X € (0,7), mo caynatinas seaununa L(I(X)) = L(f(N)E), 2de & € Exp(1).

2. Ecau A =0 uau m, mo L(I(X)) = L(f(N)E), 2de & € x*(1).

3. Bnavernus I(N) npu pasauanor A He3a6ucCuUMbL.

3ameuanue 4.3. 1. Pegynbrar Teopembr 4.3 B HEKOTOPOM CMBICJIE MOXKET CJIYKUTH OObSICHEHUEM De-
gysnbTaTa Teopembr 4.2. JlelicTBUTEIBLHO,

f2(\)  ecmm € € Exp(1),

2 9 1\2 _
E(fNE =) = FME(E-1) _{QfQ()\) ccmn € €€ x2(1),

tak Kak E(¢ — 1)2 = 2 npu € € x%(1), B To BpemMs Kak E(§ — 1)2 =1 gys cayvas £ € Exp(1).
2. N3 Teopemsl 4.3 cjiejlyeT HECOCTOATENLHOCTD TIEPUOJOTPAMMBI KaK OIEHKU CHEKTPAJIbHOM TIIOTHOCTH
B Tex Toukax A, rje f(A) > 0. [eiicTBuTenbHo, 0pu n — 00

P19 = fN)] > 8) = B([F(NE = F(N)] > 8) =P(|¢ — 1] > 5/f(N) >0,
e € € Exp(1) mpu A € (0,7) u € € x?(1) unave.

Pesynbrar Teopembr 4.3 MBI BBIBEJEM W3 CJIEAYIONIET0 YTBEPIKICHUS, HMEIOIIEr0 CAMOCTOSTETHHBIN
naTepec. ObO3HATUM

1 & 1 &
An(N) = = > wpcos(kA), Ba(A) =— Y apsin(kA).
n k=1 n k=1
fAcno, uro E A, (A) =E B,(\) =0.

30



4.4 IlpenenpHoe pacHpeneeHue IepuoJorpaMm http://statmod.ru

Teopema 4.4. B ycaosuax Teopemwvl 4.3 koneurnomeprvie pacnpedeaenus npovecca /n(Ay(N), Bn(N)),
2de \ € [0,7], caabo cxodamea & KOHEUHOMEPHHIM PACTPEEACHUAM 08YMEPHO20 24YCCOBCKO20 NPOYUECCA
(Z1(N), Z2(X)) maxoeo, wmo

1. Cayuatinoie npouecco, Z1 U Lo HE3ABUCUMDL.

2. IIpu X € [0, 7] npoueccor Z1(N\) u Za2(N) asaaomes npoyeccamu ¢ He3A6UCUMBLMU SHAYEHUAMU, TNPU-
YEM ZQ(O) = Z2(7T) =0.

3. EZ1(N) = EZ3(\) = 0 npu scex A.

4. DZy(N) =DZy(N) =7 f(N) npu X € (0,7).

5. DZi(AN) =27f(A) npu A =0 uau .

IIoxaxkem, Kak u3 Teopemsr 4.4 cienyer pe3ynbrar TeopeMsr 4.3.

CaenctBue 4.2. Ecau das npoyeccos (Ap(X), Bp(X)) umeem mecmo npedeavrviti pesyavmam Teopemot

4.4, mo das mpoueccos Iy(LO)()\) umeem mecmo npedesovhwili peayavmam Teopemot 4.5.

Zoxazamesvemso. 3aMeTuM, ITO

2
n
i n 1 2 2
Sae | = (A2 + B2V) = o= (Vida)* + (VaBa(V)®).  (45)
k=1
Orcroza cpa3dy ke ciejyer ciabast CXO[UMOCTh KOHEYHOMEPHBIX PACIpPe/esIeHuil mporecca I,(LO)()\) K KO-
He'uHOMEpHbIM pacnpeenenusy nponecca I(A) = (Z(X) + Z3(\)) /2w, Koneuno, a10T nporece nmeer

HE3aBUCUMBIC 3HATCHUS.
Ecmm A € (0, ), o

£109) = £ (5 (rF0E + 7108 ) = £(FON(€E + )/2),

I(O)()\):%
™

n

rie &1,& € N(0,1) u nesasucumbl. Tak kak (f% + 55)/2 € Exp(1), To nepsoe yrBepxenue Teopembl
Teopemnbr 4.3 nokazaHo.
ITycrs Teneps A = 0 win A = 7. Tak kak Za(\) = 0 upu s1ux A, TO

£) = £ (5205008 ) = £(5082).
9TO0 W TPebOBAJIOCH JOKA3ATh. ]

Sameuanue 4.4. Creayer orMeTuTh, YT0 B Teopeme 4.4 yTBep:KIaeTcst, 9TO CAMU HMPOIECChl 41 U Zo
SIBJISIIOTCST HE3ABUCUMBIMHI, B TO BpeMsI KakK mpH jokazarenbcrBe CrenctBus 4.2 WCMOIb3yeTcsl TOTHKO
10, uT0 Z1(\) 1 Z2(\) He3aBUCHMBI 1IpH JIIOO0M (OIMHAKOBOM) .

4.4.3 okazareabcTtBo Teopewmbr 4.4

Haunewm ¢ JOKa3aTeJIbCTBa HECKOJbKUX JICMM.

1. BcomomMmorareabHbIE YTBEpP2KAEeHUI.

JIemma 4.3. 1. Jlas A, Ay € [0, 7] npun — oo

Lo 0 npu A1 = Ao = 0 uau ,
lim -~ Zsin()\lﬁ) sin(A2f) = ¢ 1/2 npu Ay = X2 € (0,7),
=1 0 npu A # Ag;
Lo 1 npu A1 = Ao = 0 uau T,
lim - Zcos()\lﬁ) cos(A2l) =< 1/2 npu A; = Xs € (0,7),
=1 0 npu A\ # Aa,
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a marxotce

n

1
lim . Z cos(A1f) sin(A2f) = 0.
(=1

2. Ecau Ay = 27ky/n, Ao = 27ka/n u A1, Ay € [0, 7], mo

Lo 0 npu A1 = Ao = 0 uwau m,
- Zsin(/\lé) sin(Aof) = ¢ 1/2 npu Ay = Ay € (0, 7),

=1 0 npu i # Ay
Lo 1 npu A1 = Ao = 0 uau m,
- Z cos(A1f) cos(Agl) = ¢ 1/2 npu Ay = Ao € (0,7),
=1 0 npu i # Ay,

a makorce
1o ,
- Z cos(A14) sin(A2f) = 0.
l=1

ﬂoma3ameﬂbcm80. yTBep}K,HeHI/Ie JIEMMBI JIETKO JOKa3bIBaCTCdA ITPEJICTaBJICHHUEM CHUHYCa W KOCHHYCa B
BuJi€ CyMMbl MHUMbBIX 9KCIIOHEHT. ]

Jlemma 4.4. Ilycmv €1,...,6n,... — HE3ABUCUMbBLE OOUHAKOBO PACNPEICAECHHBLE CAYUATHDIE BEAUNUHDL

¢ Eep, = 0 u De,, = 1. Pacemompum nocaedosamenvrocmo Gy, U NOAOAHCUM Ey = AnEn, G MAKIHCE Bfl =

a?+ ...+ a%. Ecau |ay| < ¢ un/B2 = O(1), mo nocaedosamenvrocmy &, nodwunsemca Ilenmparvnoti

IIpedeavroti Teopeme, mo ecmov umeem mecmo croduMoCmb

L((e1+ ...+ ¢en)/Bn) = N(0,1). (4.6)
Ecau donoarnumenvro B2 ~ a*n, mo (4.6) npuobpemem 6ud

L((e1 + ... +en)/v/n) = N(0,07). (4.7)

Loxazameavecmeo. JokazkeM, 4TO IOCIEI0BATEILHOCTD &, YIOBJIETBOPET yeaosuio Jlunnebepra, To eCTh
aTo 71t Jiroboro 6 > 0 mpu n — o0

1 n
53 DB, &l > 6B,) — 0. (4.8)
nog=1

Tak kax B, — oo, TO

E(£2, |&| > 0B,) < *E(e7, cleg| > 0B,) = *E(e?, |¢] > 6B, /c) — 0.

ITosTomy

1 ¢ 2 no9 2

n /=1 n
4TO U TpebOBAIOCH TOKA3aTh. O
Jlemma 4.5. ITyemnv &, = (&1, - - - ,fd,n)T — N0CAEAOBAMENOHOCTNG d-MEPHVIT CAYHATHLLT BEKMOPOS.
Jlas moeo, wmobv, nocaedosamenvrocms L(E,) caabo croduracs K d-mepromy 2ayccosckomy pacnpede-
aenuro N(@, YD), neobzodumo u docmamouno, wmobo, das mobvix T = (t1,...,tq)T nocaedosamenvrocmo

L'( EZ:I §k7ntn) cAa00 CxodUNACH K 0OHOMEDPHOMY HOPMAALHOMY PACTLPEJENEHUIO N((a, t), (3, f))
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Joxasameavemeo. 1. Heobxomumocts. O6osnauum t = (t1,...,t4)". Ecm L(€,,) = N(@, X), To 1o cpoii-
CTBaM MHOTOMEDHOI'O TayCCOBCKOTO PACIPE/ICJICHHST

2. Jlocrarounocts. 13 ycioBuii ciemyer, aro mjis joboro 7 € R
EeiT(Eni) — eT(azz) 677_2(2%7%)/2 .
[Tomaraa 7 = 1, momyvyaeM HYKHBII pe3yabTarT. O

2. Cay4aii rayccoBckoro 6eJioro mryma.
Temeps yoenumcst, uro Teopema 4.4 BepHa B ciIydae, KOTJA T, ABJISIETCS T'ayCCOBCKUM OE€JIBIM IITyMOM.

Ilpennoxxenue 4.2. Ilycmv x, = &, — 2ayccosckutl beavili WYM ¢ HYAELEBIM CPEOHUM U eOUHUYHOT
ducnepcueti. Toeda Koneunomeprve pacnpedeserus deymeprozo npovecca /n(Ap(X), Bn(\)), A € [0, 7],
CAA00 CTOOAMCA K KOHEUWHOMEPHUIM PACNPEOEACHUAM 08YMePH020 2ayccosckozo npouecca (Z1(N), Za(N))
MaKoz0, 4mo

1. Z1 u Z9 — mezasucumot.

2. IIpu A € [0, 7] npoyeccor Z1(X) u Za(N) umerom nesasucumoie snavenus, npuiem Zz(0) = Za(m) = 0.
3. EZ1(N) = EZ3(\) = 0 npu scex A.

4. DZ1(N) =DZy(N) =1/2 npu A € (0,7), DZ1(X) =1 npu X € {0, 7}.

Jlokasamenvemeo. Ilpex e Bcero 3amernm, uro B HameM ciaydae f(A) = 1/(2w), rak aro ITpemioxe-
nue 4.2 nefiCTBUTEIbHO SIBJISETCS 9aCTHBIM CIydaeM leopembr 4.4.
IIycts 0 = Ao < A1 < ... < Ay = 7. Coryuaiinbiit BeKTOD

Vi (An(X0), Ba(Ao)s - - An(A)s Ba(A), - -y An(Am)s Bu(Am)),

OYEBHUJIHO, UMEET IayCCOBCKOE paclipellejieHre ¢ HYJEBBIM CPEIHUM, KOBapHAIMOHHAsI MATPHIA KOTO-
poro onpezeasiercst Benmanaamu Buga nE(Ay (M) An(Ar)), nE(Bn(X;)Bn( X)) 1 nE(An(A;)Br(Ae)).
ITockobKY X, — Oemblii IIyM, TO TPeIebl STUX BEJMYUH omnpeaeaeHbl B Jlemme 4.3. JeficTBUTENBHO,

1 n n 1 n
nE(An(Xj)An (M) = - E (Zlem cos(m/\j)> (; £¢ cos(ﬁx\k)> = Zlcos(m)\j) cos(mAg).
Amnayornano
1« : 1 ¢ :
nE(Bn (X)) Bn(Ak)) = - Z sin(mA;) sin(mAx) u nE(A,(X\;)Bn(\e)) = - Z cos(mA;) sin(mAy).
m=1 m=1
Ncnonp3ysa Jlemmy 4.3, TpuxoauM K Hy?KHOMY Pe3yJIbTATYy. O

3. Cayu4aii Ipou3BOJILHOTO 6€JI0ro MHIyMa.
Caemyromuii mar — JoKa3aTeabcTBO TeopeMbl 4.4 Jyist TPOU3BOJIBHOIO HEJI0T0 MIyMa.

Ilpennoxxxenue 4.3. Ymeepowcdenue Ilpedrooicerus 4.2 ocmaemes 6EPHBIM, €CAU Ty = Ep, 20€ €, —
HE3ABUCUMDBIE 00UHAKOB0 pacnpedesermnvie cayvatinvie sesusunvs ¢ Br, =0 u Dz, = 1.
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Jlokazamenvecmeso. PaceMorpuM cHavasia OJTHOMEPHBIiT ciydail Ha npumMepe nocegoBarebHocTH Ay ().
Cormacuo semmam 4.3 u 4.4, mocsenoBaTeabHOCTD & = cos(n\)ey yaoBiaerBopsier yemosuio JInmmebepra
cB2~o*rneo?=1nmpu\=0wmruo?=1/2npu € (0,7).

Otcroza cpasy ke cieayer Tpebyemast HOpMaTbHOCTh (¢ apaMerpamu 0 1 0°2) TIpeJIeIbHOTO pacipe-
JIeJIEHUS TI0CJIeI0BATEIbHOCTU /N A, (N). AHalornaHble pacCyKIeHusl BEPHBL U Jiisd /nBy, ().

[Tepeiiiem Temeps K 0bmemy caydaro. Coryacuo Jlemme 4.5, st Toro, 9To0bI 10Ka3aTh CJIaby0 CXO-
JIMMOCTh KOHEYHOMEDHBIX PaCHpeNe]eHuii IBYMEPHOIO IIPOIECCa \/H(AH(A),BH()\)) K Hy>KHOMY MHO-
TOMEPHOMY TayCCOBCKOM DACIPEJICTICHNIO, JTOCTATOYHO JIOKA3aTh JJId TPOU3BOJLHOTO HAOOpPA YACTOT
0=X <M <...<An_1 < A\ =T U I TPOU3BOJIbHBIX BEIIECTBEHHBIX TUCEIT U, - - - 5 U, V0, - - - » Um
NPEeIEIbHYI0 HOPMAJIbHOCTD TIOCJIEI0OBATENBHOCTH CIyYaiHBIX BEJINIUH

Nn = \/E(An()\o)uO + Bn()\(])vo —+ ...+ An()\j)uj + Bn()\j)vj + ...+ An()\m)um + Bn()\m)vm) =

- \/1?1 Z Z (cos(@)\k)uk + sin(@\k)vk) ¢,

(=1 \k=0

a Tak»Ke IIPOBEPUTH, YTO CpeJIHee U JUCIEPCUsd IIPeJIebHOIO0 HOPMAaJbHOI'O paclpejieieHus TaKue, Kak
HyKHO.*
Koneuno, mposepka npejiesibHO HOPMAJILHOCTHA CBOJIUTCS K IIPOBEPKe yeaoBust JIunaebepra s mo-

CJIeJ0BaTe/JIbHOCTU CJIy‘I&fIHbIX BeJINYNH

m

&r=apep = Z (cos(ﬁ)\k)uk + sin(ﬁ)\k)vk) g
k=0

. m o 2
Ouesngno, |ag| < ¢ = > ;7 (Jug| + |vg]). Haitmem remepb mnpesesnpHOe moBefeHne oTHoeHust By /n,
OrpaHIvHBasi JIJIsl IPOCTOTHI CILyIaeM Uy = V) = Uy, = Up, = 0, TO eCTh paccMarpusast TOIbK0 A € (0, 7).
Torma cormacuo Jlemme 4.3

2

n m -1 n

3

L 1
B%/n =~ Z Z (cos(OAp)ug + sin(CAg)vg) | = w2 =3 cos?(E)+
S ely [ mol
2 ) .
— g}\ r E)\ E)\T r— g}\ E}\r
+ kzl Uk o, ;sm (€Ak) +p§::1 Upr ;COS( p) Sin(€Ar) + 2 UpUr — ;COS( p) Cos(€A )+

3

m—1 n
1 .
+ g upvy ;sm(&p) sin(fA,) — A2 = ; (u? + v2)/2
pFET = =

upu n — oo. Cormacuo Teopeme JlunpeGepra sro ozmauaer, uro L£(n,) = N(0, A?). IlockoibKy mepe-
MEHHBIE U, U TIPOU3BOJIBHBI, TO 110 Jlemme 4.5 ciydaiiHblii BeKTOD

\/H(An()\l), Ba(M)s - An(A), Ba(A)), -, An (A1), Bn(Am,l))T

uMeeT B IIpefielie TayCCOBCKOE paclipefiejieHHe ¢ HyJIEBBIM CPEIHUM U JINAroHAJbHON KOBapHaIMOHHOI
MaTpureif, Ha JUaroHaan KOTopoii crodtT jucrnepcun, pasabie 1/2. Posro sro (s A € (0,7)) n yTBep-
JKJIAeTCs B JIOKA3bIBaeMOM BapuanTe Teopembr 4.4.

Coywait, korna uy # 0 u/mmm v # 0 npu k = 0 u/umm k = m abCOJIIOTHO aHAIOTUYEH. t

4. O6muii ciryvai
Ob6rmmwmit ciydait Teopembl 4.4 OyIeT CJIeI0BATH U3 CJIEIYIOIIETO MIPEIJIOXKEHUSI.

4Co CpPeJHUMU 3]IeCh BCE B IIOPSIJIKE.
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ITpennoxkenue 4.4. Paccmompum Aunetnvit npouecc Ty, 3anucarndbill 8 6ude

Tn = § Cm En—m,

m

ede Y, |em| < 00, u g, — nocaedosamenvbrocms HE3ABUCUMBL 0OUHAKOGO PACTIPEOCACHHDLL CAYIATLHDOLL
seaunun maxaa, wmo Ee, = 0, Ee2 = 1. O6osnavwum

1 ° —i — il
Jn’x()\):ﬁ nge Ay Tne(A Zs e
(=1

Tozda
Tnz(N) = (Z cme—im> Tne(N) + Vi(N) (4.9)

20e |V, (N)| pasromepro no X cmpemumes no 6epoAMHOCIIU K HYAO NPU T — OO.

Zloxazameavcmeo. Ilomoxxum ipu m =1,...,n
n n—m
— Z goe A 4 gpe (4.10)
/=1 {=1-m
u

j=1 m 7=1
1 n—m 1 n—m
_ T Zcm £ efz(erl))\ — E :Cmeizm/\\/» e I
n n
m {=1-m m {=1—
1 < 1
— Zcme_’m)‘ — ng P g Cme” A Upm(A) =
n vn
m /=1 m

= (Zcmem> Tne ) + Vi (). (4.11)

Hetrpy/iHo Bujers, 4TO mMocje cokpaileHns nogo0HbIX 4ieHoB B cymme (4.10) ocranercst poBHO 2|m|
HE3aBHUCHMBIX CJIAraeMbIX IPU [m| < n 1 POBHO 2n HE3aBUCUMBIX cjaraeMbix 1pu |m| > n. [Tosromy

E|Upm(M)]? < 2min(jm|, n).

Hanee, 3aduKcupoBaB HEKOTOPOE g U B3AB N > N, MOJIYIUM, UTO

/
E[V; (A Z | E|Unm(N)] < \}ﬁ > lewl (E\Un,m(A)F)l ‘<
Z]cm\ (min(|m], ))1/2g\‘/g ST deml M2+ V2 > feml.

m|<no |m|>no

\ S

<7
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[TosTomy tipu pukcUpOBaHHOM 71

limsupIE’Vn()\)’ <V2 Z lem |-

Im|>no

Tak Kak 7( IPOU3BOJILHO, TO E‘Vn(/\)‘ — 0 pasaomepHo 110 A. CiieoBarenbao, Vi, () crpeMuTest K HYJTHO
10 BEPOSATHOCTH PABHOMEPHO 110 \. O

S3ameuanmue 4.5. V3 npemioxkenus 4.4 MOKHO Cpa3y MOJIyIUTh pe3yibTaT Teopemsr 4.3, ec/i 3aMeTHUTh,
9TO L(LO)(n) = [J(N)|/2mu |3, cme*im)“2 =27 f(A). Ilosromy

L) = FOV2N) + Wa(A), (4.12)

n,x

rje Wy, (A) — Hekoropslii ocraTok. IIpe/enpHoe oBe/eHIe Iy(l?a)()\) HaM y»Ke U3BECTHO, TaK Kak Teopema
4.3 yxke nokazana Jjis Oesoro iniymMa. B 9acTHOCTH, IPU PA3JIUYHBIX A CJIyYailHble BEJIUYUHDBI Ié?g(/\)
ACHMIITOTHYIECKH He3aBUCHMBL, a pu A € (0, 7) pacupeesrenne I,S?E)()\) ciabo cxomures K Exp(1).
Kpowme Toro, MoxkHO JloKa3aTh (310 (akTHIeCKn yKe CJeJaHo IIPU JoKa3aTeabeTse IIpeiokenust
4.4), uro supy E|W,(A)| — 0 u, cregoBarensro, W, (A) — 0 0 BeposSITHOCTH PABHOMEPHO IO A.
Orcrona cpagy ke Oyzer ciienoBaTh obmmii pe3ysbrar Teopemsbr 4.3. Hamr mraH, 0JIHAKO BKJIFOUYAET

JoKazaTebcTBO Teopembl 4.4, UMEIOIIEH caMOCTOSATE/IbHBII HHTEPEC.

Caencrue 4.3. (Jlokasamesvcmeo Teopemvi 4.4)
Ecim st komiiekcHo3HadHOrO mporecca Jy ;(A) umeer mecro pesymbrar IIpemioxenns 4.4, To ms
IIPOIIECCOB

An(A) = Ana(N) = % S wrcos(kA),  Ba(A) = Bua()) = % S g sin(kA)
k=1 k=1

UMeeT MeCTO pe3yJbTrar TeopeMsbr 4.4.

Joxasameavcmeo. OboseHadnm
Ap (M) = 1 5” (kX), Bne(A) = 1 En in(kA)
ne n 4 15k cos ) n.e n 2 g si .

IMockobky Redp o(A) = /nAp 2(A), ImJ, o (X) = —v/nBy () 1 aHaJoruIHbIe PABCHCTBA HMEIOT MECTO
st Redy, ¢(A) u ImJ, (A), To paBercTso (4.9) nepernmucbiBaeTcs: B BIE

VA, . (\) = (Z Cm cos()\m)) VA, - (\) — (Z Cm sin(Am)) VnBn:(\) + VI (N),

m m

VB 2(\) = (Z Cm sin()\m)) VA, c(\) + (Z Cm cos()\m)> VnBn:(\) + VAN,

m m

rje Vrfl)()\) u Vn(Q)()\) CXOJISITCS 110 BEPOSITHOCTU K HYJIIO PABHOMEPHO II0 .

Ucnonb3ys pesynabrar IIpeniokennst 4.3, Mbl cpa3y Ke BHIMM, YTO KOHEUHOMEDHBIE pacipejiesie-
HUsL JIByMepHBIX 1poteccos /1u(Ap (X)), By z(X)) c1a6o cxosres K KOHEUHOMEPHDBIM PACIIPe Ie/IeHHsIM
JIBYMEpPHOT'O IIPOIECCa (Zl,m()\), Zg,z()\)), rje

Z12(\) = (Z Cm cos(Am)) Zic(\) — (Zcm sin()\m)) Zae(N),
Zyo(N) = (Z Cm sin(Am)) Z1e(N) + (Z Cm cos()\m)) Z (M),
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a IBYMEPHBII rayCCOBCKHUII IIPOLIECC (ZLE()\), Zzys()\)) 001aJ2€T CJICIYIOIIAMI CBOMCTBAMME:
1. IIpomeccer Z1 . n Z . — HE3aBUCUMBI;
2. Ilpu X € [0, 7] mponeccsl Z1 . 1 Za . UMEIOT HE3aBHCHMbIe 3HaUYeHUsI, npudeM Z (0) = Zy (7)) = 0;
3. EZ1 .(\) =EZ3.(\) = 0 upu Beex A,
4. D71 .(N\) =DZy(A) =1/2upu A € (0,7), DZ; (A\) =1 upu A € {0, 7}.
Orcrofa, KOHEYHO, cpa3y »Ke BBIBOJIATCS BCE HY KHbIE CBOICTBA KOHEYHOMEPHBIX PaCIpe e/ IeHuii Ipo-
necca (Z1,4(N), Z22(N)). A umenro,
1. DToT 1mporece ABJIgeTCS IayCCOBCKHM, TaK Kak JIMHEIHOe Ipeobpa3soBaHne rayCCOBCKUX BEKTOPOB SIB-
JIIETCA TayCCOBCKUM BEKTOPOM.
2. Ilponecest Z7 z(A\) u Z x(\) uMeroT He3aBUCUMbIE 3HAUCHUS.
3. Z24(0) = Z3 4(m) = 0.
4. EZ1 4(\) = EZy4()) = 0.
5. llpu A € (0, )

DZ; o (N\) =DZs 5(N) =

2 2
(Z Cm cos(Am) ) + % (Z Cm sin()\m)> -

l\’)\r—t

6. llpu A=0wm A =7

DZ; .( (Z Cm cos(Am) >

7. Ilpu A1 # A ciyuqaiinble BemauHbl Z1 (A1) U Z2 5 (A2) HEKOPPEIUPOBAHHBI U, CI€I0BATE/ILHO, He3a-

—zm)\

=21 f(A).

BUCHUMDBI.

8. Il moboro A € (0, )

EZ1 »(N\) Z2.2( (Z Cm cos(Am) ) (Z Cm sin()\m)> — <Z Cm sin(/\m)> (Z Cm cos(/\m)) =0.

CiltetoBaTesIbHO, CIIydaiiHbIe IPOIECCH £ 5 U £ ; HE3aBUCUMBI. TeM caMbIM yTBep:KJeHue jloKa3aHo. [

3ameuanue 4.6. Hpe,ZLHOJ'IO}KI/IM 9TO CHeKTpajbHas IIOTHOCTH moJsioxkuTesibaa. Torma npu A € (0, )

CJTy9aifHBIN IPOTIECC I J;( )/ f(\) acuMITOTHYECKN MMEET HE3aBUCHMBIE 3HAYCHIUS, OKA3ATEILHO Pac-
IPEJIEJIEHHBIE € TTapaMeTpoM 1. DToT (akT MOXKET CJIy’KUTh OCHOBAHUEM JIJIsI IPOBEPKH M'MIIOTE3BI O TOM,
qro f(A) = const.

Sameuanmue 4.7. Pesymprarer Teopembr 4.4 COXpaHSAIOTCS, €CJIN PACCMOTPETH BMECTO ITPOIECCOB L(ZO)()\)
(1)
nporeccet I, ' (A) mpu A € (0, 7).
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4.5 Jluckperu3anus epuogorpaMMbl
4.5.1 JIuckpeTu3oBaHHAsI U AUCKPETHAas MepPUOaOTrpaMMbl

B sToM pasjesie Mbl pacCMOTPHUM He BCIO TIEPUOOTPAMMY 119 kax byHKIMIO, 3aJaHHYIO HA OTPE3Ke
[0,7], a ee 3HAYeHNs] B HEKOTOPBIX CIEIUAILHO BHIOPAHHBIX TOUKAX A, , YUC/IO KOTOPBIX OyJeT yBeJiu-
YUBATLCA C POCTOM 1. A UMEHHO, HOJIOXKHUM A,gn) = 27k /n nuas Tex nenbix k, Ipu KOTOPBIX /\;n) € [0, 7].
fdcno, uro k = 0,...n/2 upn wernom n u k = 0,...(n — 1)/2 upu nedernom n. B obmem ciaydae
k=0,...,|n/2], upuuem )\,(Cn) €eO0,m)upuk=1,...,[(n—1)/2].

Bpi60p MMEHHO TaKUX TOYEK JIMCKPETUZAIUH TIEPUOJIOTPAMMBI O0BIYHO CBSI3BIBAIOT ¢ BOZMOXKHOCTHIO
IIPUMEHEHUs B 3TOM cjydae ObicTporo npeobpazopanus Pypbe, TO €CTh ¢ BBIYUCIUTETLHBIMUA BHITOIAMU.
Kpowme Toro, I,(LO)()\,(:)) = 7(L1)()\](€n)) upu k # 0. Jasee MBI yBUUM, 9ITO JJIst 9TOrO €CTh U OoJsiee TIyboKue
[PUYUHBL.

OxasbIBaeTCst, ITO JIsI IEPUOJOTPAMMBI, BBIYUCJIEHHON B TOYKAX )\](Cn) (To ectb duckpemusosarHol
[epUOIOrPAMMBI ), MOYKHO JI0Ka3aTh aHasor TeopeMbl Teopembr 4.3. KirioueBbiM 3/1€Ch sIBJISIETCSI CJIELYTO-
miee yreepkienue (eM. [17, Teop. 2.14]). O6o3nauum st kparkocru N = [(n—1)/2] u paccmorpum npu
Jj=1,..., N HezaBuCuUMBIC OJIMHAKOBO PaclpeJie/IeHHbIe clydaiinbie BesnunHbl € ¢ Ee; = 0 u Dej = 1.

Kpowme Toro, nosoxxum npu 1 < k < [N/2]
(n) (n) 1 ¢ (n)
52]6,1 = \/ﬁAn()\k ) = — ZCOS ()‘k f)é—:g,
VS
n n 1 - . n
/=1

Teopema 4.5. Koopdurnamu, cayuatinbix 6exmopos (§§”),...,§§’}\}) ACUMNMOMUNECKU HE3A6UCUMDL U
acumnmomuuecky nopmaaviv, ¢ pacnpedeseruem N(0,1/2) 6 mom cmovicae, wmo das awboeo r > 1 u
mobvix kj = kj(n) maxuz, wmo A\, € (0,7) ul <hky <k <...<k

L&y &)") = N(0,%,).

2de ¥y — edununMHaa 1 X T MAmpuua, YmHoHcernas na 1/2.

Sameuanmue 4.8. 1. [lokazarenncTtBo Teopembl 4.5 nMeeT Takyio Ke CTPYKTYPY, UTO U JIOKA3ATEIHCTBO
[Ipemoxenust 4.3 ayist A € (0,7) u nosromy He npupogurcsi. Crelyer TOJIBKO OTMETHTb, YTO BMECTO
mepBoro nyHKTa JleMMbl 4.3 3/1eCh UCTIONB3YeTCsT ee BTOPOI MyHKT.

Wcxomnst uz Teopemsr 4.5, MbI cpa3y Ke HOJIydaeM CIeayomuii BapuanT Teopemsr 4.3.

Teopema 4.6. [Tycmov 6 ycaosuazr Teopemovl 4.8 cnekmpasvian naomnocms f AGAAECMCA NOAOAHCUMEND-
noti. Tozda nobozo r > 1 u mobwx kj = kj(n) makux, wmo 1 < ky < ko < ... < k, < n/2 npedeavroe
pacnpedenerue CAYHAtHO20 6EKMOPa

(KOO F O L0 ) £ (D))

co6NaAdaem ¢ COBMECTNHHIM PACTPEIEAEHUEM T HEZABUCUMBLE CAYUATUHOIT BEAUNUN, UMENOUUT pacnpede-
sernue EXP(1).

3ameuanue 4.9. Yreepxaenue Teopembl 4.6 COXPAHUTCs, €CJIM BMECTO HEPUOIOIPAMMBI «T€OPETUYe-

CKOI» I,(ZO)()\) paccMaTpuBaTh «PeaJIbHYIO» MEPUOJIOIPAMMYy I,(l1 ()\)
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PaccmorpuM rerneph Tak Ha3BIBAEMYIO JUCKPEMHYIO NEPUOI02PAMMY.

st kazxoro A € [0, ] 0603HaMMM vy, (A) umciio Buga 27k /n, 6amzkaiiinee Kk A. B cirydae, korma rakiux
qucest 2, OyieM B KadecTBe oy, () 6parh Menbiee u3 HuX. [lomoxkuMm oy, () = ap(—A) mpu A € [—7,0] u
IPOIO/IKUM (DYHKITUIO vy IO 27T-MEPUOIUIHOCTU Ha BCIO IpsAMyIo. Torma dpyHKIusS

DIy a(A) = Ina(an(X)

HA3bIBAETCS JUCKPEMHOT Nepuodoepammots ocIe10BaTeIbHOCTH a = (ay, . . ., y). Cormacuo Jlenme 4.2,
DI, v(\) = DIya(N), ecm A€ (0,71l ub= (a1 —a,...,ap —a) ca= (a1 +...+an)/n.

Teopema 4.7. Vmeepotcdernue Teopemuvi 4.4 (u, caedosamenvro, ymeepocdenue Teopemwvs 4.3) coxpara-

0 0
emca, ecal BMECMO NepPuodo2pammol L(l ) pacemampusams duckpemnyro nepuodozpammy DI { ).
Hoxazamenvemeso. JokazaTeabCTBO MOUTH JOCIOBHO HOBTOPSIET JOKA3aTeabCTBO TeopeMbl 4.4 u 11o3To-
My He IIPUBOJIUTCS. O
4.5.2 OueHuBaHue JIMHEHHBIX (PYHKIMOHAJIOB OT CIIEKTPAJIbHOM IIJIOTHOCTH

o n
PaccmoTrpuM Tenepb cBOiCTBa IE€PUOJOIPAMMBI B TOYKaX )\,(f ) = 2rk/n, k =0,...,|n/2| nnsa mw-
HEeNHOro mnpoiecca.

Teopema 4.8. I[lycmdv x,, — Aunetinwiti npouecc
o
Ty = E Cm+j€j
j=—00

npunem Y, |l||ce] < 00, en nesasucumvl, Ee, = 0, Ee2 =1 u Eel = my < co. Toeda
1. EIT(LO)()\;TL)) = f()\gn)) + O(1/n) pasnomepro no j.
2. Ecau )\g-n), )\,(Cn) € [0, 7], mo

2/2(A\) +0(1/n) mpu A =AY € {0, 7},
Cov (Iyso)(kgn))aféo)(kzin))) = f? (Agn)) + O(l/n) npu )\gn) = )\](gn) £0,m
O(1/n) npu )\gn) # )\,(gn),

npusem ocmamounvie waenv, O(1/n) pasnomeprv, no j, k.

Aoxasamenvcmeo. Cormacho Jlemme 1.1, u3 yenosus )y, |[€|[c| < oo cremyer, uro ) |s||R(s)| < oo.
ITosToMy IIpu JI0KA3aTEIbCTBE HEPBOrO YTBEPK/ICHHS Mbl MOYKEM COCIIATHCS HA YE€TBEPTOE YTBEPIKICHIE
[Ipetoxkenust 4.1. Bropoe yTBepKaeHNe OCTaBUM 0€3 JJOKA3aTEIbCTBA. O

Ha ocnoBanun Teopembr 4.8 MOXKHO CTPOUTH COCTOATEIbHBIE ONEHKHU JIMHEHHBIX (DYHKIIMOHAJJIOB OT
CIICKTPaJIbHOW MJIOTHOCTH.

Jlemma 4.6. ITycmo h : [a,b] — R asaaemea dynryueti oeparunennoti sapuayuu.® Pacemompum mouxu
a=x0 <1 <...<xzp=>buobosnawum A; = x; — x;—1. Kpome mozo, nycmo y; € [x;—_1,x;]. Tozda

b P
/ h(z)dx — Z h(yi)Aj| < max A; Var(h).
a i=1 !

def _
°Tlo ompenenenmio 310 o3Hagaer, uro Var(h) = sup Zf:()l |h(zi+1) — h(zi)| < oo, nHe cynpemym GepeTcs 0 BCEBO3MOXK-

HBIM pa3bueHusiM OTpe3Ka [a,b] ¢ y3imamm pasbuenus a = 2o < 21 < ... < zp = b C BCEBO3MOXKHBIMU D > 2.
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Hoxasameavcmeo. 3abukcupyem nekoropoe € > (0. Obosnatum hy = SUPciy; | 2] h(z) u BBIGEpEM
TOUKY z7 € [v;-1,%;] Takywo, uto hi — h(2]) < e. Amanormuno, myctb hi* = infyep, | o h(z) u t] €
[i—1,zi] ¢ h(t]) — h}* < e. Torna

yz dl’

< Z/ yz }da? <
< Z /:1 max (h — h(y;), h(y;) — h;-**)dg; — Zmax (h? = h(ys), hy:) — hI*)A; <

< (mlax A;) Z max (h(z) — h(yi), h(yi) — h(t})) + (b — a). (4.13)

[TockobKy KaxKJioe cjaaraeMoe Ioj| 3HAaKOM CyMMbI B mipaBoil actu (4.13) upejcrasiser coboil MOLyIIb
pasHocTu 3HaueHuit byHKIMU h, BHIYUCIEHHBIX B JBYX TOYKaxX MHTEPBAJa [T;_1,Z;], TO BCs cymMMa He
upesocxoaut Var(h). Yerpemisisi € K HYJIIO, TIOJIlydaeM Tpebyemoe. O

s mro6bix dbyukiwmit g u h, onpenenenusix Ha [0, 7], u 06010 1 > 2 BBeJeM 0003HAYCHIE

Sulghy =253 hO)g(”).

0<j<[n/2]

Teopema 4.9. IIyemo g : [0, 7] — R asasemea gynryued ozpanuvennot sapuayuu. Obosnauum

fr= / " F)g(0)dA

ES,(g, 1) = (g, f) + O(1/n) (4.14)

Tozda 6 ycaosuaxr Teopemovs 4.8

nE (Sula. 1) ~{9.1))” = O(). (4.15)

Jloxazamenvemso. st mpocroTsl GyieM paccMarpuBaTh ciaydail Hedernoro n. Torma Sy (g, f) saBis-
eTcsl HUYeM MHBIM, Kak cyMMoii Pumana ¢ mocrosHHbIM 1marom 27 /n miist unrerpana (g, f). Coruacuo
Canencreuro 1.1 u Jlemme 1.1 criekTpajibHas IIOTHOCTL f 00J1a/1aeT HENIPEPBIBHON 1pon3BoiHoil. [TosTo-
My OHa sBJseTCs (pyHKIueil orpaHu<ueHHON Bapuaiuu. JIerko moxkasarb, UTO IpOu3BeleHre (DyHKIIN
OTpaHUYEHHOU Bapuannu — ToxKe (GpyHKIUs orpannydennoit sapuanuu. [losromy u3 Jlemmsr 4.6 ciepyer,
qT0

1Sn(9, f) = (9, )| = O(1/n).

C apyroii croponbl, Tak kKak ESy, (g, I,(LO)> = Sn{g, EI,(LO)>, TO U3 NIepBOro yTBepxKAeHust Teopemnr 4.8 cpazy
x)e caenyer (4.14). Hasee,

nE (Sulg. 1)~ (9.£)) = w0 (Sul0, 1) + 1 (ESwlg, 10) — (g, 1)) = n (Sulg, 1)) + 01 /).
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[TosTomMy BMeCTO CpemHEKBaJIpPATUIECKOrO0 OTKJOHEHUsI HAM JOCTATOYHO PACCMATPUBATH JIMCIIEPCHUIO.
n
ObozHavast Jiisi KPATKOCTUH Ay = Aé ), MIOJTyJaeM COIVIACHO BTOPOMY yTBepxKAeHUIo Teopewmsbl 4.8, aTo

nD (Sn<g,l(0))) _ A 9(A\;)g(\i)Cov (I,§0>(Aj),1,§0>(Ak)) —

" n

5,k
2
= 4% > oD (100 ) Zg g Cov (I (), I () =
0<k<n/2 j#k
_ 47T2 2 2 47.‘-2 2 2
== > (OIS O) +00/n) + — g (0)7(0) + O(1/n) + O(1/n*) Y g(Aj)g(Aw)-
0<k<n/2 7k
Tak kak
2 9 9 T, )
S S T NI
0<k<n/2
a Z#k g(A\j)g(Ak) = O(n?), nonyuaem Tpebyemoe. 0

Sameuyanue 4.10. 1. AHaJIOrTIHBIM 06pa30M JOKA3BIBAETCSI, 9TO JJIsi (DYHKITHI OIrpaHUIeHHON Bapua-
o gi, g2

nCov (Sn<gl,l7(L0)>,S (g, I10 )>) O(1).

2. Bojiee akkypaTHBIil aHAJIN3 TOKA3BIBAET, YTO

D (5,09 1)) = *(0.0) = [ FOLNN+E(g. D).
0

nCov (Sn<917 19, S, (ga, Iflo))) —a(g1, 92, f) = /OTr g1 (N)g2(N) f2(N)dA + Ea(g, f)

rjie nocrosinuble =1 (g, ), Z2(g, f) obpamatorcst B Hyab npu Eep, = 3.
3. Moo Takxke JI0Ka3aThb BAPHAHT [IEHTPAJILHOI IIPe/Ie/IbHOI TeOPEMBI JIJIs CIIy TailHbIX BEKTOPOB

VI (Salor, 1) = (g1, 1), Sulga, 1) = (92.1)) )

COBMECTHOE PACIIPEJICJICHNAE TUX BEKTOPOB CJIA00 CXOAUTCS K JIBYMEPHOMY I'ayCCOBCKOMY PaCIPeJIeIeHUIO
C HyJeBBIM CPEHUM ¥ KOBapPHAIMOHHON MaTpHIleii, ompeeennoi mucepcuamu o2(gy, f),0%(g2, f)

KoBapualuyen 0(91, 92, f)

Takum 0O6pa3oM, XOTsI IIEPUOJOTPAMMA, HE SIBJISAETCA COCTOATEILHONW OIEHKON CIIEKTPAJIBLHON ILIOT-
HOCTH, OHA TIO3BOJIIET CTPOUTH COCTOSTEIbHbIE OIEHKH WHTErPAJIOB OT 3TOi IToTHOCTH. B wacTHOCTH,
I TpyOOil OIEHKM TOBEIEHUsT CIEKTPAJbHONW IJIOTHOCTA MOXKHO HCIOJIB30BATH <IIE€PUOJOTPAMMHYIO
TUCTOTPAMMY », AHAJIOTUYHYIO OOBIYHOI rHCTOIPaAMMe B CJIydae IOBTOPHOI BHIOOPKH.

4.5.3 VYtTouneHnue Teopembr 4.2

Mo>kHO 3aJ1aTh BOIIPOC: KAKOBA B IMPEIBLIYIINX PACCYKIEHUSX POJIb MCIIOJIbB3YEMON TUCKPETU3AIINN
nepuogorpaMmbl? OIMH U3 OTBETOB YK€ IIPUBOIUIICS — 9TO BOSMOXKHOCTH BBITUCICHUI C IIOMOIIBIO OBICT-
poro npeobpazoBanus Pypre. Bosiee rimybokme coobparkeHust COAEPKATCA B CJIEAYIONIEM IIPEIOXKEHNH,
[IPUBOAUMOM 6€3 J0Ka3aTeIbCTBA.
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ITpennoxkenue 4.5. [lycmov 6 ycaosuazr Teopemos 4.8 wucao € > 0 npoussosvro. Toeda pasrnomepro no
E<AFu<m—e¢

. _ 2
Cov (10 (0). 10 (1)) = (W) () F) +0(1/n). (4.16)

Ob6ceymum pesymnbrar atoro [Ipeninoxenns. Koneuno, ot uaTEpecer ToJbKO pu Ou3kux A u p. Io-
3TOMYy 3aUKCUPYEM A, TOJIOKUM [t = \ 4 2, U OyJeM cUuTaTh, 9To vy — 0 pu n — o0o. Torma BBUTY
riaakoctu dyukmun f (4.16) npeBparures B

Cov (10 (1), 110 () = (“““”) FO\+200)f(N) + O(1/n) ~

nsin(ay,)

N sin(nay) \? .
(nsin(an)) f7(N) +0(1/n). (4.17)

PaccmorpuM Tenepb pasimyHble HOBEIEHUsI OCJIeJI0BATEILHOCTH (v, cunTast, 4o f(A) > 0.

1. Ecnu na,, — 0, TO

Cov (10 (N), 110 (1) ) = 12().

Takum oO6pa3om, ecyii A 1 44 O9€Hb OJIM3KH, TO KOBAPHUAITAS IIEPUOIOTPAMM B 9THX TOYKaX B IIPeesie
COBITAJIAET C JUcIepcueil, Kak eciau Obl [t = .

2. Eciu nay, — 00, To niepsbiit wien (4.5.3) nveer nopsayiok youmsanusa O(1/(nay,)?), To ecth Kopapu-
anust B OJIM3KUX TOYKAX CTPEMUTCSI K HYJIO, HO He ObicTpee, YeM it (DUKCHPOBAHHBIX PA3JINIHBIX
A, i, TJie gocruraercs ckopoctsb cxoxumoct O(1/n).

3. Ecaun na,, — ¢ > 0, To Bce 3aBucut or Besmuunsl c. llpu ¢ # 7k

Cov (IT(LO) (\), 1) (u)) _, sin’e F2(N).

c2

Ecmu xke ¢ = 7wk, 10 ectb it — A\ ~ 27k /n, To KoBapuanus yosaer kak O(1/n).
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59 OHGHHBaHHe CHeKTpaJII)HOﬁ IIJIOTHOCTHN: OKHaA CIJIa2KNBaHWM

0 . .
Wrak, Mbl yOeIMINCDH, ITO IEPUOIOIPAMMA, IT(L )()\) He SIBJISTETCSI COCTOSITEILHOM OIEHKOM CIIEKTPaJIh-
Hoit ttoTHOCTH f(\), XOTSI IIPU Pa3yMHBIX YCJIOBUSIX OHA aCUMIITOTHYECKH HecMereHa. Toxke camoe nmeer
1
MECTO H JIjIS EPUOJOTPAMMBI [7(1 )()\). [Torrpobyem mousATH, B UeM 31ech meo0. Kak y»Ke yKa3bIBaJjoCh,

L(IO)()\) MOXKeT ObITh [IPEJICTAB/ICHa KaK B BUJIE

n—1
O\ = — | RO E R(0)
I (N 5 R, (O)+2m:1cos(mA)Rn (m) |, (5.1)
TaK U B BUJIE
1 | ’
©)(y) — —ikA
I (N) 5 kg_la:ke . (5.2)

«Hemocrarkny» npencrasienus (5.1) HOHATHBI, TaK KaK JUCIIEPCHUST En(m) npu m, 6JIN3KUX K 1, TOJKHA
ObITH rOpa3/i0 GOJIbIIE, YeM MPH MAJICHBKHUX 11, BBU/LY HEGOJIBIIOTO YHUC/Ia OCPE/IHACMBIX CIAraeMbIX BHJIA
xjTj+m Hanpumep, mpu m = n — 1 onenka Ry, (n — 1) cOCTOUT TOIBKO U3 OJHOTO CJIATAEMOTO 1Ly, /M.

Ecrecrsennoii ujeeii ucnpasyienus 31oii curyanuu spisercs sejenue dbyukuuu ky, (m), Koropas Obl
yObIBasIa IpU POCTE M, U PACCMOTPEHUH OIEHKN

n—1
fa(A) = % kn(0)R)(0) + 2 Z cos(mA)kn (m)R) (m)
m=1

BMmecTo (5.1). EcrecTBenno, sta dyHKnus 1o/mKHA OBITH M000paHa TAKIM 00pa30M, 9TOObI COXPAHSLIIACH
ACHUMIITOTHYECKAsT HECMEIEHHOCTD OIEHKI.

[Ipescrasienne (5.2) HaBoauT HA JApyrue MbICaH. [IOCKOJIBKY, KaK yKe M3BECTHO, 3HAUEHUS I,(LO)()\)
OPU PA3JIMIHBIX A ACUMITOTHYECKU HE3aBUCUMBI, a (BBUJY HeOpepbIBHOCTH f) Ipu OJU3KHX A elie u
MIPUOINBUTEHFHO OJNHAKOBO PAaCIPeiesIeHbl, TO, OCPEIHNB I,(ZO) B HEKOTOPOIT OKPECTHOCTU UHTEPECYIOIIe-
o HAC 3HAYEHUS 3HAYEHHUS A C IMOAXOMSAIIMMI BECAMU, MOXKHO HAJESIThCS Ha IMOJIyIeHHEe COCTOATETLHOM
OITEHKH CIIEKTPAJIbHON IJIOTHOCTUA B 3TOH TOYKE .

OxasbpIBaeTCs1, 9TU JIBe UIEN IIPU HAJJIeXKaIleil peaim3alii IPOCTO COBIAIAIOT.

5.1 OkxkHa criiakuBaHmd

Bosbmem derHyio cymmupyemyio dyukimuio w(A), onpejenennyio Ha R i takyio, uro [p w(A)dA) = 1.
Kpowme Toro, mycrs Ly, — 400 1 wp(A) = Lyw(LyA). Torma [ wp(A)dA = 1.
ITonoxxum

7o) = /R walh — ) O (a)da u FH(N) = /R wal) — )10 (a)da.

Caydaiiuble BeJIMYUHBI TAKOTO BUJIA U OYJyT CJIy»KUTh OIEHKAMH CIEKTPabHOM 1toTHOCTH. OTMETUM
cpasy, 4To B ciiydae, Korga MYHKIUs W HEOTPUIIATE/bHA, STU OIEHKHN TOXKe OyIyT HEeOTPHUIATE/ILHBIMUA.
Oyukims w Oy/IeT HABBIBATHCH “4ACTMOMHBM OKHOM c2aaxcusarus. 1lycTnb

k(x) = /R e w(N)dA.

9rto — upsimoe npeobpazosanne Pypove byukmun w. Ouesuguo, k(0) =1, k(—z) = k(x) un k(z) — 0 upn
x — o0. Eciin k — cymmupyemast yHKIHS, TO

1

w(A) = o /Rei)‘zk(a:)dx.
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(obparnoe npeobpaszosanue Pypoe). Ecin fR w?(A\)d\ < oo, TO

/R w?(\)d\ = 27 /R E*(x)da

(pasencro Ilapcesasst).

Jlemma 5.1.
M=t T ke Rmen (5.3)
r-—n—l—l
u
e Z k(r/La) RP (r)e™ ™. (5.4)
r——n—l—l
Zloxazamenvcmeo.
1 n—1 B ' 1 n—1 N '
-]/[‘;(LO)()\) = o /wn()\ — Oé) ( Z R%@(r)e‘“u) do = Py Z R%O)(T)/ wn (A — )" da.
T JR r=—n+1 T r=—n+1 R
/ an(Ln(A _ a))efirada — / an(LnV)efiT)‘ei”’dy _
R R
= / w(B)e™EndB = e k(r/Ly).
R
st ﬁ(zl)()\) TaK JKe. 0

CDyHKI_[I/ISI k Has3bIBaeTCd KoeapuayuoOHHbIM OKHOM C2AANHCUBAHUAA.

5.2 KoBapuanmoHHbIe OKHa criiakuBanusi. CMerleHue

Pacemorpum orpannuenHyto dernyo GyHKIuo k, cocpegorouenHyto Ha [—1, 1] u paBHyto ejuHuIe B
uysie. Kpome roro, 6ynem cunrars, uro L, < n — 1. Torma (5.3) npesparurcs B

T (A QW Z k(r /L) RO (r)e™ " = Z k(r/Ln) RO (r) cos(r)). (5.5)

r=—"Ln, r——Ln

ITpengoxkenne 5.1. Ilpednonoorcum, wmo 1 — k(z) ~ k|z|?, 2de k > 0 u q¢ > 0. ITycmo, Kpome mozo,
> TP |R(r)| < oo npu nexomopom p > 0 u L, — oco.
1. Ecrug<puaubop>1uLi/n—0, aubop<1u L?fpﬂ/n — 0, mo

o0

LEEFON) - F( —>—7 Z r|9R(r) cos(rA) = gzqu(r)cos(M). (5.6)
r*—oo r=1

2. Ecaup < quaubop>1ulh/n—0, aubop<1ulL,/n—0, mo

L2 (EFON) = f(N) = 0. (5.7)
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Zloxazameavcmeo. Tak kak p > 0, To

1 [ee)
fA) = o 2 R(r) cos(r))
IMockombky IER(O)( )= (1—|r|/n)R(r), To
FO(y) = - _ _
ED() = o= 30 R~ Irl/m)k(r/Ly) cos(hr) =
|r|<Lp
— Z k(r/Ly) cos(Ar) — — Z ) |r| k(r/Ly) cos(Ar).
T r<Ln " <L
1. Pacemorpum ciygait ¢ < p. Torma
LIE(fO ) — f() Z R(r)(k(r/Ly) — 1) cos(Ar)—
\r|<Ln
—Lq Z R(r) cos(Ar) Z R(r) |r|k(r/Ly) cos(Ar) = Jy + J2 + Js. (5.8)
T >Ln " <L,

Tak xax ), |7|?|R|(r) < oo, To Jy — 0. Paccmorpum J3. Ecim p > 1, To, mockomsky |k(x)| < c,

Ly >
|J3|SC; Z \R(T)HTI<C* Z |R(r)||r] — 0

[r|<Ln r=—00

BBHLY yeosus L /n — 0. Ecim p < 1, To

LQP+1
|J3|<C—Z|R Irl<C > IR,

|7|<Ln |r|<Ly

—p+1
YTO CXOMUTCA K HYJIIO U3-3a ycaosus L ¥ + /n — 0.
BaiimMeMcst TepBBIM CJIaraeMbIM. ZICHO, 9TO

1 1
Ji= Lo Y R() (kz(r/Ln) 14 m\r/an) cos(Ar) = L 5= 3 KR(r)|r/Ly|? cos(r) =1 =Is.
™ T
|T|§Ln ‘T‘SLn

Koneumo,

K o0
I — Dy Z R(r)|r|? cos(Ar).

r=—00

Hanee, k(x) —1+k|z|? = |z|9(z), tae ¢(x) — 0 npu  — 0 1 ¢ — orpaHUYEHHAsT IO MOJLYJIIO (DYHKIHSL.
CreroBaresibHO, Tak Kak p > ¢, T0 psan » . |R|(r)|r|? cxomures u yrBepxkienne ciaemyer u3 Teopemsr
Jlebera 0 MazKOPUPyEMOil CXOTUMOCTH.

2. Iepeiinem k ciiyuaro p < ¢q. Ananorunaso (5.8),

LEE(fON) — (V) = Lk — ! > R(r)(k(r/Ln) — 1) cos(Ar)—

"2
T
|r|<Ly

_p )
E éR 7o) ”27m|;R ) |7 k(r/Ly) cos(Ar) = U1 + Wy + 3.
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Cxomumocts K Hyio Wy J10Ka3bIBae€TCS TOYHO TaK ke, Kak cxonumocTh Jo B (5.8). Herpyano Bujers,
gro |4 = O(LL 7).

Baiimemcst cnaraemei Wy, Ecian p > 1, 1o pan >, |R(r)||r| cxomures u U3 = O(L /n). Ecim xe
p < 1, To jyist Hekoropoii ocrostaroi C' > 0

L L o h
e < CT 3 IR = €2 S R P 7 < €2 L7 ST RO I = O(La/n).
r|<Ln r|<Ln r|<Ln

VTBep:KaeHne TOKA3aHO. ]

Cornacuo Ipemnoxkennto 5.1, ycJIoBUS aCUMITOTHYECKONR HECMEIMIEHHOCTH U CKOPOCTH CXOAMMOCTH
E']?;(LO)(A) K f(\) 3aBucar kak or ot BbIOOpa L, Tak u oT mapamerpos p, q. O6cyuM poJib STUX Hapamer-
POB.

[Tapamerp p onucbiBaeT (rapaHTHPOBAHHYIO) CKOPOCTH CXOJMMOCTH KOBAPHAIMOHHON (DyHKIMH K
HyJII0 (MM, 9TO TOXKe caMoe, TapaHTUPOBAHHYIO CTEIeHb IJIaJIKOCTH CIIEeKTPaJbHOil moTHOCTH). TakmM
00pa3oM, p ABJISIETCS XapaKTEePUCTUKONH HabJII0AaeMoro mnpoiecca. dro Kacaercs mapamerpa ¢, TO OH B
Haleil BIacTH.

Ecau caurarh, 9T0 9HCI0 p HAM U3BECTHO, TO, Kak ciepyer u3 [peanoxkenns 5.1, npu p > 1 cMerenue
BedeT cebsi cieayronumM 00pa30M B 3aBUCHMOCTHU OT (-

e pU pOCTe ¢ OT HyJs JIO P BKJIOUUTENLHO, cMernienne umeer nopsiok O(L,?), a ycnosue na Ly,
npuobperaer Bu L = o(n);

e npu q > p cmemenne umeet nopaok o(L,”), a Ly, 10/0KHO yoBaeTBopaTh yeaosuto Lh = o(n).
Ecmm xe p < 1, T0O

e DU poCTe ¢ OT HyJId JI0 P BKJIOUUTENbHO, cMemenne umeer nopsyiok O(L,?), a ycnosue na Ly,
—pt+1
npuobperaer suy LT = o(n);

e npu q > p cMemienne umeet nopanok o(L,"), a Ly, J0/GKHO yI0BIETBOPATD yeaoBuio Ly, = o(n).

OTu coobparkeHNsT TTOKA3bIBAIOT, YTO IIPU BBIOOD ¢ > P TPUBOJUT K MEHBIIEMY ACHMIITOTHIECKOMY
cMerennio, 1eM Bbibop ¢ € [0,p]. B To ke BpeMms jjisi MHOIMX CTAIMOHAPHBIX IOCJIEI0BATEILHOCTElH
Yo TP IR|(r) < oo mmst soboro p > 0. Hampumep, 910 mMeeT MecTo [yIsi HPOIECCOB aBTOPErPECUH U
ABTOPErPECUI-CKOJIB3SINEro cyMMupoBanusi, rie |R|(r) < ce®"| npu HEKOTOPBIX MOMOKHUTENBHBIX ¢, (.

OTcrofa nosiB/IseTcs ues, 94To JJis TAKUX II0C/Ie10BaTeIbHOCTEll Hy2KHO BLIOMpATh A1po k ¢ ¢ = +00.
HamboJtee ecTeCTBEHHBIM B 3TOM CMbIC/IE ABJIAETCA npamoyzoavoe oxno® k(z) = 1 mpn |z| < 1 (mamommm,
qro k(z) = 0 upn |z| > 1). Jokazkem jyist 9TOr0 OKHA CJIE/LYIONH (hakT

Ipeanoxenue 5.2. ITycmo |R|(r) < ce="| L, < n u L,/Inn — co. Paccmompum ouenxy (5.5) ¢
k(x) =1 npu |z| < 1. Toeda

70 ()) — 1
n(Efy)(A) = f(N) — 5 ; R(r)|r| cos(Ar). (5.9)
Zloxasameavcmeso. [leiicTtBys Tak ke, kKak B [Ipemioxkenun 5.1, mosyanm, 4To
FO) () — __n _
nE(fP0) = F(V) =~ | |>ZL R(r) cos(Ar) — o~ | ;L R(r)|r| cos(Ar). (5.10)

6I/IHOI‘,IL& €T'0 Ha3bIBAIOT TAK>KE OKHOM ﬂaHI/ISHH.
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Bropoe ciaraemoe B npasoii gactu (5.10), oueBuHO, crpemurcs K npasoii yactu (5.9). Uro kacaercs
IIEPBOTO CJIAraeMoro, TO, TOCKOJIBKY

Z |R(r)| < cre@En

|r|>Ln
npu HeKoTopoM ¢1 > 0, a L, = B,Inn ¢ B, = 00, TO OHO CTPEMUTCS K HYJIIO. ]

Bameuanmue 5.1. IIpokommentupyem yciosust [Ipemioxkenust 5.1 cunrast, aro p = ¢ > 1 — 1esoe.
1. U3z ycaosust y . |R|(r)|r|? < oo ciaemyer, 4T0 ClEKTpasIbHAs IJIOTHOCTD f SIBJISIETCH ¢ Pa3 HEIPEPBIBHO
nuddepeniupyemoii. Bosiee Toro, npu yerHom ¢ dbopmyia (5.6) npuobperaer Bu

LIEFON) = fFA) = (=1)¥2 1k fD ().
B wactrOCTH, TIpT ¢ = 2
LZEFON) — FA) =k fAO).

DT0 03HAYAET, 9TO BOJIMU3U JIOKAJBHOIO MAKCUMYMa CMEIIEHUE OTPUIATEIbHO, & BOJIM3U JIOKAJIBHOI'O MU-
HUMYMa — [OJIOKUTeJIbHO. VHaue roBopsi, IpoucxoauT (B CMBICJIE CMEIeHHs) CIVIayKUBaHUe JIOKAJIbHBIX
SKCTPEMYMOB.

2. Tlepeitiem OT KOBAPUAIMOHHOI'O OKHA k K YACTOTHOMY OKHY W:

1
w() ! / e~k (z)dx.

Eciu nosryvuennast pyHKIUs w cyMMUpyeMa, TO

oo

k(x) = / eTMp(N)dA,
—0o0

u ycosue k(0) = 1 coorsercrsyer ycnouio [w(A)d\ = 1.

3. B ciryuae ¢ = 1 moaygaercst, uro 1 —k(z) ~ k|z|, ro ectb dynkuus k ue sisisiercs: nuddeperipyemoit

B nyse. [Tpocreitmmuii npumep sroro — okuo k(x) = 1 — |x| npu |z| < 1 (TpeyrosibHas MJIOTHOCTD), TOTIA

1 —cos())

w(A) =2 2

> 0.

[Tocsieiaee HEPABEHCTBO, KaK y¥Ke TOBOPUJIOCH, 06eCIIeunBaeT HEOTPUIATEILHOCT ONEHKI ﬂlo). QyHKIUA
k(x) = 1 — |z| massiBaercsa moduduyuposarmvim oknom Bapmaemma.

4. Hyers [ A2|w(X)|dA < oo. Torna k — apazx/pl HenpepbisHo auddepenimpyemas ByHKIM, TpHIeM
E'(0)=0mnu

K"(0) = —/ Nw(N)dA.
Eciu nocstequuit nuTerpas He pasex Hymo, To ¢ =2 u 6 = [ N2w(N)dA.

PaccmoTpuM Teleps ciiydail OleHKn f,(ll)(/\).

ITpennoxenue 5.3. 1. Ilycmv 6 ycaosuax Ipedaoorcenus 5.1 ¢ < p, p > 1 u L%H/n — 0. Toeda

umeem mecmo cxodumocms (5.6) ¢ 3amenoll 8 nPasot wacmu 9Mo20 PaGEHCMEa f,(lo)(A) HQ f,(ll)()\).
2. ITycmv npu nexomopom o > 0 evnoanerno nepasencmso |R(r)| < ce= . Ecau L, — oo u
Ly/n — 00, mo das npamoyzoavnozo oxna k(x) = Tj_; 17(v)

Ef{Y(N) — f(A) = O(Ly/n).
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Jokasamenvemeo. 1. ITockonbky, cornmacho (3.7), upu k = o(n)

ERW (k) ~ (1 - :) R(k) — 2”{; © (5.11)
To paBeHCTBO (5.8) mpeBparniaeTcs B
LIE(FIVN) = FON) = Ji+ Ja + Js + Ja, (5.12)

rie Jp, Jo, J3 Takue xe, kak B (5.8), a

n

Jy ~ —qug)) (2L, + 1) = O(LE /n).

[Tockombky npemensr J; npu 1 < j < 3 Takme ke, Kak B Ilpemnoxkenun 5.1, a Jy — 0, To mepsoe
YTBEPKIEHUE JIOKA3aHO.
2. Beuuy (5.11)

EfD(A) — =—— Z ) cos(Ar) — — Z r) |r| cos(Ar) + 2177(2Ln —1)O(1/n).

|r|>Ln r|<Ln

[lepBoe craraeMoe SKCIOHEHIHAIBHO GBICTPO CTPEMHUTCs K HYJII0, BTopoe mmeer mopsuok O(n~ 1), a
tperse — O(Ly/n). O

5.3 IlpeneabpHble gucriepcuu U KOBapualin

Teopema 5.1. ITycmov wemnan gynrkyus k 3adana na [—1,1] u nenpepwena na smom ompesxe. Ipedno-
aootcum, wmo L, — 0o u Ly, = o(n). Ecau cmayuonaproud npoyece T, ABAAEMCA MUHETHM ¢ KOIPPu-
YUEHNAMU Cj, YOOBALMBEOPAIOULUMY YCAOBUIO Zj lcj| < 00 u beavim wymom €5 — n.o.p. c.6. ¢ Eej =0,

Eg? —1u JE# < 00, mo na ompeske wacmom [0, 7]

2f2 f k2 Ydx  npu Ay =X =0,
Li Cov(FO (M), FO(Ag)) — N Y k2 Yz mpu A = A € (0,7), (5.13)
" 0 npu A # Asg.

CanencrBue 5.1. [l Toro, urobbl B ycjoBusix epBoro mynkTta lIpemioxkenusi 5.3 u Teopembr 5.1

CPEeIHEKBAAPATHIECKOTO OTKJIOHEHNE ﬁ(}) (M) or f(A) uMesto ONTUMATBHBIN MOPSIIOK CXOAUMOCTH K HYJIIO,
2 _

ny2kH0, uro6br L2IT = n. Ipu stom E(/}Ll)()\) — f(N)” < n~20/CatD),

Jloxazamenvemso. Pacemorpum corydaii A € (0, 7). TTockosbKy
2

E(fV0) — F(A)2 =DV + BV — F(N)

TO CpPeJIHEKBaJIPATUIECKOe OTKJIOHEHHE Oy/IeT CTPEeMUThCs K HyJI0, ecian L, = o(n) u Litt = o(n), upu
3TOM
e 2 Ln 2 K 2
E(3 () = FN)” = T P00 + 255 GV, (5.14)
n
re 62 = f k%(z)dx
= ——Z |r|9R(r) cos(r ).
OTMmeTuM ele pas, 4To Ipu ¢ = 2
1
Cy(N) = — fAW).
2(A) =5 F7 )
Ecmu Ly /n < Ly, 2q, TO HOPSAIKN 0DOMX CJTATaeMBIX COBIIAIAIOT U SIBJSIIOTCST OITHMAJLHBIMIA. ]
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5.3.1 HekoTopble cTaHIAPTHbIE KOBapUalMOHHbIE OKHA

Hns A € (0,7) npu Ly, = [n'/(24+D | pagencreo (5.14) mpummvaer Bu
1 2 1 20102 1 2012 —2q/(2q+1
[ockombky f2(A\) u Cy(X) 3apanee HEM3BECTHBI, TO IIPEJIETLHBIMU XaPAKTEPUCTUKAME CPe/IHEKBA/PATH-
YECKOr0 OTKJIOHCHHS ABJISIOTCS BEIUYUHBI ¢, Kk 1 02 = fil k%(z)dz. TIpu aTOM ¢ OTBedaeT 3a CKOPOCTh

CXOJIIMOCTH, Kk — 32 CMelenue, a #2 — 3a pasbpoc.
JL1st IpsIMOYTOJIBHOTO OKHA B YCJIOBHSAX BTOporo myHKTa IIpemmoxkenns 5.3 u Teopemsbr 5.1

E(FVO) - FO) ~ 228 (),

TaK KaK JINCIIEPCUS U CMEITeHNe B 3TOM CJIydae UMEIOT OJNHAKOBBIN MOPSIIOK, a 6% = 2.
IIpuBesieM CBOJIKY KJIACCUYIECKNX KOBAPHUAIIMOHHBIX OKOH BMECTE C 3TUMU XaPaKTEPUCTUKAMU.

Hazsanue k(x), |z| <1 q K 6? sign
[TpsamoyroabHOE OKHO 1 —00 2 +
Mosud. okno Baptrerra 1—|z| 1 1 2/3 +
Yceuennoe okHO lanusiist sin(mz)/mx 2 72 /6 ~ 0.9 +
Okno Biskmena-Trioku (BT) 1 —2a+ 2acos(mx) 2 n2a | 2(1—4a+6a?) | +
Oxkno Xennunra BT c a=0.25 2 w2 /4 0.75 +
Oxno Xemmunra BT ca=10.23 2 | 0.23x? ~ 0.79 +
IIepBoe okuo ITap3ena 1— 22 2 1 ~ 1.07 +
Bropoe oxno ITapzena 1-62%~6laf” |2 <1/2 2 6 ~ 0.54 +

21— |=?)  Jz[>1/2

Tabmuma 1: KoBapualimoHHble OKHA,

IIpokoMMeHTHpYEM 3Ty TAOJIAILY.

Bameuanue 5.2. [Ipsmoyrosbaoe OKHO (/11 OGBICTPO yOBIBAIOIEH KOBAPUAIMOHHON (DYHKIMU U 1pu
BbIGOpE Ly, ~ \/N) obecrieqnBaeT JIydiiyo CXOAUMOCTb K HYJIIO CPEJIHEKBAIPATUIECKOTO OTKJIOHEHUSI.

s mopudurmpoBantoit onenku baprierta ¢ = 1. CrenoBare/ibHO, CPEIHEKBAIPATHIECKOE OT-
KJIOHEHUE UMeEeT BUJT O(n_l/ 3), aToMy cooTBeTcTByeT BBHIGOD L, < nl/3. Jlnst ocTaapHBIX OKOH ¢ = 2,
cpenneks. orkiaonenune pasgo O(n~2/°) u L, = n'/°. Tem campbiM mpu ¢ = 2 CKOPOCTH CXOIMMOCTH
HEMHOT'O BBIIIe, YeM 1pu q¢ = 1.

Bosnukaer Borpoc: mouemy Obl He B3sTh O0JIbINOE ¢ (BEb IIPU ¢ — 0O CKOPOCTH CXOJMMOCTH CPEJIHE-
KBaJIpATHYECKOr0 OTKJIOHEHUsI cTpeMuTest K 1/4/n, a 3anars k(x) = 1 — |x|? muaero ue crout)? U Bropoii
BOIIPOC — 3a49eM MPUJIYMAJA TAK MHOI'O BCTIECKUX OKOH Jjisd ¢ = 27

OTBer Ha TH BOIPOCHI OCHOBLIBAETCS HA JIOIPE/IEILHBIX COOTHOMEHNsX. 11ycTh, ckaxem, n = 103,
Torna n1st ¢ = 1 IIaBHBI WIEH cpeIHEKBAIPATHUCCKOI OrPEITHOCTH nMeeT nopsanok 107!, a coorser-
creyomee L, ~ 10'. Ins g = 2 9T Ke TOPSIKH UMEIOT BHJL 10765 ~ 0.063, a L,, =~ 103/5 ~ 4. Ecom
2Ke B34Tb ¢ > 2, To L, ellle yMeHbIIUTCS.

Ho Bce mamm paccy»KJieHust ObLIM OCHOBAHBI HA TOM, 4T0 L, Gosbmoe (L, — oo)! ITostomy 1pu
KOHEUHBIX N OpaTh ¢ CIMIIKOM OOJIBIITAM HEJTb3SI.

Boi6op ¢ = 2 obyciioBiien erre ojiHOI BaxkHOI (0COOEHHO IIpU He OueHb GoJbIUX N) npuanHoil. Kak

5.1 ARU0) 5.4
yKasblBaJIOCh B pasjiene 5.1, onenka fp ' (A), Kpome KoBapuaIlMOHHOrO npejcrasienus (5.4) umeer u
HepUOJOrPAaMMHOE IIPEJCTABICHUE

) = /R wp(A — ) IV (@) da,
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rje wy(A) = Lyw(LyA) n

1
w(A) ! / e~ ATk (z)dx.

1
N3 sroro npencraBieHnsT CTAHOBUTCS OYEBUIHBIM, ITO OIEHKA :(1) A) sSIBJIsI€TCS TapaHTUPOBAHHO HEOT-
)
punareabHoii, ecau w(A) > 0. A HEOTPUIATEILHOCTD SABJISIETCA BECbMA YKEJIaTeTbHBIM CBOWCTBOM, OCO-
GEHHO MPHM OTHOCUTEJbHO HeOOJbIHX N (Ipu GOJIBIINX N 9TO HE TaK CYNECTBEHHO, MOCKOJBKY IJIst

o . 1 P
HOJIOZKUTEJIBHOI CIIEKTPAJIBHOI IIIIOTHOCTI ﬁ(L )()\) — f(A) > 0).
Kak y»ke roBOpmIoCh, CJIydaro IeJIoro ¢ > 2 COOTBETCTBYET PaBEHCTBO

/ Mw(N)d\ =0,
R

YTO HEBO3MO2KHO ITPU ITOJIOZKUTEJIBHOM W.

st IpsIMOYTOJIBHOTO OKHA OIEHKA [TePUOJIOIPAMMBI, BOODIIIE MOBOPS, SIBJISETCS 3HAKOIIEPEMEHHOI.
Hns okua Bapriaerra w > 0 (4ro u obyciaaBinBaeT ero *KU3HECIOCOOHOCTH HECMOTPsI Ha HEGOJIBIILYIO
ckopocTh cxopumoctn). 13 Beex mpumepos Tabmunet 5.3.1, oTHOCAIMXCS K ¢ = 2, TOJIBKO BTOPOE OKHO
[Tapszena obecnieanBaer HeoTpUNATEILHOCT W(A). sl OCTAJIbHBIX OKOH 3TO CBOWCTBO HE BBINOJIHSAETCSI.
Obume pa3IMIHBIX OKOH € ¢ = 2 00BSICHSIETCS MOMBITKAMI YMEHDBITUTD BIUSHIE TON OTPUIATETLHBIX
sHadeHnit w(N\).

5.4 IlpeneapHble TeopeMbl U JI0BepuUTeJbHbIe NHTEPBAJIbI

Teopema 5.2. Ilpu A € [0, 7] 6 ycaosuax Ipedarooicenusn 5.3 u Teopemovi 5.1, Koneurnomephvie pacnpe-

deneHusa CAYHatiH020 NPOYECCH
— [ (FO0) —EFOD
&0 =7 () -ERY )

CAGBO CTOOAMCA K KOHCUHOMEPHBIM PACNPEJENEHUAM 2aYCCOBCKO20 NPOUECCH C HYAEEBIM CPEOHUM, HE3A-
BUCUMBLMU 3HAYEHUAMU U OUCTLEPCUAMU, ONPEJEAEHHbLMYU NPasoT wacmbio pasencmea (5.13).

Teopemsl 5.2 11T TOCTPOEHNST IOBEPUTEILHBIX HHTEPBAIOB, KOHETHO, HEJOCTATOTHO, TAK KaK B ITOI
1 1 1
TeopeMe PacCMaTPUBAETCs PA3HOCTH ﬁ(L )()\) - Eﬁs )()\), a He Pa3HOCTH ﬁ(L )()\) — f(N).

3ameuanue 5.3. PaccmoTpum ciiydaiiHbIi mporiecce

— [ (oo — — [ (FO\) —EFOD D ERFDO —
) = (A0 = 10) = 7 (0 —ERYW) + /- EBFOO) 7). (515)
Ipu A € (0, 7) neproe caraemoe B ipasoit gactu (5.15) mveer mpeenbhoe pacipenenenue N(0, £2(X)02),
rie 6 = f_ll k%(z)dz. Ecrm

n

7 (EFD() = 1) =0, (5.16)

TO 9TOT Ke CJIAObIIl IIpe/ies UMeeT U CIydaiiHas BeauduHa 1(\).

1 . .
Cwmerienue Eﬁ(L )()\) — f(\) B cirydae npsIMOYTOJIBHOIO OKHA U OBICTPO yObIBAIOIIEH KOBAPUAIIMOHHOM
dyuKIME nMeeT TOPsAIOK Ly, /1, IO3TOMY 3TO YCJIOBHE BBIIOTHEHO.
B ycioBusix nieporo myukra [Ipemioxkenus: 5.3 910, BoOOIIE rOBOPsi, Y2KE HE TaK, MOCKOJIbKY

00
K

LE(EFON) = FN) — - > rIR(r) cos(rA)
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1 IIO9TOMY

n 2ot 0
\/;(Eﬂl)()\) —f(N) ~ - Ln - quR(r) cos(r ).

n
r=1

Tem cambiM s coxpanenus Tpefenbroro pactpenenerns N(0, f2(A)6?) smecs my»xmo moTpe6oBaTh,
qrobbr L29T! /n — 0. IIpu oTHOCHTE/ILHO HEGOJIBIIIUX N ITO, KOHEYHO, CUJIbHOE orpanndenue. Hamnpumep,
IpH ¢ = 2 5TO O3HAUAET, UTO JOJIKHO BBIIOIHATHCS cooTHOITeHne L, = o(n'/?).

[ycts Tenepnb L£(1,(N)) = N(0, f2(A)6?) u npeamonoxum, aro f(A) > 0. Torma

1 [ (7P
E(e Ln<f(A) —1]] = N(0,1),

p (1 — 200/ < TOWN/FON) <1+ xWG«/Ln/n> 1y

(3mech, Kak OOBIYHO, T~ sABiIsieTCsl pemnenneM ypasuenns ®(z) — ®(—z) =1 — v, rae ®(r) — dyuxuus

1
pacrpe/iesieHusl CTaHJIaPTHOIO HOPMAJIBLHOTO 3aKOHA), U B HPEIIOJIOKEHUHN, UTO ﬁ(L )()\) > (, nosrygaem
ACMITTOTUYIECKHI IOBEPUTEIBHBI HHTEPBas HaaeKHOCTH 1 — v jurst f(A):

O £y
P fn () < f(\) < Ju ) —1—n.

14+ 2,0+/Lyn/n 1 —x2,0+/Lyn/n
DTOoT JOBEPUTEIILHBLIII HHTEPBAJI MOXKET, TEM He MeHee, OKa3aThCsl He OUeHb Y/I0OHBIM, €CJIM, HAIPU-

Mep, T~04/Ly/n > 1 npu oTHOCUTEIBHO HEGOIBIINX N.
AJibTepHATHBHOE TTOCTPOEHUE MOYKHO OIUCATH CJeAyIomuM obpasoM. Tak Kak

c ( Lin (ﬁgﬂ(x) - f(A))) = N(0,6%f*(N)),

To (cumrasi, uro f(A) n ﬁ(bl) (A) HOJIOKUTENIbHBL), OJIyYaeM, 9TO

p ( 2 (1 () ~ 1o (f,gn(x)))) = N(0,6%),

n

OTKYda JIETKO BBIBOAUTCA, 9TO
P (e i/ < f) < JPQ)e /) 51—y,

Taxoit 7OBepUTEILHBIN UHTEPBAJI SBJISIETCS OOJiee CTaHIapPTHBIM.
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6 OinenuBaHue coeKTpaJbHOI 1I0oTHOCTH: MeToa MEM

6.1 ABTOperpeccuoHHOe ITPOAOJIPKEHNE KOBAPUAIIMOHHBIX (DYHKITUIA
6.1.1 IIporieccol aBTOpPETrpECCUU

OcHoBHbIe TTIOHATUA U cBoiicTBa. llycrs &,, n =0,+,£2,... — cranmuonapHas B MUPOKOM CMbICJIE
II0CJIEJOBATEIBHOCTD, MMEIOIas HyJIeBOe CpeJiHee, KOBApHAIMOHHYIO (bYHKIMIO Re¢(n), CIEKTPaIbHYyO
Mepy Mg ¥ acCOIMUPOBAHHYIO CTOXACTUYCCKYIO MEPY [i¢.

Ecsm cymecrBytor Takue Harypasbhble ¢ > 0 u p > 0, uncna ag, . . ., ap, bo, . . . , by, yIoBaeTBOpSIONIIIE
yeqoBuio agbpapby # 0, a TakxKe Takoil GesIBIil IIyM €, 9TO JIJId JIIOOOTo N

bo&n + b1&n—1+ ...+ bgbn—q = aoen + a16p—1 + ... + apen—p, (6.1)

TO Tporecc §. Ha3BIBACTCS NPOUECCOM ABMOPEZPECCUU-CKOADIAULE20 CYMMUPOSAHUA nopadka (q,p), co-
kpamenno — APCC(q,p).”

[Tpomece (6.1) HazpIBaeTCs peaan3yeMbIM OTHOCHTEIBHO GEJIOr0 IIyMa &, €CJI €, OPTOTOHAIBHO &,
npu m < n.

B ciayuae, korma p = 0, &, Ha3bIBaeTcst upoleccoM (4ucToii) aBroperpeccun u obosnadaercss AP(q).

C koabdunuenramu (ag, . ..,ap) 1 (by, ..., by) CBAZLIBAIOT CJIeAyIOMIIe IOJIMHOMBI KOMILJIEKCHOI IIe-
pemenHoit. Beemem obo3HadeHnst

Q(2) =boz? + 0127+ F b1z by o QF(2) = b2t +by1297 L+ bz + by

U aHAJIOTHYHble 0003HadeHnss P u P* st moauHoMOB ¢ Koaddunuenramu (ao, . . ., ap). IJockonbky 1mo-
JIMHOMBI (), Q* He 00paInaroTcs B HOJIb, TO UX KOPHU B3aUMHO 0OpaTHBI. JleficTBUTEIbHO, TaK KaK

q q
= Z bpzd™k = 24 Z bz F = 29Q* (271, (6.2)
k=0 k=0

To u3 Q(29) = 0 caexyer Q*(1/29) = 0 u Haobopor. B wacrnocru, n3 (6.2) ciaeyer, 9T0 MOJMHOMBI ( 1
Q" OJIHOBpPEMEHHO UMEIOT KOPHU UJIM He MMEIOT KODHel Ha eJIMHUYIHON OKpyKHocTH |z| = 1.

B nasnbmeitimem Mpr OygeM cauTarh, 9T0 K03 dUImenTst (ag, ..., ap) 1 (by, ..., by), a Takxke Gesblit
IIIyM €, BEIIECTBEHHBI.

IIpennoxenue 6.1. ITycmv Q(z) # 0 npu |z| = 1. Toeda npouecc (6.1) umeem cnexmparvryro naiom-
nocm fe, svipasicaruyoca Gopmyrot

1 ‘P*( z)\) 2

fe(N) = o 0 (e M):2 , AE(—m, 7). (6.3)

Jlokazamenvemeso. Oboznauum 1, jeByio (1 npasyio) dactb paBeHcTBa (6.1). Tak kak 7). siBjsieTcst Jiu-
HEeWHBIM ITpeobpazoBaHueM £., TO MBI MOXKEM CTAHJIAPTHBIM CIIOCOOOM BBIYUC/IUTDL CHEKTPAIbLHYIO Mepy
aroro mporecca. leficTBUTEIBHO,

T = Z bk&n k= Zbk/ el)\ " k)/%(d)\)

™

:/ ei)\n Zbke—i)\k /'Lf(d)‘):/ ei)\nQ*(B_i/\)/,Lg(d)\),
- k=0

—T

7H]Z)I/I q=20 (6.1) OKa3bIBaE€TCA IIPOIECCOM CKOJIL3AIIEro CyMMUPOBAaHUA, CJIOBO «aBTOPEIrPECCUA» II0APa3yMeBaeT, UTO
qg>1.
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my(dX) = |Q* (e7)|*me(dN).
AmnastoruiHo u3 npasoit wactu (6.1) nosyuaem, uro
mn(dX) = [Q° (=) Pme(dd) = 5 |P* () Pax.
osromy
Q" (e7) Pme(dn) = [P*(e7)[*dA
n, et Q*(e=™) # 0 1 npu Kaxom A, 1o

1 ’P*(efi)‘)‘Q

T o e e

dA.

YTBepKieHuEe JIOKA3aHO. ]

B nanbueiinem, eciu He OTOBOPEHO IIPOTUBHOE, MbI BCET/Ia MIPEJIIIOIAraeM, 9To MOJUHOM () HE MMeeT
KOpHell Ha ¢IMHUYHON OKPY2KHOCTH.

Bameuyanne 6.1. Tak xak |Q(2)| = [29Q*(1/z)| = |Q*(1/z)| upu |z| = 1, To crHeKkTpa/bHAs IJIOTHOCTH
fe MozKeT GBITH IIPeJICTABIIEHA TAKIKE B BIJIE

1 Pei)\ 2
0= 3¢ o

[Tokazkem teneps, uro uzydenne nporecca APCC (6.1) MOXKHO cBeCTH K U3yUEHHIO IPOIECCa THCTOM
aBTOPErpecCuu ¢ TeMU Ke KoddduimeHraMu by.

IIpennoxkenue 6.2. [lycmo 1. — npouecc 4ucmoti a68MOPeLPECCUL, UMENUUL U

botn + b1mn—1 + ... + bgln—qg = €n, (6.4)

En = aoln + a1Mp—1 + . .. + aplin—p. (6.5)

Tozda 1. Ilpouecc &. ydosaemesopsem (6.1). 2. Ecau npouecc 1. ABAAEMCA PEANUSYEMBLM OMHOCUMEADHO
€., MO MaKuM dtce ceoticmeom obaadaem u &.

Zloxazameavcmeo. eficTBUTENBHO,
q q P P q P
D bkbnk =Y bk [ D armmhe | = ar| D> k)| =D wcn i
k=0 k=0 =0 =0 k=0 =0
Bropoe yrBepxKieHne oueBuHbIM 06pa3oM cieiyer us (6.4) u (6.5). O

Beuny llpenmoxkenus 6.2 manbHefIne paccyzKJIeHUsS TPOBOMATCS JJIs MPOIECCOB YNUCTON aBTOpe-
rpeccun

b@fn + blfn—l + ...+ bqfn_q = AQ€n, (6.6)
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HMGIOLHeﬁ CIICKTPaJIbHYIO IIJIOTHOCTDb

1 |ao|?

f&()\):% W7

A€ (—m, 7.

BameTnM, 9TO 9Ta CHEeKTpajbHas ILUIOTHOCTH HE O0paIaeTcss B HOJb, HOITOMY (COMVIACHO OOIIeMy
pe3yJIbTaTy TEOPUU CTAIMOHAPHBIX B IIUPOKOM CMBICJIE MOCJIEI0BATEILHOCTEN ) TIPOLece &, ABJISIEeTCs JIk-
HEHHBIM peobpa3oBaHeM HeKOTOPOTo 6eoro TTyMa, MpHHa ylerKamero sambikanmio B L2 (dP) Bcesos-
MOYKHBIX JIMHEAHBIX KOMOMHAIINN CITy YaiiHbIX BeJIndnH &,. JIs IpoIieccoB aBTOPErpeccuu 3TOT Pe3y/IbTar
MOYKHO YTOUHUTD.

IIpengioxxenne 6.3. IIpoyecc asmopezpeccuu (6.6) asasemes sunetinom npeodpazosaruem 6ea020 wWy-
M, Ep,.

Jlokazamenvemeso. He ymamsis obmuoctn, 6ygeMm canrarh, aro ag = 1. Cormacho (6.6)
En = / "M Q" (e7) pe(dN),
(77“71-]

10 ectb fic(dN) = Q* () pe(dA). C npyroit cropoHs,

, . 1 . A 1
n = / " g (dN) :/ " ———= Q" (e pe(dN) = / M s pie(dN).
(-] (crr] Q™) (mm] Q7
[Mockonbky dyukims 1/Q* (e_i)‘) upunaexut L2(—7,7), TO Bce I0Ka3aHO. O
CaencrBue 6.1. s sioboro Gestoro Iyma €y, u st mobbix wuces (by, ..., by) Takux, 410 boby # 0

U IOJIMHOM (Q% He MMeeT KOpHeil Ha eMHMYHON OKPYKHOCTHU CYIIECTBYET MPOIECC aBroperpeccuu &,
yaosJsierBopstionuit (6.6).

Loxazameavcmeo. CHOBa HOCTATOYHO paccMoOTpeTh caydait ag = 1. Torna us mokazarenscria Ilpemmo-
»keHus 6.3 cieyer, 9To B Ka4eCTBE MCKOMOI'O IIPOIECCa aBTOPErPECCUN MOXKHO B3SITh

= L 6.7
fn \/(ﬂ_’ﬂ] e Q* (e—i/\) Ma( )7 ( )

9TO W JOKA3BIBAET CJIEICTBHE. ]

PeaJ’II/IBYEMI)Ie IIpo1necCchbl aBTOpEerpeccumn.

Teopema 6.1. ITycmv Q*(z) # 0 npu |z| = 1. [aa mozo, wmobw, npouecc asmopezpeccuu (6.6) Gvin
PEANUBYEMBIM, HEOOT0OUMO U doCmamowho, wmobvs 6ce kKopru noauroma Q*(z) aesrcanru ene edunuumnozo

Kpyea.

Jlokazamenvemeso. 3anmieM ycjioBue peaiusyeMocTu B sisHOM Buje. CkassipHo yMHOXKUB (6.6) Ha &,y
1pu m < n, HOJIYyYUM, 9TO PEAJN3yeMOCTb SKBUBAJIEHTHA OECKOHEYHON CHCTEME

boRe(n —m) +biRe(n—1—m) + ...+ by Re(n —q—m) =0, n>m.

Oboznavdast k = n — m nojydnm, 4To mporecc &, peajn3yeM TOrJa U TOJBKO TOIJa, KOUJa IIPU JII0OOM
k>1

bgRg(k’) + blRé(k - +...+ bng(k —q)=0. (6.8)
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[TockombKy

_i T ik ’CLO\Q
R =5 |

a K03 OUIIEHTH! TOJIMHOMOB BeIeCTBEHHDI, TO (6.8) 9KBUBAJIEHTHO TOMY, UTO IIpH JIOO0M k > 1

1 1 1 1
_ i(k—0)\ - ik — il _
=2 /. Zbe G emp P 27r/ Zbe Qe

i ok Q*(e™™) A= = " ok

= —_—d\ =
o Q™ 2w L. e

1 "o 1 1 / k-1 1
= — et ——— d\ = — z dz
2r ) x Q* (€M) 2mi |z=1| Q* (Z)

Kax xoporo m3BecTHO W3 Teopuu (PYHKIHMH KOMILJIEKCHON MTepeMEeHHOM, WHTerpaj OT MepoMOp(hHOi
(PYHKIMK 110 3aMKHYTOMY KOHTYPY PaBEH HYJIIO, €CJIM 3TO BCe HYJIU 9TOH (DYHKIMHU PACIIOJIOXKEHBI BHE
KoHTypa. Takmm obpazom (Tak Kak k > 1), mporecc aBToperpeccun OyIeT Peaan3yeMbIM, ecid QyHKIHsT
Q*(z) He UMeeT KOpHEH BHYTPU €JMHUIHOIO KPyTa.

JlokazaTeabCcTBO HEOOXOIMMOCTH JIJIsT TTIPOCTOTHI TTPOBEIEM OT MPOTUBHOTO B CJIydae, KOTIa BCe KOp-
HU 21,...,2m (M > 0) nommnoma Q*(z), Jiexkariue BHYTPH €JIUHUYHOTO KPYTa, SIBJISIIOTCST POCTHIMU.
[TockosbKy cpean uuces zg HET HyJsid TO, 0bo3HaunB H nponssoanyo GyHKINT (QF, mogryanM, 910

1 k—1 Z! > _ - z? ' _
271 /z:1|z ZRGSZ[ (Q*( )) ;H(ze) B

=1
pu jmobom k > 1. Droro, KoHedHO, OBITH He MOXKET, TaK Kak BekTopa (1,2,..., 2]

VI mumeitno mesasmcn-
MBI [IPH JIOCTATOYHO GOJIBIIMX S. B ciydae KpaTHBIX KOpDHEIl J0Ka3aTeIbCTBO COXPAHSIETCsI, HO JINHEHO

He3aBUCHUMbIC BEKTOPa BBITVIAIAT 0oJ1ee CJI0XKHO. L]

3ameuyanmue 6.2. B repmmnax nosmHoma () yciaoBusi Teopembl 6.1 03HAYAIOT, 9TO BCE KOPHU ITOIO
ITOJIMTHOMA, JIE?KAT BHYTPHU €IMHUIHOTO KPyTa.

CaencrtBue 6.2. [lycts Q*(z) # 0 mpu |z| = 1. IIponecc aBroperpeccun (6.1) siBasieTcst peasn3yeMbiM
OTHOCHTEJIBHO 0€JIOro IIyMa &, TOIJla M TOJILKO TOIJA, KOIVIA OH MOXKET OBITh IIPEJCTaBICH B BHJE
peanuzyemMoro puiibTpa 0eIoro IMIyMa &y,.

Joxaszamenvemeo. JloctaTroqHOCTh yCaoBust oueBuaHa. s q0Ka3aTebeTBa HeOOXOMMMOCTH JIOCTATOY-
HO paccMoTpeTh ciydaii uncroii aproperpeccuu (6.4). Torga nommaom Q*(z) ne nmeer kopweii pu |z| < 1
u BepHO paseHcTBO (6.7). IlosTomy &, = > cren—k, TaE

£, = Q*(e—i)\)ein)\lug(d)\)

—T

u
—tkA
Ck :/ e ————d\=0
o Q* (6—1)\)
npu k < 0. O
IIpennoxxenue 6.4. Ilycmo by, ..., by u ag,...,ap — nexomopvie wucaa, npusem bobgagag # 0. Obo-
shavum Q*(2) = 30_ bzt u P*(2) = S0 _  apz®. Ecau Q*(2) # 0 npu |z| = 1, mo das arbozo 6eaozo

wyma ey, cyuecmsyem cmayuoraphan nocaiedosamenvrnocms APCC(q,p), peanusyemasn omuocumenvro-
20 £p U UMENULAA CNEKMPANLHYIW NAOMHOCTD (6.3).
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Hoxazameavcmeo. Bo IepBBIX, HAM JOCTATOYHO JOKA3BIBATHL PE3Y/ILTAT JIMIIL [JIs IPOLECCa YHUCTOM
perpeccun, T0 ecTb B ciydae P*(z) = 1. asee, ecau Bce KopHHU TosimHOMa (Q*(2) J1€2KaT BHE € [MHIYHOTO
KpyTra, TO HAM JIOCTATOYHO ONpeIeTuTh &, dopmyioii (6.7).

Pacemorpum ciaywail, korma Q*(z) = (H?Zl(z — Zj)) R(z), tae Bce mymu dyukimn R(z) nexar BHe

eIMHUTHOTO KpyTa, a |zj| < 1 mpu j =1,...,d. Haiee,

d
Q*(2)]? = Q*(2)Q* () = 1:[ 2= 2)(Z = %j).

BameTuM, 4To B (hOpMYyJIe JJIs CHEKTPAIbHOl IJIOTHOCTH MOJUHOM (Q*(z) HyzKeH TosibkO npu |z| = 1.
[Tosromy mpu |z| =1

(2= 2)(2 = 25) = |2 |27 (1/ 2 — 1/2)(1/z; — 1/2) = |2 (z — 1/2) (2 = 1/%;),
U MBI IIPDUXOJIUM K TIOJINHOMY

d

KOTODBIi coBnagaer ¢ Q*(z) npu |z| = 1 1 Bce KOpHE KOTOPOIO JIEXKAT BHE €JMHUIHOIO KpyTa. [lomoxus

4 1
&n = / e i (dN),
(-ma]  Qi(e™?)

[IOJIy9UM TpeOyeMoe. O

ABTOpeI‘peCCI/IH IIepBOro IMmopdKa U MAapKOBCKHE T'ayCCOBCKHE CTallMOHapHbIE€ IIoCJieaJoBa-
TEJIbHOCTU. PaccMOTpuM BeeCTBEHHBIN PEAM3YEMBIH ITPOTIECC TUCTONW aBTOPETPECCUU ITEPBOTO MOPSIKA, KO-
TOPBI MOYXKHO 3aIlicaTh B (popme

fn = afnfl + bSn, (69)

rae a,b € R u E(§mne,) = 0 npu m < n. I3 sTux yciaosuit cpasy ke ciemyer, 9to Re(n —m) = aRe¢(n —m — 1)
npu moGeIX 1 > m, To ectb Re(k) = a¥Re(0), k > 0. Tem campiv pg(k) = a* u, crenoarensro, |a| < 1. s
HAIVISIHOCTH 3alicH OyjleM BMeCTo a ynorpebiars Oyksy p. Takwxe mosoxum Re(0) = 02 u Bblpasum 4epes p u
o gucio b.

Homuoxkus o6e gactu (6.9) Ha &, U B3dB MaTeMaTHIECKOE OKUJAHUE, [IOJLyIUM, ITO
?= pRE(l) + bEE e, = p202 + bE(&ngn)

C apyroit cTopoHsl, J0MHOXKEB (6.9) Ha &, TOJYIUM T0CTIe ocpegHenust, 910 E(€,e,) = b. Tem caMbIM IpUXOAUM
K paserctBy b? = 02(1 — p?). Buibupas 3HaK “mmoc” mepe; KBaJpaTHLIM KOPHeM, TIPUXOUM K TIPeICTABICHUIO

&n=p&n1+o/1—p2c,, |p| <1, o>0, (6.10)
KOTOPBIM U OyJIeM I10JIb30BaThCsd B aaibHeiimeM. Pasbepem cragana ciayuait [p| = 1. Ecom p = 1, 1o &, = &,—1
7 CHeKTpaJbHasg Mepa Mg mporecca &, cocpenorodena B Hyne. llpn p = —1, momywaem, uro &, = —&,_1 1,

CJIEJIOBATEIILHO, Mg COCPEJIOTOYEHa B TOUKe 7. B oboux cilydasx CIeKTPaJbHON IIJIOTHOCTU He CYIIECTBYET.
st TpoBepKY yCIIOBUI CYNIECTBOBAHUS CIIEKTPAILHON IoTHOCTH oOpaTumcs K Ipemioxenuio 6.1. B namem
ciyuae mosmHOM Q* mMmeer Bug Q*(z) = 1 — pz, 10 ecth ycnosue Ilpenmoxenust 6.1 npuobperaer Bu |p| # 1. C
Y9ETOM TOrO, YTO MBI HCCJIELyeM Peaiu3yeMble IIPOIECChl, TPUXOAUM K BBIBOIY, YTO HEOOXOAMMOE U JIOCTATOIHOE
YCJIOBHEM CYIIECTBOBAHMs CHEKTPAJIbHON ILUIOTHOCTH y npomecca aBroperpeccun (6.10) sBisiercss HEpaBEHCTBO
lp| < 1, n upu sToM
1 o?(1-p*) 1 o*(1-p?

fe() 21 |1 — per 2 2w 1+ p? — 2pcos(N) (6.11)
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Jlerko BuJeTh, 94TO ClEKTpaJbHALA IOTHOCTD (6.11) MoHOTOHHO yOBIBaET 1pH p > 0 U MOHOTOHHO BO3PACTAET IIPH
p < 0 ma orpeske [0, 7] (a upu p = 0 HOCIEAOBATEILHOCTD &, IPOCTO sABJIsIeTCs GesbM IryMoM). [Ipu sTom

1 o?2(1—p?) o21+p o2 1—p

IIycts p — 1. Herpyzauo Bugers, uro torga fe(A) — 0 mpu A > 0 B 1o Bpems Kak f¢(0) — 0o. D10 03HAUAET,
YTO B CIIEKTPAJIBHOM pazJioxkenun mporecca (6.10) upu p & 1 GyayT JOMUHUPOBATH HU3KUE YaCTOTHI (& HA yPOBHE
peasimzaluii mporecca — HU3KOYACTOTHBbIE Kosiebanus). II0CKOIbKY B ONTHKE Takas CATYaIMs XapaKTepHa s
KPACHOTO IIBETa, TO IIPOLECC ABTOPETPECCHH C P, OIU3KUM K +1, HAZBIBAIOT KPACHLIM ULYMOM.

Ecmu p &~ —1, To curyarusi aHaJIOTUYIHAS, TOJBKO PEATU3AIAN POIecca OyIyT MOXOAUTh Ha TOCIEI0BATE b
HOCTB C IIEPUOJIOM 2.

Jlerko maiiTu gBHOE mpejcTaBieHue nponecca asroperpeccun (6.10) kax juHelHOro mpeobpasoBanus 6€0r0
esoro Tyma €,. Pasnaras dymkmmo 1/Q*(e~*), xax a1o o6osnadeno B Cienctsun 6.2, TOIYYInIM, 9TO

§n=0v 1_P2 Zpkgnfk Y 1_p25n+0m Zpkgnfk =
k=0 k=1
=01 —p?e, +op\/1—p? Zpkilsn_k =01 —p?ep +op\/1—p? sz{:‘n_l_g =01 —p?ep + p€n_1-
k=1 =0

HaKOHeU,7 O6paTI/IMCH K CBA3U MeEXK/Yy peaJIM3yeMbIMHU IIPOIlECCaMU aBTOPErpeCcCrumr IEPBOro IOPAJKa U Map-

KOBCKUMHU I'ayCCOBCKUMU CTallMOHAPHBIMU ITOCJIE€J0BATEC/IbHOCTSAMU.

Ilpenmoxenne 6.5. Ilycmv &,, n = 0,1,..., — ewecmseerHas 2aycCco8CKAL CMAUUOHGPHAA NOCAEI08aAMEND-
HOCTNL € HYAEBBM CPEOHUM. Jlad mo20, wmobv. ona O0biaa Mapkosckol, Heobxrodumo u docmamouro, &, 6vii0
peaaudyemoli asmopezpeccueti nePeo2o nopadka OMHOCUMEALHO HEKOMOPO20 2GYCCOBCKO20 HEAO20 UWYMG.

Loxazameavcmeo. llycrs mociaenoBaTelbHOCTS &, MapKoBcKas. PaccMoTpnM pasiorkenne

é_n = E(Sn ‘fnfh o 760) + Onén,

rue Ee,, = 0, De,, = 1 u €, oprorosasibHa J1t060ii ciydaitnoii Besmaune suga (o, - . . ,§p—1), UMEIOMIEH KOHEYHBIIT
BTOPOII MOMEHT.

ITockonbky BeKTOD (o) - - - , &) — TAYCCOBCKML, TO £, € N(0,1), E(&y | ety -+, &0) = E?;ol ¢;&; n cayJaiiHas
BEJINUNHA €, He 3aBUCHT OT (o, ..., &)

MapkoBocTb nocsenoBaresbuoctu &, o3uadaer, 9ro P(E, € Al&,—1,...,&) = P(&, € A|&,—1) u mosromy
E(&n|&n-1,---,&) = E(&n|&n—1) = cn—1&n—1, Tax Kak BekTOp (&,—1,&,) rayccosckuii. Hakounen, u3 cranuonap-

HOCTH &, CJIEMYET, YTO UUCJA Oy U Cp HE 3ABUCAT OT M.
IIycTh Temepsb rayccoBcKasl CTAIIOHAPHAS [IOCJIEIOBATEIBHOCTD &, UMEET BHJL

&n = akp_1 + bey, (6.12)

rjie &, oproronanet &, npu m = 0,...,n — 1 u Ee2 = 1. Ecin B pexyppenTroit dbopmyne (6.12) sty oproro-
HaJIbHOCTH MOXKHO 3aMEHUTh Ha HE3ABHCHUMOCTH, TO MapPKOBOCTD ITOCJIEIOBATEIHLHOCTH CTAHOBUTCS OYEBUIHOMN IO
nocrpoenunto. Ho, nockonbky Bexrop (§,—1,&,) —rayccoBekuii, o &, € N(0,1) u ¢, ne 3asucur or &,. Hokaza-
TEJIHLCTBO 3aBEPIIEHO. O

6.1.2 VYpasuenus HJja-Yojkepa

ITycrs R(0),..., R(p) — mekoropsle BemecrBennsle unciaa u R(—k) = R(k). Ilpu t < p + 1 oboznaunm
Zt = {rkl}z,lzl CTgl = R(k — l)

Jlemma 6.1. Ecau mampuya Xpr1 HEOMPUYUATEALHO ONPEIEAena, G MAMPUYUG Xy NOA0ACUMEALHO onpedenena,

mo cyuecmsyem eduHcmeerHoe pewerue A = (ap7 R ,al)T cucmembt
p
R(m)+ Y azR(m—k)=0, m=1,..p, (6.13)
k=1
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nputeMm 3mo pewerue YoosaemeopaEm HEPAGEHCEY
def -
o> = R(0) + Y _arR(k) > 0. (6.14)
k=1

Ecau £ momy orce mMampuye X411 NOA0AHCUMEALHO onpedesena, Mo a2 > 0.

Joxasameavcmeo. Oboznaunm B = (R(1),...,R(p))T n obosmaunm A = (ay,...,a,)". Torma cucrema (6.13)
nepenuiercs B susie B 4+ X,A = 0. ITockospKy MaTpuia X, — HEBBIPDOXK/IEHHAsI, TO €JIMHCTBEHHOCTh BeKTOpa A
OYEBHTHA.

Hawm Gyner ymo6uo npu uzydenun (6.13) u (6.14) nepeiitu Ha BEPOSTHOCTHBIN s3bIK. BO3bMeM CJIydailHbIH
BeKTOp (10, - - ., 7p)" ¢ pacnpesenennem N(0,X,41) u ycaosroe maTemarudeckoe oxumamue E(ny, [7, 1) ¢ 7, ; =
(Mo, - - - ,np,l)T, KOTOPOE, KaK XOPOIIIO U3BECTHO, ABIAeTCA INHEHHOH (DyHKITHel CIyJalfHBIX BeINTHH 1), . . . , fp—1-
SamumeM 31or dhakT B BUje PABEHCTBA

P
]E(np | 0y« 77;0—1) = chnp—k~
k=1

Torma pasnocTsb

P

def
ep = 1 — z CkTp—k (6.15)
k=1

OymeT He3aBHCHMA CO CIIyIalHBLIMU BEJIHIHHAME 7)y_y, It m = 1, ... p. Jommoxkus npasyio dacts (6.15) Ha 1p_m,

U B3fB MaTeMaTHIeCKOe OKUAAHNE, MBI IOJMyInM B TouHOCTH cucreMy (6.13) ¢ ¢ = —ag, Tak Kak Enp_gnp—m =
_ T

R(m — k). Taxum obpasom, e, =1, + A7, 1 u

0 < Dn, = R(0) —EA™, 7, 1A= R(0) - A"S,A=R(0)+ B'S,'S,A=B" A,

Tak Kak A = -X, LB. Tem cambim (6.14) mokazano. Ecm marpuna Y)p+1 HEBBIPOXK/JIEHA, TO «OCTATOYHAS JUCIIEP-
cus» Dn, 1omKHA OBITH CTPOTO ITOJOKNTEIbHA. O

JIemma 6.2. ITyemv R(n) — nenyaesan 6euecmeennas HeOMPuyamensso onpedesernas Pynkyus u m — co-
0MBEMCMBYNOUGA CNEKMPAsbHAA Mepa. Feau m obaadaem cnexmpasvhoti naommuocmyvio f, mo dasa aobozo p > 1

Mampuya Yy, = {R(l —k) ABAAEMNCA NOAOAHCUMEALHO ONPedeneHHOU.

p—1
k,l1=0
Hoxaszamesvcmeo. PaccMOTPUM KOMINIEKCHOZHAYHBIE 20, . . ., 2p—1. LaK KaK
Rw = [ M

TO

p—1 T p—1 x |p—1

> R(k—l)za :/ D et am | f(N)dA = > ezl f(N)dA.

k,1=0 T \k,l=0 7 k=0

ITockouibKy dyHKIuS

p—1
_ kA
g(\) = E ez
k=0
HpejcTaBserT coboii TPUIOHOMETPHYIECKUH [OJMHOM, TO OHa (KpOMe TPUBHAJIBHOIO Caydail zg = ... = z,—1 = 0)

HMeeT Ha OTpesKe (—7,7) JIAIIb KOHedHoe 4ncyio KopHeil. CiieoBarebHo,

p—1
Z R(k—1)zz1 =0
k,1=0
JIUITE B CAyYae 29 = ... = Zp—1 = 0, ¥ yTBEpKACHNE JOKA3AHO. O
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Paccmorpum peasm3yemblit BEIeCTBEHHBIN aBTOPETIPECCUOHHBIIN MTPOIECC TOPSIKA P:

P
fn + Z akfn—k = 0¢€np, (616)
k=1
rme ¢ > 0 W Ey,...,En,... — (HOPMUPOBAHHBIH W MEHTPUPOBAHHLIN) Gembrit myM. Kax Beerya, pemosaraercs,

aro EE,, = 0. Peasnuzyemocts &, (orHOCHTENHHO 6EJIOT0 IIyMa £,) O3HadaeT, 4ro E&,&,, = 0 upu m > n. Yucio
p onpeJegeTcs ycaosueM a, 7 0. KoadbdbunuenTs a,, 1peoaaraorcsa BemecTBeHHBIMHE.
CrekTpasbHas IWIOTHOCTH Tporiecca aproperpeccun (6.16) nmeer Bu

1 o2

T e T e

fe(N)

A < 7.

IIpennoxenne 6.6 (Ypasuenus IOma-Youkepa). ITycmv Re(n) — xosapuayuonnas gyrryusa npoyecca (6.16).
Tozda

1. IIpum > 1
P
Re(m)+ Y arRe(m — k) = 0. (6.17)
k=1
2. Yucaa ay, . . ., ap 00n03HAHO onpedeastomea cucmemol ypasnerud (6.17) npum =1,...,p u ydosaemsopsarom
HepaseHcmey
P
Re(0) + > aiRe(l) = 0* > 0. (6.18)
=1

Loxazameavcmeo. IlepBoe yrBepxKenne yxke poka3ano B Teopeme 6.1. JlokaxkeM BTOpoe yTBep2KIeHHE. Y MHO-
»)kuM 06e gactr (6.16) ma &, 1 BO3bMeEM MaTeMaTHdeckoe oxkupanue. IlomyanM, 410

p
Re(0) + ) _aiRe(l) = oEtney.
=1
C npyroii croponsl, jgomuoxkag (6.16) &, u cunoBa Gepsi MaTeMaTUYECKOe OXKUJIAHUE IPUXOIUM K PABEHCTBY
p
Eénen = — Y _ B, e, + 0Bl = 0.
=1

Tax kak 02 > 0, TO yTBep:KICHHE TOKA3AHO. O

Bameuanne 6.3. 1. [TosoxurensHOCTH JeBoii vacTu (6.18) HemocpeacTBeHHO cieayer u3 jgemM 6.1, 6.2.
2. Cucrema ypasuenuit (6.17) upu 1 < m < p nazwiBaerca cucmemot FOaa-Yoaxepa.

6.1.3 ABTOpeI‘peCCI/IOHHOG IIpoaoJI2KEeHHEe CTallMOHAPHDbIX HOCJIe,Z[OBaTeJIbHOCTEﬁ

TeopeMa 06 aBTOperpecCuOHHOM ITPOAOJIXKEHUH.

IIpensioxkenue 6.7. ITycmov 1, (n > 0) — sewecmeentvili CMAUUOHAPHOLT 6 WUPOKOM CMBICAE NPOYECC C KO-
sapuayuonnoti gynxyuet Ry(m) u cnexmpasvrot naommocmvio fr(N). Tozda daa awbozo p > 0 cywecmesyem
Pearu3yemulli npoyece asmopeepeccuu nopadka p maxot, wmo Re(m) = R,(m) npu m=0,...,p — 1.

Zloxaszameavcmeo. Koneuno, MoKHO cauTaTh, uto En, = 0.

p+1
k=1
Hoit. ITosTomy (cm. Jlemmy 6.1) xoBapuarun R, (n) yIOBIETBOPSIIOT PABEHCTBAM

Corumacuo Jlemme 6.2, i1 06010 p MaTpuna X,41 = {R,7 (I1—k) SABJISIETCSI TIOJIOXKUTEJIBHO OIpeIeIeH-

p
Ry(m)+ Y axRy(m—k) =0, m=1,...,p, (6.19)
k=1
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upudeM 1pH GUKCHPOBAHHOM P THUCIA G, . . . , Gp OLUPEIEIAIOTCA OIHO3HAYHO, &
def £
op = Ry(0) + > arRy(k) > 0. (6.20)
k=1
IIocTponm mporece &, caexyromum obpazom. Ilpu n =0, ..., p — 1 monoxuwm &, = n,. llpu n > p — 1 oupenesnm

P
gn = - Z akgn—k + Op En,

k=1

rze (IeHTPUPOBAHHDI 1 HOPMUPOBAHHBIN) GeJIblil IIyM €, OPTOrOHAJIEH &mupu 0 <5 <n.
Ham mocrarouno mokasaTs, 9To st JOObIX N, | Takux uto max(n,l) > p, MareMarnueckoe oxujnanne K, &

a) 3aBHCHT TOJBKO OT MOJIyJIsl pasHOCTH |n — | n
b) mpu |n — | < p coBmagaer ¢ R, (|n —I|).

Byzaem nokaseiBaTh 10T bakT MHAYKIUEH 110 s = max(n,l) > p. lnade roBops, MHIAYKIIMOHHOE [IPE/IIIOJIOKEHUE
Ag Bymer coCTOSITH B TOM, UTO yCJIOBHE @) BBINOJHsETCs Juist Beex (n,l) ¢ max(n,l) < s, a yciosue b) — syist
Beex (n,l) ¢ max(n,l) < s u |[n—1I < p. Ormernm, uyro npu max(n,l) < p oba TH YCJIOBUs BBINOJHSIIOTCSI
ABTOMATHIECKH.

dcno, utoupun >pul<n

P
E&n&i == arBén 1&. (6.21)
k=1
C apyroii CTOPOHBI, P 1L > P
P
B2 = =Y axE&nbni + 0} (6.22)
k=1

(3TOT aKT JOKA3BIBAETCSI TOYHO TAKUMU YK€ PACCYKIHUAMHY, KaK paBeHCTBO (6.18) B [Ipesoxenun 6.6). Kpome
toro, no nocrpoennio K&, & = En,n = R, (In —1]) npu 0 < n,l < p.

Bospmem n =pu0 <!l <n Takkaxk p—k € {0,...,p—1} opu 1 < k < p, To B sTOoM cayuae E{, 1§ =
Enp—xm = Ry(p — 1 — k) u dopmymna (6.21) mokassiBaer, aro E,&; 3aBUCHT TOIBLKO OT N — [, IpUYeM COIVIACHO
(6.19)

p
E&pé =~ Y axRy(p—1— k) = Ry(p 1), (6.23)
k=1

Tak Kak 1 < p—1<p.
Ananormunbim o6pazom u3 (6.22), (6.23) u (6.20) BBITEKAET, UTO

p P
EE2 = — Z axB&pép—i + o) = — Z axRy(p — k) + 07 = Ry(0). (6.24)
k=1 k=1

CuremoBaresnbao, 6a3a MHIAYKIUA 1IpU § = p npoBepena. Tak kak max(n,l) > max(n — k,l) upun > p,n >l u
1 < k < p, TO MHIYKIIMOHHBLI 11€peXoJL JJIsl JI0Ka3aTeabcTBa Toro, uro EE, & 3aBucut ToabKo oT |[n— |, MrHOBEHHO
cremyer miis n # | u3 pasencrsa (6.21).

IIpu n = | > p IpUMeHeHNe aHAJOTUIHBIX PACCYZKJIeHUH K paseHCTBY (6.22) mokasbiaet, uto EE2 He 3aBuCHT
or n > p. Cnenosarensho (em. (6.24)), EE2 = R, (0).

Takum 06pa3oM, 0cTaIoCh JOKa3aTh, 910 B, &, = Ry(m) mpun > pu 1l < m < p—1. IIpumenssa paBeHCTBO
(6.21), MBI BHIUM, 9TO

p
Efngnfm = - Z ak]Egnfkgnfnr

k=1
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IMockonbky max(n —m,n —k) <nu|(n—k)— (n—m)| = |m — k| < p— 1, To nprMeHeHNE WHIIYKIMOHHOTO
[PE/IIOIOKEHHST IAeT

p
E&nén—m = — Z akRn(m - k) = Rﬂ(m)
k=1

YTBep:KIeHne JT0Ka3aHO. [

3ameuanne 6.4. Kak jpokasano B Ilpemjioxkenun 6.7, mporecc &, siBJISeTCsl peaju3yeMbIM IIPOIECCOB aBTOPe-
rpeccun. IIopsiok 3T0#l aBTOPErpeccuu MOXKeT OKa3aThCs MEeHbIIe p, ecan a, = 0.

ITocsiegoBaTenbHOCTE Re (M) MOKHO HA3BIBATE A6MOPE2PECCUOHHBLM Npodosdicenuem otpeska R, (0), ..., Ry(p)
KOBapHAIMOHHO} (byHKuuM npouecca 1,. OueBuano, koBapuanuu Re(m) mpu m > p OIPeNeIsSIOTCs PEKyPPEeHT-
HbIME paseHcTBamu [Oma-Youkepa (6.17).

3ameuanune 6.5. [Ipenmonoxum, aro mporecc 7, Ilpennoxkenus 6.7 ABASETCA peaU3yeMbIM IPOIECCOM aBTO-
perpeccun mopsiaKa d:

d
Np = — Z beNn_k + oel,.
h—1

Ecau B IIpensoxkenun 6.7 BoIOpaTh p = d, TO aBTOPErPECCHOHHBIM IpomosKeHneM psna R,(0),..., R,(d) 6y-
JeT cama KoBapuarumonuast dbyukuus R, (n). HeiicrurenbHo, B 9ToM ciaydae Kodbdunuentst aj 8 (6.19) Gymy
paBHBI by, a IHCIO 012] B (6.20) pasno o2. IlosTOMY TOC/IEIOBATETLHOCTD (2.6) MOKHO PACIEHUBATH KaK JPYTyio
(oTyIMHAIOITYIOCs JIMITH BHIGOPOM 6GeJIoro IyMa) PeaTu3aIiio UCXOIHOTO IPOIIECCa 1)y, .

Eciu p < d, 10 910 y2Ke HE TAK HPOCTO IIOTOMY, 9TO IO onpejeneHuio by # 0, a nponecc aBroperpeccuu (2.6)
UMeeT TOPSAIO0K, MEHBIHH d.

Pacemorpum cayuaii p > d. Cormacro (6.17),

d
Ry(m) = 3" bRy (m — k)
k=1

upu m > 1. B 1o ke Bpems Bbinosaeno (6.19), upudyem koadbdunuenTs af ogHO3HAYHO onpejeseHsl. OrTcioma
cpa3y ke cieayer, 910 ay = by npu k < d u ay = 0 upu k > d. llosromy 012, = o u (Kak u B caydae p = d)
ABTOPErPECCHOHHBIM Ipoo/KenneM orpeska R, (0),. .., R, (d) 6yxer kopapuarmonsas byHknus R, (n).

CrekTpaJjibHbIE€ IIJIOTHOCTU aBTOPErPECCUOHHBIX IIpodoJIKeHuii. Ilycrs p — oo. Paccmorpum 11o-
CJIE/IOBATENIBHOCTD {Rép ) (m), m > 0} aBTOperpecCHOHHBIX IIPOJOJKeHuil oTpe3kos R, (0),. .., R,(p — 1) xoBapua-

[IMOHHON (PYHKIIUHU IIPOIECCA 1), . ECTECTBEHHO OXKUJIATH, YTO CIIEKTPAJIbHBIE IIJIOTHOCTH fg(p ) (M), cooTBeTcTByIOIINE

KOBAPUAITMOHHBIM (DyHKITUSIM Rép ), OyLyT CXOOUTHCS K CHEKTPANIBHON INIOTHOCTH fy(A) HCXOIHOTO IPOLECCa My,.
JIerko oKa3aTh, 9TO 9TO UMEET MECTO B HEKOTOPOM CJIa00M CMBbICe. [Ij1s 9TOr0 HaM TOHAIOOUTCS CJIE Ty IOTIAsT
JIEMMA.

Jlemma 6.3. IIycmo R, (k) — nocaedosamesvrocms Ko8aPUAUUOHHBE GYHKUUT CO CREKMPAADHBLMY MEPAMU
My, cocpedomouennvimu wa (—m, 7). Ecau das arboz2o k umeem mecmo cxodumocms Ry (k) — R(k), 2de R(k) —
KOBAPUALUOHHAA PYHKUUA CO CNEKMPANLHOT MEPOT M, COCPEIOMOUEHHOT 6 (—T0, ), MO My = M 68 MOM CMBICAL,
Ymo g f(ﬂm] gdm, — f(—mr] gdm das m06ot ozparusennol nenpepviehol 6 (—m, | dynryuy g.

Joxazameavcmeo. Tlepeiizem or KOBapUaIMOHHBIX (DYHKIMHA K KOPPEJIAMOHHBIM. A UMEHHO, IOJIOXKUM pp, (k) =
R, (k)/R,(0) u p(k) = R(k)/R(0), a takxxke P, = my,/R,(0) u P = m/R(0). fcuo, aro P, u P saBisiorcs
paCIpe/IeIEHUsIMA M OJJHOBPEMEHHO — CIIEKTPAJILHBIMA MEPAMHU TOCJIEI0BATEILHOCTEN py, U P COOTBETCTBEHHO.
Kpowme toro, cxogumocts Ry, (k) — R(k) sxsupasienTHa cxoqumoctu pp, (k) — p(k), a ciabasi cxoquMocTsb m,, = m
— ciaboit cxomumoctu P, = P. Takum oOpas3om, MbI nMeeM

pu(k) = /(_ P o) = / EFAP(dN).

(_77177]
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I[Tycts &, — cydaiimas BeanmdHHa, IMeromTas pactpeenenne P, a L(£) = P. Tem cambiv Eet*én — Eet*¢. Beegem
cotydaifHble Ben9uHbl 1), = (£, +7) /27 un = (&, +)/2n. fcno, aro pacupenenenune Q,, = L(&,) cocperoToIeHO
ua (0, 1], a pacupenenenne Q = L£(§) — na (0,1). Kpome Toro,

pn(k) _ Eeikfn _ Eeik)(zﬂ'"]n—ﬂ') _ e—ﬂ'kEei%rknn s p(k) — Eeikf _ ]Eeik(QTrn—ﬂ') _ e—ﬂkEeizﬂ'kn

[Tostomy Ee?27kmn s Rei27kn 113 TeopeMbl 0 XapaKTepU3aIUH CXOMMMOCTU Ha €IHHUYHOM TODPE CJIELYeT, UTO

Q, = Q. Ilosromy (Tak Kak JuHEHHOe IPeodPAa30OBAaHUe HENPEPLIBHO) P, = P u yTBep:KIeHUe JOKA3AHO. O

Caencrue 6.3. B cayyae, Korja y 1pejebHONR Mephbl M HET HAIPY30K HA BCEM IPOMEXKYTKe (—T, 7|, u3 3roro
YTBEDXKIEHUs CJeJyeT B YaCTHOCTH, 4TO Jyid Jioboro orpeska A = [a,b] C (—m, 7| uMeer MeCTO CXOAUMOCTD

mu(A) = m(A).

Kpowme Toro, jierko goKa3aTh, 9TO J100as HEpephIBHAS OT/CJIECHHAS OT HYJIS CIIEKTPAJbHAs IJIOTHOCTH MOYXKET
OBLITH PABHOMEPHO MPUOJIMKEHA, CIHEKTPAJbHON IJIOTHOCTHIO HEKOTOPOTO IIPOIECCa aBTOPEIPECCHH.

IIpengoxxenue 6.8. ITycmo f(A) — cnexkmpaivhas naomHocms HEKOMOPOT 6ewecmeenoli CMmayuoHapHot no-
caedosamenvrocmu. Ecau f nenpepwena u omdesena om wyss, mo cywecmeyem maxot Peaau3yemviii npoyecc
a8MOPe2PECCul, YMo €20 CNEKMPANbHAAL NAOMHOCTD 0OMAUNAEMCS 0Om [ CKOAD Y200HO MGAO 8 PAGHOMEPHOT Mem-
puke.

Joxazamenvcmeo. Iyers 0 < m? < f(\) < M?. O6oznaunm h()\) = 1//f()\). Torma 1/M < h()\) < 1/m.
Oyukius h, 0O9€BUHO, HEIIPEPBIBHA U MOYKET OBITH ITPOJIOJIZKEHA HA BCIO BEIIECTBEHHYIO OCh 110 IIEPUOIUTHOCTH,
[IpUYeM IPOJOJKeHne ToxKe Oy1eT HelpephIBHON (yHKIHeid.

ITo Teopeme BeitepinTpacca 0 TPUTOHOMETPUIECKUX MOJUHOMAX (PYHKIIAIO /i MOKHO PABHOMEDPHO IPHUOJIU3UTH
¢ TOYHOCTBHIO JI0 CKOJIb YTOJHO MAJIOTO € € IMOMOIIBIO TPUTOHOMETPUIECKOrO TOJInHOMa () mepuoia 27. dcHo, aro
1/M—e<Q(\) <1/m+e.

[TockobKy Beeriia MOXKHO IIPeJICTaBUTh () B Bujie

q q
Q) =D ere ™ = > cre™™,
k=0 k=0

TO B 0003HAYEHUAX

~ 1
A= —
o R
[IOJIYIUM, 9TO
. R R N . )90y
1709 = 1001 < sy = | [ty g < a1 + 17000 | <
< 2 eM
“1/M-—¢ 1/M—-¢’
Tem caMbiMm fpaBHOMepHO anmpokcumupyer f. O

Ipeanozkenne 6.8 TOBOPUT O TOM, 9TO HEIIPEPHIBHAA CTPOTO HOJIOKUTEIBHAA CIEKTPAIbHAS IIJIOTHOCTH MOMKET
OLITL TPUGJINIKEHa CKOJIbL YTOIHO TOUHO C HOMOIIBIO CIIeKTPaJIbHOM IJIOTHOCTH HEKOTOPOTo IIPOIlecca aBToperpec-
cuu. B TO Ke BpeMsl OCTaeTCsl HEMOHSATHBIM, MOXKHO JIM 3TO CJIeJIATh C TOMOIIBIO 00CYKIaeMOM CIeIruaIbHOI
IPOLIELy PhI.

Jlemma 6.3, HAampoTHB, paccMaTpuBaeT (B TOM WHCJE) 3Ty CHEMUAJBHYIO TPOIEAyPy, HO TAPAHTUPYET JIUIIh
CIabyI0 CXOIMMOCTD CIIEKTPAJILHBIX MEP BMECTO PABHOMEPHOM CXOAMMOCTH IJIOTHOCTEIA.

Ha camom nene mmeer mecro cemyromuii pesymnbrat [13, pasm. 3.5].

Teopema 6.2. ITycmo R, (k) — K0s8apuayuonnas Gyrkyua HeKomopoeo 6euecmeernozo CMAYUOHAPHO20 NPOYEC-
Ca, UMENULE20 HENPEPBIEHYID 02ZPUHUNEHHYIO U OMOCAEHHYIO O HYAA CNEKMPANLHYIO Naomuocms fn(X), ydosae-

meoparowyro ycaosuto Ieavdepa ¢ noxazamenem y. O6o3navum fg(p ) (A\) enexmpaavry1o naommocms Peasusyemo2o
NPOUECCA ABMOPEZPECCUL, NEPEbIE P 3HAYEHUT KOBAPUAUUOHHOT PYHKUUL KOMOPO20 COBNAJAIOM CO 3HAYEHUAMU
R,,. Tozda cywecmeyem maraa noaoscumenrvhas nocmoannas C, sasucawas om fy, wmo

1PN = £,(V)] < Cp7.

OTa TeopemMa 00bICHSIET MOILYISPHOCTD 00Cy XK qaeMoro MeTona. Ho 1oKka3are/ibcTBO TeOPEMBI JOBOJBHO CJI0OXK-
HO W TIO9TOMY OILyCKAETCsI.
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ABTOperpeccuoHHbIe IIPOIOJIXKEHHUSI U CUCTEMAa OPTOTOHAJBHBIX MOJUHOMOB. Marepruas 3Toro
pa3jiesia TECHO CB#A3AH C TeOpHeil OPTOrOHAJLHBIX IIOJIMHOMOB Ha OKDPY?KHOCTH, Bocxozsimeii K [16, ra. XI, XII|.

[Iycts Ru f — cooTBeTCTBEHHO KOBapHAIMOHHAsT (DYHKITHS U CIIEKTPAJIbHAS NIOTHOCTH HEKOTOPOIT CTAITMOHAD-
HOI1 110CJIeI0BATEIbHOCTH. 111 KOMILIEKCHO3HAYHBIX (DyHKIHUIA 01, 2, OIIpeie/IeHHBIX HA eIUHUYIHON OKPYKHOCTH
|z| = 1 u y70BIETBOPAIONIUX YCIOBHIO

/ 66N FN)AA < 00, k=12,

OIIpEJIESIUM CKaJIIPHOE IIPOU3BE/IEHNE PABEHCTBOM

(01,0) = %/91(&*)92(@”@)&. (6.25)

CooTBercTByIOIee THIbOEPTOBO MTPOCTPAHCTBO 0DO3HATUM IL?. Torma R(m) = 2w <e”‘”, e“‘m”‘) A JI0boro n,

TO B 9TOM carydae 61(z) = 2" u fa(z) = 2™
otz ymroboro p > 1 paccMOTPHUM CUCTEMY

P
R(m) + Zap,;gR(m —k)=0, m=1,...,p, (6.26)
k=1
KOTOpasi, cornacHo Jlemme 6.1, uMeeT eAUHCTBEHHOE PEIICHHE Gy 1, . . . , Gp.p, A KOTOPOIO BBIIOJIHSIETCS
def o
op = R(0)+ Y apiR(k) > 0.
k=1

BBejieM 1OJIMHOMBI KOMILIEKCHOIT 1IepeMeHHOi Qp(2) paBeHCTBOM
-1
Qp(z) =2 +ap12P7  + ...+ app,

JIOIOJIHATEJIBHO TOJIOXKUB 0g = / R(0) 1 Qo(z) = 1.

Jlemma 6.4. /J[aa nosunomos @Qp 6binoAneHd, PAGEHCEA
(@pQq); =0, p#a @} =0p/2m.

Joxazameavcmeo. PaBencrso HQOH? = 03 /27 BBIMOHEHO 10 onpeieennio. [lepernmenm (6.26) B Bue

™ p T P
0= / <eim>\ + Zaukei(m—k))\) f()\)d)\ — e—i(p—m))\ (eip)\ + Z apJgei(p—k))\) f(/\)d/\ —

-7 k=1 - k=1

= / e MPmmA QL (e) fF(N)dA mpr 1< m < p.

—T

Orciona caemyet, uTo mpu p > 1 moamHOM (), OPTOTOHAJIEH B ]L?c JIIOOOMY TOJIMHOMY CTEIIeHH, MEHbBIIeH p, H,
clIesoBaTeNIbHO, opToronaien (@ mpu 0 < ¢ < p.
Hasnee, ipu p > 1

T o T ) ) P )
27 QplF = [ Qup(e™M)Qp(eMfNdA= [ Qp(e™) (™™ + > apre PPN F(N)dA =
- - k=1

p P
(1 + ap,ke““> FO)dA = R(0) + > ap xR(—k) = 0.
k=1 k=1

— pr(eM)e*Wf(A)dxz i

Jlemma mokazana. O

onwmmomer Q) HaseBatoT moguHOMaMn Ceré.
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Bameuanue 6.6. Obosmasmm ¢, = Q),/||@Qplls. Torma cuexTpaibHas IVIOTHOCTL ABTOPEIPECCHOMHOTO IPOIOTIZKeE-
aus £P) pasua

T . T 1<) A - A S -
O T e ™[ T @™ [gy( ™ (020

OrMeTuM HEKOTOPbIE CBOHCTBa IOINHOMOB Q) U ¢, (Hampumep, |16, ru. 11]).

IIpennoxxenne 6.9. 1. Ilycmo ¥, p = 0,1,... — nexomopas opmornopmupocannas 6 ]Lfc cucmema Pynryul,
npuuem P, ABAAEMCA NosuHOMOM cmeneny p. Tozda 1, = £¢,.

2. Ecau noaurnom P cmenenu p opmozonanen 6 ]L?c M060MY noAUNOMY cmeneny, menvwed p, mo P(z) = cQp(2).
3. Ecau noaunom P cmenenwu p opmozonanen 6 IL? aobomy moromy z npu j om 1 do p, mo P(z) = czPQ,(1/2).
4. Hoaunomvr Qp npu |z| = 1 ydosaemeoparom pexyppenmuvim COOMHOUEHUAM

Qp+1(z) = ZQp(z) + Apt1,p+1 Zpr(l/Z)' (6.28)

Hoxasamesvcmeo. 1. Ouesunno, g = ¢o. llycrs ¥, = ¢, upu p < po. Torma cymecTByioT Takue HeHyjIeBbIE o, 3,

def o
UTO Yp, = Qpy — Bp, ABIACTCA HOJIUHOMOM CTEIICHH, MEHBbINEH, 4eM po. IIocKoJIbKY II0JIMHOM ), OPTOrOHAJICH
¢p UpH p < Do, TO Ay, = LBdp,. Hakorer, tak kak ||p, || = ||ép, || £, TO || = |B].
2. 9TO CBOMCTBO CTAHOBUTCS OYEBUIHBLIM, €CJIU PACCMOTPETH pas3jioxKenne P = Zi:o Q.
3. Jlist mokazaTeIhbCTBa 3aMETUM, UTO IS JIIOOBIX TOJIUHOMOB Pj, Py 1 06010 k > 1 BBITOJIHSIETCS TOXKIECTBO

(P1(z), P2(2)); = <sz2(1/z), zkpl(l/z)>f .

HeiicTBUTETHHO,

s

(P2 AR = g [ PP TR )i =

= % " PN PR F(\)dA = (P1(2), Pa(2)) s

—T

Terepb MBI BUJIUM, 9TO U3 PABEHCTBA <P(z), zj>f = 0 caemyet, 9TO <sz(1/z), prj>f =0mmmj=1,...,p—1.
Tak kak 2P P(1/z) — nomnom crerenn p, oproronaabhbrii 2 mna k =p—j=0,...,p—1, 10 2PP(1/2) = cQ,(2).
Orcroma cpa3y ke cieimyer Tpebyemoe.

4. ITo ompegesnenuio, (Qp41(z) oproronanen 2z’ mpu 1 < j < p. Kpome Toro,

(2Qp(2),27); = (Qp(2), 7 71), =0

npu Tex ke j. CrenoBaTenbHo, OMHHOM (Qpi1(2) —2Qp(2) oproronasen 27 mpu Beex 1 < j < p. IIpumenss yreep-
JKJIEHHE 1. 3 BUJUM, 9TO NOJIUHOM (Qpt1(2) — 2Q,(2) nponopruonasen 27Q),(1/z). Ilpupasrusas koabduIumenTs!
[P CTENeHsAX TUX IIOJMHOMOB, IIOJIydaeM BUJ, IOCTOSIHHOM C. O

Pasencrsa (6.28) naspiBatorca pekyppenTubiMu coorHomenusmu Ceré. [TokarkeM, KAk 9TH COOTHONIEHUS MOXK-
HO HCTIONB30BATE I PEKYyPPEHTHOTO 10 P HAXOK/IeHNS KOI(MDMOUITIEHTOB aBTOPETPECCHH Gy -
ITpupasuuBast K03bOUIMEHTH IPU OJNHAKOBBIX CTENEHSAX B IIPaBoii u JieBoit dactsax (6.28) u yuurbiBasi, 910

P P
2PQp(1/2) =1+ Zap,kzk =14 Zap,p7k+1zp_k+17
k=1 k=1

nomyans, aro ipu 1 < k < p

Ap+1,k = Gpk + Apt1p+1 App+1—k; (6.29)

B TO Bpemst Kak wieHsl ¢ 2P coxpamatorest, a mpu k = p + 1 MBI IPUXOIUM K TOXKIECTBY Api1,pt1 = Qptlptl-
TeMm caMbIM 9HCIA A1, PEKYPPEHTHO BBIPAZKAIOTCH 9€PE3 Api1pt1 U Gpj, j = 1,...,p. Teneps, nogcrasiss
(6.29) B ypaBHeHUE

p+1

R(p+1)+ Z apt1xR(p+1—k)=0
k=1

1 pelIasi ero OTHOCUTENBHO Gy 1 p+1, HAXOIUM BCe KOIPPUINEHTHI Ap-1,5. DTOT IPHEM B CTATUCTHKE CTAIIMOHAD-
HBIX IPOIECCOB HOCUT Ha3BaHUE aszopumma Jlesuncona, cM., nanpumep, [11, pasm. 3.8.1].
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OHTponuiiHas XapakTepu3alius aBTOPErpPeCCUOHHOTO ITPOAOJIXKEHUsSI. ABTOPErpecCHOHHOE IPO-
nmommkenne orpeska R, (0),..., R,(p) koBapuanuonuoil pyHKIUN IIPOIECCA 1), HE SIBJISETCs] €INHCTBEHHBIM HEOT-
PHUILATEIBHO OIIPEJIEICHHBIM ITPOJIOJIZKEHAEM 3TOTO OTpe3Ka. JIeHCTBUTENbHO, eC/I B3ATh ¢ > P, TO aBTOPEIPECCH-
OHHOe TIpojio/zKeHne orpeska R, (0),. .., R,(q) Oymer aBroMaTndecKy mpojosKeHneM orpeska Ry (0), ..., R, (p).

ITpuseieM mpuMmep JAPYTUX HIPOJOJIPKEHUH, cieaysi [4], rje MCIoab3yeTcss HECKOJIBKO 0oJsiee aHATNTHIECKUIT
A3BIK.

IMockonmpKy MaTpumna X4 = {Rn(l TIOJIOZKUTEJIFHO OIpefiesieHa, TO MPHU JOCTATOTHO MaJIOM [ > 0

P
k)}k,l:O
MaTpHIa E;‘jr)l = Y41 — pul Toxe Oyaer mosoKuTENLHO oupenenena (3xeck I — eaummunas (p+ 1) X (p+ 1)
marpuria). Cienosaressno, BMecto (6.19) u (6.20) Mbl oLy IuM

p
R m) + 3l R m —k) =0, m=1,....p
k=1

g

p
op(w) = RYO(0) + > ol RY(R) > 0,
k=1
e RY (k) = Ry (k) mpu 1 < k < p u RY”(0) = Ry, (0) — p > 0.

Baa MM 110CIe10BaTEIBHOCTD fn " CJIEYIOIIUM 00pa30M: CJIyYaiiHbIe BEJIMINHBI f(()“ ), e ,51()” )

UMEIOT CpeJaHee

HOJIb ¥ KOBApPHUAIMOHHYIO MaTPHUILY El(f Jr)h a IIpA N > P 3a/JAI0TCsA PABEHCTBOM
Za“)ﬁ Y+ o) en,

rze (IeHTPUPOBAHHDI 1 HOPMUPOBAHHBIN) GeJIblil IIyM €, OPTOrOHAJIEH §J(»“ ) upu 0 < j < n.
IoeTopas paccyzxaenus [pemioxkenus 6.7, MbI IOy YUM, 9TO f,(f‘ ) apmsercs aBTOPErpecCHOHHBLIM CTAIOHAD-
HBIM IIPOTIECCOM, a €ro KOBapHuaIMoHHast (OyHKITHS Ré“ ) (n) sBJIsIeTCH TIPOIOJIZKEHUEM OTPE3KA R7(7“ ) (0),... ,R,g“ ) (p).

Wnave rosops, Ré“) (0) =R,(0) — u, a Ré“)(k) =R,(k) mpu 1 < k < p.

Ecau reneps npubasuTh K &(L" ) HesaBHCHMbIi ¢ STHME CIyYaiiHBIMU BeJIMYUHAME OeJIbIi IyM e cEe =0
n De) = 4, TO MBI IIOJIyduM Ipomoskenue orpeska R, (0),..., R, (p).
3ameuanue 6.7. CrekrpasbHas IUIOTHOCTb TPOIECCa (p W = =& () %‘L ) imveer BUJT
2
1)y 1 on (1)
f 14 ( ) % - p (“) Y 5 ‘)\| S . (630)
11+ 300, ay ek
JIs OTIMCAHUST MECTa ABTOPErPECCHOHHOTO TPOJIOJIZKEHUST OTPE3KA, e D) CPE BCEX MPOIOJIKe-
R(N) 0 R%M)

HUI HaM HOHa,I];O6I/ITCH OPOIUTHUPOBATDL JABa KJIACCHIECCKNX, HO HE ITPOCTLIX JId JOKa3aTe/JIbCTBa yTBep)K,ZLeHHfI.

Teopema 6.3 (Kosmoropos, cum. [5], crp. 622). [Tyems 1, n € Z — cmayuonapivili 6 WUPoKoM CMOHCAE NPOUECC
co cpednum Hoav. Jlas mozo, wmobv, cyuecmseosan beavili wym €, maxoti, 4mo

Z CntkEk> (6.31)

k=—o0
He06T00UMO U DOCTNAMOYHO, WMOObL CYWELCMBE06ANL CREKMPANLHAA NA0OMHOCL fr(X) npoyecca 1, makxas wmo

def

S(f) = S, (f) /_ﬂ In £, (A\)dA > —oc. (6.32)

B anrsos3pranoit iureparype Beauduna S(f) uHOrIa Ha3bIBaeTCH IHMPONUlHbiM urmezpaiom (entropy integ-
ral).

IIporece, ynosaersopsitoruii (6.31), HA3BIBAETCS Pe2YAAPHLIM OTHOCUTEIBHO 6EJIOro MIyMa £,. OTMeTHM, ITO
peaJjiu3yeMble IIPOLECChl ABTOPErPECCHU, KaK M CTAIMOHAPHBIE IIPOLECCHl CO CIEKTPaJbHO 1torHocThio (6.30),
YJOBJIETBOPAIOT HepaBeHcTBy (6.32).
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.. . .
Teopema 6.4 (Kosmmoropos-Ceré, cm. [6], ctp. 257). ITycmo 0y, — nauaywwut (6 cpednexsadpamurieckom)
AURETHT NPOZHO3 CAYUGTUHOT BEAUNUHDL Tpt1, TOCTPOEHHBLT MO CAYYATHBM BEAUNUHAM N, NPpu —o0 < k < n.
Ecau n, ydosaemsopaem (6.31), mo

* 2 s
E(1 41 — Nng1) = 2meSn (/2. (6.33)

IIycts mama xoBapuarmonHas GyHKmus R, (n). 3adukcuposas orpesok R, (0),...,R,(p) sroit KoBapuaim-
OHHOI (DYHKIMH, PACCMOTPUM Te €€ HEOTPHUIATE/IbHO ONpPEJIEIeHHbIE IPOJIOJIKEHUs, JJIsi KOTOPBIX BBIIOJIHEHO
HepaBeHCTBO (6.32). 3HauuT, /UIst HUX Oy/IyT BBIIOJHEHBI aHajgoru (6.33).

Hauunnast ¢ pabor Bepra [7], [8] (B unTepHeTe jnocrynHa muccepraiusi Bepra [9], B KOTOpOii M3/102KeHBI pe-
3yJILTATBL ITUX CTATEl) JJId XapaKTepU3alud aBTOPErPECCMOHHOIO MIPOIOJIXKEHUS UCIIONb3YeTCsl IIPUHIAI “MaK-
CHUMaJIBbHOl cirydaitHocTu” (IIOCKOJIBKY B KQ9eCTBE MEDBI CJIyYallHOCTU OOBIYHO UCIIOJIB3YETCsl SHTPOINUS, TO ITOT
IPUHOMN 00bIMHO Ha3bIBAKOT [Ipunyunom Makxcumarvrnol Fnmponuu).

Hemuoro uamenus s Hamux neseit dpasy us [10] (murupyercs no [11, mr. 7.4]), UpHHIMOD MAKCUMAJBHOL
CIY9IaiiHOCTH MOXKHO ¢POPMYIUPOBATHL TAKAM 00pPa3oM:

ecau Mol deaaem 6ui600bl Ha OCHOGE HENOANOL UNBOPMAUUL, MO OOAICHLL ONUPAMBCAS HA MAKYIO 6ePOAM-
HOCIMHYI0 MOOEADL, KOTNOPAA NPUSOOUM, K MAKCUMAALHOT cayuatinocmu, donyckaemoti naweld ungopmayued.

B mamem caydae Mmepoit “cirydaitnocTr’’ mporiecca MOYKHO CIUTATH OIMUOKY HAWIYYINEro MPOTHO3a Ha, OIUH
[Iar IpU YCJIOBUM, YTO BCe IIPeIBIAyIas TPAeKTOpHUsl Iporecca n3pecTHa (dem Gosee “cayduaen” mporece, TeM
TPY/HEE €ro IPOrHO3UPOBATD ).

Ecam Mbl MpUHAIM TPUHIUN “MaKCUMAJILHON CiaydaiiHoCTH B JAHHON TMOCTAHOBKE JJIs HAINEH pPelaKkiud, TO
upunwi ¢ yaerom (6.33) K ciaeiyromeii 3aaade: Hatimu it Gukcuposarhozo P maxkoe HeOmpuuamesvHo onpede-
sennoe npodossicerue ompesra R, (0),..., Ry(p), daa xomopoeo swmponutineti unwmezpas (6.32) marcumanen.

OKa3bIBAETCs, UTO PENIEHNEM TAKON ONTUMUAZAIMOHHON 381841 U SIBJISIETCS] ABTOPETPECCUOHHOE TIPOJIOJIZKEHIE.
Buepsnbie aTo 3amermsr Bepr, XoTs B ero g0Ka3aTenbCTBe U COJEpPKaTCs HeKOoTopble pobesbl. CIIMCOK CCBIIOK Ha
JIpyTHe MOJIXOMBI M JI0KAa3aTeJbCTBa STOro (hakTa MOXKHO Hafitu B [12].

C coberBenHO HTpOIMEH 3aMady Makcumuzanuu dbyHkImonana (6.32) CBA3bIBAIOT CJECLYIONIUE COOOPAKEHMsI
(3TH coobpazkeHus U NPUBOIAT K TEPMUHY “METOJ MAKCUMAJbHON SHTpOIUH).

Iycts caywaiinerii BexkTop & = (£1,...,&,)T uMeer pacnpenenenne P ¢ miorHocTRIO p(X), X € R™. Torma
(muddepennmanbHoit) swmponuel, n-MepHOTo pacupeesenns: P Ha3bIBaeTCs (HyHKIMOHAI

He = H(P) = - [ 1 (o) plx)ax

rze 01n(0) = 0.

He ocranapimBasicb Ha MPUYNHAX, IO KOTOPBIM SHTPOIUSI MOYKET CJIY?KUTh IMOJIXOISIIEl MepOii CIyIailHOCTH
(kcTaTH, 310 cunTaeTCst O0MENPUHATHIM, cM. [10]), IpHBeeM HEKOTOpBIE ee CBOMCTBA, HEOOXOMMBIE JJIsi U3JI0XKe-
HUSL.

dcHo, 9TO ecnu caydaifHbIe BEINIUHBI £} HE3aBUCUMBI C SHTpomuaMu Hj, TO

n
He = Z Hy.
k=1
HerocpeicTBenHo 10Ka3bIBaeTCA Cle Ly ionuii mpoctoii bakt. Ecym ciyuaitnbiit Bektop £ = (€1, ...,&,)T nmeer
IVIOTHOCTD pacipeneieHus p(2i, ..., %,) 1 suTpomuio He u eciu A : RY — R — HeBBIpOXKIEHHAS MATDHIA, TO

JUTst cIydaiiHoro BekTopa 7 = A& sHTponus uMeeT BH,
H, = H¢ + In(| det A]). (6.34)

Orcrona cpa3y cjeiyer BUJ SHTPOIUN MHOTOMEDHOT'O TayCCOBCKOTO DPACHpPEIE/ICHUs] C HYJIEBBIM CPEIHUM U
HEBBIPOXKIEHHOI KOBaPUAIIMOHHON MaTpurieil. JleificTBUTENBHO, /1)1 OMHOMEPHO TayCCOBCKOMN CIIYJailHON BETMIH-
HbI ( CO CPEJIHIM HOJIb 1 HOJIOKUTEIBHOM JucCHepcneil 02 SHTPOINS JIETKO CYNTACTCH W UMeeT BHT

1 1
H: = 5 In(2me) + 3 In(o?).

8nanee B [10]: “...HA Takoe BEPOATHOCTHOE PACIPE/E/EHHE, KOTOPOE UMEeT MAKCHMAJLHYIO SHTPOIHIO, JOMYCKACMYIO
Hallleil alpruopHoOi nHdOpMaImeit.”
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[osromy, ecin &y, . . ., &, Hesasucnmbl u & € N(0,07), To HX COBMECTHAs SHTPOINS PABHA
He =" In(2me) + - 1 ﬁ 2
= — In(27me) + = In o
£T 2 2\

Orcrosia cTaH AP THBIM IPUBEJIEHNEM KOBAPUAIIMOHHOM MATPHIIB! K JIMATOHAJIBHOMY BHUJLY C UCIIOJab30BaHneM (6.34)
cpa3y MOJIyvdaeTcs, YTO JIJIS TayCCOBCKOTO BEKTOPA 7] C HYJIEBBIM CPEIHUM U HEBBIPOXKJIEHHOU KOBAPUAIIMOHHOMN
MaTpUIei 2

1
H, = g In(2me) + - In (det %) .

PaccMorpum Terepb GECKOHEUHYIO TOCIEI0BATEILHOCTD 1) = (7o, . . ., N, - - .) TAKYIO, UTO JIJIsI JIFOGOTO 7 BEKTOP
(N0, - - -, ) UMEET IUIOTHOCTD PACIPENEICHUs Py, (X) 1 suTpormio H,,. Eciu cymecrByer npenes h mocseoBareis-
wocru hy, = H,/n upu n — 00, TO 9UCI0 h HA3BIBAETCH YIeabHOU IHMPONUEl NOCIeI0BATEILHOCTH 1).

ITycTh 1 — rayccoBcKasi CTarMOHAPHAS TOCJIEI0BATEIHLHOCTh CO CPEJIHAM HOJIb M KOBAPUAIMOHHOM (hyHKIIHN-
eit R,(m). O6osnaunm 3, KOBapHAIMOHHYIO MATPHUILY CJIydYailHOrO BEKTOPa (1o, . ..,Nn—1) U HOTPeOyeM, ITOOBI
npu J060M M 3Ta MATPUla OblIa HeBbIPOXKJEHHOM. Torga aBTOMAaTHIecKn BEKTOD (N, ..., Np—1) OyJeT UMeTh
IJIOTHOCTD PACIPEJIE/IEHUS U, CJIEIOBATEIHHO, SHTPOIIUIO

1
H, = g In(2me) + 5 In (det ). (6.35)

OxasbiBaercst (Ipu HEOOPEMEHUTEIBHBIX OMPAHMYIEHHSIX ), B 9TOM CJIydae y/eJbHas SHTPOINsI CYIIECTBYET U UMeET
JIOCTATOYHO HPOCTON BUJI, CBA3AHHBINA ¢ SHTPONUAHBIM MHTErpaaoM (6.32). A MMeHHO, UMeeT MeCTO CJIeyIoniee
YTBEPKJICHHE.

Teopema 6.5. ITycmv 2aycco6ckas CMAUUOHAPHAA NOCAEIOEAMEABHOCTD 1) UMEE, 02PAHUNERHYIO CEEPTY U OM-
deneHHyro om HYAs cnekmpaavhylo naommuocmyu f. Tozda ydeavhas anmponus amot nocaedosamesvrocmu h
cyuecmeyem u

1 1 (7 1
h= 5 In(2me) + = / In (27 f(N\))d\ = 1/2 4+ In(27) + = Sy, (6.36)

—T
ede Sy onpedeneno & (6.32).

Jloxazameavcmeo. OrpaHUdUMCcs JIIH U3JI0KEHUEM XOJIa JI0KA3aTe/beTBa TeopeMbl 6.5. OHO OCHOBAHO Ha KJlac-
cuaeckoM pesyabrare I. Ceré o mpesie/IbHOM MOBE/IEHUH CIIEKTPa SPMHUTOBBIX TEILTUNEBLIX MATPHIL. IIpuBeieM 3To

yTBEpXKJIeHne B yI00HOMI 1yt HAC dopMme.
IMycrs R(n) — koBapuanuonHas GbyHKIMs, MMEIONIas CIEKTPAILHYIO IUIOTHOCTD f. O6o3Hauum %, = {R(k —

n—1
l) U Tp0,---Tnn—1 — COOCTBEHHBIC 4HCJIa MaTPHUIBI Y,. Hakoner, BBejeM pacupejesenne coOOCTBEHHBIX

k,l=0
qHCesT MATPUIIBI Y, PABEHCTBOM
Tn.,0 e Tpn—1
Pn=1." ’ .
" 1/n ... 1/n
Teopema 6.6 (Ceré, (13|, ri1. 7). Ecau cnexmpasvhas naomuocmos f oepanuvena, mo pacnpedeserue Py, caabo

cxodumesa npu n — 00 K pacnpedeaeruto P cayuatinot seaunwunv 27 f(a), 2de « pasromepro pacnpedesena Ha
[—7, 7).

[Ipu JIONOJHATETHHOM (U YIIPOIIAIONIEM ) TIPEJIIONOKEHUH Y o |R(m)| < 0o mokazaresnbeTBo 31oro dhak-
m=—o0

Ta ussioxkeno B [14, reop. 9 pasu. 4.4]. Ciuemyer TOJBKO OTMETUTDH, YTO B IOIOOHOI JiuTeparype, He MMENeil

HEITOCPE/ICTBEHHOIO OTHOINEHHUS K CJIyYailHbIM IIPOIECCAMU, KOBAPHUAIUU IIPEICTABIEHBI B BUIE

1 o —imw
R(m) = %/0 e g(w)dw,

riae beHKI_II/IH g CBgA3aHa CO CHeKTpaJ’IBHOfI IIJIOTHOCTBIO f PaBEHCTBOM

27 f(w) npu 0 <w <,
27 f(w—27w) upun 7 <w < 27.

g(w) =

HanbHeiimmit xom paccykaeHuil TakoB. [Ipex e Bcero, mMeeT MeCTO CJIeAYIONIee YTBEPXKICHNUE.
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JIemma 6.5 ([14], memma 6 pasz. 4.2). Ob6osnawum my = essinf f u My = esssup f. Toeda daa mobviz n u k
2rmy < Tpp < 2 My,

Tem caMbIM 1 pacupezieienus P, U pacipejiejieHue ciydaiiHoil Beauaubl 27 f(a) cocpeioToYeHbl Ha OJHOM
U TOM 2Ke KOMIaKTe [2mm g, 2w My].

IIpeanonoKumM Ternepb, 9To CHeKTpaJbHas IJIOTHOCTL HE TOJIBKO OrpaHuYeHa, HO U OTJeseHa oT Hysas. Torma
dyuxunsa F(z) = Inz mempepriBHa u orpanudena Ha oTpeske [2mmy, 2m M) u, ciemoBarensuo, mo Teopeme Ceré

n -7

n—1 n—1
1 1 _ In(det %) 1"
/FdPn =~ kZZOID(Tn,k) =—In k];[ow =, /de = %/ In (27 f(X))dA.

Yunreas (6.32) u (6.35), noxygaem (6.36). O

TakumM 00pasoM, 3389 MAKCUMHU3AIUK JIUCIEPCAN HAWIydIero nporuosda (6.33) u ymespHON SHTpONUH
lim H,, /n jajs rayCcCOBCKOrO CTAIMOHAPHOIO MPOIECCa ¢ OrPAHMYEHHON M OTIEJNEHHOH OT HyJs CIEKTPAJILHOM
IIJIOTHOCTBHIO OKAa3bIBAIOTCHA SKBUBAJIEHTHBIMU.

Kak y»xe roBopmsioch, pereHneM 3TUX 3a/1a49 IIPU YCJIOBUHU, UTO HEPBLIE P KOBAPHUAIUI MIPOIECCA M3BECTHHI,
SIBJISIETCS] AaBTOPEIrPECCHOHHOE IIPOJIOJI2KEHNE KOBAPHUAIMOHHON (DYHKINH porecca. KeTaTu, TeXHU4IeCKH IPOCTOe U
OCHOBAHHOE Ha TEOPETHKO-MHMDOPMAIMOHHBIX COOOParKeHHsIX JOKA3ATETICTBO ITOr0 (hakTa MOXKHO Hafitu B [12].

6.2 Merog MEM

IIyctb g, ...,TN_1 — OTPE30K peaju3allui BEIIeCTBEHHOIO CTAIMOHAPHOIO IIPOIECCA C HYJIEBBIM CPEIHUM U
KoBapuanmonuoit gpynkuumeit R(m), obnagaomeil criekrpaibaoii mwioraocthio f. Obmiasa cxema IpUMEHEHUs pac-
CY?KJICHUI TTPEaBIIYINero pa3aena K aBTOPErPeCCUOHHOMY CTATHCTUIECKOMY OIEHUBAHUIO CIIEKTPAJIHHON IJIOTHO-
cru f BIIOJIHE IIPO3PAYHA U COCTOUT M3 HECKOJIBKUX IATOB:

1. Bsibop mopsijika p alpoKCUMUPYIOIIEl aBTOPErpeccur. DTa aBTOPErPECCUsS] UMEET BT

P
gn = - Zakgnfk + oen.

k=1

2. IlocTpoenue oneHoOK ﬁ(m) KoBapualonHoi gyukiwu R(m) upu 0 < m < p;

3. Haxoxenune K03 PUIUEHTOB G} U3 BLIOOPOIHOrO aHajora cucrembl FOma-Yorkepa

p
R(m)+ > aR(m—k)=0, m=1,...,p; (6.37)

52 = R(0) + iakfz(k); (6.38)

5. Haxower, nosiyuenne ONEHKN CIIEKTPAJIBHON IJIOTHOCTH f:

~ 1 o2

) = —
it 2 ‘1 + Z§:1 ake—ik/\‘

I\ < . (6.39)

2
B ciyuae, Korja Hac HHTEpeCyeT TOJIBKO (POPMa OIEHUBAEMOIl CIIEKTPAJIbHOI UIOTHOCTH (HAIIpUMED, pac-
[IOJIOYKEHNE €€ OCTPBIX MUKOB Ha OCU ), MOXKHO HCIOJIB30BATH 60Jiee TIPOCTYIO CTATUCTUKY

~ 1 1
Fo) =5 .,
U e

Al < . (6.40)
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6.2.1 Cuay4ait PUKCUPOBAHHOIO

Bynem cuanrarh, 9ro 4mciao p 3aduKCHPOBaHO (CHOCOOBI ero BbIGOpa IPOAHAIM3UPYEM I03Ke) U 00CYIUM
CTATUCTUYECKUE CBONCTBA 3TOU IIPOIEY PhI.

P ..
Cornacuo Jlemme 6.2 marpuna X, 1 = { R(k —{ _ SIBJIFETCH HEOTPHUIATEJHLHO OIPEICJCHHOI U, CJIedo-
p+ 1,k=0 )

2

BaresibHO, cucreMa (6.13) MMeeT eIMHCTBEHHOE DeEIeHWe, a YUCJIO 0, onpejesieHHoe B (6.14), MOJOKHUTEIBHO.

Tosromy, ecin R(m) npu 0 < m < p sABISIOTCS COCTOATENbHBIME OlleHKamu R(m), To nmpu N — 0o Marpura

P S »

E:DJrl - {R(k - l) 1,k=0
CuaeroBaresbao, npu 6oabimux N ¢ 60sb1ioii BeposaTHOCTHIO cucteMa (6.37) Oyier uMeTh eJIUHCTBEHHOE pe-

2 onpesenennoe B (6.38), GyeT MOTOKATETBHO.

OyIeT IOJIOKUTEJIHHO OIIPE/IeJIeHa C BEPOTHOCTBIO, CTpeMsIieiica K 1.

HIeHue, a YnCIo O

~ P ~ P
Bonee Toro, kak HETPY/IHO BHJETD, NPH 9TUX yCJIOBHAX Ay — A U 2 = 02. DT0 3HAMUT, UTO IpH DUKCH-

POBAHHOM P, . — 00 M COCTOSATEIbHBIX OlleHKax R(m), m = 0,...,p, onucanHas uponeaypa OyJeT COCTOATEIHHO
OIIEHUBATD CIIEKTPAJIbHYIO IJIOTHOCTD

1 o2

2 L S e

. A<,

fx

aBTOPErPECCUOHHOTO IPOTIecca, 00CYKIABIIErOCs B IIPEIBIIYIIEM pPa3ere.
OnHAKO OHOI COCTOATEIBHOCTH ONEHOK R(M) He JO0CTATOYHO Kak i TOro, 4Tobbl cucreMma (6.37) umena
€JIMHCTBEHHOE PellleHre, TaK U JJId TOro, 9Tobbl npasas 9acTb (6.38) Oblia HOJI0KUTEIbHA U (DUKCUPOBAHHOM

N.

Haubosee nomyiisipHoii oneHkoil koBapuanuu R(m) 1o peajusanuu o, ..., TN_1 ABIAETC
R 1 N—m-—1
Ri(m) = By(=m) = —— kz_o (2 — Z)(Thgm — T). (6.41)

1 .
1(7 ng, MIOCTPOEHHAas TT0 TaKUM OIIEHKaM KOBapUAIMOHHON GYHKINU, He OyIeT, BOOOIIEe ro-

BOpsI, HEOTPHULATEILHO onpezenennoii. Tem ne menee onenku Rj(m) jierko ucnpaBuTh (HECKOJIBKO yXY/IIIUB),
00eCIIeYnB HEOTPUTIATEIBHYIO OIIPEIEICHHOCTh HYKHOM HaM KOBAPHUAIIMOHHON MAaTPHIIBL.
JlokarkeM cHa4aJ1a CJIEIYIONLYIO JIEMMY.

OnHaKo MaTpuia 5

Jlemma 6.6. ITycmo zg,...,z2nv—1 — sewecmaennvie wucaa v 1 < L < N. Obosnarwum
N—m-—1
Um = § ZkZk+m
k=0
u esedem Tenauuesy L X L mampuyy S c saemenmamu s;j = u—j|, 2de i,j = 0,..., L — 1. Tozda mampuya S

bydem neompuuamenvro onpedesena.

Hoxazamesvcmeo. Obo3HAIIM

zr, mpu 0< K< N -1,
2, =
0 wunade
u pacemorpuM L X (N 4+ L — 1) marpuiy X co crpokamu
Xk:(Zik7zik+17'"727\/-‘1-[1—2—]6)7 k:O7...7L71.
Hanpumep, mpu N =4 u L = 3 31a MaTpuria numeer BUJ
Z0 <1 k2 Z3 0 0
X = 0 zZo X1 %2 Z3 0

0 0 zg z1 2o 23

Ilycts 0 <7 < 7 < L — 1. Ecan noka3aTh, 9TO X,'XjT = u;_;, TO Bce OyJeT JOKa3aHO, TAK KaK ITOJyINTCs,
gro S = XXT.
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Samernm, ITO zjo =0mpul < jul > N+ j. B ocrampabIX caydasx zjo = z—;. Tak KaK j > i, TO
2t =z-impul>jul <N +i—1. Crenosaresnnho,

N—-L-2 N+i—1 N+i—j—1
T * *
Xz‘Xj = E R jplR—jl = E R—itlZ—j+l = E ZmEm4j—i-
1=0 =4 m=0
YTBep:KaeHne JT0Ka3aHO. O

Ecsu renieps B Jlemme 6.6 momoxkuts L = p+1 u 2, = 2 — T, TO MBI MTHOBEHHO ITOJIY9UM, 9TO B OO03HAYEHUIX

N—m-—1
(5 — ) (@m — F) = =7 Rim), (6.42)
0

N

>
Il

S22 p P o
MaTpuna X,y = {Rg = k‘)}l k—o OYZET HEOTPUIATEIBHO onpeneaeHnoit. Ha npakruke, KOHETHO, HEOTPHIIATEIb-

Hasl OLPEJEIEHHOCTD IIepeii/leT B II0JI0KUTEIbHYIO OIIPEIEIEHHOCTD.
O6cyaum craTucTudecKue cBoiicTsa oneHoK Ri(m) u Ra(m). Xopomo usBectHo (Hanpumep, [1, pasza. 8.3.2]),
qTo HpH yzKe obcyxkaasmeMcs ycuosun y oo |R(k)| < oo must dbukcupoBaHHOrO m

ERy(m) — R(m) ~ *% 3 R(m) = =2n f(0)/N.
k=—oc0
CoOTBETCTBEHHO,
ER,(m) — R(m) = L&m (Eﬁzl(m) - R(m)) + % R(m) ~ (= 2 f(0) +m)/N.
Buso, uTo orenkn El (m)u ﬁg (M) acUMITOTHYECKH HECMENEHHBI, HO MAJIO IPUTOIHbI JIJIs OIICHUBAHUA A1, . . . , ap

u 02 1pu oTHOCHTEIBHO HeGOIBIIIX N.

IlosTomy masbiie MBI Oy/IeM pacCMaTpPUBATEL TOJBKO Caydail 6oabmmx N. [t TocTpoeHus: aBTOPErpecCuoH-
HbBIX OIIEHOK CIIeKTpaHbHOﬁ IIJIOTHOCTHU B CJIydae MaJIbIX N HCIIOJIB3YIOTCA JApyrue MeTO/bl OIlEHNBaHUA aBTOpe-
IPECCHOHHBIX KOI(DPUIUEHTOB 1, . . ., Gp. C 0030pOM U CpaBHEHHEM TAKHX METOJOB MOXKHO O3HAKOMUTLCS B |11,
o 8]. Ormerum, 4ro B npumepe paszzena 8.6 310l KHUIH Jyisl WLIIOCTPAIMA IIPUMEHEHUS HEKOTOPBIX U3 9THUX
anropuTMoB (cM. puc. 8.5) BBIOpaH IIPOIECC aBTOPErPECCUH MOPAIKa 4 npu odenb HebosbioM 3uadenun N = 40.

PaccmorpuM tipesieibHbIe pacpeiesieHusi OIEeHOK El(m) u Ry (m). Kpome TOro, mOCKOJIbKY B yPABHEHUSX
(6.37) MOKHO 3aMEHUTH OLEHKH KOBAPUAIUOHHON (hyHKIUM E(m) HA OUEHKM KOPPeJIIUOHHON dbyHKImu 7(m) =
R(m)/R(0), T0 HAC MOTYT HHTEPECOBATH IpeIEIbHbIE PACIPEICICHIS OICHOK 71 (m) m 7o (m).

Nmeer mecto crenyromee yreepxkaenne ([1, Teop. 8.4.2, cnencrs. 8.4.1, pasn. 8.4.5]). O6oznaumm

Ay(m) = Ri(m) — R(m), As(m) = Ra(m) — R(m).
AHAJIOrMYIHO, TOJIOKIM
61(m) =71(m) —r(m), bz(m) =T2(m) —r(m).
Teopema 6.7. IIpednonoosrcum, wmo npoyecc T, npeidcmasum 6 sude
T, =a-+ Z CkEn—k
k=—o0

2de e, — mesasucuMvle 00UNAK060 pacnpedeaennvie cayuatinve eesudunst ¢ e, =0, Ee2 = s? u Ee} < co. Ecau
o0

D e oo lCk| < 00, mo npu Purcuposarrom p u N — oo

1.

ﬁ(\/ﬁ(Al(o),...,Al(p))T) ~ c(\/N(AQ(o),...AQ(p))T) — N(0, Wys1),

20e Wpy1 = {whk}ikzo u

wy g = 4w /Tr cos(Al) cos(AE) F2(\)dA + (Ii? - 3) R(I)R(k). (6.43)

—T
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c(\/ﬁ(al(O),...,al(p))T) ~ ﬁ(\/ﬁ(ég(@),...,(Sg(p))T) — N(0, Hy.1),

20e Hpy 1 = {hl,k}f,k:o u

hix = % /: (cos(Al) — 1) ((cos(Ak) — rk)f2()\)d)\. (6.44)

3ameuanne 6.8. Kak Buano us (6.43), upezenbHble KOBapHalul BHIOOPOUHBIX KoBapualmii oreHok Rq(m) (u
Rs(m)) 3aBucaT He TOJIBKO OT CIEKTPAJILHOM IVIOTHOCTH f, HO U OT paciipejiejieHus: 6eJioro myma &,. Eciau sror

myM rayccosekuit, To Ee? = 3s? u ata saBucumocts ponasiaet. B To e Bpemst JIj1st KOPPEJIATIHif, Kak TTOKa3bIBaeT
(6.44), Takue HEIPUATHOCTH OTCYTCTBYIOT.

Ncnonbayst pesysnbrar (1 MeToJ| JJoKas3aTelbeTBa) TeopeMbl 6.7, MOXKHO JIOKA3aTh CJAEIYIONLYIO TeopeMy (cM.

[15]).

Teopema 6.8. IIpednosooicum, wmo npovecc x,, npedcmasum 6 gude

oo
Tn =a+ E CkEn—k »
k=0

ede € — Mezasucumvie 00uHAK060 pacnpedenentvie caywatinvie eeaununv, ¢ Ee, = 0, Ee2 = 1 u Ee} < oc.

Obosnawum R(m) xosapuayuonnyio gynryuio npouecca T, u NYcmv npu HEKOMOPOM GUKCUPOSAHHOM P “HUCAL

ar u o? onpedeasmes pasencmeamu (6.13) u (6.14). Kpome moezo, noaosicum

1 o?

fp(N) o0 ’1 i 2221 ake_ik)"2 ;A=
IIycmv menepv ﬁ(m) — ouenka (6.42) xosapuayuonnol dynryuu, nocmpoernas npu m = 0,...,p no om-
PE3KY X0, - . ., TN_1 PAJA Tp,. Onpedeaum ay,. .., Gy, 02 u fp()\) pasencmeamu (6.37), (6.38) u (6.39). Obosnarwum
AA= (G, —ay,...,a,—ap)"
Ecau Y 72 o |ek| < oo, mo npu durcuposarom p u N — 0o
1. caynatinwdi sexmop \/N(?fz —o% a1 —ay,...,ap— ap)T 6 npedeae umeem (p + 1)-meproe 2ayccosckoe pacnpe-

deserue;

2. eaynatine seaununv, VN (62 — 02) u N (@, — a) acumnmomumecku nexoppesuposanst (u, caedocamervo,
ACUMNMOMUNECKY, HE3ABUCUMDL);

3. L((6% — 0?)/0?) = N(0,Eel — 1);

b L(VNAA) = N(0,0° 2,1, 2de £, = {R(L—m)}7 "
5. npu X € [0, 7] koneunomepruie pacnpedesenus Npoyecca

FoO) = f(N)
VN W (6.45)

CAGO0 CTOOAMCA K KOHEWHOMEPHBIM DACTPEIENEHUAM 24YCCOBCKO20 CAYUATHO20 NPOUECCH C HYACBDIM CPEOHUM U
KOBAPUAUUOHHOT, PYHKUUET

1 6472 _
RyO\m) = g (Beh = 1)+ 0 (0 () O, O, (6.46)

2de C'y — p-mepuniili 6exmop ¢ KoopouHAMaAMU
P
cos(Aj) + Z arcos (Ak—34)), ji=1,....p.
k=1

Sameuyanue 6.9. 1. Eciau ncnosb3oBaTh B KauecTBe ONEHKN KOBapUANUOHHON dyHKIuM cratncTuky (6.41) BMe-
cro (6.42), To dopmanbio pesyibrar Teopembr 6.8 He usMenuTcsi, oaHaKko npu pukcupoBadHoM N caMu OLIEHKU
(6.37) u (6.39) GyayT CyLIECTBOBATH C BEPOATHOCTHIO, BOOOIIE TOBODS, MEHbIIEH 1.
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2. Ecomn cory4aitabie BeTMIIHBL €, TMEIOT HOPMaJIbHOE pactpesenenne, To Eet = 3, u dopmymsr (6.45), (6.46) moz-
BOJITIOT CTPOUTH ACUMIITOTUICCKUE JOBEPUTEIbHBIE HHTEPBAJIBI )l SHAYCHHUI CHEKTPAIBLHON IIJIOTHOCTH TOJBKO
4Yepes3 OLEHKU KOBAPUAIMOHHON (DyHKIUH.

3. Ecim nac unrepecyer TosbK0 dhopma

1 1

2T |14 30 apeikA 2

fp (A

CHEKTPATBLHOMN MJIOTHOCTH, TO TAPaMeTp 02 OleHUBATH He HyKHO. B aToM cirydae B npasoit wactu (6.46) octamercs
T0JIbKO Bropoe ciaraemoe. C yaerom Teopembl 6.7 970 He yAUBATENLHO, TaK Kak B cucreMe (6.37) MOXKHO 3aMEHUTD
OIICHKH KOBapHaluil Ha OLECHKUA KOPPEJIAUi.
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