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IlorsaTus ycaoBHBIX MaTeMaTHIeCKUX OXKUJIAHUM W YCJIOBHBIX pacIipejie/IleHuil, HECOMHEHHO, BXO/IAT
B KpPyI' MUHMMAJILHO Pa3BUTOIO BEPOATHOCTHOIrO obpazopanusi. C JIpyroii CTOPOHBI, IIPU IIEPBOM 3Ha-
KOMCTBE 9TH HOHATHS MOTYT IOKA3aThCS CJAUIMIKOM aOCTPAKTHBIMUA. UTOOBI HECKOJIBKO CMSTYUTH ITY
HEIIPHUSITHOCTh, MBI HAYHEM C 00Jiee IPOCTHIX ¥ MHTYUTUBHO OYEBUIHBIX BEIIEH.

1 DaemeHTapHbIE YCJIOBHBbIE pacHpe/ieJIeHU

Ha mpakTuke 9acTo BCTpEYAeTCs CUTYAIUs, KOTJa HaM XOYeTCsl y3HATH KAKYIO-TO MHMOPMAIUIO O
pacrpe/ie/IeHI CJIy 9aifHON BeJTMIUHbI £, B TO BPEMsI KaK JIOCTYIHA JJIsl HETOCPEICTBEHHOTO HAOJIIOICHIST
(u3mepenust) jpyrast ciydaiiHas BeJUInHA Eo.

Ecnu & umeer quckpeTHOE pacrpe/iesieHre 1 TPUHIMAET 3HAYCHUS ¥; C MOJOKUTEIbHBIMU BEPOSTTHO-
CTSIMIL ;, TO JIETKO ONPE/ICIINT TOHSATHE YCAOGH020 Pacnpedesenus £ npu yeaosuu Ey = i PABCHCTBOM|
P(§1€A‘£szi):P(gleA’§2_yl), A € Bpg.

P(& = yi)
O6o3naunM JieByl0 9acTb roro paBeHcTBa Q(A,y;). 13 CBONCTB yC/IOBHBIX BEpOSTHOCTEH cpasy Ke
cJlejlyet, 94To 1pH J060M y; yesioBHOe pacupejeserne Q( -, y;) sABIsSeTCs: BeposiTHOCTHO# Mepoii. [Toaromy
MOKHO TOBOPUTB 00 YCAOGHOM MAMEMAMUYECKOM OHCUIGHUY CAYHatHOT seauvunvs f(E1) npu ycaosuu

§o =y

E(f(&) & =y) = /Rf(x)Q(dx,yi) _ E(flifg,zﬁzy; Yi) ,

€CJIN TOJIBKO 9TOT MHTErpaJj cymecTByeT. JIpyrue mousaTus, cCBA3aHHbIE C PACIPEICIEHUIMU CIy JANHBIX
BEJIMIWH M BEKTOPOB, TAKIKE JIETKO MEPEHOCATCS Ha YCIOBHbBIE PACIPEIEICHNUS, €CJIN CIydaiiHasd BeTmInHa
&9 TMCKpeTHa.

Bosnukaer Bonmpoc — Kak BBECTH MOHSTHE yCJIOBHOTO pacupejiesienns &1 Ipu yCeaoBun o = Y B TOM
ciyuae (mampumep), korja P& = y) = 0 mis smoboro y € R? Crporuii u noHbiil orser hbopMysupy-
eTCsl B TEPMUHAX TAK HA3bIBAEMBIX YCJOBHBIX MATEMATHYECKUX OKUJAHUSX OTHOCHTEILHO o-aaredp u
orobpazkenuii. ITo ocobas Teopus, U MbI ee He OyJeM II0Ka TporaTh.

Ecin xe y cayvaiinbix Beqmant €1, £ €CTh COBMECTHAS! INIOTHOCTH PACIPEIEIEHNUsT, CHTYAIUs CUJILHO
yrpomaercs. Eio Mbl 1 GyeM 3aHIMAaTbCS.

1.1 OcuHoBHBbIE DOPMYJIBI

JlabHelinre TOCTPOSHUS IPUBEJIEHBL JJIsd CIydasi, Koraa obe ciydaiiuble BeJuauHbl &1, £9 TPUHIMA-
10T 3HadeHnss B R. DTo orpanndenne BBEIEHO TOJIHKO JJIs yI0OCTBA 3AIUCH, BCe (POPMYIIBI COXPAHATCS
(c oUeBMIHBIMU M3MEHEHUsIMHU), ecyu & U &y — ciydailHble BEKTOPA, MPUHUMAOIINE 3HAYCHUSI B €B-
KJINJIOBBIX [IPOCTPAHCTBAX IIPOM3BOJIBHBIX (HE 00s13aTeIbHO PaBHBIX) padMepHocTeil. Enuncreentnoe, 1ro
Tpebyercst — 3TO CyIIeCTBOBAHUE COBMECTHOU IIJIOTHOCTH pactpeesienus y &1 u Eo.

Onpenenenne 1.1. Ilycrs cayuaiinbie Beaunaubl {1, o 061aJa10T COBMECTHON IJIOTHOCTBIO PACIIPE/Ie-
senust e, g, (z,y) = p(x,y). O6osnaum pg,(x) = [ p(x,y)dy — mwIoTHOCTL pacHpeeseHns CiyYaiHo
BesmuanHbl &o. Torna dyHKIMST

play)
p(m\y) = Pgy €2 (:L'|y) =< P& (y) p Pe, (y) 7& 0,

Y231 (JI) opu  pPe, (y) =0

HAa3BIBAETCS YCAOBHOU NAOMHOCTBIO pacnpedensenutd £ npu yciosuu o = 1.

'Koneuno, 3/1eCh CYIIECTBEHHO IIPEIIOIOKEHIE O TOM, UTO P(& = y;) > 0 upu Bcex y;.
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Sameuanune 1. Oynknus p( - |y) ABIseTCs MWIOTHOCTHIO HEKOTOPOTO pacupeiesieHns upu Jiobom y € R.
JleiicTBUTEIBHO, IIPH TEX Y, IPH KOTOPBIX D¢, (y) = 0, 9TO 049€BUIHO, & IPH OCTAIBHBIX Y

p@y) , _ Pe (y)
/]R Pe, () = pe,(y) b

Onpenenenue 1.2. BepositHocTHasT Mepa

Q(A,y) =P e A& =y) o /Ap(x|y)dx, A € Bg, (1.1.1)

Ha3bIBAETCS YCAOBHBIM pacnpedeneruem &1 npu ycaosuu o = Y, & UHTErPAJ

def
E(f(61) |6 = y) /R f(2)Q(dz, y) / f(@)p(aly)da (112)
(B Hpe,ILHOJIO}KeHI/II/I, 9710 HpaBaH qacCTb HOCHeﬂHeI‘O paBeHCTBa CyH_IeCTByeT) — yCJLOGH’bLM mMmamemamude-
cruMm ootcudanuem cayualinot seauvuns, f(€1) npu yeaosuu o = y.

CooTBeTCTBYIONUM 00Pa30M YCJIOBHASI JIUCIIEPCHUSI D( fl&) &= y) OIIPeIeJIAeTCs Kaxﬂ

def

D(f(e) | &= [ (#0)= (B (€)1 &=9)") Qdn.) =B((€) €2 = ) ~ (B (€ | & = )’ =

/f (2]y)dz — (/f p(zly) dx)Z. (1.1.3)

Bameuanmne 2. [losicaum onpenenenne (1.1.1). Eciu mst sioboro ckosb yroguo masioro h > 0 Beposit-
Hocts P (& € (y — h,y + h)) nonoxuresbha, To MBI 10 OIPEJIEIEHHIO YCJIOBHON BEPOSTHOCTH IOy HM,
9TO

P(lieA &e(y—hy+h)
P(& € (y—hy+h)

PG eAl&e(y—hy+h)=

EcrecrBenHo oxkuiaThb, 910
P(&ed|&=y) :%ig%P(gl € Al € (y—h,y+h)),

€CJIn TOJIBKO IIPEeJIeST B IPaBOil 4acTu cyimecTByeT. [lokarkeMm, 9TO B «XOpOIIEM» CJaydae 9TO AeHCTBU-

TesIbHO Tak. JleficTBUTEIBHO,
y+h 1 y+h
/dm/ dt p(z,t) /dac/ dt p(z,t)
A y—h _JA 2h y—h

y+h o 1 y+h
/ pe(t)dt o / Pe, (t)dt
y—h y—h

Ecnu moTHOCTD pe, (t) HenpepbIBHA U HOJIOKUTEIbHA B OKPECTHOCTH TOYKH Y, TO 1pu h — 0

PG edl&e(y—hy+h) =

(1.1.4)

1 y+h
o ) e (t)dt — pe,(y)
-

upu h — 0. AHAJIOTUYHO, JIEPKO IPUBECTH YCJIOBHs Ha COBMECTHYIO IUIOTHOCTD P(z, 1), IIPH KOTOPBIX

1 y+h

o dtp(z,t) = p(z,y), h—0,

IIpoBepbTe BTOpOE PABEHCTBO B 3TOIl IENIOUKe.
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MIpUYEeM 3TOT MPEETbHBIN TePexo] MOXKHO COBEPINATDH IO/ 3HAKOM HHTEI'PAJIa, CTOSIIEr0 B YHCIUTEIIE
npaBoit vactu ((1.1.4)).
Taxum obpazom, «Ipu OJIATONPUSATHBIX YCJIOBHUIX>

/d:z:px Y)
lim P(& € Al&2 € (y — hy +h))
pes (Y

M /A p(aly)dz,

4qTo U coorBercTByeT hopmyste (|[1.1.1]).

CapoiicTBa yCJIOBHBIX paclpeaeieHui.

1. Ecrm §1 m § HE3aBUCHMBIL, TO Pg¢,|¢, (T |Y) = pe, (T). DTO paBeHCTBO HEMOCPEJCTBEHHO CJIeyeT I3
Omnpenenenns [1.1{n u3 Toro daxra, 410 p(x,y) = D¢, (X)pe, (y) 111 He3aBUCUMBIX &1 U Ea.
Orcrona cpasy e Bbirekaer, aro P(& € A|& =y) =P(& € A) n E(f(&1) [ & =y) = Ef(&).

2. Nmeer mecto «bopMyIIa MOTHOI BEPOSTHOCTHY ISt PACIPE/EIICHAS CIIyYaiiHoOl BeJmauHbl ]
P& € )= [ P61 € Al& = ey (1.15)
HeiicrBurenbho, cormacuo (1.1.1))

| P e Ale=wpeds = [ petdy / stz = [ ey [ vt =
= /y %(y#opsz (y)dy /A pgz / / e dyp T,y) =
:/Adx/Rdyp(m,y):/Apgl(x)dx (1.1.6)

U3 (1.1.5) cpasy ke BbITeKaeT aHajmorudHasi hbopMyJia Jjisi MATEMATHIECKUX OXKUJTaAHUIL:

Bf(6) = /R E(f(€)|& = y)pe, (v)dy. (1.1.7)

3. Ilpuenem neckosbKO Gosiee 00IIyI0 (DOPMYILY JIJIsi YCIOBHBIX MAaTEMATUIECKUX ommgaHHﬁﬂ
E(g9(61,&) & =y) = E(9(&1,y) [&2 = y). (1.1.8)

o
OrpaHuanMest «IOKa3aTeIbCTBOM» 9TOTO yTBEPKJICHNs B CTUJIe 3aMedanus 2 (3HaK = o3HadaeT
3JIECH «OXKHUJIAEMOE PaBEHCTBO» ). [Ipu dbukcupoBaHHOM Y

E(g(61,6) & =y) = }{LHBE(Q(&,&) & ely—hy+h]) =

1 [yth
_ oy E(g(¢1,8), &€ ly—hy+h]) ) /Rdwzh /y_h g(z, t)p(z, t)dt .
L P(&2 €y —hy+hl) = 50 1 [uth =
2%h pﬁz(t)dt
y—
. / dzg(z,y)p(z,y)
= Pe; (V) - /Rg(%y)p(ﬂy)dx =E(9(&,y)| & =v),

IpHUYEM [IPU HOCIEHEM IIepeXojie UCIoib3yercs pasercrso (1.1.3) c¢ samenoit f(x) ma f,(z) =
g(z,y) npu dbuKCHpoBaHHOM Y.

I/IHTyI/ITI/IBHO dopwmyita (|1 COBEPIIIEHHO OYEBHUIHA: JEHCTBUTEIBHO, €CJTU MBI 3HAEM, UTO {2 = Y, TO IYTO HAM MOYKET
[IOMEIATh 3aMEHUTDH £2 HA Y B BHIPAXKEHUU, CTOSAIIEM II€Pe]] 3HAYKOM YCJIOBUS !
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. Honaras g(z,y) = 1p(x,y) upu B € Bg, nonyunm u3 (|1.1.8)), aro
P((&1,62) € B|& =y) = P((&1,y) € B|& =), (1.1.9)

410 sBJsteTcst obobmenuem (|1.1.1f).

. Ecnu cayugaitnbie Besmannst &, &2 nezaBucuMmbl, To pasencrsa (1.1.8)) u (1.1.9)) mepexogsar coorser-
CTBEHHO B

E(g(61,&) & =y) =Eg(&,y) n P((&.&) € Bl& =y) =P((&.y) € B).
. Anajioruuno dopmysiam u ,

P((61.6) € B) = / P((é1.9) € B|& = y)pes (v)dy (1.1.10)

Eg(&1,&) = /RE(Q(&,y) [&2 = y)pe, (y)dy. (1.1.11)

. Ecin ciyqaiinbie Besmannst £, {o HesaBucumbl, To paserctsa ((1.1.10) u (1.1.11]) nepexomsar coor-
BETCTBEHHO B

P((¢1,6) € B) = /R P((61.4) € Bipes(y)dy 1 Eg(€.62) = /R E(g(1, 9))pes (v)dy.
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1.2

VYnpakHeHust

HexkoTopble U3 MpeiosKEeHHBIX 38189 MOTYT OBITH PEIIeHBl PA3JIUIHBIMU CIOCODAMU. 3ECh IIPEJIo-
JlaraeTcs, YTO OHU JIOJIZKHBI PEIAThCs C TIOMOIILIO MOHSITUM, CBA3aHHBIX C YCJIOBHBIMU TIJIOTHOCTSIMU.

1.

10.

11.

12.

13.

14.

15.
16.

17.

Haiitu pacnpenenenne cyMMBI IBYX HE3aBUCUMBIX CIIyYIANHBIX BEJUYNH, €CJIU U3BECTHBI UX TIJIOT-
socru. (ITosyanrs hopMysty CBEPTKH € IIOMOIIBIO YCIOBHBIX PACIIPE/eJIeHuil. )

Ha orpesoxk [0, 1] 6pocator ToUKy, a II0TOM Ha JIEBbIi 13 06Pa30BABIINXCsI OTPE3KOB CHOBA GPOCAIOT
touky. HaiiTu pacupejeiienne ee KOOPJIUHATHI.

Bekrop (£1,&2) paBHOMEPHO pacHpeie/ieH B €JJMHUTHOM KPyTe ¢ IeHTpoM B HyJsie. Haiitu ycioBaoe
pacopejenenne &1 MPU YCIOBUM, 9TO &g = ¥.

Bexkrop (£,m) pasHOMepHO pactpesienen B obmactu D C R2. Haiitn ycimosHOoe pactpeenenne &
[pU YCJIOBUU 1) = Y.

Cayuaitasle Beqmanus &1, ..., &, € U(0,1) u mHesaBucumbl. /lokasars, 9ro ciydaiiHas BeIMdnHA
_ n . = (=1 n—1 —1)!
nn = [ & umeer mwnoraoCTD Pp(2) = (—Ina)"~"/(n — 1)!

Chyuaituble Betmauabl & 1 &y HE3ABUCUMBI U [TOKA3aTEJIHLHO PACIIpPE/eeHbI ¢ TapameTpom A. o-
Ka3arhb, 9r0 &1 + &9 u &1 /&2 HE3aBUCUMBI.

Ha orpesok [0,1] 6pocator Touky (o — ee koopaunara). [Tocsie sroro mpoBoasT n UCHBITAHUI
Bepnynnu ¢ BeposTHOCTBIO yenexa «. Haiitu pacnpejiesienne 4ncsa ycrexos.

CewmeiictBo cotydaiinbix Bemunt {€x, A > 0} obsagaer Tem cBOHCTBOM, 4TO ) MOKA3aTEIHHO Pac-
npejieseHo ¢ napamerpom A. CiydaiiHasi BeJIMUMHA 7) HE 3aBUCUT OT CEMEHCTBA W ITOKa3aTeJIbHO
pacupeesena ¢ napamerpom 1. Haiitu pacupezesnenue cirydaifinoil BeJM4UHbI &,

Crywatineie semramnnt §1,&2 € U(0,1) n nesasucnmvbr. Obosnatnm §y) = min(§1,§2) n &g =
max(&1,§2). Hafitu a) yciosnoe pacupenenenue §y) npu yciosuu o) = y 1 b) yc/i0BHOe pactipe-
Jesienne §1 IpU yCooBun §[o) = Y.

Ha orpesoxk [0, 1] 6pocator ToUKy, a II0TOM Ha [IpaBblil 13 00pa30BABIIMXCsSI OTPE3KOB CHOBa GPOCAIOT
TouKy. HaiiTi pacmpenesenune ee KOOpIMHATHI.

Ha orpesok [0, 1] 6pocator ToUKy, a HOTOM Ha MEHbIINIl U3 00PA30BABIINXCS OTPE3KOB CHOBa GPO-
cafoT TouKy. HaiiTu pacupeenerne ee KOOPAUHATEI.

Ha orpesoxk [0, 1] 6pocaror TouKy, a HOTOM U Ha JIEBbIil U Ha IpaBblil 13 00PA30BABIIMXCS OTPE3KOB
cHOBa OpocaloT 110 Touke. HaiiTu coBMecTHOE pacipejie/ieHre nX KOOPIUHAT.

Coayuaiinas BemamHa & moKasaTeJbHO pacipesesena ¢ napamerpoM 1. Ha orpesoxk [0, 1/£] 6pocator
TouKy. HaiiTu pacupesenenne ee KOOpAUHATDI.

[Tycrs &\ € U(0,1) mpu A > 0, a ciyuaiinas sesmanna 77 € EXP(1) u He 3aBucur or {&)}. Haiitu
pacipejiesieHue C.B. &.

[Tycrs € € U(0,1).Ha orpesok [0, 1/£] 6pocator Touky. Haiitu pacnpejesenue ee KOOpAMHATHI.

[Mycts &\ € II(N\) upu mobom A > 0. Cayuaiinas BeJudnHa 1) HE 3aBHCHT OT BCeX &) M HMeET
HoKazaTesIbHOe pacupejesenue ¢ napamerpom 1. Haiitu pacupenenenue c.B. &,.

[Tycts &)\ € II(A) mpu 060M A > 0. Coayvaiinasi BeJMdnHa 1) He 3aBUCHT OT BCeX &) M UMeeT raMMar-
pacrpegenerne ¢ napamerpamu (k, i), k — nemoe. Haiitu (1 upenTudumposats) pacipeieieHne

c.B. &.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.
34.
35.

B eauHmuHbBIN KPYT ¢ MEHTPOM B HyJIe OpOcaioT TOUKY. [IpoBOAAT OKPYKHOCTD C TIEHTPOM B HYJIe
4gepe3 3Ty Touky. lloroMm B obpaszoBasiiieecss KOJIBIIO CHOBA OpocaroT Touky. Haiitu coBmecTHOE
pacmpesiejieHue ee TMOJSTPHBIX KOOPIUHAT.

B xBaspar [0, 1)2 6pocator Touky & = (£1, &2). Iocse sroro B mpsamoyroabauk [0, &1] % [0, £] 6pocator
touky 7]. HaiiTu pacupeesienue ee Koopusatr. ZBISIOTCS /11 OHU HE3aBUCUMBIMU !

[Tycts &1, &2 mesaBucumMbl u umeror pacupeseaenne N(0,1). Jokasars, aro & + o u & — &2 HE3a-
BUCHMBI.

Haiitu pacnpeenenne &1 /(€1+E2), ecnu £ u o HE3aBUCUMBI, OJMHAKOBO PACIIPEJIEJICHBI U &) UMEIOT
HoKa3aresbHOEe pacipejiesienre ¢ A, b) pasHomepHo pacupesesensl Ha [0, 1], ¢) umetor N(0,1)-
pacmpesiesieHue.

Haiitu ycioBroe pactpenenenne L£(&1 | €1 + &2 = y), ecau £ u £2 HE3ABUCUMBI, OJTHHAKOBO PACIIPe-
JICJICHBI U &) UMEIOT [oKa3aTesIbHOe pacipejesierne ¢ A, b) paBHoMepHO pacupesesensl Ha [0, 1],
c¢) mmeror N(0, 1)-pacnpenenenne.

[Iycrs &1, ...,&, € U(0,1) u HesaBucumbr. [omoxkum 1y = min(&y,...,&,), 2 = max(&q, ..., &,).
HaiiTu ycsioBHOe pacipejiesieHue 1)) [IpH YCJIOBUU, UTO 7)o = Y.

Ha orpesok [0, 1] 6pocator 2 Toukn, pazbusaromiue ero Ha 3 orpeska. [locse sroro Ha neHTpaIbHBIIT
0Tpe30K Opocaror elre Touky (ee KoopauHara — 7). Haijitn (nmvmenno B Takom mopsizike) a) En, Dn;
b) xapakTepucTuueckyo QyHKIHIO 7); C) PACIPE/IeTICHAE 7).

Ha orpesok [0, 1] 6pocator 2 Touku, pasbupatoriue ero Ha 3 orpeska. Ilocsie TOro Ha IpaBbIit
oTpe30K GpocaroT ere ToUKy (ee Koopaunara — 7). Haiitu pacupeseenue 7.

Cayuaiinas Besinunna & MOKa3aTeJIbHO paciipejiesieHa ¢ A = 1. YcjoBHOe paciipejiesieHue 1) 1Ipu
yeaosun £ = x ectb U(—1/2,1/x). Haiitu pacupejesnenue 7).

[Mycrs &1,&2 € N(0,1) u HesaBucumbl. Haiitu yciioBHoe pacupesesenue 1 = 2§ — {o IpH yCJI0BUI
§1+& =1

ITycrb &1,& € U(0, 1) n HesaBucumbl. Haiitu ycsioBHoe pacupejesienne 1 = 2§ — €2 1IpH yCI0BHN
S+ =

ITycrb &1,& € N(0,1) u HesaBucumbl. Haiitu pacupejenenne n = & + afs, e a € U(0,1) u ne
zaBucut or &1, &s.

[Tycts &1, &2,&3 € N(0,1) u Hesasucumbl. Haiitu coBmectroe pacnpeenenne &1 + & u &2 + 3.

Cayuaitaslit BekTop (€1, £2) paBHOMEPHO PACIIPE/IC/ICH B ¢IMHIIHOM KPYyTe ¢ IeHTpoM B HyJ1e. Ecin
V& + & =, To n € EXP(z). Haiitu pacupenenenue 1.

[Tycrs B1, P2 € U(0,1) u nesaBucumbl, 1 = max(f1, f2). Umest peanusarmio 1 = =, MOJeJUPyEM
¢ € EXP(z). Haittu pacupesesenue &.

[Mycrs B, B2 € EXP(1) u mezaBucumbl, 77 = min(S1, B2). Ecau n = a, To £ € U(0, a). Haiitu DE.
[Mycrs £ € EXP(1). Eciin € = a, 1o nn € N(a, 1). Haiitu pacupeznenenue 7.

ycrs € € U(0,v/2). B kagpar (—£,€) x (=€, €) 6pocaior Touky. HaiiTi coBMecTHOE pacipeieiie-
HUE ee KOOD/MHAT.
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Bekrop & = (&1, &9,£3)T paBHOMepHO pachpesiesien B eIMHIYHOM TITape ¢ IEHTPOM B Hy/Ie. B Tpex-

MEPHBIII Map paJimyca \/5% + 55 + fg 6pocator Touky. HaiiTu pacupenesenne paccTossHust OT ITOH
TOYKU JI0 HYJIS.

[Tycts 51, B2 € U(0, 1) n mesaBucumbr. Haiitu pactipenenenne 1+ [ npu yciosun, 1ro 1 — P2 = .

[ycts 51, P2,03 € U(0,1) u Hesasucumbl. Haiitu pacnpesenenne 51 + (B2 upu ycjoBuu, 9To
max (&2, &3) = .

[Iycrs By, P2 € N(0,1) u HesaBucumbl. Haiitu coBmectHoe pacupesesnenue (31, 2) upu ycjaosun,
2 2 _
gyro &7 + &5 = .

Cuauasia 6pocator Touky Ha orpe3ok (0,1). Eciu pesynbrar 6pocanusi uMeeT KOOPAMHATY T, TO
MozIeUpYIOT ciaydaitayto sesmauny £ € EXP(x). Haiitu pacupeenenue &.

[Mycrs o € U(0,1). Ha orpesok (0, 1/a) 6pocaror Touky &. Haiitu pacupezenenue &.

Cayuaitubie Bestmaunbl g, 7); HE3ABUCUMBI IIPU JIIOOBIX s,¢ > (0, npuueM pacrpejeneHus s u 1)
COBIIAIOT W UMEIOT IIOTHOCTH

exp(—x +s) upm x> s,
ps(w) =
0 nHaJe.

Cayuaitable Besmannbl aq, e € U(0, 1) u He3aBHCHMBI KaK MeKIy coboii, Tak u ot &g, 7. Haiitn
pacipenejieHue CIydaiiHoM BeInInHbL {y, + Eqy -

[Tycrs By, B2 € U(0, 1) n HezaBucumbl. Haiitu pacupesenenue ciaydaifHONH BeJUIUHBI

b1

P b0
¢ a1 + b2

ITycrs €y € EXP(A), A > 0. Coyuaiinas Besmansa 1 He 3aBucut ot {€), A > 0} u uMeeT mI0THOCTH
pacupenenenus 2z, 0 < x < 1. HaliTu pacupenenenue ciaydaitnoit Beuaunbt &;,.

Bexrop (a1, az)T pasmomepno pacnpenenen B xkBagpate [0, 1)2. Haiiti pacrpeie/enne crydaiiHoro
BexTOpa (11,M2) ", paBHOMEPHO pacmpe/eneHHoro B ksaapare [0, max(ay, as)]?.

[Tpu mr060M pukcuposBantnoMm = > 0 cirydaiinbie Beauauubl &, 7, € EXP(z) u nesaBucumbr. Ciry-
vaiinast esmanna § € EXP(1) u me 3aBucut or {5,715}, > 0. Haiitu coBmecTHOE pacnpe/ienenue

(&8, 88 +1p)-
[Tycrs fB1, B2 € U(0,1) n HesaBucumbl. O6o3HaIMM

§1 =01+ B2, & =20 —20.
Haiitu ycoBaoe pacnpemesnenue 1 npu ycaosue &1 + £ = t.

[Iycrs B € U(0,1). Ecoin f = 2, To B Kpyr pajuyca & ¢ IeHTPOM B HyJie Gpocator Touky. Haiitu
COBMECTHOE PaCHpeeIeHne ee KOOPIUHAT.

Touky [31, B2 6pocaior B emuHIYHBII KBaapaT. [locite 3Toro B mpaAMOyroabHUK co croponamu 31, 81+
B2 6pocaior Touky. Haiitu coBMecTHOE paciipesiesieHne ee KOOPIUHAT.

[Tycrs B, B2 € U(0, 1) u Hesasucumbl. Haiitu ycioBHOe pactpeenenue 31 npu ycjaosuu a) 51+ 2 =

z,b) B — B2 = .
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51.

52.

93.

54.

55.

56.

o7.

o8.

59.
60.

61.

62.

63.

64.

65.

66.

Cayuaitable Bemaunsl {1, 2, o HezaBucuMbl, npudeM £1,&s € N(0,1), a o € U(0, 1). Haiitu pac-
IIpejeseHue CaydaiHoi BeJInInHbL
&1t ab
V1+a?

[Tycrs £ € U(—1,1). Yenosroe pacipeesenne 1 npu yciaosuu £ = x ectb N(z, 1). Haiitu P(n < 0),
En u Dn.

Cayuaiinele Bestmaunsl &, € Geom(p), 0 < p < 1. C.B. a € U(0,1) u ue 3aBucur or {&,}. Haiitu
pacnpenesnenne 1 = &,.

[Tycrs « € U(0,1). ITpousBosgr ucubiTanus BepHy/UIN ¢ BEPOSTHOCTBIO yCIleXa v JI0 2-T0 yCIexa.
HaiiTn pacnpenenenune yucsia UCIBITAHWH.

Iycrs a € U(0, 1). ITpoussossaT ucnbitanust BepHym ¢ BepoATHOCTBIO yeiexa a2 jio 1-ro ycmexa.
Haiitu pacnpejiesienne 4ucia NCIBITAHWIA.

[Tycrs £ € Geom(p), a n uMeer nokasareabHOe pacupejenenue ¢ mapamerpom & + 1. Haiitu pac-
npejiejieHue 1.

[Tycrs B1, P2 € U(0,1) u nesaBucumbl. Haiitun coBmectHoe pacnpeseserne ([, S2) Upu yCIoBHH,
gro max(f1, f2) = x.

[Tycts B1, B2 € EXP(1) u nesasucumbl. Haiitu yerosroe pacupesenenne max (S, B2) npu yciaosun,
gro min(fy, B2) = .

[Tycrs 1, B2 € U(0, 1) u nesasucumbl. Haiitu pacupeesenue 31 upu ycaosun, uro max(f1, 52) = x.

Crywaitnerit BekTop &, p.p. B KBagpare c¢ seprmmaamu (—1,0), (—1,1),(0,0), (0,1). Cayuaitmbrit
BeKTOp &5 P.p. B KBagipare ¢ sepummamu (0,0), (0,1), (1,1),(1,0). CryJaiimbiit BekTop &3 p.p. B
kBaspare ¢ seprmaamu (—1, —1), (—1,0), (0,0), (0, —1). Coryuaiiusiit BekTop £, p.p. B KBajpaTe ¢
seprmaamu (0, —1), (0,0), (1,0), (1, —1).

IIycts @ € U(O, 1) 1 HE 3aBUCUT OT (51,52,53,54). Haiitu pacnpenenenne BeKTOpa En, e n =
|402 +1].

[Tycrs By, B2 € N(0,1) u HesaBucumbr. Haiitu pacnpenenenue

- B152
B+ 6%

[Tycrs & € N(0,1). Ilpu a € R cayuaitabie Besmuunst 1, € N(a,1) u #e 3aBucar or . Haiitn
pacipeiesieHne 7.

Cryuaitabie BekTopa &1, &y, &3 HEBABICHMBI U P.p. Ha eJIMHATHON OKPY’KHOCTH C TIEHTPOM B HYJTe.
Haiitn BeposiTHOCTH TOrO, YTO XOP/IbI ¢ KOHIIAMMU ((0, nT, ¢ 1) u (&5,&3) nepecekaroTcs.

[ycrs B, B2 € N(0,1) u nezaucumbl. B kpyr pajguyca 1/4/87 + B3 ¢ nenTpom B HyJe GpocaioT
Touky. HaiiTn pacupenenenune ee pacCTOSAHUS JI0 TEHTPA.

[Tycrs £ € U(0,1). B xBagpar (0,1/£) x(0,1/£) 6pocaror Touky. Haiitu coBMecTHOE pactpejiesieHne
ee KOOpJIMHAT.

B kpyr pammyca 1 ¢ nenTpoM B Hyme 6pocator Touky & = (£1,&). Tlocme aToro B Kpyr paimyca
V&2 + €2 ¢ nenTpoM B HyJte 6pocatoT TouKy 7). HafiTu BeposiTHOCTD TOTO, UTO 7] OTCTOMT OT IEHTpa
MeHbITe, YeM Ha (.5 1 HaxoguTcs B 1-if TeTBepTH.
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67.

68.

69.

[Mycrs & € EXP(k), k= 1,2,....n € GEOM(p) u ue 3aBucur ot & , k > 1. Haiitu pactnpenenenne
CilydaitHOll BeJIMYUHBI &y 1.

[Tycrs &1,&2 € N(0,1) u mesaBucumbl. Kpome Toro, pu A > 0 ciydvaiinble BeauduHbl [y, 7)) €
EXP()) nesapucumbr Mexsity coboit u ot §1,§a. Haiitn pactipenenenne fie,| + n)e,)-

Ciyuaitnbrit BexTop & = (&1, &2)T rayccoBeknit ¢ Hy/IeBBIM CPEIHEM, ¢AMHUYHBIMI JTUCICPCHIMI 1
ko3 durmentom Koppessinuu p. Haiitu yemoBnoe pactpenesienne £ npu ycaosuu 1 + 9 = .
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2 YciaoBHBIE MaTeMaTHYeCKHe 02K JaHnNd OTHOCHUTEJILHO a-aﬂrer

2.1 OmnpegeseHune n IpPoCTeiIe CBOCTBA

Ounpenesnienne 2.1. Ilycrs (2, F, P) — HeKOTOpOE BEposTHOCTHOE TPOCTpancTBO n Fo C F — o-anrebpa,
comepxkamasicss B F. Ilycrs, kpome Toro, £ : (Q,F) — (R,Bg) — ciydvaiinasi BeJI9MHA ¢ KOHEYHBIM
MaTEMATHIECKUM OKUIAHUEM.

Ciyuaiinas pequauna £ HA3LIBAETCH YCAOSHDIM MAMEMATUECKUM omudanueﬁﬂg omnocumem;mﬂ
o-anzebpv, Fo, eciu, Bo-epBbIX, £ n3MepuMa OTHOCUTENILHO JFo U, BO-BTOPbIX, JIs Jr0boro A € Fy

/Ag’dP:/AgdP. (2.1.1)

Crangaprubiv oboznadenueM st ¥YMO ornocuresnbio o-anrebpor Fo sapisercsa £ = E(¢ | Fy), unorga
BMECTO 9TOT0 0D03HaYEHNUs UCIOJIb3YIOT Hostee KopoTkoe Er €.

B cayuaae, korga £ =14 ¢ A € F, smecro E(& | Fy) numyr P(A | Fp) u roBopsr 06 ycao6noti eepoam-
Hocmu cobvimus A npu yeaosuu Fo.

JlokarkeM TeopeMy CYIIEeCTBOBAHUS U €IUHCTBEHHOCTU yCJIOBHBIX MATEMATUIECKUX OXKUIAHUI.
Teopema 1. VciosHoe MmaTeMarudeckoe oxujganue (€| Fy) cymecrByer u e IMHCTBEHHO P-11.B.

Zloxazameavcmeo. HyxHoe HaM yTBepKJIeHUE cpa3y Ke cieayeT u3 TeopeMbl Pajjona-Hukomuma. [leii-
CTBUTEJIBHO, PACCMOTPUM BEPOATHOCTHOE npOCTpaHCTB(ﬂ (2, Fo,P) u nonoxum v(A) = [, {dP npn
A€ Fy.

fcHo, uTO vV sBJIsieTcs KOHEUHBIM 3apsiyioM u uro v < P. Ilosromy, cormacuHo Teopeme Pasona-
HI/IKO,ILI/IMam cymecTByeT Takas Jo-usmepumas gyrknus &', aro v(A) = [ 4 &'dP. U3 sroii e Teopembl
creayer, 9o &' eIMHCTBEHHA ¢ TOYHOCTDBIO JI0 J(-U3MEPUMBIX MHOXKECTB P-Mephl HOJIb. O

Sameuyanue 3. OTmerum, 9T0, B OTJINYNE OT OOBITHOIO MATEMATHIECKOI'O OXKHUIAHUSI, YCJIOBHOE MaTe-
MaTUIeCKOe OXKHJIAHUE SIBJISETCS CJIYUIANHON BeJIMIMHOM, TO ecTh (pyHKIHeH w € ) (He 00s13aTeILHO T10-
crosinHoit). Bostee Toro, sTa OyHKIWS He SIBISETCS €IMHCTBEHHOMN, 1 TO9TOMY MOXKHO TOBOpUTH 06 YMO
KaK O KJIACCe SKBUBAJIEHTHBIX CIyJYafHbIX BeJIMYUH (HAIPUMED, Kak 00 JIeMeHTe }Llfo =LY(Fo,P)), ane
KakK 00 OJTHOM KaKOM-TO IIPEICTaBUTE e ITOTO KJIACCA.

[IpuBenem HeCKOJIBKO IpocTeinux mpuMepoB ¥ MO 0THOCHTENIBHO Pa3/indHbIX o-aarebp Jy.

1. (muHEIMasBHAS o-anrebpa Fp). Ecom Fy = (2, 9), to E(¢|Fy) = EE. HeiicrBuresnbro, sobast
HOCTOSIHHAA M3MEPUMa, OTHOCUTENILHO JFo, a npu A = Q wm A = &, oueBuaHo,

/AEfdP—/AﬁdP.

2. (makcumasibHast o-anrebpa Fy). Eciu Fo = F, o P-i.B. E(£| Fy) = £ auist mo6oit cymmupyemoit
C/IyIaiiHON BeInInHbI &.

HeiicTBurenbro, 3mech & MO ONPEIEICHAI0 U3MEPHMa OTHOCUTEIBHO JFy, a yciaosue (2.1.1) mpwm
nozcranoske & = £ npespalaercst B TOXKJI€CTBO.

4Cokpamenno — YMO.

SHITH — «IIpU YCIOBHI»>

5MpgI coxpansieM 371ech 0603HaUeHre P, XOTsI HA CAMOM Jlesie Pedb HJET O Cy’KEHHN pacIpe/esenust P ¢ o-anrebpsr F Ha
o-anarebpy Fo.

7 UIs1 KOHEUHBIX 3apsi/I0B
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3. (muckpernas o-anrebpa Fo). Bosbmenm Fo = (Q, A, AY, @), tne A € F u P(A),P(AY) > 0. Torzgaﬁ

1

— dP mpu w € A,
o,

1 C

E(¢] Fo)(w) =

[Tpusenem HeckosbKo npocreiimux csoiicrs YMO. Iycrs (€2, F, P) — BeposiTHOCTHOE IPOCTPAHCTBO,
Fo C F — o-anrebpa u &, — ciyvaiiHble BeJIMYUHBI C KOHEUHBIMUA MATEMATHICCKUMU OXKUIAHUSIMU.

IIpennoxenue 1. (Ilpocreiimue croiicra YMO).
1. Ecom € = ¢ = const, To E(¢ | Fy) = ¢ nourn Bciony 1o mepe P.
2. st J1r00BIX TOCTOSTHHBIX @, b

E(a& 4+ bn| Fo) = aE(§ | Fo) + bE(n| Fo)  P-m.s. (2.1.2)

3. Ecoiu £ > 0, o E(§| Fy) > 0 ¢ BepositHOCTBIO 1.

4. Ecm € > n, 1o E(&| Fo) > E(n| Fo) ¢ BepositrocTbIO 1.
5. E(|¢] | Fo) = ’E(£|]:0)| C BEPOSITHOCTDHIO 1.

6. E(E(¢| Fo)) = EE.

Hoxaszamenvcmeo. 1. IlocTosHHAs ¢, KOHCIHO Ke, M3MEPHMa OTHOCUTEILHO JFy. ITocTtanoBka £ = £ = ¢

B ([2.1.1) 3aBepiaer jg0Ka3aTEILCTBO.
2. O6oznaunm ¢ = a& + by u (' = aE(E | Fo) + bE(n | Fo). Torna upu A € Fy

/AC/dP—a/AE(ffo)dP+bAE(W!fo)dP—angdPer/AndP—/A(dP.

Ocranoch 3ameTuTh, 9T0 (' M3MEpUMa OTHOCHTENLHO J).
3. O6oznaunm ' = E(§ | Fo) n nomoxum A = {w : & < 0}. Ilycrs P(A) > 0. Torga

0>/A§’dP:/A§dP,

YTO IPOTUBOPEYUT HEOTPUIATETHLHOCTH &.

4. JTokazaTebCTBO CBOJUTCS K PACCMOTPEHUIO CJIyIaiiHOi Bemmaunbl 3 = £ —1) U II0C/I6I0BATETHLHOMY
[PUMEHEHUIO IyHKTOB 3 U 2 HacTosmero IIpempioxkenusi.

5. Caemyer uz toro, uro || > & u || > —¢ ¢ nanbreiimem npumenenuem 1. 4 Ipeioxenust.

6. Henocpencrsenno ceopurest K ([2.1.1]) Beibopom A = Q. O

Bameuanwue 4. Ormernn, uro myHKTHI 1 — 5 Ipeyiozkenust [I] anaIornaHbl COOTBETCTBYIOIUM CBOfiCTBAM
MaTeMaTUIeCKNX OXKWUIAHWI, TO €CTh MHTerpajioB. B maabHelneM MBI YBUAUM, UTO 3TO He SBIISETCS
ciydaiiubiM coBriafienneM. [llecToit myHKT, KOHEYHO, UMEET JAPYTYIO IPUPOLLY.

2.2 VYMO oTHOCHUTEJBHO OTOOpakeHuii 1 PYHKINA perpeccuu

BepremMcst K ompeieIeHnIo yCIOBHBIX MAaTEMATUIECKUX OXKuIaHnil. PaccMoTpuM BEpOSITHOCTHOE TTPO-
crpanctso (Q, F,P) u cymmupyemyio ciaydaiiHyo BeJIMIUHY &, OLPEJIEJCeHHYI0 Ha 9TOM IPOCTPAHCTBE.
Kpowme Toro, Beesiem orobpazkenue 1T : (2, F) — (D, A), e (D, A) — HeKOTOpOE U3MEPUMOE TPOCTPAH-
CTBO.

Orobpaxkenue T nopoxiaer o-aaredpy o(T) C F, koropasi oupejessiercss paseacrsom o(T) =
{T~'B, B € A}. Boibpae Fy = o(T), moxno paccmarpusars YMO E(¢|o(T)) ornocurensro o-
asnre6pet o(T'), kKoropoe oboznadaercs E(E | T) u Ha3blBaeTCst YCAOSHbM MAMEMATMUYECKUM OHCUOGHUEM
& omnocumenvro omobpasicenusn T .

8TIposepsre! A uTo M3MennTCs, ecou, Hanpumep, P(A) = 07
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3ameuvanmue 5. 3amerum, 4To Jiobas o-ajredbpa JFy C F IMOPOXKIAETCH U3MEPUMBIM OTOOparKeHUueM
T:(,F)— (Q,Fp) rakum, uro T'(w) = w. ITosromy nousitust YMO orsocuTenbuo o-anredpst 1 Y MO
OTHOCHUTETLHO OTOOPAYKEHUsT SKBUBATCHTHBI.

O6oznauenne E(E|T) obperaer copepKaTesbHbI CMBICIT 61aro1apsi CIeyoIeMy yTBEPK JICHUIO.

JIemma 1. Ilycrs (D,.A) — HekoTopoe m3mepumoe npocrpancTso, 1 : (Q, F) — (D, A) u o-anrebpa
Fo = o(T) nopoxyena orobpazkenneMm 1. O6oznaunm Pr pacupejiejieHue ciydaiiHoil Beanauner 1 .
1. Juist Toro, urobbl ciayuaitnas sejuaunna € : (92, F) — (R, Br) 6bu1a uamepuma orHocuresibuo o (1),
HEOOXO/IMMO U JIOCTATOYHO, 9TO0BI CyIiecTBoBasa Takas dyuknus g : (D, A) — (R, Br), ato £ = goT.
2. llycte E = goT, & =g10T u & =€ n.B. 1o mepe P. Torna g; = g n.B. 1o Mmepe Pr.

Hoxazamesvcmeo. 1. B gactu J0CTaTOYHOCTH YTBEPKICHUE OUEBUIHO. [jIsi l0Ka3aTe/ IhcTBa HEOOXO M-
MOCTHU IPEJIIOIOKIM CHavaa, 4To & siBisercs npocroit o(T')-usmepumoii dyHKIWmeid, TO ecTh 4TO

n
g = Z Ci]IAia
=1

rie A; € o(T)n A;NAj =@ upu i # j. Torna A; = T~ 1'B;, rie B; € A, npudem MHOXKeCTBa B; MOXKHO
BBIOPATH IOMMAPHO HEIePECEKAIOITNMUCSI
[Tonoxkum B = U; B; u otnipejiesiuM QYyHKIUIO ¢ PABEHCTBOM

g(t) =

¢; mpu tE€ B;,
0 wpu teD\B.

Torna

n n n

Ew)=) alaw) =) clpipw) =) clp(Tw) = g(Tw).

=1 =1 =1

[Tepeiinem k obmemy ciaydato. [Ipegcrasum € B Bujie morodednoro npejesna npoctsix o(1)-uzmepu-
MBIX CJIyYaiHBIX BEJNYNH &, KayKJasd UX KOTOPBIX COIVIACHO JOKa3aHHOMY MMeeT BUJ &, = g, 0 1.
Iomoxnm

Dy = {t € D : cymecTByeT KOHEUHBIH mpemes Ii7Iln gn(t)}

u oupezesnm dyuximo g : (D, A) — (R, Bgr) paBeHCTBOMH

g(t) =

lim,, g,(t) upu t € Dy,
0 nHadge.

Tak Kak Ipu J1I000M W IOCJIEA0BATEILHOCTD gn(Tw) umeer mpenes, pasublit &(w), 1o Tw € Dy miast
moboro w € Q. Iosromy &(w) = limy, g, (Tw) = g(Tw).
2. Bropoe yTBepK/€eHIe JTEMMBI BHITEKAET U3 [ENOYKH PDABEHCTB

/gdPT—/ fdP—/ sldP—/gldPT,
B T-1B T-1B B

BBILOJIHSIONIElCs i1t jiroboro B € A. L]

TIposepsre!
VO ®yuknus g sBaseTcs n3MepuMOii, TTOCKOIBKY TIPEIes H3MEPUMBIX (DYHKIAS H3MEPHM.
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ITpumep 1. Ilycrs (2, F) = (D, A) = (R, Br). [lonoxum T'(w) = |w|. OTBeTbTE Ha CiIeLyIOINe BOIPO-
col: a) Kaxk yerpoena o-anrebpa o(T)? b) Kakue dbyHKIuM SBJISIFOTCS M3MEPUMbBIME OTHOCUTEJIBHO TOM
o-asrebpni! ¢) Ouesnano s Bam B aToM ciyuae nepsoe yrBepxaenue Jlemmot |1ff

Corsacuo Jlemme [I] ycioBHOe MareMaTHdeckoe OXKHJAHHE CJLyIaiHOH BeaMUNHBI { OTHOCHTEIBHO
orobpaxkenus T : (Q, F) — (D, A) nmeer Buj

E(|T)(w) = g(Tw),

rae dyuknus g : (D, A) — (R, Bg) nasbBaercsa gynkyuet peepeccuu § na T u o6braHO 0603HAUAETCST

kak g(t) =E(¢|T =1t).

Sameuanue 6. Do 0O6O3HAUECHHE UMEET IMPO3PAYHYI0 MHTEPIpeTaIuio. 11peamomoKmM, 970 HaC HHTe-
pecyer COBMECTHOE ITIOBElIeHHEe pe3yJIbTaToB JBYX H3MepeHuil BequduH £ u 1 B HEKOTOPOM CJIydaiiHOM
SKCIIEpUMeHTe, IprudeM 1 JIOCTYIIHO HEIIOCPEICTBEHHOMY HaOJ/IIONEHUIO, a & — HeT.

Torna Besimanny E(f | T = t) MOXKHO IIOHUMAaTh KaK cpeHee 3HaUeHUe & IPU YCIOBUH, ITO 1’ IIPUHSLIO
snavenue t (cm. Huxke [Tpumep . Takast HTEpIIPETAISI 9acTO JIeJIAeT €CTECTBEHHBIMU 0OJIee CI0XKHBIE
cpoiicta YMO.

Orpeiesnienne u Teopewma 1| mist cayuast Fo = o(T) jterko nepedopMyIupyroTcs Ha g3bike (DyHK-
un perpeccun. JleficTBuTenpHo, Tak Kak mpu B € A

/ 9(T)dp :/ gdPr,
T-1B B
To ([2.1.1)) mpeBpamaercst B paBeHCTBO

/T_lBgdP:/BgdPT, (2.2.1)

a Teopema [1] (BmecTe co Bropeiv mynkroM Jlemmst [1) yreepaxaaer, uro dynkuus g, aus koropoit (2.2.1)
BBITIOJIHsIETCS J1JTsT JTI060T0 B € A, cylecTByeT u e uHCTBEHHA Pp-II0YTH BCIOLY.

Taxum 06pa3oM, 4ToObl HaifTn ycioBHOe MareMaTHiueckoe oxupanne & = E(£|T) ornocurenbho
orobpaxkenusi T', gocraTouno Haiitu Takyio dyekmo g : (D, A) — (R, Bg), 11 KOTOPOIi BBIIOJHIOTCS
pasencrsa (2.2.1)), a satem nosoxurs £ = goT.

OHI/IH_IGM JABE CUTYyalluU, KOI'la MO2KHO fIBHO BBIIIUCATDH BU/JL (i)yHKL[I/II/I perpeccun.

IIpumep 2. (IIpumepst Borunciaenns byHKIUHE perpeccun)

1. (Cayuat duckpemnozo T). Ilycte D = {t1,...,tn,...} sIBJIsI€TCSI KOHEUHBIM WJIM CUYETHBIM MHOXKE-
cTBOM, a o-ajarebpa A cocTouT u3 Beex noaMHoxkecTB Muoxkectsa D. O6osnaunm A; = {w: Tw =t} u
IPEJIIOIIOKHUM JI0TIoJHUTeNIbHO, 910 P(A;) > 0. Torma

1
ti)=E|T=¢t)=—=—— dP. 2.2.2
o) =BT =1) = g | ¢ (222)

s okazaresbera jocTaToqHo npoBeputTh pasencTso (2.2.1) mus B = {t;}. Torga

/ gdPT == g(tz)P(Al) = / édP,

B A;

9TO U TPEOOBAJIOCH HOKA3aTh.
2. (Cayuat abcomomno nenpepvishozo (§,T)). Ilycrs coBmecTHOe pacipesenenue £, T uMeer IPOU3BOJI-

uyio Panona-Hukogmmva (nHade roBopsi, COBMECTHYIO IJIOTHOCTB) p(x,t) oTHOCHTENbHO Mepbl fi(dx) ®
v(dt), oupegenenHoii Ha o-anrebpe Br X A nojMmHoxkecTB MHO)ecTBa R X D. O6o3HaunM

pr(t) = /R P, £)u(dz).
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Torma

Jr zp(2, 1) p(de)
E(¢|T=t)= pr(t)
0 eciim pp(t) = 0.

ec pr(t) # 0, (2.2.3)

Hokazkem pasencreo (2.2.3)). O6osnaunm Dy = {t : pr(t) # 0}. IlockoabKy, KaK HETPYHO BHJETH,
pr = dPr/dv, ro Pr(Dy) = P(T € Dy) = 1.

[Tosromy mist mro6oro B € A umnTerpas mo MHOXKecTBy B oT npasoit gactu ([2.2.3) umeer Bu

/ v(dt) / zp(z, t)pu(de) =E(,T € BNDy) =E,T € B) = / &dp.
BNDy R T-1B

Tem cambim (2.2.3)) ,ILOKaBaHOE

Yreepxkaenus [Ipemroxkenus (1] ierko nepedopmyiiupyioress B repmunax ¢dpyHnknuu perpeccuu. Ha-
npumep, BMecto (2.1.2)) Mbr GyjieM UMeTh PABEHCTBO.

E(a§+bn|T =t)=aE(&|T =1t)+bE(n|T =t)  Pr-ns.

AHaJIOTUYHO IePeNNChIBAIOTCs HepaBeHcTBa 1il. 3 — b IIpesioxkennst. YTo Kacaercst TOXKIECTBa MIECTOTO
IIyHKTA, TO OHO IpuodpeTeT BI/I,DE

B¢ = /DE(gyT:t) Pr(dt). (2.2.4)

[Tpusesem ere oJHO MoJIe3HOE yTBEP:KAeHHe o cBoiicTBax Y MO, chopmynnpoBas ero B TepMUHAX
orobpazxkenwuii. [lycrs € : (Q, F) — (D1,D1), B: (2, F) — (D2,Ds), D =Dy x Dy u D =D; x Ds.

Jlemma 2. Ecsin nourn serony E(n| €, 8) = ¢(€), rne ¢ — Hekoropasi uamepuMasi dyHkiwsi, 10 ¢(§) =

E(n[&).

Jlokasamenvemeo. Bosbmem npoussosbHOe MHOXKeECTBO B € 0(&). fcno, uro B € o (€, 3). Tlosromy

| E@iear = [ na.

C apyroit CTOPOHBI,

| Big.pap = [ pe)ap.

B
CaenoBaTe/ibHO,
[ nav = [ o(ear,
B B
U, NOCKOJIbKY (&) u3mepumMa oTHOCUTENIbHO 0 (§), 0CTaIoCh cocaThest Ha onpeeserue Y MO. O

[Ipu uzyvyeHnn naabHERIITUX CBONCTB YCJIOBHBIX MATEMATHIECKAX OXKUJIAHNN MbI OyJI€M UCIIOJIb30BATh
06a BapuanTa 3anucu Y MO — depes o-ajareOpnl n uepe3 PYHKIUHA PEIPECCUN.

"B npumMepax omymeHb JoKasaTesncTBa TOro, uro mpapbie wactd (2.2.2) u (2.2.3) msmepumbr ornocurensao o(T).
VY6enurech B 3TOM caMu.
12yGemurecs B 9TOM.
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2.3 IlpeneabHblili nepexo/ moa 3HakoM Y MO

CyIIecTBYIOT pa3anvIHble BAPUAHTHI YCIOBU, IPU KOTOPBIX MOYKHO MEPEXOIUTDH K MPEIETy MO/ 3HA-
koM YMO (em., nanpumep, [I, Teop. 2 §7 r1.2]). Ilpusenem onun u3 HUX, aHAJOTUYHBI Teopeme JleGera
0 MazKOpUPyeMOil CXOIUMOCTHU.

IIpennoxenune 2. Ilycrs (2, F,P) — HeKOTOpOE BEpOSITHOCTHOE MPOCTPAHCTBO U Jy — o-anrebpa,
conepxkarasicd B F. PaceMoTpuM mmoc/ie1oBaTeIbHOCTD CIYYalHBIX BEJIUIUH &) U CIYyUIANHYIO BEJIUIUHY
¢ Takue, 9ro &, — £ .B. u [&,| <1 ¢ En < oo.

Torna E(&, | Fo) = E(&| Fo) u E(|€, — £|| Fo) — 0 ¢ BepositHOCTBIO 1.

Jlokasameavemeo. 3amernm, uro moutu Bewoiy €] < nH O6ozHaunM f3, = supys, |{ — &|. Torma c
BepositHocThio 1 B, | 0 u B, < 2n u, ciaeposarenbuo, ES, — 0 mo «obsranoii» Teopeme Jlebera o
MaxkopupyeMoii cxopumoctu. ITosromy (31ech Mbl nonbayeMcﬂ [Ipennoxennem

|E(&n | Fo) — E(€] Fo)| < E(|&. — €[ | Fo) < E(Bn | Fo) L B,
rie S — HekoTopasi P-11.B. HeoTpuiaTe/ibHas ciydaiiHast BeauduHa. [Ipu srom
0 <EB <E(E(Bn|F0)) =EB, — 0.
CueioBarensio, P(8 = 0) = 1 u yrBep:KieHue JI0Ka3aHO. O

CnencrBue 1. 1. ITycts n, > 0, Y7 1 1€ ¢ Beposirnocrsio 1 n EE < oo. Torna

E(¢|F) =E <Z 7 | }'0> => E(ni|F) P (2.3.1)
=1 =1

2. Ilycre {A;}i>1 — KOHEYHOE WJIM CUYETHOE CEeMeHiCTBO HOIAPHO HElePeCeKalomuxcst coobuii m A =
UiZlAi- Torna

P(A | fo) = P( Ui>1 A; ’fg) = Z P(AZ ‘ ./T"Q) P-m.B. (2.3.2)

i>1

3. IIycs € = (N, F) = (G,G), T : (Q,F) — (D, A) u {C;};>1 — HOCIEI0BATEIBHOCTD TOIIAPHO [[H3b-
IOHKTHBIX 3j1eMenToB G. Torzna

P((€UsCi|T=t)=> P(EeCi|T=t) Prus (2.3.3)
i>1
Jloxaszameavcmeso. Eciu obozuaduts &, = Zlgign Ny U HOJIOKUTH 1) = &, TO CTAHOBUTCS $ICHO, YTO

IIePBOE YTBEPIK/ICHUE HEeLOCPEICTBEHHO cietyer u3 Ilpeioxkenns [2]

Pagencrio (2.3.2) ceomurest x (2.3.1)) Bei6opom 7; = L4, a (2.3.3) — x (2.3.2)) Beibopom A; = £71C;

U 3aIUCHI0 COOTBETCTBYIONIETO PABEHCTBA B PErPECCHOHHON (dopMe. O

Sameuanne 7. OyHKIUIO P(f €T = t), OIIpEJIEJIEHHYIO Ha o-ajirebpe §, X09eTcss Ha3BaTh yCJIOBHBIM
pacupenenenuem & npu ycaosuu 1 = t. JleficrBurensuo, u3 IIpemioxkenus (1| caenyer, uro Pr-moduru
BCIOZLY

P(eG|T=t)=1 u P(eC|T=t)=1-P((¢C|T=1)

st goboro C' € G. B To ke Bpems (2.3.3) nmeet, Ka3aaoch ObI, CMBICJI CIETHON AAUTUBHOCTH JTOM
PYHKIINN.

B3 TIosromy El€| < co.
1A kak nmenHO?
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3J1echb, OJIHAKO, He Bce Tak 1pocto. [lesio B Tom, 910 B HCKJTIOYATEIbHOE MHOZXKECTBO (TO €CTh TO
TOIMHOXKeCTBO (G, JIJIsT KOTOPOT'O He BBIIOJIHSIETCs) 3aBUCUT, BOODIIE TOBOPsi, OT HAOOPa IIONAPHO
JM3BIOHKTHBIX MHOXKecTB C, U s pa3Hbix HAOOPoB C; 9TU UCKJIIOYUTEIHHBIE MHOXKECTBA COBIIA/IATH
(u J1azke UMETh HEIyCToe IepeceveHre) He OOs3aHbl.

[TockosibKy uHTEpecyomux Hac HaGOpoB MHOXKeCTB C; MOXKeT ObITh 0YeHb MHOIO (9TO 3aBHCHT OT
o-ajrebpbl G), TO, XOTs KaXKJ10€ UCKJIIOUUTETbHOE MHOKECTBO MMEET HYJIEBYIO MEPY, B IPUHITUIIE MOXKET
0Ka3aTbhCs, 9TO He CYIIECTBYET TAKOTrO ¢, IPU KOTOPOM PABEHCTBO BBIIIOJTHEHO [IJIsT BCceX HabOpOB
C;. DT0, KOHEYHO, COBCEM HE TIOX0XKE Ha CUETHYIO aJJIUTUBHOCTD.

Pemenne sToit pobiieMbl CBSI3aHO C MOHSITHEM PEryJIsiPHOIO BapUaHTa YCJIOBHOI'O PACIIPEIEICHUS,
KOTOpOe MbI OyJieM paccMarpusaTh B paszede [2.6]

2.4 JasbHeiimue cBoiictBa Y MO

Kak u panbIie, pacCMOTpUM BepOsITHOCTHOE TipocTpancTso (2, F, P) u o-amnrebpy Fy C F.

ITpennoxenune 3. 1. Ilycrs € u 1) — coydaiinble BEJIMYUHBI Takue, 4TO & ABJSAETCH J(o-U3MEPUMOIL,
E|n| < oo u E[én| < co. Torna

E(¢n| Fo) = £E(n|Fo) Pk (2.4.1)

B uacrHocTH, eciin € cymmupyema u Fo-usmepuma, to E(€ | Fy) = £ ¢ BeposiTHOCTBIO 1.
2. Ecnau cymmupyemas ciydaiinas Benuanna £ u o-ajaredbpa JFy HGSaBI/ICI/IMbIE TO

E(¢|F) =E¢  P-ws. (2.4.2)
3. Pacemorpum o-anrebpot F1 u Fo Takue, uro F1 C Fo C F. Ecim E[¢| < oo, To P-m.B.
E(E(¢|F) | F) = E(E(E|F) | F1) = E(E|F). (2.4.3)

Jloxazamenvemso. 1. Ilyers € = 1p, tne B € Fy. O6o3naunm § = EE(n|Fy). Torna npu A € Fy no
ompeeseanto Y MO

/AMP_/AQBE(”'IO”P—/AmBndP—/AfndP.

Tax kak (3 saBjsteTcs: Fo-U3MEPUMOIA, TO PABEHCTBO JIOKA3aHO [IJIsi CJIydasi, KOrja & IpejcTaBIIser
coboit muIuKaTOop Jo-uzmepumoro mMuoxkecrBa. Vcnonssys [lpemioxkenne (1], cpasy ke mosgydaem, 9To
(2.4.1) mmeeT MecTo ISt TPOCTHIX .7-"0—1/13MepI/IMbe|E| byt £.

[Tepeiiiem Temepnb K obmiemy ciaydato. [Ipexe Bcero 3amMerum, 9T0 paBeHCTBO ,HOCT&TOHHCB
JIOKa3bIBATD JIJIsT HEOTPUIATEIBHBIX &, 7). Bo3bMeM mocie1oBaTeIbHOCTh HEOTPUTIATEIBHBIX TTPOCTHIX JF(-
u3MepuMbIxX QyHKIUH &, Takux, aro noroueuno &, T &. Torma £,m T &n.

Kak yxe pokazano,

E(&un | Fo) =& E(n[Fo)  P-ms. (2.4.4)

[Tpasasi wacts (2.4.4) crpemurcs k € E(n| Fo), a sesas, cormacuo IIpegioxkenuto [2| ¢ BepositHocTbio 1 K
E(&n| Fo). Tem cambiM mepBoe yTBepKI€HIE JTOKA3AHO.
2. Tak kak E14§ = P(A) E€ npu A € F, T0 yTBep:KeHHUE CIe/lyeT U3 IENOYKU DABEHCTB

/AEgdP:P(A)Egz/AfdP.

'®TIo onpesernennio 3To 03HAMAET, UTO st Mobbix B € Br u A € Fy cobbitna A n {w : £(w) € B} HesaBucHMbL
1610 ecTb MMeEOIUX BU Z:’;l ¢ilp,, toe B; € Fo
Y Tlogemy?
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def
3. Hockombky & = E(& | Fy) sBnsiercss Fo-n3MepuMOii CITyHaifHOil BeIMMIHOI, TO PABEHCTBO
E&|F)=&4 P

SIBJISICTCSL YACTHBIM ciydaeM ((2.4.1)).
O6ozHaunM & = E(E(§ | F2) }]:1) u BoseMeM A € Fi. Tlockonbky A € Fa, TO

/AE(QB)CZPZ/AMP.

[TosTomy

/A&dP:/AE(fl}"g)dP:/AfdP:/AE(g\]-"l)dP.

CaenoBarensio, & = E(£ | F1) ¢ BepositHocThio 1. JTokazaTeabcTBO 3aKOHYIEHO. O

3ameuanue 8. Ilepemnumem paBeHCTBa u B PErpecCHOHHBIX TEPMUHAX U OOCYIMM ITOJIY-
YHUBIIUIECS PE3YJIHLTATHI

Ecnu BBectn orobpazkenue T : (Q, F) — (D, A) u nonoxurs Fy = o(T), To ABTOMATHIECKI
[IEPEIUIIETC KaK

E(p(T)n | T) = o(T)E(n|T)  P-ns, (2.4.5)
rie ¢(T) 3amensier coboit €. B perpeccnonnbix repmunax (2.4.5) npuobperer Buj
E(e(T)n |T =1) =E(p(t)n|T =t) =(t)E(|T =t)  Pr-us., (2.4.6)

YTO IPEJICTABIISIETCS COBEPIIIEHHO €CTECTBEHHBIM B PAMKaX MHTEpIpeTarun QyHKIMA PErpeccuu, IpuBe-
nenHoit B 3ameuannu [6] leiicTeuTesnbHo, ecan Mbl 3HaeM, uto T’ = ¢, To npoussenenue ¢(T)n 1o1KHO
npeBpaTuThest B ¢(t)n, mocse 1ero HOCTOSIHH&HH ©(t) TPOCTO BBIHOCUTCSI 32 3HAK YCJIIOBHOI'O MaTeMaTH-
geckoro oxxunanus E(o(t)n|T = t). B qacTHOCTH, «COBEPIIEHHO OYEBUHO», UTO

E(e(T)|T =1) = (1),

HHAa4Ye MpoCcTo OBITHL He MoxKeT! A ycyoBue «Pp-1.B.»> — 9TO BCETO-HABCETO PE3yJbTaT (hOPMATU3AIAN
WHTYUTUBHO OYEBHUIHOTO (paKTa.

U3z cpasy xe caenyer (cm. (2.2.4), aro
E(e(T)n) = /Dso(t) E(n|T = t) Pr(dt) (2.4.7)

DTO TOXKIAECTBO eIie OyIeT 00CYKIAThCs B JAJIbLHENAIIEM.
Yro kacaercs paseHcrsa (2.4.2)), To npu Beibope Fy = (1) mesaBucumocts & u F( O3HATAET BCETO
qinb HezasucuMocThb € u 1. Tlosromy, nepenucas (2.4.2) B perpeccuonnoit dpopme

E¢|T=t)=E¢ Pr-1m.B., (2.4.8)

MBI CHOBa IMIPUXOJUM K I/IHTyI/ITI/IBHOIU/I OY€BU/IHOCTHU 3TOI'O paBE€HCTBa: KOHEYHO, €CJIN § unl HEe3aBUCUMBI,
TO 3HaHWe 3HaYeHns1 T HUKAK He BJIMsIeT Ha HA Hally HH(MOPMAIUIO O pacipe/ieseHun (1, cJie0BaTeIbHO,
0 CpeJIHeM 3HAYECHUM) CJIy9allHOW BEeIMIMHBI &.

18 CnesmaiiTe To ke camoe st pasencrsa (2.4.3)), Ha KOTOPOE TyTh II032Ke MBI HOCMOTPHM C JAPYIOH TOYKH 3PEHMSI.

19TO €CTb He 3aBHCAIIadA OT W
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Teopema 2. (Hepasencrso Vencena mis YMO).

Paccmorpum, kpome BepositHocTHOTO TipoctpancTsa (2, F, P), o-anrebper Fy C F u ciydaiinoit Besu-
YUHBI { ¢ KOHEYHBIM MaTeMATHICCKUM OXKUJaHueM, eme u m3Mepumyio dynknuio ¢ : (R, Br) — (R, Bg)
Takyto, 4to E|p(£)| < oo. Eciin dbyHKIus ¢ BBIyKa BHU3, TO

E(¢(§) | Fo) = 0 (E(&| Fo)) P-m.B. (2.4.9)

Jlokasameavcmeo. OuuieM BBIMYKJIOCTh (DYHKIUE (¢ CJIEAYIOMUM 00pa3oM: 1is jioboit Toukn zp € R
4yepe3 TOUKY (Zg, ©(Zp)) MOXKHO POBECTU TAKYIO HPsIMYI0, 4TO Bech rpaduk GyHkiun y = @(x) Oyer
HAXOIUTHCs He Hike 9Toil mpsivoit]Y] C hopMasibHOl TOUKH 3penns 9T0 03HAYACT, UTO IS JHOBOrO T
cymiecTByer Takoe ¢ = ¢(xg), 4ro

p(x) > p(x0) + c(w0) (2 — 20). (2.4.10)

Pasencrsa yKe JIOCTATOYHO JIJIs JIOKA3aTeIhCTBA OOBITHOTO HEPABEHCTRA I/IeHceHaE JIOKA3bIBAs
(2.4.9), HAM ere IPUIETCST TOTPYAUTHCS.

[Ipex e Beero, 3aMeTHME 410 DYHKIUIO 2 — ¢(z) MOXKHO BeIOpaTh Br M3MepuMoii. 3aTeM, mojacTa-
BuB B ([2.4.10) BMecTo x coryuaiinyto Beauuunny £, a BMecto xg — E(£ | Fp), HOSyIMM HEPABEHCTBO

©(§) = o(E(€]F0)) + c(E( | Fo)) (& — E(§ | Fo)). (2.4.11)

Eciu 661 MBI TOYHO 3HAJM, YTO Yy IpaBoil yacTu HepaBeHCcTBa (2.4.11) ecTh KOHEUYHOE MATEMATUIECKOE
oxuganue, To B3ssB YMO orHOCHTEbHO 0-aiarebpbl Fy oT obeux dacteit (2.4.11f), Mmbr mosydman Obi,
ucnonbsys Ipennoxenns [I] u [3, uto P ...

B(p(6) | Fo) > o(BIE| Fo)) + e(B(€| Fo) B( (€ — B(E| Fo)) | Fo) = w(B(E| Fo)),

TO eCcTb HeoOXouMoe HaM yTBepxkienne. OJIHAKO, [TOCKOJIBKY TOBeJIeHne (KpOMe MOCTYIMPOBAHHOM n3-
MepumocTn) GYHKIMHE ¢(x) HaM, BOOOIIE TOBOPsI, HEN3BECTHO, TAKOW IyTh HE SIBJISIETCS KOPPEKTHBIM.
Bsenem oboznauenmst

c(2)| < m,
c(z)| > n,

en(2) = c(z) eCJII/I:

0 ecJm

A =c(E(¢|F)), An = cn(E(€|F0)) u By, = {w: |A] < n}. Torna, ouenano, A, sisercs Fo-u3Me-
pumMoii caydaitaoit Besmunnoii, By, € Fg u By, T Q upu n — co. Kpome toro, Tak kak A, orpannyena,
TO, 0003HAYA

b0, = A E(E —E(| Fo)) =1, c(E(E| Fo)) (£ —E(€ ] Fo)),
moJiyaum, 910 P-11.B.
E(0n | Fo) = AnE(§ — E(§] Fo)) =0,

1, CJIeJIoBaTe/IbHO, sl Jroboro A € Fy

/HndP:/E(Gn\]-"o)dP:O.
A A

29B ryagkoM ciayuae, KOHEUHO, 9Ta IPSMAasl sB/ISETCS KACATEILHOM K TpaduKy (DYHKIME , B OOIIEM CIIy€Iae — OIHON
M3 OIOPHBIX MPSMBIX.

2! MIjist 9TOro HY’KHO IIOJCTABHUTH B BMECTO T CJIydailHyIo BeJmumHy &, BMeCTO Ty — ee cpeinee EE, n B3aTh
MAaTEMATHIECKOE OXKUJAHME OT OOEMX JacTeil MOy IMBIIEroCst HepaBeHCTBa. B pesynbraTe momyanm, ato Ep(€) > ¢(EE).

22Tounee — npuMeM 9T0T BAKT, JETKO POBEPSIEMBIil B KOHKPETHBIX CHTYAIHUsIX, 6e3 [0Ka3aTeIbCTBA.
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CaenoBaresibHO, Bo3Bpamasach K (2.4.11)), Buaum, aro ajs jawoboro A € Fy

/AmBn () dP > Aman(E(fyfo))dP+AﬁBn 0, dP — /AmBn@(E(g\fO)) dp.

Yerpemiisis n K 66CKOHEIHOCTH, IPUXOIUM K HEPABEHCTBY

/ o(€)dP > / o (B(E| Fo)) dP,
A A

KOTOpOe, BBUY Ipou3BojibHOCTH A € F(, sKkBuBaieHTHO ([2.4.9)). O

Bameuanue 9. Koneuno, B perpeccuonnoit ¢popme vepasenctso Nencena (2.4.9) umeer Bu

E(e()|T=1t) > p(EE|T=t))  Prus. (2.4.12)

2.5 VYMO kak orepaTop HpPOeKTHpPOBaHHsI. YCJIOBHAdA AUCIIEPCUS

B sToM pasmesie Mbl OyjieM MHTEPIPETUPOBATH CJIydaiiHble BEJIMYMHBI (B TOM YHCJIE YCJIOBHBIE Ma-
TeMATHYeCKUe OXKHUJIAHUS OTHOCUTEBHO o-aJrebp n OTOOparKeHuil) KakK KJIACCHI COBIAJIAOIINX MMTOYTH
BCIOJLy M€Ky cO0Oi (DYHKIIMIA, TIepexX0isl TEM CAMBIM Ha sI3bIK (PYHKIIMOHAJBHOIO aHa/m3a. Kpome Toro,
MBI GyIeM IIpeJiosaraTh, uro BE2 < oo.

YMO kak mpoektop. Kak u panbine, 3adukcupyeMm BepositTHOocTHOe mpocrpancrso (2, F,P), o-
airebpy JFo C F u caydaiiHyio BeJudIuHy £ ¢ KOHEIHBIM MaTEMATUICCKUM OXKUJIAHUEM.

IIycrs gononnurensuo EE2 < oo. Torma Mbl MOXKeM paccMaTpuBaTh & Kak sjaeMenT ['uanbeprosa mpo-
crpanctsa L2(F) = L2(F, P) dyukimii, "3MEePUMbBIX OTHOCHTEILHO 0-ajreOphl F 1 MMEIOMIX KOHeIHbIe
BTOpbIe MOMeHTHI o Mepe P. Kak Bcerja, 95T0 mMpoCcTpaHCTBO OCHAINMEHO CKAJISPHBIM TPOU3BEICHUEM
(m1,m2) = Jo mme dP.

[Mockosbky dyHKIWs @(x) =
Wencena, To ecThb

2 BBIITYKJIa BHU3, TO JIJIgd STON beHKHI/II/I BBITIOJIHACTCA HEePpaBEHCTBO

2
2
(E€17) <E(€|F)  Pus.
Bepﬂ MaTeMaTH4IeCKOE O2KNJaHHue OT obenx 4Jacreil 3Toro paB€HCTBa, IIOJIy9YUM, 9TO

B(E(¢| 7)) <EE(E|F) = B

Tem caMbIM MBI BEauM, 4aTo U3 yeaosua & € L2(F) crenyer, uto &' aof E(¢| Fo) € L2(F). Ilpu srom ¢’
usmepuMa oTHocuTenbno Fo u EE = EE, tak uro DE' < DE.

DTH cBolicTBa WMEIOT TIpocToe obbsacHerne. Pacemorpum MuOKecTBO L2 (Fp) dyHKImit, m3MepIMbIx
OTHOCHTE/TbHO 0-ajireGphl Fo U MMEIOMHX KOHedHble BTopble MoMmenTnl. Ouesnno, L2(Fy) C L2(F),
npaenm L2(Fy) siBastercss 3aMKHYTHIM JIMHeHHBIM TioampocTpancTsom L2 (F).

IMpeanoxxenne 4. Ecim E€2 < oo, To ycnosrnoe MareMaTutdeckoe oxuanue B(¢ | Fo) aBisgercs pesyiib-
TATOM OPTOTOHAIBHOTO MpoeKkTupoBanus B L2(F) bynkmun & ma L2(F).

Joxazameavemso. Crydaitnag semmanna ¢ € L2(Fy) aBnserca opToronambHoil mpoekimeit & Ha MOJ-
npocrpancrso L2(Fy) Torma um ToabKo Toraa, xorga & — & oproromasbna 1 gas moboit n € L2(Fp).
[Iposepum 310 cBOiicTBO, BBIOpas & = E(£ | Fy). HeiicrBurenbho,

E(¢ - E(§| Fo))n = E¢n — E(mE(¢] Fo)) = Eén — E(E(§n | Fo)) = E¢n — E¢n = 0.

JokazaTebCcTBO 3aKOHYEHO. OJ

21


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

Bameuanue 10. 1. O6osnaunm & = E(¢ | Fo). Tockombky s moboit n € L2 (F)

E€ —n)? =E((— &)+ —n)° =
—E(6— &)+ E(E —n)?+2E(€ - €)(¢ —n) =E(E - )2+ EE —n)?>EE-¢)

TO, KPOMe «IeoMeTpudecKoity maTepuperanun ¥ MO cyMMupyeMoii ¢ KBaIpaToM CIyJailHOW BeJTMIHHBI
& OTHOCUTENILHO T-anredpbl JF(, MBI MIOJIy9aeM U «OINTUMHU3AIMOHHYI0» HHTEPIPETAIUIO:
2 . 2
E((-E(|Fo)” = min E(—n). (2.5.1)
nel?(Fo)

2. Hanbostee BBIMYKJIO MOC/TeIHEE CBOHCTBO MPOSIBIISIETCS B PErPECCHONHOI mocTanoske. [Tyers & € L2 (F)
ul:(Q,F)— (D, A). Kak nam Bei6pars dyuximio ¢ : (D, A) — (R, Br), 9T00b! cityuaiiias BeJHInHA
©(T') Hamay9InmM 06pa3soM alpOKCUMUPOBAJIA § B CPEIHEKBAJPATUICCKOM?

OTBeT COJIEP:KUTCS B : nckomast byHKIWS @ coBnagaer ¢ dyuknueir perpeccun E(E|T =t), a
cama ciaydaiinas BeauanHa (1) — ¢ yciaoBHbIM MaremaTndeckum oxupanuem E(E | T).
3. B ciyuae, xorya E€2 < oo, pasencrso (2.4.3) Ipemioxkenns [3| mpuo6peraeT HOHATHBIA reoMeTpirde-
ckuit empict. Jleiictsurensho, nockonbky L2(Fy) C L2(Fy) C L?(F), To He BazKHO, B KAKOM TOPsIIKe
npoexktuposats ¢ na L2(F;) u L?(F2) — pesyanTaToM Bee pamHo OGyjieT TpoeKIms & Ha MeHbIIee N3 3THX
MOJITPOCTPAHCTE.
4. Tlo ompenenenmio, omeparop I' : X — X Ha3bIBaeTCsl OIIEPATOPOM IpoeKTHposamus, ecan 12 = I
[Mockonbky npu E|£] < 0o

B(E(¢| 7)) | Fo) = B¢ | Fo),

TO OIEPATOP B3SITUST YCJOBHOIO MaTEMaTUIECKOIO OXKUJIAHWS BCErIa SIBJISIETCS OIIEPATOPOM ITPOEKTHPO-
pamnsg B L' = L1 (F, P). Ecim e Mbl orpaHmauBaeMcs CTyJailHbIMI BETHIHHAME C KOHCTHBIME BTOPBIME
MOMEHTaMH, TO 3TOT OIePATOP OKa3bIBAETCsI OPTOTOHATBHBIM mpoekTopoM L2(F) — L2(Fp).

YcaoBuas gucnepcusi. OCHOBHOE AUCIIEPCUOHHOE TOXK/IECTBO. '1peboBaHme KOHETHOCTU BTOPO-
IO MOMEHTA y CJIyJaiHOU BeJUIUHBI £ MMO3BOJISIET BBECTU IOHSTUS HE TOJILKO YCJIOBHOIO MaTeMaTHUIe-
CKOT'O OXKWJIAHUSI, HO U YCJOBHOMN JIUCIEPCUH OTHOCHTEILHO o-ajrebpbl. Ho cHavasna najgum ciemryrornee
ompe/JiesIeHue.

Ounpenesnenne 2.2. [Tycrs (2, F, P) — BepositHocTHOE ipocTpancTBo. CobbiTust A1, . .., A, Ha3BIBAIOT-
Cs YCAOBHO HE3ABUCUMBLMU OMHOCUMEALHO O -aa2ebpv, Fo C F, ecin

n

P(Ain...nA, | Fo) =[[P(4i|Fo) P (2.5.2)

i=1
City4gaiinble BeJIMYUHLBL £1, . . . , &, HA3BIBAIOTCS YCAOGHO HE3AGUCUMBLMU OMHOCUMEALHO T -a.n2ebpbl Fo C
F, ecan jyist JE0ObIX GOPEJIEBCKUX MHOXKeCTB B, ..., By, cobbitust {w : (w) € B;} sBIstioTcst yCJI0BHO

HEe3aBUCHUMbIMU.

3ameuyanue 11. PerpeccnoHHbIfl BapraHT PABEHCTB, OMPEIEISIONINX YCAOBHYIO HE3aBUCHUMOCTDL CJIy-
JaflHBIX BEJNYHH, OYEBUIHO, MMEET BUJL

P& €B1,....5n€B,|T=t)=][P(&€Bi|T=t) Prus,
=1

e B; € Br. 9T0oT BapuaHT JiesiaeT olpejie/ieHue HHTYUTUBHO OYeBUIHBIM. [lycTh, HAnpuMep, ai, o u
T — He3aBUCHMBIE CIyYaiiHble BeJIMINHBI, paBHOMepPHO pactpe/esnernble Ha (0, 1]. TTomoxkum £ = a1 n
& = aoT'. Ciyuaitabie BesimauHbl £ U {9, KOHEUHO, 3aBUCUMBI, HO Ipu ycjioBuu 1 = t OHM HE3ABUCHUMBI
u paBHOMepHO pactupesesens! Ha (0, t].
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JIemma 3. Ilycrs € u 7 ycaosHO HesaBucuMbl npu yciaosun JFo. Ecin E|€| < oo, Eln| < oo u E[én| < oo,
TO P-11.B.

E(&n| Fo) = E(¢| Fo) E(n| Fo). (2.5.3)

Loxazameavcmeo. Ilpuenem JUIh KPATKYIO CXeMY JIOKa3aTeIbCTBa, KOTOPOE BO MHOI'OM aHAJIOITIHO
JIOKa3aTe/IbCTBY IIepBoro myHkKTa IIpeioxenus [3]

IIpex e Bcero, ecmu € U 1) NPeACTABIAIOT cOOOH MHAMKATOPBI JF-M3MEPUMbBIX MHOXKeCTB, TO (|2.5.3))
clleiyer u3 . Orcioma cpa3y ke ClIeIyeT PaBEeHCTBO JIJIST IPOCTBIX YC/IOBHO-HE3aBUCUMBIX
CJIy4ailHbIX BEJIUYUH.

IIepexom k 061IEMYy CIydato TOXKE Je/IaeTcsd CTaHIapTHBIM 00pa3oM. 3aMeTHUB, YTO JIOCTATOYHO
JIOKA3BIBATD JIJIsl HEOTPUIIATEJBHBIX & U 7), HY>KHO AIlllPOKCUMUPOBATH UX CHU3Y ITPOCTBIMU CJIYIaifHBIMU
BeJMYMHAMH, a 3aTeM IpuMeHuTsb [Ipenmoxenne [2 o npenensnoM nepexose nox 3aakom Y MO. [

Omnpegenenne 2.3. Ilycrts E&2 < oco. Veaosnoti ducnepeuets cayuatinot seaunumst € 0MHOCUMENLHO

o-anzebpul Fo Ha3bIBaeTCs ciydaiinas seaunanta D(E | Fo) o E((f — E(¢] .7:0))2 |.7:0).

YenoBHast guctepcus obJ1aaeT CJIeAyOMIMEA CBORCTBaAMY, BBITIOJTHSIIOIMIUMUCA P-11.B.

ITpennoxkenue 5. [lycts & u 1 0618 1A0T BTOPBIMU KOHEUYHBIME MOMEHTAMU. 1OT/Ia
L. D(¢| Fo) = E(€*| Fo) — (E(f\fo))

2. ycnosnas pucnepeus D(€ | Fy) HeorpunaTebHa U paBHA HYJIIO TOTJA U TOJIBKO TOTJIA, KOIJIa & sIBIIsIeTCst
Fo-U3MEpPUMOIi;

3. s J06BIX Fo-n3MepuMBIX a 1 b Taknx, uro B|b| < oo m Ea?¢? < oo

D(af +b| fo) =a? D(§ | fo) P-tiB.;
4. ecim € u 1) yCIOBHO He3aBUCHMBI pu ycsosuu Fo, 1o D(§ + 1| Fo) = D(€ | Fo) + D(n| Fo) P-m.s.

Jlokazamenvemeso. JlokazaTesibCTBO 9TOr0O yTBEPKIEHHsI TIOBTOPSIET (C yYeTOM CBOWCTB YCJIOBHBIX MaTe-
MATUIECKUX OKUJIAHWI) JOKA3aTEJIbCTBO AHAJOIMIHBIX CBONCTB OOBIYHON JUCIEPCUU U MOSTOMY OILyC-

K&ETCH@ O

Ipennoxenne 6. Eciun B2 < 00, To IMeeT MECTO paBEHCTBO
D¢ =E(D(¢| Fy)) + D(E(& | Fo)). (2.5.4)
Zloxazameavcmeo. eficTBUTENBHO,

E(D(¢] Fo)) = E(E(€?| F)) — E(E(€| Fo))” = E€? — E(E(¢| Fo))”

u
D(B(¢| ) = B(EE] 7o) ~ (B(EE| 7)) = E(E(E] F)* — (BE)”
Ckya/iplBasi 3TH JIBa PABEHCTBA, [TOJIYyIaeM . O

Pagenctso ([2.5.4]) nasbBaercs ocnosrvim ducnepcuorvim mootcdecmeom. st KpaTKOCTH €ro HHOTIA
sanuceiBaor B Buje DE = ED £, (€) + DE £, (£).

23Cpasnure 910 pasenctso ¢ (1.1.3)).

2TIpoBeauTe 5TO JOKA3ATENBCTBO. A KAK M3MEHHTCA II. 3 STOTO NMPEIJIOMKCHHS, eCJIH B HEM @ ¥ b He MOCTOSHHLIE, a
Fo-u3MepUMbIe CIIydaiiHble BEJIUIHHBI!
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Sameuvanue 12. Papencrso (2.5.4)) umeer mpocroii reomerpudeckoii cmbici. Bo-iepsbix, uuciaa DE,
EDx, (&) u DEg, (&) ne usmensires|*°| ecsin € 3amenntsb Ha & — EE. CiieoBaresibHO, MOXKHO CUUTATD JIJIsT

mpocToTrsl, 9To EE = 0.

Haiee, npu stoM yeaosuu DE — 9To KBajpar HOpMbL 3ieMenta & npocrpancrsa L. Touno Takwke
DEx, (&) siBsiercst kBaapaToM HopMbl npoeknun & = E(£ | Fy) caydaiinoii Beamaunbl § Ha IOAIPOCTPAH-
CTBO IL_%:O. [Mockonbky € — & oproronanbho &, a

B¢ = B(B(¢¢'| o)) = B(€B( | Fo) ) = BI¢)?
1 IIO3TOMY
E(¢ —¢)? =E& — 2B + E(¢)? =B —E(¢)? = EDg,(€),
TO |D peJicTaBysieT coboil MpoCcTo-HAIIPOCTO BapuaHT Teopembl [ludaropa B }L%_-:

€13 = llg = €13 + €113

ITycrs o-anrebpa Fy = o(T') nmopoxkpaercs orobpaxenuem 1" : (2, F) — (D, .A). Torna ¢ ycrosHoi
JUICIIepCHeil CBSI3aHO MOHATHE KOPPEAAUUONHO20 OMHOUEHUA, OIIPEJIEJISIEMOTO KaK

_ EDr(§) _ DEr(¢)
D¢ D¢

rie obosuadenuss DE7 (&) u EDy(§) ncnonssytores Bmecro ED £, (€) u DE £, (€). Koppensitmontoe ormHo-
IIeHUE ABJIsIeTCs Mepoii DyHKIMOHAJIbHON 3aBucuMocTH & OT 11 OHO HEOTPUIATEILHO, HE ITPEBOCXOIUT 1,
pasuo 0 B ciydae, Korja  n T’ He3aBUCHMBI I IpUHAMAaeT 3Hadenne 1, ecn £ aisercs o(1)-u3mepnmoit
CJIyYailHOI BEJIMYUHOM.

r?¢|T) =1 (2.5.5)

3ameuanne 13. IlojesHo cpaBHAUTH KOPPEJIAIMOHHOE OTHOIIEHUE C KBaJIpaToM Ko3hduimenTa Koppe-
g, Jeitcteurensuo, myets (D, A) = (R, B) u ET? < co. PaccMoTpnM BMECTO BETMTHHBI

min (¢ — ¢(7T))* = B(§ — E(¢|T))* = EDr(¢)

(MuHIMYM GepeTcs o BeeM ¢ TaknM, uTo Ep?(T) < o) BeJII/I‘II/IH ming , E(§ — (aT + b))2. Herpyamo
nocanraTh | aro

min E(¢ ~ (aT + b))? = D¢ (1 — p?),

rje p — koadbdunuent koppessiiun Mex iy £ u T. Tlosromy Bmecto dopmysisr (2.5.5)), kKoTopast Mmoxker
OLITH 3alllCaHa B BHJIE

min, E(§ — ¢(T))*
D¢ ’

(€ T) =1~

y Hac IoJy4aeTcd

ming, B¢ — (aT + b))

2 —_ —

Ouesmno, uaro r2(¢|T) > p(€,T). Tlpn sTom mosesno mMeTh B Buy, uto p?(£,T) = p*(T,€), B TO
BpeMs Kak, Boobmie rosops, r2(& | T) # r2(T | €).

2’ITposepbre!

26To ecTb 3/16Ch MBI OPTOTOHATIBLHO IIPOEKTHUPYEM & Ha MHOMKECTBO JMHEHHBIX GyHKIuil or 1. VHade roBOps, MBI HIIEM
nuHelHy0 perpeccuto £ Ha T n u3ydaem ee octaTok. s koaddummenta koppessiuu ycaoBue 1 € R apiasercs HeoOX0-
JIMIMbBIM, JJIsi KOPPEJISIIUOHHOIO OTHOIIIEHUsI OHO COBEPIIEHHO HEeOOS3aTeIbHO.

2"310 clleyeT U3 SIBHOTO BHA ONTHMAJBHEIX 3HANEHIH Gopt, Dopt:

Qopt = P Df/DT7 bopt = _aoptET + Ef
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Ipumep 3. ycrs T € U(—1,1) u £ = T?. Tax kak & ectb dynxmus or T, to r2(¢|T) = 1. Cocunraem
koacbdurment koppessamuu mMexay & u T. Tax kak ET = 0, To Cov(¢,T) = E€T = ET? = 0, To ecTb &
u T HeKOppPeJIMPOBAHDI.

Haiinem tenepn semmmanmy 72(T | €). Herpymuo Bugers, uro ms smoboro z € (0,1) mMeer mecto
paserctBo E(T'|{ = x) = 0. HdeiicrurensHo, yciaosHoe pacupenenenne L(T|{ = x) aBromarndeckn
COCPEJIOTOUEHO B TOUKAX T4/, IIPHYEM BeCa 3TOr0 PACIpeJIe/IeHNs 00sI3aHbl ObITH OJIMHAKOBLIME BBH/LY
gernoctn dpynxmun 12,

Caenosarensro, E(T |£) = 0 nouru BCIoy U M0TOMY

DE¢(T) _ D(E(T[¢))

r?(T¢) = 50— pa) =

Takum 06paszom, & dhyHKIUOHAIBHO 3aBucuT oT T', HO 9Ta 3aBucuMOCTb abcosorho (p(€,T) = 0) e
SIBJIsIeTCsT JInHeHHo#. B TO yKe BpeMsi HUKaKUX CIef0B DYHKITMOHATBHOM 3aBucuMocTn 1 oT € HeT, Tak
kax r2(T'| €) = 0.

Koneuno, Takoii ke pesysiabrar OymeT BepeH s J000i CyMMUPYEMOil ¢ KBaIpaToOM CJIydailHoil Be-
mmansbl Buga £ = ¢(7T), eciin TOIBKO ¢ — derTHasi GYHKIWs, HE PaBHAs HEKOTOPOW MOCTOSTHHOI

A Temepn — 3 3ajaun.

Bagaga 1. 1. Haiimmre r2(€|T) u r?(T | €) a cayuae, korma £,T € R, E¢ = ET = 0, 0 < E¢2ET? <
ué=al +bca#0. Cpasaure pesyibrar ¢ p(&,T).

2. Pemmre ipepiayTyto saaaqy, ecim & = aT+b+e, rae € u T nezapucumel, npudem EE = 0 n BE2 < co.
2. Mycrs € € U(0,1), T = |n], rae n > 1 nenoe. Haitaure r2(¢ | T), r2(T'|€) n p(¢,T). Kak BeayT cebs
9TH XapaKTEPUCTUKU TIPH 1 — 007

2.6 Peryaspable BapuaHThI yCJOBHBIX pacnpeaesieHuin

B paznene (cm. Bameganue [7)) 06CyKIAIUCH CIOKHOCTH, CBsI3aHHbIE ¢ opMmasm3armeii (HHTy -
TUBHO OYEBUJIHOIO) HOHSITHSI «YCJIOBHOTO PACIpeJIesIeHNsl OTHOCUTEIHHO 0ToOparkeHusi». B sToM pasjene
OyJeT yKasaH CIiocod paspereHus STUX CJI0KHOCTEH.

Ounpenesnenne 2.4. Paccmorpum BepositrHocTHOE mipoctpancTso (§2, F, P) u 1Ba m3MepuMbIX MpocTpan-
crea (D, A) u (E,€). lycrs & : (U F) = (E,E)uT: (Q,F)— (D, A).

Oyukmusa Q) : £ X D — R Ha3bBaeTCI pezysapHovim 6apuaGHMOM YCa06H020 pacnpedesenuss & ommo-
cumeavro T, ecu
1. mys oboro ¢t € D dyukius Q( - ;t) ABISETC BEPOSATHOCTHONH MEPOif;
2. pist moboro A € € dyukus Q(A; -) siBasiercs: A-u3aMepumoii;
3. g gmoboro A € £

Q(A;t)=P(E€ A|T=t)  Pr-us. (2.6.1)

Bameuanue 14. 1. Ecm (E,€) = (Q,F) n {(w) = w, 10 dDyHKIUSA () HABBIBACTCS PE2YAADPHOIM BAPU-
AHMOM YCAOBHOT BEPOAMMHOCTIU OMHOCUMENLHO omobpasicenus T .

2. Ecim € u T nesasucumsl, 1o Q(A;t) = P(£ € A) npu sobom t. DTo cpasdy xKe ciieyer U3 paBeHCTBA
(2.4.8) (cm. Bameuanue [§ k [Ipemmoxenuto |3)).

IlostesHoCcTh BBeJIEHNST TOHATHS PETYJISIPHOTO BapUaHTa yCJIOBHOTO PACIpPeIeSIeHNsI CPa3y CleyeT U3
CJIE/IYIONIETO YTBEPXKICHUSI.

28 A wro Gyger, eciu & = |T + 0.5|?
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IIpenmoxkenne 7. Paccmorpum B yemosusix OmnpesiesieHust dyukmumio g : (E,E) — (R, Br) Takyio,
aro E|g(§)] < oo. Torua

E(g(§)|T =t) = / g(z)Q(dx;t) Pr-n.s. (2.6.2)

E

Eg(€)=/ PT(dt)/ 9(2)Q(dz; t). (2.6.3)
D E
Joxasamenvcmeo. Ilpu A € € u g = 14 pasencrso (2.6.2) npespamaercs B (2.6.1)). TTosromy (2.6.2))

UMeeT MECTO Jijist JIo0oit pocToit dyukIiuu g. Jlasbiie Bce CTaHIaPTHO: PACCMATPUBAEM HEOTPUIATE b
oble QyHKIUU ¢, 6epeM MOCAeI0BATENILHOCTD MPOCTHIX (DYHKINNA ¢, TAKUX, 9TO IOTOYEIHO ¢, T g u
[EePEeXOIUM K IIPeJIeJTy 1Mo/ 3HAKOM KaK OOBIIHOTO MHTerpaJia (B MpaBoil dacTu ) TaK U [OJ[ 3HAKOM
yCJI0BHO#T BepositHOCTH (B JieBoit gactu (12.6.2))).

Yro Kacaercs , TO
Fa€) = [ Pr(anE(s(©)|T =1

U OCTAETCsT BOCIOJIB30BAThCs ((2.6.2]). O

Bameuanue 15. 1. Yucio Q(A;t), KOHEUHO ¥Ke, UMEET CMBICJI BEPOSITHOCTU coObITHs & € A 1pu ycjio-
BUM, ITO OTOOpaykenue 1 MPUHSIO 3HAYEHNE t.

2. @opwmyia npejicTaBisieT coboit 00o0IeHre 3IeMeHTapHO (DOPMYJIBI TIOJTHOT BepOHTHOCTI/@
MMeeTCsl JIBYXATAIHbII 9KCIIEPUMEHT, Ha IIePBOM 3Talle KOTOPOI'o U3MepsieTcst 3HadeHue 1', a Ha BTOPOM
— &, npuueM pacrpejiesieHne £ 3aBUCHT OT YK€ U3BECTHOTO 3HadeHus 1'. Kcym 9ra 3aBUCHMOCTD BBIpa-
JKAeTCsl PEryJIsipHbIM BapraHTOM () YCJIOBHOIO pacipejesieHns, TO BCsi MH(OPMAIUs O pacipeiesieHun &
3AITUCHIBAETCS B BUJIE .

3. U3 (2.6.3)), B uacTHOCTH, Clle/LyeT, 4TO PACIpeie/leHus CLy TailHbIX BeJIMIHH & 1 7] COBIAIAIOT, €CJIH COB-
MAIaI0T WX PETYJISPHBIE BAPUAHTHI PACIIPEIETEHNN OTHOCHTEIBHO OTHOTO M TOTO K€ OTOOPaKEHUSI T.@

HpI/IBe,ZLeM CIe OJIMH IIPpUMEDP MCIIOJIb30BaHUA IMOHATUA PETrY/JIAPHOIO BapuaHTa YCJIOBHOI'O pacCIipeie-
JICHU I, CBA3aHHBIA C OCHOBHBIM JAUCIIEPCUOHHBIM TOXKI€CTBOM.

IIpennoxxenune 8. Paccmorpum BepositHocTHOe mpoctpancTBo (2, F,P) u usmepumoe orobparkenue

T:(Q,F)— (D, A). Ilycrs &, . .., &, — ciydaiiHble BeJIMIUHbI, 00JIA IAIOIIIE CJIeIYIOIIUMEI CBOCTBAMU:
1.E§Z~2<oonp1/11§i§n;
2. &1, ...,&, YCIOBHO HE3aBUCUMBI IPU ycjioBun 1';

3. CymiecTByOT COBIAJIAIONIME peryisipable BapuanThl (Q;(dx;t) = Q(dx;t) ycaoBHBIX pacupeenenuii &;
oTHOCUTEbHO T
SammireM OCHOBHOE JUCIIEPCHOHHOE TOXKIECTBO st CiaydaiiHoit Bemmumubl & = & B Buge DE =

EDr (&) + DEp(€). Torma

D(§1 +...+5n) _ EDy(g)

7”L " +DET(§).

Jlokazamenvemso. O6oznauum 1, = (&1 + ... + &,)/n. Torma Dn, = EDp(n,) + DEp(n,). [Hockomabky
coryacto ([2.6.2))

BG|T =1 = [

R

2Qi(da; ) = / 2QUdz:t) = B(E|T =1)  Prws.,

R

29Bepree, <IIOTHOTO MATEMATHIECKOTO OYKHTAHUST».
30TTouemy?
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To E(n, | T) = E(£|T) ¢ Beposraoctbio 1 u DEp(n,) = DEp(£).
C apyroit cTOpOHBI, TaK KaK C/IydailHble BeJUYUHBI &; YCJIOBHO HE3aBUCUMBI Ipu ycjoBum 1, TO,
cornacuo [Tpenyoxennto B, ¢ BepositHOCTBIO 1

D(nn | T) =n"2) "D(&|T) =n'D(| T),
=1

[pUYeM [OCJIe/HU TIepexos; 000CHOBBIBAETCS TOUHO TaK Ke, Kak paBeHcTBo E(n, |T) = E(¢|T). YrBep-
JKJIeHUE JTOKA3aHO. L]

Ilepeiimem Termephb K BOMPOCAM CYIECTBOBAHUSI PETYJISPHBIX BAPUAHTOB YCIOBHBIX PACIIPEIeIeHUI.
HaureMm ¢ 1ByX 9aCTHBIX CJIyYaesB.

ITpennoxkenue 9. 1. Ilycres B ycioBusix OupeseseHust D = {t1,...,tn,...} sBIIsIeTCSI KOHEYHBIM
WA CUETHBIM MHOYKECTBOM, a g-ajarebpa A cocTouT n3 Bcex MoaMHOXKecTB MHOKkecTBa D). [Ipeanomoknm
jonosiauTesibHo, uro P(T = t;) > 0 upm Bcex 4. Torma cymecrByer perynsipubiii Bapuant @Q(dz;t)
YCJIOBHOT'O pacupejieienns & OTHOCUTEIBHO T, KOTOPBIN UMeeT BT

P € AT =t;)

2. ITycrb coBmecTHOE pactpejerenne napbl orobpazkenuit (£,7") umeer mIoTHOCTL p(x,t) OTHOCHTEIBLHO
mepsl p(dz) ® v(dt), oupeaenentoii Ha o-anrebpe £ X A moaMuoxkecTs MuokecTBa E X D. O6o3Hadnm

pr(t) = / P, tyu(dr).

Torma cymecrByer peryssipubiii Bapuant @Q(dx;t) ycjaoBHOro pacnpejeserust & oTHOCUTebHO 1) uMero-
it BUg

Jap(a, t)p(dz)
o = o e e #0,
P(ee4) upu pr(t) = 0.

(2.6.4)

Jloxazamenvcmeso. Tlpu nokazarenbeTBe 1O CYMECTBY HMOBTOPSAIOTCS paccyzkaenus [Ipumepa 2| (pasmen
2.2]). Kparko mokazkem 310 jij1st Broporo yrBepzkienust. [Ipexe Beero, npasasi 9actb (2.6.4)) yaosiaerso-
psIeT TEepBLIM JAByM ycaosusaM OnpeeneHust OcTasioch NPOBEPUTH TPETHE YCJIOBHE.

Cornacno (2.2.1)) sTo o3nadaer, 1o s a060ro B € A J0IKHO BBIIOJHATHCS PABEHCTBO

/ L (€)dP = / Q(A; t)Pr(dt). (2.6.5)
T-1B B

Jleast wacte (2.6.5)), oueBunno, pasna P({ € A, T € B). YUro kacaercs npaBoii 4acTu, 0003HATNM
Do = {t : pr(t) # 0} u 3amernm, aro P(T' € Dy) = 1. Ilockonsky Pr(dt) = pr(t)v(dt), To nmeer mecto

Lo /A “;;;)ggg ))szt) .., pee apran -

:/BOD (/ P(¢ € A,T € BN Dy) =P(¢ € A,T € B).

VTBep:KaeHne T0Ka3aHO. O

Bameuanune 16. Koneuno, B npasoit wacru (2.6.4) nst coaygas pr(t) = 0 MoxKeT cTosTh J11060€ pacipe-
JIeJIeHne, oIpeaeseHHoe Ha o-aarebpe A.
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Xors ITpenyoxenne [ oxBaTbiBaeT MUPOKHIl KJIACC CHTYAIHi, B KOTOPBIX CYIECTBYIOT DEry/IsipHBIE
BapUAHTHI YCJIOBHBIX PACIpeieenuii (1 1aeT IPUHIUINAIBHY 0 BOSMOYKHOCTD UX BBIIUCHIBATE ), XOUETCsI
UMETbh JIJIsl 9TOro ODIue yCJIOBUs, HE CBA3AHHBIE C JIMCKPETHOCTHIO UJIU A0COJIOTHON HEIPEPBIBHOCTHIO
pacupenesiennii. Ccopmyaupyem 6e3 J0Ka3aTEIbCTBA COOTBETCTBYIOIIEE YTBEPXKICHUE,

Teopema 3. Ilycrs (E,p,E) — noaHoe MeTpudeckoe cenapabesibHOe IPOCTPAHCTBO ¢ GOPEIeBCKOil o-
anrebpoii. Ecimm € — cayuvaiinast Benmanna co 3nadenusivu B (F,E), TO mjist 1106010 M3MEPUMOro PO~
crpanctBa (D, A) u moboro orobpaxkenuss T : (2, F) — (D, A) cymecrByer perysisipHblii BapuaHT
YCJIOBHOT'O pacipeeseHus & OTHOCUTEIbHO 1.

W3 Teopewmsl |3 B yacTHOCTH, CJEIyeT, UTO CYIIECTBYET PEryJIAPHBLI BapUaHT YCJIOBHOI'O PaCIIpejie-
JIEHUsI JTIOOOTO CJIyYalHOTO BEKTOPA CO 3HAYEHUSMHU B €BKJIMIOBOM IIPOCTPAHCTBE JIIOOO! PA3MEPHOCTH.

2.7 Teopema o monoToHHOM KJiacce. [Ipumenenne k YMO

Jutst manbHeRero n3ydeHns: CBOMCTB YCJIIOBHBIX pacIIpejie/IeHui HaM ITOHAIOOUTCsT CJIe Iy Iolee orpe-
JIeJIEHNE.

Onpeaeaenne 2.5. Cucrema noamMHoxkecTB M HEKOTOPOro MHOXKECTBa F HA3BIBAETCS MOHOMOHHBLM
KAGCCOM, €CJIH OHA 3aMKHYTa OTHOCHTEIBHO CYETHBIX MOHOTOHHBIX OObeIMHeHNH 1 nepecedennii. Muage
roopsi, M JoJKHa 00JIaaTh CIEAYIONIMEA CBOMCTBAMU:

1.ecrm A; € Mu Ay C Ay, mo |, Ai € M,

2. ecrm Ay € M A; D A, 1o (), A € M.

OueBuiao, jH0bast o-anaredpa siBJIsieTCsi MOHOTOHHBIM KjtaccoM. OOpaTHOe, KOHEYHO, HeBepHoH

Jlemma 4. 1. [Iycts £ — HEKOTOpas cucreMa MOJIMHOXKECTB MHOXKecTBa F/. PaccMoTpruM BCeBO3MOXKHBIE
MOHOTOHHBIE KJIACCHI, cojlepKarime £ U COCTOsIINEe U3 MOJAMHOXKeCcTB MHOXkKecTBa F. Torma cpemu aTux
KJIACCOB CYIIECTBYET MUHUMAJIbHBI.

2. Ilycre &€ — HekoTOpast ajrebpa MOAMHOXKECTB MHOXKecTBa F. [yt Toro, atober £ Oblia o-aaredpoii,
HEOOXOUMO U JOCTATOYHO, 9YTOObI £ ObLIO MOHOTOHHBIM KJIACCOM.

Loxazameavcmeo. 1. Ilpexkie Bcero, ceMeificTBO MOHOTOHHBIX KJIACCOB, cofepzkaimx £, He MyCTO, Tak
KaK TyJa BXOJIUT MHOXKECTBO BCEX IOJIMHOXKECTB F, siBjstiomneecsa o-aarebpoit. PaccMorpum repecedenme
BCEX 9TUX MOHOTOHHBIX KJIACCOB (OHO CHOBA HE IIyCTO, TaK KakK COAEPXKUT &) 1 0G03HAYUM ITO IIepece-
qenne M. 910 M u 6yaer HCKOMBIM MIHIMAJILHBIM MOHOTOHHBIM KJIACCOM

2. Koneuno, HeobxoauMocTh odeBuaHa. Tak Kak £ yKe sIBIsieTCsl aJredpoii, J0CTaToYHO IOKa3aTh, 9TO
£ 3aMKHYTO OTHOCHTEIBLHO CUETHBIX 0b0bemunenuii. Ilycrs A; € £, i > 1 Torma

(o)
UAi:Alu (AlUAQ)U(AlLJAQUAg) U...,
i=1
OTKY/Ia HEMEJJIEHHO CJIedyeT Tpedyemoe. ]

Teopema 4. (Teopema 0 MOHOTOHHOM KHaCCG.)@
[Iycrs £ — anrebpa nojmMHOKecTB MHOXKecTBa F 1 0(€) — MuHuMasibHasi o-ajrebpa, cojepzaimas &.
Eciu monoronnstit kiace M ynosrersopsier yeosuio £ C M C o(€), To M = o (E).

31 MoxazaTenbeTBO (UyTh-4yTh B APYroit dopmymposke) moxkuo maiitu B [I, ror. IT §7] miu B [2, ror. IV, §46, yrs. 46.4 n
46.5].

2[Touemy?

33[Iposepbre sT0.

34 [Ipyrue BapuaHTHI 9TOIf TEOPEMBI BMECTE C OBCY KICHHEM CM. B [1 ror. II §2].
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Loxazameavcmeo. Ilpexkie BCero, MOKHO OIPAHUYIUTBLCS CIydaeM, Korga M — MUHUMAJIbHBIA MOHO-
TOHHBIA Kjacc, comepxamuii £. Kpome Toro, coriacHo Jlemme 4| Ham mocrarodHo mokasaTb, 4ro M
SIBJISIETCSI AJITeOpOii.

Heitcreurennsuo, E € M tak xak M conepzkur aareopy £. Jokazkem, aro M 3aMKHYT OTHOCUTEILHO
nonosHennii. O6o3HaIuM

M ={ACE:AeM uA°ec M}

u gokaxkem, auro M* = M. Ilo onpenenennio M* C M. Ilosromy (Tak Kak M MUHEMATLHBII MOHOTOH-
HBII KJIaCC) HAM JIOCTATOYHO JIOKA3aTh, 4T0 M™ sBJIsieTcsi MOHOTOHHBIM KJIACCOM.
[Tycts A; € M* u A; T A. Torna A € M (rak xak A; € M u M — monoTOHHBIT K1acc). Kpome
Toro, A | A° € M, rax xax Af € M u A D Af ;. Tem campim A € M* u M™ — MOHOTOHHBII KJacc.
Ocrajioch jrokazarh, 910 M 3aMKHYT OTHOCUTETHHO KOHEYHBIX 00beinHennit. JlokazaTeibeTBo Oyier
POXOJMTH B J(Ba aHAJOIMYHBLIX dTana. CHavgasna BosbMeM A € £, 0603Ha UM

My={BeM: AUB e M}

" ToKaxKeM, 910 My = M.

Ouesnano, M4 C M (310 no onpegenenno) u My O € (rak kak € — anrebpa). Kpome Toro, M 4 —
MOHOTOHHBIH Kjacc. [eiicrBurenbHo, nycts B, € My u B, 1 B. Tak kak AUB,, T AUBu AUB,, € M,
T0o AU B € M (nna yosBatonux B, € M 4 Bce aHAJIOTUIHO).

CremoBaresibHO, TaK KakK M — MHUHUMAaJbHBI MOHOTOHHBINH Kjacc, My = M u AU B € M upn
mobeix A€ u Be M.

Iycrs Teneps A € M, u MA ={B e M : AUB € M}. Jlyna 3aBepiienus I0KA3aTeIbCTBA TEOPe-
MBI JIOCTATOYHO MOKa3aTh, 4r0 M4 = M. D10 HPOUCXOIUT OBTOPEHNEM MPEIbLIYIIAX PACCY 7K ICHHII:
MA C M, MA D E (s noxazarennersa 5Toro hakTa I Hy’KeH HepBeli sramm) 1 M4 — MoHOTOHHBII
KJIACC. O

Crenyrolee yrBepKIeHre, BaykHOe Jist paboThl ¢ Y MO, WLTIOCTPpUPYET CTU/Ib IPUMEHEHUsT TEOPEMBI
0 MOHOTOHHOM KJTACCE.

ITpengioxkenue 10. Ilycrs (2, F, P) — nekoropoe BeposiTHOCTHOE 1IpocTpancTBo, £ : (Q, F) — (D1, Dy),
T:(Q,F)— (D2, Do) u f: (D1 x Dy, Dy x D3) — (R, Bg). Ecoiu E|f(§,T)] < o0, TO

E(f(&T)|T=t)=E(f(&t)|T=t) Pruws. (2.7.1)

Jlokazamenvcmso. Cornacuo (2.4.6|), paserncrso (2.7.1) Bepro B ciyuae, korma f(xz,t) = fi(x)fo(t) (u

BBIIOJIHSIIOTCSL €CTECTBEHHBIE YCJIOBHSI CyMMHpyeMocTH, Heobxomumbte anst (2.4.6). B wacraoctn, sTo
umeer Mecro upu f(x,t) = Laxp(z,t), tne A € D1 u B € Dy. Orcrona cpasy xe cneayeTﬂ 9T0
Beiosasiercst 4yt f(x,t) = Io, (2, t), tne Cp — m060it s/emenT anredpsl €, TOPOXKIEHHON «sTIeHKaMI»
AxBcAeD;uBeD,.

JlokazkeM, 9To umeer mecto i f(xz,t) = Io(z,t), tae C € Dy X Dy. MHaue roBopsi, J0KazKeM
PaBEHCTBO

P((¢,T)eC|T=t)=P((,,t)eC|T=t) Prus,

KOTOpPO€ 9KBHUBaJICHTHO TOMY, YTO

P((¢,T)eC,T € B) = / P((&,t) € C|T = t)Pr(dt) (2.7.2)
B

35TIposepsre!
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Jytst siioboro B € Dy. Mbl yaxe 3HaEM, 9TO @ Bepao 1ipu C' € €. C 1pyroit CTOPOHBL, 110 ONPEJIETICHIIO
Dy x Dy = o(E). llosromy, cornacuo Teopeme @ JIOCTATOYHO [TOKa3aTh, 9To cemeiictBo M muoxkects C,
JIJTST KOTOPBIX BBITIOJTHEHO , SIBJISIETCST MOHOTOHHBIM KJIACCOM.

[TockosbKy, Kak HETPY/IHO BI/I,H@TBE M 3aMKHYTO OTHOCUTEJILHO JOIMOJHEHUI, Hy?KHO Pa300paTbCs
JIUIITH ¢ MOHOTOHHOCTBIO <TI0 BO3PACTAHUIOY». 3/IeCh TOXKE HET MPOHIEM: JieBast 9acTh 3aMKHYTA OT-
HOCHTEILHO MpeiesibHoro niepexosta npu C, T C 1o cBoiicTBY Mephl, a paBast — coriacHo [Ipemoxenuio
(2] o npenensHoM nepexoze nox 3aakom YMO.

HasnbHeiimiee cranIapTHO (CM. JOKA3aTeIbCTBO IEPBOro yTBepK ieHust [Ipemnioxkennsi|3): B paBeHCTBE
(2.7.1)) MBI HEpEXO/UM OT MHMKATOPOB (JIsi HUX OHO JIOKA3aHO) K IPOCThIM (pyHKIWsM [, 3aTeM (CHOBa
npeJiesIbHBIA Tepexo/ o 3aakoM Y MO) — K HeoTpuIaTe bHbIM CyMMUPYEMbIM (DYHKITHAM U, HAKOHEII,
n30aBJIsIeMCs OT YCJIOBUSI HEOTPUIATEILHOCTH. O

Canencrsue 2. Ecim B yenoBusx [Ipemmoxkenns CyIIECTBYeT peryssipublii Bapuant Q(dx;t) ycmaos-
Horo pacupejesenns & nupu yciaosuu 1, To

E(f&,T)|T=t) = : f(z,)Q(dz;t) Pr-m.s. (2.7.3)

BfeT) = [ Pr(dt) [ fo Q). (2.7.4)
Dy Dy

Jlokazamenvemso. s nokasarenscrsa (2.7.3)) ucnonbsyem (2.7.1). IlpaBas yacTh 1mocjeHero paBeH-

crBa nveer sug E(g(€) | T = t), rae (npu dbukcnposannom t) g(£) = f(&,t). Ipumensis (2.6.2)), momyuaem

(2.7.3). Yro kacaercs (2.7.4), To sro pasencrso cienyer u3 (2.6.3)). O

36 TeiicTBuTensao?
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3 T'ayccoBckasi perpeccusi u yCJOBHbIE TayCCOBCKUE paclpeaeeHus

3.1 T'ayccoBckasi perpeccust

Paccmorpum BepositHOocTHOE TTpocTpancTso (2, F, P) u rayccoBekuit BeKTOp

= (3)

ren €R, aé=(£,...,&6)T € R O6osnaunm me = EE = (my,...,mq)T Maremarnueckoe oxuanue
BEKTOpa § U M, — MaTeMaTH4ecKoe OXKUJaHue CIIydaiiHoil BeJIMIUHBI 7).

Teopema 5. CylecTByIOT Takue [MOCTOSIHHBIE A1, . .., 0q U b, ITO IOYTH HABEPHOE
E(n’fl,...,fd) =a1&1+...+agéq+b. (311)
Aoxasamenvcmeo. Ilpennonoxum cHadamIa, 9T0 M1 = ... = mq = my = 0.

O6oznaunm L2 = L%_-(P) IJIBOEPTOBO MIPOCTPAHCTBO CJIYYaHBIX BEJIUINH, CYMMUPYEMBIX C KBaJIpa-
TOM 110 Mepe P, ]Lg C L? — 3aMKHyTOe JIMHEHOE MOIIPOCTPAHCTBO STOIO IIPOCTPAHCTBA, COCTOSIICE H3
byHKINI, 3aBUCAIINX TOJIBKO OT &1, . . ., {4 U, HAKOHETI, Eg — 3aMKHYTO€E JITHEWHOE TIOIITPOCTPAHCTBO Lg
¢ obpasyromumu 1, &1, .. . ,fdﬂ Komeuno, ckajsipHOe IPOU3BE/ICHIE 3JIEMEHTOB 71, Yo € L2 onpeensercs
kaxK Evyi7ys.

O6ozHaunM ¢ olepaTop OPTOrOHAILHOIO IPOEKTUPOBAHUS U3 L2 Ha Lg. Torma cymecTByoT Takme
IOCTOSIHHBIE A1, . . . , g U b, 9T0 Te(n) = a1&1+. . . +aq€q+b, npuaem n—me(n) oproronansuo 1,&y,. .., &

N3 oproronasbHOCTH ¢ def n — me(n) eauHUIE cpasy ke ciejyet, 4To E¢ = 0 n
0=En=a1E& + ..o +agEEg +b =0,

To ecTb b = 0.

Hasee, ciaydaiiHbIl BEKTOD (gb, ST ,ﬁd)T SIBJISIETCSI TAYCCOBCKMM KaK JIMHEHOe mpeobpa3oBaHme
rayccoBckoro Bektopa (. IIpm aToMm ciydaiimas BeJmdmHa ¢ OpTOTOHATbHA BeeM & m (Tak Kak En =
E¢; = 0), nekoppesiupoBaHa ¢ & IpH BCEX i.

9T0 03HAYAET, UTO ¢ U &1, . . . , &g He3aBUCUMBI. CIle10BATEILHO, ¢ HE3ABUCUMA C JTI000{T C/IydaitHON Be-
srannoit Buga ¢ (&1, . . ., &g). Ecm gononmmurenbao norpebosars, utobsl E@? (&1, ..., &) < 00, TO oTciona
OyJer cienoBaTh, 9TO ¢ opToroHasbha ¢(&y,...,&q). HeficrBurenbrno, B 9TOM citydae

E¢p(&1,...,8a) = B¢ Ep(&1, ..., &) =0,

tak Kak E¢ = 0. Ilostomy ciywaiinas semuauna m¢(n) = a1&) + ... + aq€q ABISETCS OPTOrOHAIBHOM
IIPOEKIIHell 7) Ha JNHEHHOE TPOCTPAHCTBO Lg. Coruacno Ilpenoxenuio 4 n 3amedanuio TaKas OpTO-

FOHAJIbHAS IMPOEKIINS U SIBJASIETCH YCIOBHBIM MATEMATUYECKUM OYKUTaHUEM E(n | &1y, 84a)-

Temepp HaM ocTaj0Cch U30ABUTHLCA OT IpPEINOJoXKeHus o ToMm, uro B = ... = E&; = Enp = 0.
eiicTBuTeIbHO, TAK KaK o-ajredpa, MOPOXKJIEHHAS CJIyYaiiHbIMU BeJuduHamu &1, .. ., &y COBH&,ZL&GT@ ¢
o-asredpoit, MOPOXKACHHON CAydafiHbIMU BeuduHaMu & — my, . .., Eg — My, TO

E(77|€17---,§d):E(n—mn‘fl—ml,...,fd—md)—l—mn:
=a1(§ —m1) + ...+ aq(§ag —mg) +my = a1&1 + ... + agéq + b,

rae b=my, — (a1mi + ... + agmy). O

373 j1eCh MBI JIsI IIPOCTOTEI M3JIOXKEHMNST OTOXK IECTBIISIEM CJIyJaiiHbIe BEJIMUMHBI C X KJIACCAME SKBHBAJEHTHOCTH, SIBJISIIO-
muMucst saeMenTamu L2, 3aMeTiM, 9To 9T0 BIIOJTHE COTVIACYETCS C OIpeIeIeHIeM YCIOBHOIO MATEMATHUECKOTO OXKHTAHMS,
KOTOpO€e eTMHCTBeHHO P-moutn Beiomy. Ilom 1 mmeercst BBuLy (DyHKIWs, TOXKIECCTBEHHO PABHAS €IUHHAIIE.

38[Touemy?
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Sameuvanue 17. OproroHajbHyIO IPOEKIIUIO 1) HA JUHEIHOE POCTPAHCTBO Eg OOBIYHO HA3BIBAIOT AU-
Hetinoll peepeccuet 1 wa &1, ... ,E. 1loaromy Teopemy [5| MozKHO KpaTKO chOPMYIUPOBATH CJIEIYIONIUM
00pa3OM: 2aYCCOBCKAA PELPECCUA ABAACTNCA AUHCTHOT.

3ameuanue 18. Tor dakT, 4TO perpeccust CoOBIAIAET ¢ JUHEHHON perpeccueil, OTHIONb HEe XapaKTe-
pu3yeT rayccoBckue pacipenesierus. Hampumep, paccMOTpuM TPOU3BOJbHBIE CyMMUPYEMbIe HE3ABUCHU-
MBbI€E Cﬂy‘{aﬁHbIe BEJINYNHBI 51, e ,fn C HYJIEBBIMU MaTE€MaTUYICCKUMU OKUJaHUAMU U IIOJIOZKUM S =
&1+ ...+ &. Tornd]

E(STL ’ Sla cee Sn—l) = Sn—l
U, TIOCKOJIBKY 0 (S1, ..., 1) = (&1, ... ,fn_l)m TO
E(Sn‘gly---;fn—l) =& 4.+ €.

Eciin morpeboBaTh JIONOJHUTENIHHO CYIIECTBOBAHUE y CIYyYalHBIX BEJIMYHUH & KOHEYHOCTb BTOPBIX MO-
MEHTOB, TO KaK pa3 U HOJIy‘II/ITCﬂiE HY2KHBIII HaM IIpUAMED.
XOoTs 9TOT IPUMED U BBIIVISIUT HECKOJIBKO 9K30TUYHO, OH OTHIO/Ib HE €JMHCTBEHHBII B CBOEM po,ue@

OcranoBuMcsI Telepb Ha SBHOM BHUJE KO(DMUIMEHTOB a1, ...,aq (KaK yXkKe MOKa3aHO, CBOOOHBII
qjieH b BbIpaykaercsi yepes3 a; u m;). st 9T0ro CHOBa JI0CTATOYHJ | pAcCMOTPETh Ciiydaii mp = ... =
mq = m, = 0. ObosnaunM Y KOBapHAIMOHHYIO MaTPHUILy BEKTOPa ¢, Y¢ KOBapUAIlMOHHYIO MaTPHILY
BexTopa & = (£1,...,&)Y, m B = (B1,...,B4)T — BexTop m3 kopapuammit 3; = En¢&;. Slcno, uro

e B
R e S (3.1.2)

5t o2

2=D
e o, = Dn.
U3 Toro, uro n — (a1&1 + ... 4+ ag€yq) oproronanbna &1, ..., &y, cpasdy xKe CICYeT, ITO
d
Bi=En& = Z%Eﬁk&, i=1,...,d (3.1.3)
k=1

O6osnavas @ = (ai,...,aq)" u nepenucoiBag cucremy (3.1.3) B MATPUUHOM BHJIE, HOIYHIUM, 4TO KO3-

bUIUEHTDI a; YIOBIETBOPSIIOT PABEHCTBY
B = X¢a. (3.1.4)
Jaspueiiinee 3aBHCHT OT KOBAapUAIMOHHOM MaTpuibl Y¢. Ecim oma HeBBIpOXKJIeHA, TO €JIMHCTBEHHOE
pemienue cucrembl (3.1.3)) umeer Bug @ = Egl B, a
_ = _T= T 1%

Ecmm xe det¥¢ = 0, To cuTyanus oKasbIBaeTcsa HeMHOro Oosee xurpoit. [eso B ToM, 9TO B 3TOM caydae
caydaiiHple BeJIMIuHBL &1, . .., &y OKA3bIBAIOTCS JIMHEIHO SaBI/ICI/IMHMﬂ U, XOTSI MPOEKIUS ¢ (1) MO-IpesKHeMY
ompejiesieHa OJTHO3HAYHO, €€ BhIPAYKEHHE Uepe3 06pa3yioumﬁ &1, ..., &g IpOCTPAHCTBA £g OTHO3HAYHBIM HE SIB-
JISIETCSI.

39A mouemy?

40A 510 oueBHIHO?

1A mouemy?

42 A me CBSI3aHO JIM 9TO C MOHATHEM MAPTUHIAJIOB?
Bouemy?

44 A nouemy?

4*Ho ne 6asuc!
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Ecim Hy»XHO HaliTH SBHOE BBIPA’KCHHE JJIA G, TO OOMMI IyTh JJIA 3TOTO MOXKET BBITJIAIECTD CJICAYIONM
obpaszomM. B mpocrpancTse 52 umercs 6asuc (oboznatmm ero &1, ..., &, ¢ p < d) u janee Mbl MEPEXOUM K Bbi-
YUCJIEHUIO PErpeccun E(n |&, ... ,fz’)) C HEBBIPOXKJIEHHOW KOBAPUAIIMOHHON MaTpHUIEi Z/E BekTopa (&1, ... ,fl'))T
Bri6op noaxojgiiero 6a3uca, KOHEYHO, HE SIBJISIETCS OJHO3HAYHBIM U 3aBUCUT OT pemaeMoil (IIPaKTHIeCKOH) 3a-
nasm. Hanmprvep, B HeKOTOPBIN Y| CHTYAITHSX OH MOKET OBITH 0GYCIIOB/ICH MHTEPITPETAIHONHBIMIT COOBPAKCHISIMI.

CymmecTByeT, 0JlHAKO, ¥ CTaHJAPTHBINA CI1oco6 BBIOOpa 3TOro Gasuca. OH CBA3aH € TAK HASBIBACMBIME <IICEB-
JT000paTHBIMI» MATpUIlaMu. PacCMOTPUM COOCTBEHHBIE ‘mcnﬁ A1, .., Aqg MaTpunpl Xe. O6oznaunm Uy, ..., Uy

COOTBETCTBYIONLYIO0 OPTOHOPMUPOBAHHYIO CHCTEMY COOCTBEHHBIX BEKTODOB. TOI‘,D;' Eg = Z ie1 NiUs UY. Marpuna
_ 1 T
¢~ Z W Uil;
it Ai£0

Ha3bIBaeTcﬂ ncesdoobpammnoli K MaTpHIE e.
HeTtpynno BuieTh, 9TO B HEBBIPOKIEHHOM CJIydae EE_ = Egl. HeiicTBUTETHHO, TOTIA Eg ABJIAETCS HEBBIPOXK-

ﬂeHHOfﬂ ", TIOCKOJIBKY BCE \; HE PABHbBI HYJIIO, TO
d 1 d
Se e = ZX uor | o\ U Z AJ U UL U U = ZU (Ut ZUU =1,
i=1 """ j= ij=1 i=1
rme Iy — equnnanas d X d ManHL{aE

IIpengioxxenume 11. Bekrop ag def ZgB yaosiersopsier pasencTsy ((3.1.4]). IIpu srom

lo|| = min { lall : Xea= B} (3.1.6)
Jlokazamenvcmeo. Tlpexe Beero, mist moboro BekTopa ¢ = (c1,...,cq)"
Z )\lUlUZTE = Z a; U;, (317)
i A\ #0 i Ay 7#0

rae a; = \;(U;,¢). CrenosaTessno, BeKTop 3 B IpaBoil 9acTn umeer Bug =Y, a0 VUi ¢ HEKOTOpBIME

v; € R, mpudem 3TH y; He 3aBHUCAT OT BBIOOPA G B MPABOI YaCTH 1 H IIosromy
S uufs= Y vul | S Ui = Y iU Ui = Y il =B
j:A]’;éO j:Aj;éO Z)\l;éo i,j:)\i,)\j;lfo I3 )\1730
Haxkomnerr,
d 1
) T T T3 T3 )
S B=| Y NUT, > T Z 7 vru,uts= S UUtB=8, (3.18)

i=1 i i a7 31 A #0

TO ecTb a = X 3 YTIOBIETBOPSACT PABEHCTBY (13.1.4]). - - -

Haee, moboe pernenne @ cucreMs ([3.1.4]) mmeer Buzx @y + @«, Te Gy yIOBIETBOPSIET YCJIOBHIO Ledy = 0. 113
storo pasercrsa u (3.1.7) cpagy xe BBIBo,uHTCﬂﬂ YTO Gy MPEICTABIIACT COOOM JIMHEHHYI0 KOMOMHAIIIO BEKTOPOB
U;, coorsercrByromux A; = 0. IlockonbKy @ sABIsgeTca nuHeHO KoMOuHanueit tex U, 11t KOTOpeIX A; # 0, TO
To u @, oproronasbubl. [losromy |[@||? = ||ag||? + ||@.]|*> u yrBepxaenue mokaszamo. O

4Yacro — craTucTmuecknx

47¢ yaerom ux KparHOCTH

“®IIposepore!

49 061mee ompeieiene 1 CBOMCTBA, ICEBI00OPATHRIX MATPHIL (K JIF0GOMH MPSAMOYTOIBHON MATPHUIIE) MOKHO HAMTH, HAITPH-
Mep, B |3, §3.4].

5TTouemy?

51 A modeMy 3 5TOr0 PaBEHCTBA CJIEIYeT, UTO Y =¥ L9

52[Touemy?

S3Kax?
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3ameuyanue 19. Takum 06pas3oM, B BBIPOKIEHHOM CIydae BEKTOP Gy = EEB HE TOJBKO 33/1aeT OIHO W3 Tpe]-
CTaBJIEHUI TPOEKIINU 1) HA ]Lf, HO U MMeeT HAMMEHBINYIO JINHY U3 BCEX MPUTOHBIX JJIsl 9TOTO BEKTOPOB d. DTO
CBOWCTBO, KOHETHO, MOXKET OBITh OY€Hb BAYKHO JIJIsI TIPUJIOKEHUH.

Wcnonp3oBanne 1ceBa000paTHON MATPUIILI IIPUBOIUT K PABEHCTBY

_T = =T __—=
E(n|é,... &) =a =5 € (3.1.9)
BMECTO 1i
Cnencrue 3. PaccmorpnM Terephb ciydaii, Kora rayccoBekmii Bektop ¢ € R4 pmeer Buz
(%),
]
e é = (&1,...,&)T €RY an = (1,...,m)T € R¥. Hac Gyzer unrepecoBaTs yc/ioBHOE MATEMATHEECKOE
OXKUJIAHIE
_ = def = =\ T
E@E) = (EmE),....E(mn|g)) (3.1.10)

ObosnaunM Y¢e KOBapHAIMOHHYIO MATPUILy BeKTopa &, ¥, — KOBApHAIMOHHYIO MATPHUILy BEKTODPa
N u Xgy — d X k-marpuiy, cocrosinyio u3 kosapuarmit Cov(&;, ;) (1 <4 <d,1 < j < k). Anagornaneim
00pa3oM IyCTb Y,¢ = Egn — 910 k X d-Marpuna, cocrosimas u3 koapuaimii Cov(n;, &;).

Kax u panbiie, 6yiaem cautaTh, 9TO Caydaiinbie BeKTopa & U 7) UMEIOT HyJIeBble cpeanne. Kpome Toro,
JUlst onpeJieIeHHoCTH OyeM ncoib3osarh Gopmyity (3.1.9), He npejonaras 3apaHee 4To MaTPHIA Yeg
SIBJISIETCST HEBBIPOK IEHHOIA.

[Tockombky ycioBaoe MaTemaruueckoe oxkumanue (3.1.10]) ompesesisiercs: TOKOMIIOHEHTHO, TO, TPH-
MeHsist paBeHCTBO ((3.1.9) K KaxKJ10if KOMIIOHEHTE, Mbl TIOJIYIUM (POPMYJT

E(7|€) = Tyt (3.1.11)

ITpumep 4. [Ipusesnem ojun npumep, GOPMaJILHO HE OTHOCSIIMIICS HU K T'ayCCOBCKUM PACIIPEJIEJIEHUSIM,
HU K BEPOSITHOCTHU BOOOIIIE.

Pacemorpum usmepumoe npocrpancTso (D, A) ¢ KOHEIHON Mepoil (i U IIPOCTPAHCTBO ]LZ byHKINIi,
OTIpeJIeIeHHbIX Ha 1D M3MEepUMBIX OTHOCHTEIBHO 0-aiaredphl A U CyMMUPYEMBIX ¢ KBaIPATOM TI0 MEPE L.

Ilycts f,@1,...,0q — 2JIEMEHTHI ]Li, IIPU 9TOM JOMOJHUTEIBHO IPEIIOJI0XKUM, ITO (DYHKIUA P;
JINHEHHO He3aBI/ICHMI>I.E| [TocTaBum 3ajauy HAMIIyHUIIEH AMPOKCUMAIIUN B Li dbyuknUn f ¢ MOMOIIBIO
JIMHEHHBIX KOMOUHAITUH TTOCTOSTHHON pyHKIMN g = 1 u HyHKIMiA ©;.

WNuadve roBopsi, HAM HY?KHO HAWTHU TaKWe YUCIA G1,...,G0q U b, 9TOOBI JIOCTUTrAJICH MUHUMYM BbIpa-

KEeHU A
2
/ (f = (a11 + agpa + ... + agpa + b)) “dp.
D

Takasi MOCTAHOBKA 3aJa49M XapakTepHa i Tak HasbiBaemMoro Merona Hammennmmx Ksagparos (MHK),
KOTODBIil B OOIIEM BHJI€ CBOJIUTCS K HAXOXKIEHUIO TApaMeTpoB 01, ..., 0511 MUHIMU3UPYIONIUX HOPMY PA3HOCTH

1f(2) = @(x; 01, .., baga)|

B HEKOTOPOM HOPMHPOBAHHOM IIPOCTPAHCTBE, npudeM (bYHKIHSA f CANTAETCS M3BECTHOM, (DYHKIUS (© — U3BECT-
HOI ¢ TOYHOCTBIO JI0 mapaMeTpoB 01, ...,0411, a cam BekTop (61,...,0441) NPUHAIJIEIKUT HAPAMETPUIECKOMY

MHOXKeCTBY ©.

54 A kakomy 6asucy B L',g COOTBETCTBYeT Bblbop a = ¥, 37
55IIposepsre! A Kak GymeT BHITIAmETE 9Ta (OPMYy/Ia 6€3 MPEIIONOKEHIS O HYIEBBIX MATEMATHICCKIX OYKHTAHUIK?
56Tounee, IMHEHHO HE3ABUCKMBI OYTH BCIOLY 1O MEPE [i.
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3.2 VYcjoBHbIE rayCCoBCKHE paclipee/JieHusd

Bce sBHBIE (DOPMYJIBI IPEIBIAYIIETO Pa3iesia sl BBIUUCIEHNs] I'ayCCOBCKOM perpeccud OCHOBAHBI
Ha TOM, YTO OPTOTIOHA/IbHA IMPOEKINS 7) Ha JIMHEHHOE ITPOCTPAHCTBO CIIy4YalHbIN BEJNYNH, N3MEPUMBbIX
OTHOCUTENIBHO &1, ...,&y U CYMMHUDPYEMBIX C KBaJIpDATOM COBIIAJIA€T C OPTOIOHAJILHOW IIPOEKIINeil 1) Ha
JIMHEeIHOe KOHEYHOMEPHOE IPOCTPAHCTBO ¢ obpasytommmu 1, &y, ..., &q.

WabiMu citoBaMU, B pe3yJibTaTe Mbl PN 33/1a9y O MUHUMU3AIUU BbIPAXKEHU S E(n—zgzl aifi—b)Q
[0 BCEBO3MOXKHBIM HabopaMm (aq, ..., aq, b). Konedno, perenne takoii 3aja4u He 3aBUCAT OT TOTO, UMEET
7 BeKTOp ( TaycCOBCKOE PACIpe/Ie/ieHne UM HeT, W ONPee/sAeTcs TOIbKO ePBLIMU JIBYMs MOMEHTAMH
9TOro BeKTOpa. Kak TOJIBKO MBI IIePEXO/IUM K YCJIOBHBIM T'ayCCOBCKUM DpacCIpejiesieHIeM, CUTyalus B
KOpHE MeHﬂeTCH.ﬂ

IIpensoxkenne 12. Perynsapusiii BapuanT yciaosHoro pacupegenennst L(77|€ = T) B yenosusix Cres-
crBuA [3] mmeeT Bu

L(71E =) = Ny (B(11E = 7). Tyy — TyeTgeTey ) - (3.2.1)

Jloxasameavemeo. PaceMoTpuM ciy4daiinbrit BekTop £ = —E (77 | € ) ODTOT BEKTOP SABJISIETCS FAyCCOBCKIM
(kax ymHeiTHOE TpeobpasoBaHie BeKTopa (), MMeeT Hy/JIeBoe cpe/iHee W He 3aBHCHT OT ¢ (Tak Kak KasKaas
€ro KOMIOHEHTa OPTOrOHAJIbHA {1, . .., &y).

[Tosromy mtst 06010 GOpeEsIeBCKOTO k-MEpHOTO MHOXKecTBa A

PeAlE=7)=P[H-E®[@I¢) +E@|E) € Al =7) =P -E[[¢) +E(@|{=7) € A|{=7) =
—PE+EM|E=7)cA|E=7)=P(E+E[M|{=71) € A).

Tem caMbIM MBI JIOKa3ajId, 9TO YCJIOBHOE paclpeeseHne E(ﬁ\é = E) SIBJISIETCSI TAYCCOBCKUM M HMMEET
cpemmHee E(ﬁ | €= f) Bce, 1T0 ocTasiock, 3T0 COCIYNTATH KOBAPUAIIMOHHYIO MATPUILY g BeKTOpa &£.

Hockoneky (cm. (3.1.11)) E(ﬁ@) = anzé—g, TO
Se = BEE™ = B (7- SyeTgf) (- SaeTeef) =
= Emn' —En ( n£E§§§> —E (EngE&E) n+E ( nfzggf) ( nfzggg) =
=%, — (Eﬁg ) e S — Syl (EETT) + Be g B (Ef ) e Sne =
= Yy — LpgDigeDgn — XneXgeXien T LipeDigeNeeXee ey = Ly — LpeDige Xen,
IIpUYeM IIocje/iHee PABEHCTBO CllejlyeT U3 . YTBepKIeHNE TOKA3AHO. O

Bameuanne 20. ITpu nokasarenscrse [pemntoxkenus [12] nucronb3osascss ToT (hakT, 9TO CpEIHAE BEK-
TopoB £ u 7] paBHBI Hy/I0. Ha camom neste, Kak HETPYAHO HOHATH, dopmyia (3.2.1) BepHa u 6e3 sTOrO
IPEeaIIOJIOZKEHU A

ITpumep 5. Paccmorpum vacrable coydait d = k = 1 u Haiijgem Buy dyukuun perpeccun E(n | € = x) n
yciosHoro pactpesenernus L(n|& = x) 1A AByMepHOTro ciydaiiioro rayccobekoro sekropa ¢ = (£,1)T
co cpeanM E¢ = (mg, mn)T ¥ KOBApHUAIMOHHON MaTpuUIieit

2
S = ( ¢ PU&;%) 7
pogoy Oy

57310 06CTOATENBCTBO OOBSICHSIET, C OJHON CTOPOHBI, YACTOE IPHMEHEHHE JTHHEHHBIX METOOB B MHOTOMEPHON CTATHCTHKE
(BCe BBIpazKEHUS OIPEJIEIIIOTCS TOIBKO MEPBBIMUA ¥ BTOPBIMIA MOMEHTAMM, KOTOPbIE, B IIPUHITAIIE, XOPOIIIO OIEHUBAIOTCS) 1
C APYTO¥ CTOPOHBI, HOIYJISIPHOCTD IPEIIOJIOKEHHs] O MayCCOBCKOM (I€HEpaIbHOM) PACHPEEeJICHUN MHOTOMEPHBIX BHIOOPOK
B TEOPETUYECKUX UCCJIEIOBAHUSX — BCe (POPMYJIbl OyIyT TAKUMU Ke, KaK U 6e3 9TOro IMPEJIITOJI0KEHUsI, 3aTO MOABJISI€TCS
BO3MOYKHOCTH CTPOUTD JOBEPUTEJILHBIE 0OJIACTH, IPOBEPATH CTATUCTUICCKUE TUIIOTE3bI U IIP.

58[Iposepbre!
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TaK 9TO ag = D¢, o 2 =Dnup=pn). B obmux obo3naueHnsIX KOBapI/IaHHOHHOH MAaTPHUIIBI
9TO O3HAYAET, YTO KOBapI/IaHI/IOHHaH MaTpuna Y¢ ABJgeTcs OAHOMEPHON U paBHOI aé, a BEKTOp ﬁ TOXKe
OZIHOMEPEH U PaBeH pPo¢0y,).

[Tpeanonoxkenue 0 TOM, YTO MaTPHIA ¢ HEBLIPOXK/EHA, TEM CaMBbIM CBOJUTCA K yCJIOBUIO ag > 0.
Bynem masbine 3To mpeanonaraTh %9 Koneuro, Egl =1/ 02.

Teneps, ucosb3yst popMyIry :3.1.5 B €€ OYEBUJIHOM BapUAHTE C HEHYJIEBBIMU CPEIHUMU, TOJIY UM,
91O

—T1 1 On
E(|{=12)=0 %; (z—m¢) +m, :pagan;(m—m§)+mn:pg—g(x—mg)—l—mn.
3
ZKesatorue MOryT y3HaTh B 9TOi (DOpMyJIie TPaJUIMOHHYIO Il CTATUCTUKE (hopmysty (OJHOMEpHOI)
JIMHEIHON perpeccuu.

st HaxoxKieHust ycaoBHOTO pacnpejesernsi £(n | & = x), KOHEYHO Ke, Hy?KHO UCIIOJIL30BaTh (Hop-
Mmyay (3.2.1), nmpuaem, Tak Kak BuJ (DYHKIMH PErpeccHy yKe HaiiJIeH, TO OCTaJloCh HaiiTH BbIpayKe-
Hue it (OHOMEPHOiT) KOBAPHAIMOHHONW MATPHIIBI Yo — 2%2&25”. OTO coBCEM JIETKO: X, = a%,
Yne = Xen = pogog u Egp = 1/0?, TaK 9ITO

S — EneZgeSen = 02 — (poe0y)? /02 = 02(1 - p°)
U OKOHYATEJHHO
L(n|€ =) = N(E(y| € = 2), 03(1 - p*)).
fcno, uro npu |p| = 1 910 pacupenesnenne BbIpoxkKaercs B Mepy Jlupaka, coCpeioTOYEHHYIO B TOUKE

E(n|¢=2)[

3.3 PekyppeHTHOe MOeIMpOBaHNE I'ayCCOBCKUX BEKTOPOB

PaccMoOTpUM Terephb 3aj1ady MOJIEMPOBAHISA TayCCOBCKOro BekTopa & = (&1,...,&7)T ¢ samanmb-
MU BEKTOPOM CpeJHUX M¢ = E& u KOBapHauI/IOHHOI'/‘I Marpureii 4. O6o3HauuM Y, KOBAPUAIMOHHYTO
marpuity Bektopa &, = (&1,...,&,)T u nonoxum 02 =DE,, n=1,...,d.

311eck MBI Oy/1eM 3aHIMATHCS] TOJIBKO OJHUM — PEKYPPEHTHBIM — cn0c060M MOJIEJINPOBAHUST BEKTOPA
£. DTo o3HAUAET, YTO MBI BYJIEM IEPEXOUTL OT Pa3MEPHOCTH 1 K pasMepHOCTH 1 + 1, U Mojie/mpoBaTh
CITy9aifHylo BeMINHY &,11 MCXOA U3 TOTO, UTO CAydaitHbIi BekTOp &, y¥ke mocTpoeH. Kpome Toro,
UCTOYHUKOM CJIYIAHHOCTH MBI OyJIeM CUNUTATH HE3aBUCHUMBIE CJIyUYaflHble BEJIUIUHBI £1,...,E7, UMe-
IOl CTaH/IapPTHOEe HOPMaJIbHOe pacupe/iesenne. Hakoner, kak u B IPeJbIIyIIeM pasjiesie, Mbl OyieM
HCIOJIL30BATL MATPHIIBI, IICEBIOOOPATHBIE K Xy, HE IPeJIosaras HeBbIPOXKIEHHOCTD [OCIETHUX.

IIpesk /e BCEro 3aMeTHM, 9TO JOCTATOYHO PACCMOTPeTh ciydait BE = 0, mepexos K obimedi cutyamun
ouesmien: ecmm £/ € Ng(0,%) um € RY, ro £/ +m € Ny(m, X).

Urak, mycTh CIydaitHbIi BeKTOp &, yKe TpoMoenuposan. Toraa, coriacHo E(§n+1 ]En) =

7T —_— _7
B, 3. &,, rae B, = E&11€,,. Kpome Toro (cm. Ipentoxenne |12 , ciaydaiinas BeauanHa &, — [, 2 fn
He 3aBI/ICI/IT ot &, W, IMeeT HOPMAJIbHOE PACIpPeeIeHIe CO HYJICBBHIM CPEIHUM M JUCIIepCHeit An 1=

n+1 B Bn

Torya monesupytoras dopmysa st E,41 OyJET BBIVISIETH Kak

7T =
Ent1 = BpYn 8, + Angigngr, n=1,...,d-1 (3.3.1)

Ecin croma nobasuth mHUIMaMM3aINMIO £ = 011, TO BCd IPOIEAYyPa PEKYPPEHTHOI'O MOJIEJINPOBAHUS
Oyzer onmcana. Vimenno rakasi nporne/ypa npusejena B [4, §5.2, JTemma 4| B penosiokeHun HeBbIPOK-
JEHHOCTU MATPUIL Xy,

59A kak 6ygeT BBINISIETH TayCCOBCKHE PEIPECCHS H YCIOBHOE PACIPEIE/ICHIE, €I crg =07
60A Kak «Ha maIbLAX> OGBACHUTE STOT HaKT?

36


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

Bameuanne 21. Koneuno, Takas mponemypa siBISeTCS B OOIIEM Clydae O49eHb TPYIO0EMKOIl, TaK Kak
Tpebyer Ha KaxKJIoM miare (ICceBi0)-00palieHnit MaTPHIL CO BCe PACTY MU pasMepaMHE Onako, ecou
npaByio JacThb (3.3.1) BeIpasuTh Yepes £;, TO MbI OKAXKETCs, IT

gn—&—l = ap+1,1€1+ .- + Qntint+1€nt1, N = L...,d—1,

rJe a;j — HEKOTOpble HOCTOsHHBIE KOd(hdunuenTsl. Borancienne KoddpUINEHTOB @;; TPOU3BOLUTCA
PEKYPPEHTHO, OHO CBsI3aHO ¢ pasioxkeHueM Xoderkoro (cm. [4, §5.2, dopmysa 5.2.5]).
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S1Ecrp n uekIIoYeHusI.
52Tposepbre!

37


http://statmod.ru/wiki/books:vv

	  
	 
	

	    -
	   
	     
	    
	  
	   .  
	   
	   .   

	     
	 
	  
	   

	 

