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1 Bsenenne

1.1 O cxoamMocTH pacHnpeaeeHnin

IIycrs P u Py — asa pacupenerenus B R? ¢ 6opeseBckoii o-anre6poit By. VIHTYHTHBHO SICHO, 9TO
Kakue-To P1 U P «IIOXOXKU» JIPYr Ha JIpyra, a Kakue-TO — COBCEM He ITOXOxKu. Hampumep, npu Mma-
JIEHbKUX € paBHOMepHOe pactpejeienne U(—e, &) Ha oTpe3Ke [—¢,&| «II0X0XKe» Ha pacupejeserue dg,
cocpejioroueHHoe B HyJe, pacupejenenune U(0, 1+ ¢) 6ausko k U(0, 1), a pacupenesnenne U(0, 1) cuibHO
orsmyaercst or Exp(A) npu sirobom A > 0.

Xouercsa popMaIM30BaTh 3TH HOHATUS — <IOXOXKe» MU <He 1moxoxke». CTaHgapTHBI MaTeMaTnde-
CKMIi IyTh JJI 9TOrO — 3aJIaHUe Ha MHOXKECTBE MHTEPECYIOINX HAC 00BEKTOB METPHUKU, U3MEPSIONIeit
paccrosinue Mexk Iy 00beKTaMu. 37eCh, OJIHAKO, HE BCE TaK IIPOCTO.

Haxe B R, rj1e Bpojsie 6bI eCTh eIMHCTBEHHAsI «eCTeCTBeHHasi» MeTpuka p(z,y) = |r — y|, uHOrIA
Y/106HO HCIOJIb30BATh ATBTEPHATHBHYIO METPHKY[]

|z — |

z, = T . >

o 2
KOTOpas SKBUBAJEHTHA p B TOM CMBICJE, YTO Ty, 24 & Torma m TOBKO TOIJIA, KOTIA Ty —> T, HO oDJIaTaeT
TeM cBoicTBOM, UTO p1(,y) < 1 npum sobbix ,y € R. A MOXKHO paccMaTpuBaTh, HAIIPUMED, JIUCKPETHY O
METPUKY

1 z#y,

T,Y) =
p2(z,y) 0 z=y.

KOTOpasgd, KOHEYHO, yKe He 9KBUBAJICHTHA p.
IIpu nepexone k R? curyarus eme yeroxnsiercs. CkazkeM, B R? MOJKHO 3a/1aTh YK€ KAK MUHIMYM
3 «ecTecTBeHHBIC» (M 9KBUBAJICHTHBIC) METPUKN — €BKJINIOBY p(2), PaBHOMEPHYIO p(oo) U METPUKY p(l):

PP (x,y) = V(x1 —22)2 + (11 — 12)%, P (x,y) = max(|z1 — 22|, |y1 — v2l),
P(l)(xa}’) = |z — 22| +|y1 —y2|, rHe X = (21,22), ¥ = (¥1,¥2).

B 3aBucumocTu oT 00CTOATENLCTB OKA3BIBAETCS y/I00HO UCIIOIB30BATH OJHY WJIN JPYTYIO U3 HUX.

Wrak, 3aaHne «eCTECTBEHHOM» METPUKM Ha HEKOTOPOM MHOXKECTBE OOBLEKTOB — 3aJa4a He IPOCTast
1 He OJHO3HaYvYHad. B HallleM Cﬂyqae OHa OCJIO?KHAETCA TeM, ITO I/IHTepecyIOH_[I/Ie HacC O6’beKTbI caMu I10
cebe CII0XKHBI — 3TO pacipejiesieHnst (TO ecTb HEKOTOpble (DYHKIWHN ), UMEoIHe 00JIACTHIO ONPeIeJIeHIsT
6opeseBckue moaMHOKecTBa RY.

IToxkamyit, camMoe IIPOCTOE B 3TOI CUTyallnd — OIPENEINTH PABHOMEPHYIO METPUKY Ha MHOXKecTBe Il
pacupejesieHuil B R? amasormano TOMY KaK OIIpeJesdeTcs PacCTOsAHNe MEXKIy JBYMs HEIIPEPBbIBHBIMU
dbyuknusvu B mpoctpanctse C(0,1). Bemem coOTBETCTBYIONIYIO TEPMUHOIOTHIO U A/ UM COOTBETCTBY-
OITee OIIpeJIeJIeHIE.

1.2 O paccrosiHuu 10 Bapuaiuu

Ounpenenenne 1.1. (Paccmosnue no eéapuayuw). Ilyemo Iy — mmoorcecmso pacnpedeaenud, onpede-
NEHNBIT Ha Gopesesckoli o-anzebpe By nodmmoocecms R u P, Q € ;. Paccmosmuem no eapuayuu
Mmeoncdy P u Q Ha3vieaemcs 4ucio
pvar(P7 Q) = sup ‘,P(B) - Q(B)} (11)
BeBy
Tosopsam, wmo nocaedosamenvrocmdvd Py, € Iy cxodumes no Sapuau,mﬂ kP €y, ecau pyar(Pn, P) — 0
npu n — 00. dmom daxm xpamro sanucweaemca xax Py — P.

! TTokazkure, 9TO 3TO METPHKA.
2B 1pyroii TEpMHHOJIOIHN — CUALHO CLOOUNCA.
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Bameuanne 1.1. 1. Popmymna (|1.1) 3amaeT MeTpuKy B MHOKECTBE HdE| 2. dcuo, aro pyar (P, Q) < 1.

Kakumn cpoitcTBamu O6Ha,£[a6T pacCTodAHUE 110 BapI/IaL[I/II/I? O,HI/IH 13 OTBETOB Ha 3TOT BOIIPOC Jda€T

TEOpEMa, LHe(b(beﬁ

Teopema 1.1. (Teopema Hleggpe).
la. Ecau pacnpedenenus P u Q ¢ RY abcoaommo nenpepuiaiol ¢ niommocmamu p u ¢, mo

prae(PL Q) = 2 /R Ip(@) — a(@)lde. (1.2)

2
1b. Ecau pacnpedesenus P u Q duckpemuss U cocpedomoyerv, Ha 00HOM U MoMm oce He boaee wem
CUEMHOM MHOICECNEE U UMEIOM MAbAUYLL pacnpedeserud

PI <3§‘1 N 17/ > ” QI <$1 e Ty oo )7
Pr ... P¢ ... qQq ... qQ ...
(P.Q) =5 Yln—al (13)
Pvar( /s ~ 3 . DPe — Q|- .

2a. ITycmo Py, P abcomommo rnenpepwisnsie pacnpedesenus 6 R ¢ naommocmamu py, v p. Ecau p, — p
var
nowmu 6cody no mepe Jlebeea, mo Py, — P.

2b. Ecau Py, P — duckpemnvie pacnpe(?eneuu C 6EPOAMHOCTNAMU pén) u pp coomsemcmeenro. Ecau

pén) — pg npu ecex £, mo Py, = P.

[TepBoe yTBepxkaenne Teopembl [Hledde nokazpiBaeT, 94To JJist aBCOJIOTHO HEMPEPBIBHBIX PACIIPE/Ie-
JIEHUI PACCTOsIHKME [0 BAPHAIMK MMEeT OYeHb [IPOCTON BUJI: ¢ TOUYHOCTBIO JI0 MHOXKHUTeJs 1/2 310 BCero
JIUITE paccTosiane B L MeXK Ty MIOTHOCTSMY COOTBETCTBYIOIINX PACIIPE/IEICHUIA.

C nmpyroit croponbl, (hopMmyia JIaeT BO3MOXKHOCTB BBIUHCJISITH PACCTOSTHIE 110 Bapuaruu. Hampu-
Mep, HETPY/IHO MMOCYUTATh, YTO PACCTOsIHUE 110 Bapuanuu MexK ity pacupeaenenusmu U(0,1+¢) u U(0, 1)
npu HOJ’[O}KI/ITGJ'[beIXﬁ e paBuo /(1 + €), B Bpems Kak pyar (U(0,1), Exp(N)) = e upu A < 1

Bropoe yrBepxkaenue teopemsl ledde mospossier mokaspBarh (Ipu 61aronpusasTHBIX 00CTOATEb-
crBax) caM (haKT CXOAUMOCTHU 10 Bapuaimu. Hamnpumep, u3 Toro, 4ro mjaoTHOCTb

I'((n+1)/2) 22\ U2
VA T(n/2) (” >

n
pacupezesernst CTbIoJieHTa S, ¢ napaMeTpoM n (Tak Ha3bIBAEMBIM «UYHCIIOM CTelleHel CBOOOJIbI» ) OTO-
YEUHO CTpeMHTmﬂ [PU N — 00 K IJIOTHOCTHU PACIPEIe/IeHIs CTAHIaPTHOINO HOPMAJILHOTO 3aKOHA Cpa3y
xKe cieyer, 9to Sy, — N(0,1)]

Bce 310, HECOMHEHHO, BeCbMa IpHUBJIEKATEIbHbIE CBOHCTBA. PaccMOTpHUM, OJHAKO, PACCTOSIHHE IO
papuaiuu (|1.1)) mex iy pacupenesnenusivu P = P, = U(—¢,¢) u Q = dp. OkasbiBaercsi, OHO paBHO 1 st
mo6oro mostoKuTeabHOrO £. JefictBuresnsno, B3aB B = {0}, momyanM, aro P.(B) =0, a Q(B) = 1. D10

sn(T) =

3 TokazkuTe 3T0.

43 11ech oHa bopMysTEpyeTCs OTIENBHO JTsT aGCOTIOTHO HEMPEPHIBHAIX i IMCKPETHBIX pacipeesennii 8 RY. Bosee obmmit
CiIydail ¢ ZOKA3aTeJIbCTBOM CM. B pa3zese a taxxke B |1, c. 306] uau B |3, r. 11T §9 sremma 2]

®CocpeloTOueHHBIE Ha OIHOM MHOYKECTBE M TOM K€ He G0JIee UeM CYCTHOM MHOYKECTBE.

SA mpu orpurare bHBX?

A npu X > 1?7

8TIposepore!

9B npakTHHeCKO CTATHCTUKE IPUHATO CHUTATD, 4TO pH 1 > 30 PasImYusaME MeKIy pacupeiencnusmu S, u N(0, 1)
MOKHO TIpeHe6pedb. VIHTepecHO, KaK TaKOi BBIOOD 7 ONMCBHIBAETCA B TEPMUHAX DACCTOSHUS 1O BAPUAIAHA MEXKJY STUMU
pacupeaeneHusIMu?
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BBINJIAUT cTpanHo: npu € | 0 pacnpeenennst U(—e, €) Bce Gosibliie u 60JIbIe KOHIIEHTPUPYIOTCS OKOJIO
HyJIsI, 8 PACCTOSIHAE MEXKJIy STHUMU PAcCIpeleeHusiMI U §g OCTaeTCsl paBHbIM 1!

Bostee Toro, paccrosinue mmo Bapmanuy MexK Iy JIOOBIM aOCOIOTHO HEITPEPBIBHBIM U JIIOOBIM JTUCKPET-
HBIM DACIIPEJIEJIEHEM TOYKE PABHO €JMHUIE (JOCTATOYHO B KadecTBe B B3siTh HOCUTEJb JIUCKPETHOIO
pacipeieseHus).

U ermie 60siee Toro: eciu B3sTh P = P, = 0. u Q = g, TO CHOBA OKAXKETCsl, UTO Pyar(Pe, Q) = 1 sjist
JI000T0 CKOJIb yromuo majoro € > 0. Takum oOpasoM IMOIydaeTcs, UTO CAydaiiHble BEJUYUUHBI & = €
CXO,H,HTCHIE npu € — 0 K cayuaitaoi Benuuune £ = 0, a UX pacupeneieHus He CXO,ZLHTCHE

DTO HPECTABIISIeTCsl HEECTECTBEHHBIM U, CJIEJIOBATEIbLHO, MeTpruKa, Olpeie/ieHns SBJIETCS MaJio
IPUCOIHOM JJIst onucanust 6JIM30CTH paciupeaeaenuii Ha BceM MHOxKecTBe 114. ITompobyem moHsaTh, Kak ee
MOZKHO MO,Z[I/Id)I/H_[I/IpOBaTb, LITO6]:>I JINKBUAWPOBaATL OIIMCaHHBbIEC HECIIPUATHOCTH.

OxasbIBaeTCs1, IMEET MECTO CJIEJYIONIee YTBEPKICHIE (I0KA3aTEIBLCTBO CM. B pa3fiesie , a Tak»Ke B
[3, ru.IIT §9 sremma 1]).

Ilpennoxxkenue 1.1.

sup |P(B) — Q(B)| = % |s.up /Rd fdpP — /Rd fdoj, (1.4)

BeBy fI<1
2de cynpemym bepemcs no ecem By-usmepumvim Gynkyuam f, no modyiro MeHbUUM ZE

Pagencrso (1.4) maBomur ma ciemyronme coobpakennsi. [Tockombky MeTpuka pyar(P, Q) siBasteTcst
CJIUIIKOM <«KECTKOi» (OHa NPUIKMCHIBAET CJUIIKOM OOJIBINOE OTJIMYUE MOXOXKUM PACIPEIC/ICHUSIM), ee
XOUEeTCsI «CMATINThy». CJiesiaTh 9T0 MOXKHO, CY3WB KJIacC (PYHKIIHH, 0 KOTOPBIM OEpeTcst CyNpeMyM B
MHTErpaJbHOM MPeICTaBICHUN PACCTOSHUS Pyar (P, Q).

Kak 310 ecrecrBeHHO crenarh? B MHOXKeCTBO pacCMaTpUBAEeMBIX B dbyuxiuit Bxoaar GyHK-
IUU, CUJIBHO MEHSIONIHECs] TPU JTIOO0OM CKOJIb YTOJHO MaJIOM M3MEHEeHWM apryMmenTa. Hampumep, Tya
BXOJAT MHAUKATOPbBI U3MEPHUMBIX MHOXKECTB. HO NMEHHO MH/IUKATOPbI (KOTOpre (baKTI/ILIeCKI/I CTOAT B
OIIPEJICJICHUN METPUKU pyar (P, Q)) U mocTaBuim HaMm Bee HenpusitnocTu! /laBaiiTe ke HAIOKUM Ha MHO-
2KeCTBO q)yHKL[I/IfI Or'paHUY€HN A, HE ITO3BOJIAIOIINE MM CUJIBHO MEHATLHCA IIPpU He60.HbI_HI/IX N3MEHEHUAX
apryMeHTOB!

[TpuBeieM hopMATU3AIUIO 3TUX COODParKEHUIA.

Ounpenesnienne 1.2. (BL-merpuka). Ilycrs I1; — MHOXKECTBO pacupeesieHuii, onpeieaeHHbIX Ha 6ope-
JeBCKoit o-asrebpe By momvmoxkects R u P, Q € I1;. Torna BL-pacemostuem Mexk iy P u Q Ha3bIBACTCS
THUCITIO

pL(P,Q) = sup /Rd fdpP — /Rd fdQyj, (1.5)

fEBL(1,1)

rje BL(M, L) — muoxectBo Bg-u3mepumbix dbyHkuumil f, yaosrersopstomux yciaosuio |f| < M u ycio-
puto JIummmura ¢ mocTostHHON L.

Bameuanmne 1.2. 1. Jlerko Bujiers, uro dopmyia (1.5) geiicrBuresibHO onpeessier MeTpI/IKyH
2. TlockoabKy

2pvar(7D7 Q) 2 pBL(Pu Q)7

TO U3 CXOJMMOCTH TIO BAPHUAINH CJIEIyeT CXOANMOCTE pactpeaenenuit B BL-merpuke. [lanee Mbr yBuanm,
YTO 00paTHOE, BOOOIIE IOBOPSI, HEBEPHO.

0B j11060M pasyMHOM CMBICIE.

1B sroM mpuMepe paccTosiHEe MO BAPHAIINH aHAIOIHYHO JHCKPETHOH MerTpuke B R.

2Yexons u3 pasencTsa , 3a OIpeJie/IeHAe PACCTOSIHAA 110 BAPUALMA UHOLAR 6epyT Sup rj<q ! f]Rd fdpP — fRd fdQ’, TO
€CTb 28UPpgep, |P(B) — Q(B)|. Hoxasarenscreo pasencrsa (L.4) npuseseno s paszene

B3TJokaxure sro0.
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K coxanenuio, st BL-MeTpuku He cylecTByeT KOHCTPYKTHUBHOI'O IIPEICTABIEHIUSI B CTUJIE TEOPEMBI
[MTedbde. Oanako, eciu paccmarpusarh He camy MeTpuky ppr (P, Q), a CXOAUMOCTH 110 ITOH MeTpUKe,
TO CUTyaIldsl CTAHOBHUTCS D0JIee ONTUMUCTHIHONR. A MMEHHO, HMEET MECTO CJIEAYIOIIasi TEOPEMA.

O60zmaumm Cp(RY) MHOXKECTBO HEIPEPBHIBHEIX OIpaHIYeHHBIX (DyHKIHi, opeeeHHbxX Ha RY.

Teopema 1.2. [Tycmov pacnpedesenus P u P, (n > 1) onpedeservr Ha USMEPUMOM NPOCTMPAHCNEE
(R4, By). Tozda cxodumocmo ppr,(Pn,P) — 0 sxcusasernmma momy, 4mo

/Rd fdP, — /Rd fdp (1.6)

das mobot f € Cy(RY).

HokazarenbcTBO Teopembl JIOCTATOYHO CJIO}KHCE (B orstmane ot Teopembr u Ilpemioxxenns
1.1)), u mosTomy camy cxomumocTsb ([1.6]) 06braHO GepyT B KavuecTBe OlpeieieHnsl, & METPUKY pB, PACCMAT-
PUBAIOT TOJIBKO IPU JOKA3aTEJIbCTBE TEOPETUUECKUX pPe3yabTaToB. HadunHas ¢ 9Toro mecra Mbl Oyjem
IIOCTYIIaTh UMEHHO TAKUM O00Pa30M.

1.3 O caaboii cXoauMOCTH

Ounpenesnenne 1.3. (Caabas cxrodumocmv pacnpedesenuti). Tosopam, wmo nocaedosamesvHocms pac-
npedeaeruti Py, 3adannvix na usmepumom npocmparcmee (R By), caabo crodumes x pacnpedeaeruro
P, ecou (1.6) svmosnaemes dan moboti dynkuuu f € Cyp(R?).

Daxm caaboti cxodumocmu Py, x P sanucweaemca 6 sude P, = P[]

Sameuanue 1.3. I3 Teopewmni [1.2] KoHedHO 2Ke, ciemayer, 9To cxomumocTu P, = P u P, = O BieKyT
3a coboii paBeHCTBO P = Q, TO eCTh €JIMHCTBEHHOCTH CJIA0Or0 Ipejiesia. JTOT (aKT, OIHAKO, MOYKHO
JIOKa3aTh U HEMOCPEACTBEHHO, HOJIb3YsCh TOILKO Ompeseennem

CyMMupyeM HEKOTOpBbIe BarKHBbIE CBOMCTBA CabO# CXOAMMOCTH B CJIEIYIONIEM TIPEIOKeHnn. Pac-
CMOTPHUM IIOCJIEIOBATEILHOCTD paclpeiesieHuit Py, u pacupejieserue P, onpeiejieHHbIe Ha OOPeJIeBCKOif
o-anrebpe By mommmuokects RY. O603HAMIM COOTBETCTBYIONE XapAKTEPUCTHIECKHE (DYHKIMA ©y,, © 1
dyukuu pacupejeneaus — Fy, F.

ITpennoxkenue 1.2. Ixsusarenmms, CACOYIOUWUE YMBEPHCIEHU.

1. P, = P.

2. Fy(x) — F(x) daa moboti mouku x € R, asasrowetica mouxoti nenpepwisnocmu dynxyuu F.

3. pn(t) = @(t) daa mobozo t € RY.

4. Pn(B) — P(B) npu amobom B € By marxom, wmo P(OB) =0, ede 0B — epanuya mnoocecmsa B.

3ameuanwue 1.4. 1. Bropoit u Tperuit myuxT [1pemioxenus JAIOT BO3MOYXKHOCTD IIPOBEPSTH CJIA0YI0
CXOJIMMOCTb KOHKPETHOH! TIOCJIEJIOBATEILHOCTH PACIIPE/IC/ICHUA.

Yro kacaeTcs U€TBEPTOrO IyHKTa, OH HOCUT CKOpee TeopeTuyeckuit xapakrep. Hampumep, cpaBhe-
HU€ STOrO IyHKTa C ONpPEJeeHUEM CXOJIMMOCTH 110 BapUAIMH €Ile Pa3 IMOKA3bIBAET, UTO U3 CHJILHOI
CXOJINMOCTH PacCIIpeJie/IeHu#l cileJlyeT cjiadast CXOJMMOCTh

1 C v Moo osmakomuTnes B [3 rorIIT §7).
w

B Yuorma mumyT P, = P. Ucnons3yorcs n gpyriue o603HaueHNnsI.

16 ITokazareILeTBO 9KBUBAJIGHTHOCTH MEPBOrO M BTOPOTO YTBEPXKJEHHs MOXKHO HaiiTu (Mo KpaifHeil Mepe B OfHOMEp-
HOM BapuaHTe) B GOJBIIMHCTBE GoJlee WM MeHee IPOJBMHYTHIX yueOHUKaxX 10 TEOPHU BepodTHOCTell. B maHHOM Kypce
JIOKA3aTe/IbCTBO 9TOI0 yTBEPIKIEHHs] OIIYIEHO. DKBUBAJIEHTHOCTD [IEPBOIO U TPETHETO IyHKTOB IIOJIyueHa B paszene [7.2]
KakK TIPEMep IPUMEHEHUsT TEOPEMBI 0 Kiacce byHKIMWH, ONMpeeIsonuX c1abyio CXOIAMOCTh. DKBABAICHTHOCTD TIEPBOTO N
YeTBEPTOr0 yTBEp KIeHUs JoKa3aHa B pasese @
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eiicTBUTEIHO, COMVIACHO OMPEEICHUIO CXOMMOCTH O Bapuaruu cxogaumoctb Pp(B) — P(B)

JOJIZKHA BbIIIO.)'IHSITbCﬂE JJIsT JIIOOBIX M3MEPUMBIX B, B TO BpeMsi KakK IIpU CJIadoW CXOIUMOCTH HA MHO-
JKecTBa B HaKJIaIBIBAIOTCS OTPAHUYIEHMUS.
2. B gacTu J0CTATOYHOCTU yTBEpKJieHHE 00 9KBUBAJEHTHOCTH CJIA0OM CXOJUMOCTUA U HMOTOUYETHON CXO-
JUMOCTH XapaKTePUCTUIECKUX (DYHKIUH MOKET OBITh yCHJIEHO. A MMEHHO, MOXKHO J0Ka3aTh, 9TO €CJIN
on(t) — P(t) aust moboro t € R? u 1) — menpepbiBHast B Hyste (DYHKIIHSL, TO 1) SIBIISETCS XAPAKTEPHUCTH-
Jeckoil (pyHKIEl HEKOTOPOTO pacupeieiennss Q u, ciaeaoBaresbHO, Py = Q.

ITpumep 1.1. O6cymaum pesynbrar Ipenmoxenust Ha npocreiimeM npumepe. Ilycts d = 1, a,,a € R,
an # a u a, — a. Honoxum Py, = 0,4, 1 P = 6.

1. Jns Havasa 3aMeTuM, 9TO, MOCKOJBKY Gp 7 G, TO pyar(Pn,P) = 1 u P, He cxomurcst K P 1o
Bapuanyu. B To ke BpeMs 1Jis 110601 HenpepuiBHON MyHKImn [

[ #dPu = @) = fta) = [ sap.
R4 R4
TO ecTb Py = P 1o onpeieseHuio.
2. B TepMmHax xapaKTepHCTUYECKNX (PYHKIUH JOKA3aTEIbCTBO CAa00M CXOAUMOCTH TOXKE IIPOCTO:

ita ita
on(t) = e —— " = p(t).
n—oo
3. C dyHKIUSIME paclpeieeHusl Bce IMOXUTPee, TaK KaK TaM IIPUCYTCTBYET yCJIOBUE HA MHOXKECTBO
TOYEK &, JJIsI KOTOPBIX TOJIKHA OBITH cXomuMocThb. Paccmorpum 2 ciaydast: a, T a u a, | a. Tak
Kak

0 mpu z < ap, 0 mpu z <a,

Fy(x) = u Fy(z) =

1 opm x> ay 1 opu x> a,
TO IIPU ay, | @ UMeeT MecTO cxoauMocTb Fy, () — F(z) ms moboro x € R, a upu a, T a

0 <a,
Fo(z) > Fu(z) =4  "PH o4
1 opm x> a,

9TO CcoBIAET ¢ F' (x) BO BCeX TOYKaX, KpoMe TOYKH X = @, KOTOpad KaK pa3 M sBJISIeTCsI €JUH-
CTBEHHOI TOYKOI pa3pbIBa IpeeabHol PYHKINNA pacupeaeaenns F.

Eciii ke B3Th TaKyio MOCJIEI0BATENbHOCTD Uy, YTO Gy, | @ IPU YETHBIX N U Ay T @ IIPU HEUETHBIX
n, 1o, ouesuyHo, F,(r) — F(z) upu x # a, B TO BpeMsi Kak mocjeaoBarebHoctb F,(a) npegena
HE UMeeT.

DroTr npuMep HoKasbiBaer, 4To (Ipu HaIM9Iuu cJaaboil CXOAMMOCTH paclpejiesieHnii) B ToYKax pas-
pbIBa HpeJiebHON DYHKIUU PACHPEIETIeHIsT CO CXOIAUMOCTHIO (DYHKIMIT PaclpeiesieHus MOXKET
OBITL BCe, UTO yroauo. Ecim ke npenenbHast (QyHKIUS Paclpelie/ieHus HeIpPepPbIBHA, TO JIOIIpe-
JieJibHbIe (DYHKIIUUA PACIIPEJIETICHUS CXOIATCS K Hell TOTOYeIHO

4. Yewm ke omyIMIaETCS TOYKA @ OT JAPYTUX TOUYEK Ha npsmoii? I[lepekupiBas MOCTUK K YETBEPTOMY
nyukTy llpemioxkenust MBI BHJUM, 9TO @ — ITO €JUHCTBEHHAs TOYkKa T € R, 1j1s1 KOTOpOit

P({z}) > 0.

Boisiee Toro, ecian paccMOTpeTh BCEBO3MOXKHBIE HHTepBasbl B = <a,ﬂ>H TO MBI YBUJUM, UTO
Pn(B) — P(B) upu ycnosuu, uro «, 3 # a. Ho muoxecrBo {a, 3} — 310 u ecrp rpanuna 0B

17 Ma eme n paBHOMepHO 1O B.
'8Bosiee Toro, B 3TOM CllyHae CXOAUMOCTL PABHOMEPHA, TO ecTh sup, |Fy,(z) — F(x)| — 0. Jlokaxkure 3ro.
193paukn “(7 m“ )7 o3HAYAIOT, YTO HAM BCE PABHO, IPUHAJJIEXKAT KOHIIBI HHTEPBAJIA YTOMY MHOXKECTBY HMJIU HET.
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muO)ecTBa B. TakuM 06pa3oM Mbl IPUXOUM K HILTIOCTPAIMU (KOHETHO, Ha IPOCTENIIEM IIPUMEPe
u rosbko anst B = {a, }) uerseproro nyukra IIpesioxkenns 1.2l To ecrb cranosuTcs Gosee-MeHee
HOHSITHO, OTKY/1a Gepercs ycyiosue P(IB) = 0.

[TocmorpuM Terneph Ha HOHsSTHE CJIa0OI CXOIMMOCTH C TOYKH 3DEHHUs CJy4YailHbIX BeJIMIMH (a He
IPOCTO WX PACIIPEJIEJIEHNH ), OrPAHUINBASCH JJIsl TIPOCTOTHI OJIHOMEPHBIM caydaeM d = 1.

Pacemorpum BepositHocTHOe nipoctpancTio (§2, F,P) u mycrs &, { — ciyJaiiHble BeJIMYUHBI, OlIPe/ie-
JIEHHbIE HA 9TOM BEpOsITHOCTHOM TipocrpancTse. O6oznaunum P, = L(&,), P = L(&).

ECTeCTBeHHO OXKnaaThb, 9TO, €CJIn CaMn CJIy‘IafIHbIe BEJINYUNHBI 6.HI/IBKI/I B KaKOM-TO CMBbICJIE€ KaK beHK—
A W, TO U PACHPEIETICHU dTUX CIYyYalHbIX BEJUYUH JOJKHBI ObITh Osin3ku. [locmorpum, kKak 310
MOXKHO (pOpMAJIN30BaTh B TEPMUHAX CJIA0ON CXOIUMOCTH PACIIPEIeTeHMIA.

fcno, uro B onpenesennu caaboii cxomumoctn ([1.6|) Moxker OBITH HEpenucano Kak

Ef(&n) = Ef(E), f € Cy(R). (1.7)

Takast popma 3ammcu onpeeaeHns caadoi CXOINMOCTH HABOINUT HA MBIC/Ib, 9TO U3 CXOAUMOCTH &, —
¢ (moHUMAaeMoi B HEKOTOPOM Pa3yMHOM CMBIC/IE) JIOJIKHA CJIEJIOBATH Cj1abast CXOIMMOCTDb PacIipe e/ IeHui
L&) = E(ﬁ)m Koneuno, tak u ectsb. [IponsmocTpupyeM 3T0 ¢ MOMOIIBIO CJIEYOIIei ,ZLI/IanaMMbI@

&, — & B, &n E) &
& = const
& B¢ L(E) = L(€) L(E) ™ L(€)

Puc. 1: Coornoirenus Me2K/Yy pa3HbIMU BHUJaMMU CXOJIUMOCTH

Paccmarpusatorcest 3 Bujia CXOIUMOCTH CJIyYaiiHBIX BEJIUINH: CXOJINMOCTD ITOUTH BCIO,ZL@ 10 BEPOLAT-
HOCTI/ﬁ u B LP @ Jlmarpamma MOKa3bIBAET, UYTO KarK/ias M3 ITUX CXOAUMOCTEH BjedeT 3a coboil cirabyio
CXOIIUMOCTB COOTBETCTBYIOIIUX pacnpeaeﬂeHHﬁE Kpowme Toro, mijist HOJIHOTHI Ha, JHarpaMMe H300parkeH
yaKe 00CyKIaBIuiics GaKT: UX CHJIBHON CXOIMMMOCTHU PACIpPeIeeHull CaeyeT uxX caadasi CXOIUMOCTb.

Hakomerr, BepTukajibHasi CTpe/IoYKa OT CJ1ab0i CXOIMMOCTH K CXOIMMOCTHU II0 BEPOSITHOCTHU C yKa3a-

HueM = const MokasbIBaeT, 4TO B ITOM cJiydae oba BHJA CXOIUMOCTHU (TO ecThb &, Ban L(&) = dq)
9KBUBAJICHTHBHI.

[Ipu perernu 38184, CBI3AHHBIX CO CJIADON CXOMMOCTBIO PACIpeeIEHU, 9TH COOOPaKEHUsST MOTYT
OBbITH T0JIe3HBI. JleiicTBUTE/IPHO, IyCTh HAM HYKHO I0Ka3aThb, 4To P, = P. Eciaum mMbl mocrpoum Ha
HEKOTOPOM BEPOSITHOCTHOM IIPOCTPAHCTBE TaKne CIyYaillHble BeJIUINHBI &, , &, 910 &, — & B OTHOM U3 TPeX

U norma Bmecro L(&,) = L(€) mumyT &, 4 & u rosopsr, uro &, cxonurcsd K & no pacnpedeaenuto. [lpu ucnonb3zoBanun
TAKOW TEPMMHOJIOTUU HY>KHO YETKO IOHMMAaTh, 9TO Pedb UJET HE O CXOIUMOCTH CJIyYaiHBIX BEIWYHH &, K CJIydailHOl
BesimumHe £, a 0 CXOAMMOCTHU UX pacupeenenuii. Hanpumep, B 3anucu HUYErO HE MEMIAeT CJIydaiiHbIM BeJuduHaM &y,
u £ ObITH 33J[AHHBIM HA PAa3HBIX BEPOSTHOCTHBIX [IPOCTPAHCTBAX.

2! oka3aTe/IbCTBO TUX YTBEP K ICHUIT MOYXKHO HafiTn, Hanpumep, B [3].

22BeposiTHOCTD TOTO, UTO &, — &, paBHa 1. YacTo 1151 TAKOH CXOMUMOCTH IIPUMEHSIO TEPMUH <IOUTH HABEPHOE».

#To ecrb P(|&, — €| > €) — 0 e moboro € > 0.

TIpu d = 1 sro ozmauaer, uro E|E, — £|P — 0. 3mech, KoHedwHo, mpeanoiaraercs, 9to &,,& € LP. Tpu d > 1 Bce
AHAJIOTUIHO.

25TIpu KeJIAaHUHE STO MOYKHO CUHTATE €Il O[HIM OCHOBAHMEM HA3BIBATH TAKYIO CXOIUMOCTD <«CJIab0ils.
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00CY?KTaeMBIX CMBICIAX, TO Mbl aBTOMATHIECKH ITOJIyInM, ITO P, ciabo cxomurcsa K P. Takoit mpuem
HOCUT HA3BAHUE MEMO0Ja 00H020 BEPOAMHOCTIHO20 npocmparcmaea. IIpuBesemM onuH MPoOCTOit IpuMep.

ITpumep 1.2. Ilyrs pacupesnenenus P, ONpEIEISIOTCS CBOUME TaOJIUIIAMEI

I YR Sy §

Hoxkaxkem, aro P, = U(0,1) geTsippMsi criocobamu, Tpﬂ U3 KOTOPBIX CBsA3aHbBI ¢ lIpesmoxkennem
[I.2] a uerBepTOE peau3yeT UIEI0 METO/A OJHOI'O BEPOSTHOCTHOI'O IPOCTPAHCTBA.

1. Tlpexme Bcero, mo OIpeaeIeHnIo caaboi CXOMUMMOCTH PACIpPeeIeHuil Hy>KHO JTOKA3aTh, UTO JIJIs

f € Cb(07 1)

/RfdP :;;éf(k/n)%/ol f(:c)d:z::/RfdP.

9T0, KOHEYHO, HU YTO MHOE, KAK CBOWCTBO MHTErpaJa PI/IM&H&E

2. Ecam mbI osib3yeMcst BTOPBIM ITyHKTOM [Ipesiioxkenust To, B3siB T € [0, 1]@ [IoJIy4aeM, 4To

n
F,.(z) = [na] — x = F(x).
n
3. Ecam ucnonb3oBars s JOKa3aTeIbCTBa CIa00il CXOIMMOCTH XapaKTepucTnieckue OyHKIUN, TO

pu Jito6oM (PUKCUPOBAHHOM t U JOCTATOYHO OOJIBITOM n@

‘ = 1 upu t =0,
QOn(t) _ / 6ztm7)n(dx) —— Z eztk/n _ et 1
R n—= 771(6“/” —) npu t#0 n—oo
1 npu t =0, 1 ,
—— Q it :/ e dy = / e P(dx),
n—oo —Q  1pH t#£0 0 R
i

rae P =U(0,1).

4. Bocronb3yemcs Tenepb TeM, YTO M3 CXOAUMOCTH CAyYailHbIX BEJUYUH IIOYTH HABEPHOE CJICILyeT
ciabast CXOJUMOCTh UX pacupenesenuii. A umenno, pacemorpum & € U(0,1) u nosnoxum &, =

Lnfj/n@Torﬂa nmpu k=0,...,n—1
P(& =k/n) =P([n&] =k) =1/n
u, ciepoBarenbho, L(&,) = Pp. C apyroit cTopons!,

ng) _ne—lng) _ o €]

n

npu n — oo. [losromy &, — £ .B. u, cienoarenbuo, P, = P.

26Kak y»Ke rOBOPIIIOCE, YeTBEPTHIi MyHKT l1peaiomxKernst MaJIo MIPUTOJEH ISl PEIIeHUs] TOJO0HBIX 3a0a4.

273 j1eCh MBI CTOJIKHYJIHCh C TEM PEJKHM CIIydaeM, KOTJa (pakT Caaboil CXOIMMOCTH MOXKET ObITh IPOBEPEH HPSIMO IO
OIIPE/IEJIEHUIO.

28TIpn mpyrux @ CXOAMMOCTE (DYHKIMIl paclpee/eHnsT O9eBIIHA.

29Y 10651 /1 He BBLIO METBIM YUCIOM TpH (BUKCHPOBAHHOM t 7 0.

30Tem caMbIM &, U € OIpEIE/ICHbI Ha, OLHOM BEPOATHOCTHOM IPOCTPAHCTBE.
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2 TormoJsornveckne u MeTpuieckue IMpocTpaHCTBa

B srom pasnmene nmpuBOaUTCHA CBOIKA OMPEIETEHUN U PE3YJIbTATOB, OTHOCSIIUXCH K CTAHIAPTHBIM
MOHATUSAM METPHUYECKUX U TONOJOTHIECKUX MPOCTPAHCTB. [loaToMy J/l0Ka3aTenbcTBa ITUX PE3YIHTATOB
HE IIPUBOJIATCS.

1. Tomosiorusi, mopoxkjienHasa merpukoit. Ilycte D — mekoropoe muOX)ecTBO. CemeiictBo C ero
ITOJIMHOYKECTB Ha3BIBAETCSI MON0A02UEL, €CJIA OHO 3aMKHYTO OTHOCHUTEIBHO JIIOOBIX OO0beIuHEHN U KO-
HeYHBLIX Iepecedenuii, a Takzke ecau D, () € C. Kaxxapiit sement cemeiicTsa C Ha3LIBACTCA OMKDLIMDIM
MHOHCECTNEOM, & €0 JIOTIOJTHEHUE — 3AMKHYMbIM MHO()*C@CWSO,ME [Mapa (D, C) HasbIBaeTCs mMonoao2u-
YECKUM MPOCTNPAHCTNEOM.

Ecimt G C DuCq ={CND,C eC}, ronapa (G,Cq) sIBJIsIeTCs TOIMOJOIMIECKUM IIPOCTPAHCTBOM C
tonosiorueit Cg, undyyuposanroti ronosorueit C.

IToamuozkecTBo Cy C C HasbiBaercs basoti Tonosorun C, eciau Kaxjaoe A € C npescTaBisieTcs B BUIe
obbenuHennss MHOXKecTB 13 Cp. KoHeuHo, KaxKasi TOIOJIOMUs IOJHOCTBIO OIIPeNesIsieTcs JiIo0oii cBoeil
6azoii.

[Tycts (D, p) — HEKOTOPOE METPUIECKOE MPOCTPAHCTBO. PaceMOTpUM MHOXKECTBO OTKPBITHIX (B MeT-
puke p) mapos B, () co BCeBO3MOXKHBIMU IeHTpamu & € D 1 BCeBO3MOXKHbIME pajuycamu 1 > 0. Ecin
ompejiesnTh C KaK CeMEHCTBO BCEBO3MOKHBIX O0benuHeHuit mapoB By(z) ¢ 7 > 0 u x € D, To, Kak
HETPY/IHO BUJETH, MbI IMOJIYYUM HEKOTOPYIO TOTOJIOTUIO, KOTOPAsl NopoHcAGEmcs METPUKOI p@ B sTom
cayuae Tpoiika (D, p,C) GyeT Ha3bIBATHCS MEMPUHECKUM MONOAOLUHECKUM NPOCTPAHCME0M. KoHETHO,
pasHble METPUKHU B D) MOI'yT MOPOXKJIATh OJHO U TOXKe Torojorundeckoe mpocrpancrso (D, C). Torma stu
METPHUKH SIBJISTFOTCS TMONOA02UMECKU IKEUBANAEHMHBLMU.

2. CenapabeJsibHble mpocTpaHcTBa. Eciau B Tomosormaeckom npocrpanctse (D, C) y Tonosnornu C
CyIIECTBYET cquHaﬂ 6aza Cp, To OyseM roBopuTh, 4To npocTpancTo (D, C) siBiasieTcst monoao2usvecku
cenapa6e/LbHu.M@ B stom ciayuae 1060€ OTKPBHITOE MHOXKECTBO I10 OIPEJIEIEHUIO SIB/IIETCs 00 beINHEHN-
€M CYEeTHOrO Yncjia MHOXKecTB u3 Cp.

Ecin B Merpuyeckom npocrpancTse (D, p) cymiecTByer cueTHOE BCIOAY IJIOTHOE MHOXKeCTBO Dy, TO
TaKoe TMPOCTPAHCTBO HA3BIBACTCI MEMPUTECKU CENAPAbesbHbM. XOPOIIO M3BECTHO CJEAYIOINIEe YTBEP-
JKJEHUE.

IIpennoxenue 2.1. Ilycmov (D, p,C) — mempuueckoe monoaozudeckoe npocmpancmso. Tozda npo-
cmpancmeo (D, C) asaaemea monoso2usecky cenapabesvrvim mozoa u moabko mozda, K020a npocmpar-
cmeo (D, p) asasemea mempuyecku cenapabesvrvim. IIpu amom muootcecmeo omrpoimoir wapos By(x;),
2de T; — MOUKU CHeMmH020 8CIO0Y NAOMHO20 MHOICECTNGA, A T NPObE2AEm MHOICECTNEO HEOMPUUAMEND-
HOT PAUUOHAADHBIL YUCEA, ABAAEMCA CueMHOt 6a30t monoaoeuu C.

3. HenpepsiBubie orobpakenusi. [lycrs (D1,Cq) u (D2,Cy) — aBa TOMOJOIMIECKUX TPOCTPAHCTBA
u f : D1 — Dy. Ecim otobpaskenne f obmamaer Tem cpoiictsom, uto f1(A) € C; mia moboro A € Ca,
TO 3TO OTOOpayKeHUe HA3BIBAETCS MONOAORUYECKU HENPEPBIEHDbIM. DTOT (PaKT 3alUChIBAeTCa Kak [ :

(Dl,Cl) — (DQ,CQ).

31CpoiicTsa 3aMKHYTBIX MHOYKECTB OYEBU/IHBI U3 OMpPEesIeHNUs: MepecevdeHne JTI000ro Iucaa 3aMKHYTBIX MHOXKECTB 3a-
MKHYTO, KaK U 00be/IMHEHNE KOHEYHOI'O YMC/Ia 3aMKHYTBHIX MHOXKECTB.

32Ynaue rOBOPsI, B 9TOM CJIy4ae MHOXKECTBO OTKPBITBIX IApOB 00bsiBIIsieTcst 6a30i Tomosioruu C.

33TaM, I7Ie 9TO HE BBI3BIBAET HEJIOPA3yMEHWi, Mbl Oy/leM ymoTpeOsIsiTh TEPMUH «CUETHBIN» B 3HAUYECHUN «HE DOjtee ueM
CUETHBIN».

34Bosee OOIIENPUHSITO TOBOPUTH, YTO B 3TOM ciy4dae (D, C) VIOBJIETBOPSIET BTOPOII aKCHOME CYETHOCTH. 3ECh, OTHAKO,
HaM y00Ha HECKOJIBKO JPyTasi TEPMUHOJIOTHS.

10
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Ecmu (Dy, p1) u (D2, p2) — iBa METPUYIECKUX IPOCTPAHCTBA, TO orobpazkenue f : Dy +— Dy siBisiercst
MEMPUUECKU, HENPEPBIGHDLM, €CITH JIJIST JTIOOOH TIOCIeI0BATEILHOCTU T, € D, cXxoidmeiics B MeTpUKe p1
o p
K HEKOTOpOii Touke 2 € D, mMeer MecTo cxomumocts f(z,) 53 f (m)

IIpengioxkenne 2.2. I[Tycmo (D1, p1,C1) u (D2, p2,C2) — 08a mempuueckur monoio2uveckur npo-
cmpancmea. Tozda omobpasicenue f : D1 — Do asasemcsa monosozuMecky HEnpepulerviM mozda U
MONLKO Mo20a, K020 0HO MEMPUYECKU HENDEPBIGHO.

4. KoMnakTHbIe IPOCTPAHCTBA M MHOXKecTBa. Tonosorudeckoe npocrpancrso (D, C) HasbiBa-
ercst (TOMOJIOrUIecKn) nwwnanmnmm@ €CIM U3 KaXKJIOI0 OTKPBITONO MOKPBLITUSL [) MOXKHO BBLIAEIUTD
KoHe4HOe MoAnoKpoiTre. Ilommuoxkecrso G C D Ha3bIBAETCS MONOAOLUMECKYU KOMNAKMHBLM, €CJIA KOM-
HaKTHBIM siBJjisieTcst ipoctpancTBo (G,Cq), tae Cg — Tonosorus noaMuoxkecTs G, unymposantast C.

Ecmu (D, p) — Merpuueckoe MPOCTPAHCTBO, TO TOAMHOKeCTBO G C D Ha3bIBAETCS MEMPUMECKU
KOMNAKMHbLM, €CITH U3 JIIOOOH TOCIeIOBATEIBHOCTH { Xy, Ty € G} MOKHO BBIIEIUTD MOIIOCTICIOBATE b
HOCTbB, CXOJISIIIYIOCsI B METPUKE p K HEKOTOpOi Touke x € (.

IIpennoxenune 2.3. [lycmov (D, p,C) — mempuueckoe monoaoeuueckoe npocmpancmeo u G C D. Jlas
mo20, ¥mobv, G 0bLA0 MONOAOLUNECKY, KOMNAKIMHBIM HEOOTO00UMO U OCTNAMOYHO, 4MOobbL OHO OBLAO MEM-
PUMECKU KOMTLAKIMHBIM.

IommuoxkecTBo G C D HA3BIBAETCA MOAHbBLM, ECJIU JIIOOAS (byH,ILaMeHTaJIBHaHm MOCJIEI0BATEIHHOCTD
ToueK T, € G umeer nupemen, npunamrekammii G. Ecim camo MHOXKecTBO D SIBJISIeTCS IIOJHBIM, TO
TOBOPAT O NOAHOM MEMPUUECKOM NPOCTPAHCMEe. SICHO, 9TO TI000€e 3aMKHYTOe MOAMHOXKECTBO MOJTHOIO
METPHUYECKOrO IPOCTPAHCTEA, IIOJIHO.

Mruoxkectso S C G C D maswiBaerca e-cemwio nisa G, ecom pysa moboro x € G nadinerca y € S
takoe, uto p(z,y) < €. Ecim MHO)KecTBO MHOXKecTBO G 06J1a/18€T KOHEUHON £-CEeTBIO JIJIst JIOOIO £, TO
OHO HA3BIBACTCS 6NOAHE 02PAHUMEHHDIM.

IIpennoxenue 2.4. I[Tycmos (D, p,C) — mempuueckoe monoaoeuueckoe npocmpancmeo u G C D. Jlas
mozo, ¥mobv, G 6vL.A0 KOMNAKMOM, HEOOTOOUMO U JOCNMATMOYHO, YMOOBL OHO OBLAO BNOAHE 02DAHUYEHHBIM
U NOAHDIM.

5. IIpousBenenne npocrpadcts. I[lycrs (D1,Cy),. .., (Dy,Cp) — HEKOTOPBIE TOIOJIOTUIECKUE TIPOCT-
parctBa. O6o3nauum D = Dy X ... X D, u BBegeMm B D Tonojoruto C ciaenayomuM oO6pa3oM. A UMeHHO,
paceMoTpuM BeeBo3MozkHbIe npoussenenust C1 X ... Cy, ¢ C; € C; 1 00bIBUM ceMefiCTBO BCeX TaKHUX IIPO-
n3BeneHnit 6azoit Tormossoruu C. Cama Tomosiorust C Py 9TOM HOCHT Ha3BaHUE MONOAO2UU NPOU3EEJEHUA.

(0)

0 .
IIpennoxenune 2.5. IIycmo Cy7, ... ,C7(I ) Gazel monoaoeui C1,...,C1 coomsemcmsenno. Tozda ce-
METCMBO MHOHCECTNE

Co={C"x...xc® c®ec® .. c®ecn

© 00

asasemcs 6a3oti monoaozuu npousdeedenus. Eeau C; n — cuemuwie 6a3v. monoaoeuti Ci,...,Cp,
mo monoaoeuveckoe npocmparcmeo (D, C) asasemes cenapabesvnvim, a Cy — e2o cuemnot 6a3ot.

[Tycrs Teneps (D1, p1,C1), - -, (Dn, pn,Cpn) — MeTpUUECKHE TOIOJOIMMYECKIE IPOCTPAHCTBA U X4, Y; €
D;. Oboznaanm X = (z1,...,2,) By = (Y1,...,Yn). dcuo, aro X,y € D = D1 X ... X D,,.

353 ror daxr MoxkHO 3anuceBarh Kak f : (D1, p1) — (D2, p2).
36Bo/1ee KOPOTKO — TOLOJIOIMIECKIM KOMIAKTOM.
3710 ectb Taxas, 910 P(Zn, Tm) — 0 IPE N, M — 0O.
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IIpenioxkenue 2.6. Mempura roo(X,y) = maxi<i<n pi(Ti, yi) nopooscdaem monoaozuo npousdeederus

¢ DPY

Joxaszamenvcmeo. O603Ha9UM Cso TOIOJIOTHUIO, TIOPOXKJIECHHYIO B [ METPUKOH T'sp. PAcCMOTPUM BCEBO3-
MOXKHBIE OTKpBITHIe Iapbl Bg(x) B npocrpanctse (D, rs ). MHOXKecTBO Takux mapos obpasyer 6a3y
romosioruu Coo. B TO Ke Bpems

By(x) = {y : 7oo(x,¥) < 5} = {(W1, -, yn) : pilws,y) < s} = Q) B (),

i=1

i ,
re B )(ml) ={z € D, : pi(x;, z) < s}. U3 sr0r0 Careyer, 9ro Kaxkiplil map Bg(X) sIBIsAETCS OTKPLITHIM
MHOYKECTBOM B TOIIOJIOI'HH IIPOU3BEIEHUSI, U, CaeaoBaTesbHO, Coo C C.

Jokarkem obpaTHoe BKIodenne. Paccmorpum muoxkectsa C; € C; mnycerb x; € Cy, 1 =1, ..., n. Torna

.. i .
MOXKHO HalTH Takoe S. UTO Bg )(xl) C C; upu Bcex i. Muaue rosopst, mjist moboro x € Cp X ... x Cp,
cymiectByer takoe s = $(x), uro Bg(x) C Cp X ... x Cy,. BHaunt, 110060 3jeMeHT 6a3bl TONOJIOIUU
[IPOU3BEIeHNUsT SBJITETCA 00beINHEHNEM OTKPBITBIX B METPUKE 7o, IMapoB. [TosTromy Cop D C. [

6. Oxno cBoiictBo Merpuku. Ilycrs (D, p) — merpudeckoe npocrpancTso. Ham monamoburces cite-
AyIoliee CBOMCTBO METPUKU p.

JIemma 2.1. ITyemv A C D ux € D. O6osnawum p(x, A) = inf,c4 p(x, z). Tozda ’p(az,A) — p(y, A)’ <
pz,y).

Zloxasameavcmeso. eiictBuresibHO, Jjis JIIOOLIX X,y € D
A) = inf < inf = inf = A). 2.1
pla, A) = inf p(z,2) < inf (p(z,y) + p(z,y)) = p(z,y) + inf p(z,y) = p(z,y) + p(y, A) (2.1)

Mensigt B (2.1))  u y mecramu, npuxoauM K HEPABEHCTBY ‘p(az, A) — p(y, A)‘ < p(z,y). O

Bameuanne 2.1. Ilycrs a € D. ITockonsky p(x, {a}) = p(x,a), To U3 3T0Or0 yTBEPKICHUS CIIE/LYET, YTO
dbyukuus p( -, a) sABISETCH HENPEPLIBHOM.

38KOH€‘{HO, Too — HE €JUHCTBEHHasdA €CTECTBCHHAA METPUKA, ITIOPOZKJAaIoI[ad TOIIOJOTAIO IIPOU3BEICHUA. B kadgectBe npu-

MepOB APYTHX HONOCHBIX METPHUK MOXKHO NpHBECTH T2(X,y) = />, p2(2i,yi) mm ri(x,y) = >, pi(wi, y:). Hoxaxure
3TO.
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3 Mepbl B u3MepuMbIX MeTPpUUECKUX NPOCTPAHCTBaAX

3.1 HW3mepumble TOHoJIOrmdecknue IIpoCTPAHCTBA

1. Onopenenenune. MIsMmepuMocCTh HeNpPEPBIBHbIX oToOpaykeuuii. Ilycrts D — HekoTOpoe MHOXKE-
crBO. EC/in OCHACTUTB 9TO MHOYXKECTBO KAKOW-TO CTPYKTYPOMH, TO MbI HMOJIYIUM TO, YTO B MaTEMATHKE
Has3bIBaeTCd npocmparcmeom. [IpumepoB MHOXKeCTBO — BBejieM B D JIMHEHHYIO CTPYKTYPY — IHOJIYYUM
JINHEHOE ITPOCTPAHCTBO, METPHUKY — METPUIECKOE IPOCTPAHCTBO. HOPMY, IIOJIy IUM HOPMUPOBAHHOE ITPO-
CTPAHCTBO, CKAJISIPHOE IIPOU3BEIEHNE — THUILOEPTOBO IIPOCTPAHCTBO

Hac 6yner nnTepecoBaTh ocHaIleHNE MHOYKeCTBa [ ceMeficTBAMU ero MoJIMHOYKECTB. A UMEHHO, ecJin
pacemorpers napy (D,C), rue C — Tonosiorusi mojMHOXKeCTB D, TO MBI IPUJIEM K TOHOJIOIHMYECKOMY
npocrpaHcTBy, a ecau napy (D, A), tae A — o-anrebpa noaMHOKecTB D — TO HMOSBUTCS U3MEPHMOE
IIPOCTPAHCTBO.

OTHu JBa ceMefiCTBa MTOJIMHOXKECTB OTBEYAIOT 38 COBCEM pa3Hble Beniu. Korja Mbl OCHACTIIA MHOXKE-
c¢TtBo D HekoTopo# o-anrebpoii A, Mbl OJIYYUIN BO3MOKHOCTH TOBOPUTH 06 M3MEPUMOCTH (DYHKIIUN U
oToOpakeHuit, 06 UHTErPUPYEMOCTU WU CYMMHUPYEMOCTH (DYHKIIHH, TOIH30BATHCA PE3YIbTATAMU TEOPUH
MepBI U T.]I.

Yro KacaeTcs TOIOJIOIUHU, TO IOCJIE €€ BBEJEHUN BO3ZHUKAIOT BCEBO3MOXKHbBIE MTOHATHUS, CBA3AHHBIE C
HenpepbiBHOCTBHIO. Ho dopmanbao Tononorus C u o-anrebpa A — jBe HUKAK HEe CBSI3aHHBIE CHCTEMbI
moAMHO2KeCcTB MHOXKecTBa D. U, HammpuMmep, B 0011eM ciiydae HeIpepbiBHAs (DYHKIMS COBCEM HE 00sg3aHa
OBITH M3MEPUMON. DTO, KOHEUHO, BBITISITIAT CTPAHHO W HEYTOOHO. A MOITOMY BO3HHMKAET MBIC/IB, UTO
TOIIOJIOTHS U o-aJiredpa Kak ceMefiCTBa MOIMHOXKECTB OJIHOI0 MHOXKECTBA JIOJI2KHBI OBITh comaCOBaHH@

Bynem npoBosuTs 310 cornacoBanue caemyoomum obpaszoM. [TocraBum Bo raBy yruia Tomosoruio C,
U JaJUM CJIEIYIOIIee Olpeie/cHue.

Onpepesienne 3.1. Ilycrs (D, C) — Tonosorudeckoe npocrpancTso. Hazosem 6openesckoti o-anrebpoit
MHUHUMAJIbHYIO o-ajirebpy B = Bp, cojiepKaliyio Bce OTKPLIThIE MHO}KeCTBaE Torma rpoiika (D,C, B)
Oy/IeT HA3BIBATHCS UIMEPUMbBLM TONOA0UYECKUM Npocmparcmeom. Eciu ke Tomosorust C TOPOXKIeHA
METPUKOii p, To Tpoiiky (D, p, B) ecTeCTBEHHO HA3BATH UMEPUMbBLM MEMPUUECKUM NPOCTMPAHCTNEOM.

IIpennoxenune 3.1. I[Tycmo (D1,C1,B1) u (D2, Ca, Ba) — 06a UsMEPUMBLT MONOA0UNECKUT NPOCTIPAH-
cmea. Tozda aoboe nenpepueroe omobpasicenue f : (D1,Cq) — (Da,Co) A6aaemCs USMEPUMBIM OMHO-
cumenvro bopeaesckur o-anzebp By u Ba

Joxasameavemeo. Obosuaaum By = {B € By : f~1(By) € B1} n noxaxem, arto By = Bs. IleiicTsu-
TeJIbHO, 10 oupenenenuto B5 C By. Kpome Toro, B comep:KuT Bce OTKPBITBIE MHOYKECTBA, TaK KakK [ —
HenpepbiBHOE oToOpaxkenue, a Cy C By. Hakonern, B} siBisiercst o-anrebpoit (1, cjieJoBaTeIbHO COBIIA/a-
eT ¢ MUHHMAJIbHOI o-airebpoii Ba, comeprKalieii Bce OTKpbIThIe MHOXKecTBa). [eiicrBurensho, Dy € B,
tak Kak f~1(Ds) = D1, a Dy otkpbito B By. C Jpyroif CTOPOHBI, TI0 CBOIICTBAM TOJHOTO MPoobpasa,
fHAY) = (ffl(A))c st joboro A € Dy u ffl( Uq Aa) = Uaf Y(Ay) ams moboro cemeiictpa Ag
noaMHoKecTB Dy. IlosTomy B3 3aMKHYTO OTHOCHTEIBHO JOIOIHEHN U CYETHBIX 00'be/[MHEeHNI.

IIpennoxxenue mokasaHo. ]
2. IIpounsBeneHnst M3MEPUMBIX TOIMOJIOTHMYECKUX HpocrpaHcTB. llycrs (Di, A1), ..., (D, Ayn)
— HEKOTOpble M3MepHUMbIe MpocTpaHcTBa. IIpoussedenuem o-anzebp A = A; X ... X A, HasbBaeTcs
o-ayirebpa MOAMHOXKeCTB MHOXKecTBa DD = D1 X ... X D,,, onpeesieHHasT KaK

.A:O'(Alx...An, A,E.AZ)

39Komeuno, 1yt 5TOr0 HY?KHO, ITOOHI TTIPOCTPAHCTBO YK GBLIO JTMHEHHBIM.

40B eBKJIMJIOBEIX IIPOCTPAHCTBAX TAKOH IIPOBGJIEMbI He BO3HHKAET IIPOCTO IIOTOMY, YTO TaM TOIOJIOTHS, HOPOKICHHASI
€BKJIUIOBOM METPUKOM U o-ajrebpa, MOpoKIeHHas T9eKaMU, OKA3bIBAIOTCS COTJIACOBAHHBIMYM aBTOMATHIECKH.

“To ectn B = 0(C).

“Tocnennmit daxr Mpr Gyzem sanuceiBarh Kak f : (D1, B1) — (D2, Bz2).
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TeMm caMbIM B CIydae, KOIJIa Mbl HMEEM JIEJIO ¢ M3MEPHMBIMU TOIOJOTMYECKUMHE IIPOCTPAHCTBAMUI
(D1,C1,B1), ..., (Dn,Cp, By), y HAC €CTb /1B €CTECTBEHHBIX Iy TH [IOCTPOEHUs 0-ajiredp B IPOU3BEICHUN
MHOXKECTB Dy X ... X D,. TlepBplil U3 HUX COCTOMT B PACCMOTPEHHMH TOHOJIOTMEU npoussegenus C, a
3aTeM B ocrpoennu 6opesesckoil o-anrepour BY) o sroii Tonosmorun. Bropoii — 910 HENOCPEACTBEHHOE
nocrpoenne npoussenenns: B2 Gopenesckux o-aarebp B;.

Bosuukaer Bonpoc: Beerna u B = B3)? Orer conepxurcs B Ipeoxkennn HO CHAYaJsa Mbl
JTOKAZKEM CJICIYIONLYTO IIPOCTYIO JIEMMY.

JIlemMma 3.1. Fcau Gi u Go — dse cucmemvr nodmmoosicecms 00nozo mmuoocecmea G u maxue, 4mo

G1 C Go, mo 0(G1) C 0(G2).

Jlokasamenvcmeo. JeiicrBuresbHo, 110 oupejesenuto o(Ga) D Go D Gy, a 0(G1) — MUHUMAIbHAs O-
anrebpa, conepxkaias Gi. Crenosaresbro, o(G1) C 0(Ga). O

Ipeanoxenue 3.2. 1. Umeem mecmo sxmovenue B > B3, 2. Ecau sce mononozuneckue npocmpan-
emsa (D, C;) cenapabeavno, mo BY = B3

Joxasamenvemso. 1. Tlo oupenenenuio, B2 = o(By X ...x By, Bi€B),a
BY =o(C) D o(Cy x...x Cp, C; €C),

rge C — romnosorus npousseienus. IIpu 2 < ¢ < n 3aduxcupyem orkpeiTbie MHOXkecTBa CF € C;
u paccMoTpuM ete oany o-anredbpy B(C3,...,Ck) = o(Cy x C5 x ... x C}, Cy € C). fcno, aro
B(C3,...,Cr) c BW,

C apyroit ctopoH®bl, Tak Kak MHOXKecTBa (5, ..., ), duKcupoBaHbl, TO
* * * *
B(Cy,...,Ch) =B xCy x...xC.

1o 3HaYMT, YTO JIsi JI00ObIX By € By u C; € C; (i = 2,...,n) MmHOKecTBO By X Cy X ... X C), siBjsieTcs
siementom B,
Hamnee, saduxcupyem muoxecrsa Bf € By u C) € C; (i # 2) u paccMorpuM o-airebpy

B(By,C5,...,CH)=0(Bf x Ca x C5 x ... x Cr Cq € Ca).

Kak u panbie, B > B( 1,C5,...,CF) = By x Ba x C5 ... x Cr. CiieoBarensuo, fyist mobbix By € By,
By € BouC; € C; (i = 3,...,n) MHOXKecTBO By X By X Co X ... x C}, sIBJISIETCsI JIEMEHTOM B,
IIpomoirkast MOKOOHBIE pacCy KIeHUs JaJibllle, IOoJydaeM, 9To JH000e MHOXKECTBO Buia By X ... X B, ¢
B; € B; asasiercst snementom BY. Orciona (em. JIlemmy cpasy cJeflyeT IepBoe YTBEPKICHHE.
2. Hy»xmo nokasars, uro B yeaosusx cemapabensaocra B ¢ BX). ITna sroro mocrarousno (omsrs
CM. ﬂeMMy, 4TOOBI JII000€ OTKPBLITOE B TOIIOJIOIMHU [IPOU3BEIEHUS MHOXKECTBO A IIPUHAIJICIKAIIO B3,
(0)

Tak Kak mpocTpaHCTBa cenapabesbHbL, TO (cuerTHast) 6a3a Tomosoruu C cocront u3 Muoxkects Cy 7 X
0 0 ..
. X C’T(Z ), riue O( ) sJeMeHT cueTHOI 6a3bl Tomosoruu C;. ClenoBaresbHO, OTKPLITOE MHOXKECTBO A

T
MOZKET OBITH I O C(O) C(O) I1
PeJICTaBJIEHO B BH/IE CUETHOrO 0ObenHeHns MHOKeCTB Buga C) X ... x Cy . ITockombky
KazKJI0€ TAKOe MHOXKECTBO IIPHHAIJICIKAT 8(2), tou A e B, O
3.2 Pacnpejesienus, onpejejieHHble Ha GopeeBCKUX o-ajrebpax

[ycrs (D, C,B) — uamepuMoe TOHOJIOMMYECKOe [IPOCTPAHCTBO U P — BEPOSITHOCTHASI Mepa, Olpe/ie-
JieHHast Ha OopeseBckoit o-asredbpe B. VMeer mMecTo ciiemyionee yTBepKI€HUE.

“3Eers mpumepsr (em. [T} crp. 308]), mokaspiBaromIie, 9T0 663 IPEIOTOKEHIS O CENapabeTbHOCTH BKITIOYCHHAC B c B®
MOKeT He UMeTh MeCTa.
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ITpennoxkenune 3.3. Pacnpedensenue P nosnocmsvio onpedeaiemeca c80UMY 3HAYEHUAMU HG 3AMKHYMBLE
MHOHCECTNEAX.

Hoxazameavcmeo. Mbl gokaxkeM, 9To Jjist J060r0 MEO2KecTBa B € B u jr06oro d > 0 cyIiecTByer Takoe
OTKpbITOe MHOXKeCTBO G = (G5 U Takoe 3aMKHyTOe MHOXKecTBO F' = Fj, uro

FCBcCG u P(G\F) <. (3.1)

Tem cambiM yTBep2KIeHue Oyaer mokaszano. Oboznadnm B* muHOX)ecTBO Tex B € B, mis koropsix (3. 1))
BBIIOJIHSIETCSI J1JIsI JII060oro § u JoKazkeM, uro B* = B.

IIpexxne Bcero, D € B*, Tak KaK MHOKeCTBO ) SIBJISIETCSI OJHOBPEMEHHO OTKPBITHIM U 3aMKHYTBIM,
1, CJIEJOBATEJIbHO, MOXKHO JjIsI Jiioboro 0 mouoxuTh Fy = Gs = D. Jlanee, cemeiictBo B* 3aMKHyTO
OTHOCHUTEIBLHO JIOTIOJHEHU. DTO cjieayeT u3 Toro, Uro (3.1) SKBUBaJIEHTHO COOTHOIIEHUSIM

G°cBYcF% u P(FY\GY) =P(G\F) <y

CretoBaTE/IBHO, OCTAJIOCH JHOKA3aTh, 9TO B* 3aMKHYTO OTHOCHTE/ILHO CYETHBIX oObemmuenuit. IlycTob
Bi,...,By,... — MHOXecTBa, npuHajyiexkamue B* u § > 0. Boibepem 3amxayThle MHOXKecTBa F), u
OTKpHITEIe MHOXKecTBa Gy, Tak, uto F,, C B, C G, n P(G, \ F,) < 6/2"*. lonoxnm G = U,G,, n
F* = U,F,. Torna, oueBuHO,

PG\ F) =P(Un (Gu\ F)) <D P(Ga\ Fy) <Y 6/2" = 5/2.

MmnoxkecrBo G, 04eBUIHO, fABJISIETCA OTKPLITBIM. UTO Kacaerca MHOXkKecTBa [, To 310, BOOOIIE TOBODH,
HEe TakK, IOCKOJIBKY 9TO MHOYKECTBO SIBJISIETCS CIETHBIM (a He KOHEYHBIM) OObeJIMHEHHEM 3aMKHYTBIX
MHOKeCTB. TeM He MeHee, MOXKHO HailTu Takoe [V, 4TO 73(F* \ UflV:an) < /2. Tonoxus F = UN_| F,
U 3aMeTHuB, 4TO [’ ABjIdeTca 3aMKHYTBIM MHOYKECTBOM, IIOJTYIHM, YTO

PG\ F)<P(G\F*)+4§/2 <.
VTBep:KaeHne TOKA3aHO. ]

B cayuae, korja Tomosorust C HOPOXKIAE€TCsA METPUKOIL p, a MeTpudecKoe pocTpancTso (D, p) obia-
JaeT PsiIOM JIOIOJTHUTEILHBIX CBOMCTB, yTBepxKIeHue Ilpemiokenust MOXKHO ycuauTh. Ho cHagasa
JIAJIIM OJTHO OIIPeJIeJIeHNe.

Ounpenenenne 3.2. Ilycrs (D, p,B) — MeTpudeckoe u3MepuMOe MPOCTPAHCTBO, © — HEKOTOPOE mapa-
MeTPHYECKOe MHOXKECTBO, U IJIsI KaxK10ro # € © Ha GopesieBCcKoii o-aarebpe 3 3amaHo pacupeaeienue Py.
CewmeiicrBo pacupesenennii {Py, 6 € O} nasbiBaercs mwm%m@ ecau jyist jiroboro € > (0 cyrecrByer
takoit komnakT K = K., aro infy Pp(K) > 1 —¢.

[TorHOCTH cemeiicTBa pactpesienenuit {Py, § € ©} o3Hadaer, YTO BCe OHU CO CKOJIb YIOJHO GOJIBINON
TOYHOCTBIO SIBJISIOTCS COCPEIOTOYEHHBIME Ha 0siHOM KoMmritakTe. Hampumep, eciu D = R, a B — 6openes-

cKast o-aJrebpa IOMHOXKECTB IPSIMOIi, TO CeMeHCTBO pacipe ieseHunii {Pr(Ll), n>1}c PV ({0}) =1-1/n
u PT(LI)({TL}) = 1/n, oueBuHO, Gy/eT MJIOTHBIM, B TO KaK ceMeiicTBO {737(?), n>1}c PT(LZ)({O}) =1/nmn
737(12)({n}) =1-—1/n —ne 6y,zLeT

“Pycckoe C/IOBO «IUIOTHBIN» MMEET 2 CBA3AHHBIX MEXKIy COOOH, HO BCE-TAKM PA3JIMYHLIX 3HAYCHUSA — «6€3 3a30POB»
(n1oTHO HabWTasi CyMKa, yIJIOTHUTEJbHAS 3aCTPONKA, BCIOLY IUIOTHOE MHOXKECTBO, INIOTHO IIOECThb) U «COOPAHHBIH, KOM-
HAKTHBIA»> (MJIOTHBIN 4YesloBeK). B aHMIMiiCKOM MaTeMaTHYeCKOM si3bIKe 9TOMY COOTBETCTBYIOT /Ba TepMuHa: «dense» (the
set A is dense in B) u «tight». B sTrom onpenesennn cemeiicrso {Py, 6 € O} is tight.

45yY6enurecs B 9ToM. TIpH KAKOM PeryJisipHOM TIOBEIEHHN IIOCIIE0BATEILHOCTER an € R 1 02 > 0 HOC/IEI0BATEILHOCT
HOpManbHbIX pacupenenenuit {N(an,02)} Gyner mioTHo#?
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ITpennoxenue 3.4. B noarom cenapabesbrom mMempuieckom U3MEPUMOM npocmpancme@ (D, p,B)
a0boe Koneuroe cemelicmeo pacnpedesenutds Py AGAACMCHA NAOTMHBIM.

Joxasamesvemeo. YTBEp:KIAEHUE JOCTATOYHO JIOKA3aTh JIJIsl CIydasi, KOIJa CeMEeHCTBO pacipejie/eHuii
COCTOWT M3 OJHOTO €IMHCTBEHHOI'O PacIpeieseHus P

Pacemorpum cuernoe Berogy miorHoe B D muOXKecTBO {24, ¢ > 1} M OKpYKHUM KazKIyI0 TOUKY T;
OTKPBITBIM IIAPOM Agn)
ITosToMmy mJist MI00LIX 1 1 € > 0 MOXKHO HaiiTu Takoe NN, 3aBUCAIIEE OT €, UTO

= By/n(7;) ¢ menTpom B TOUKE T; W pajmycom 1/n. dcuo, uro UZ-AZ(n) = D.
Np
P(Cy) >1—¢/2", r1me C,= U Agn).
i=1

O6oznaunm K, = N, B, u nycrb K — 3ambikanune K,. Torma

P(r) <P(KC) =P(|JCF) < T P(C) < S e2m=c.

n>1 n>1 n>1

C apyroii cropoHsl, Tak Kak K — 3aMKHYTOe MHOXKECTBO, TO OHO HOJIHO. Kpome Toro, 1o mocTpoeHuto
mHO)ecTBO K, (n, cirenoBaresbno, MuoxkecTBo K ) Brosie orpanntdeno. Cienosarensho, (eum. Ilpemo-
erne [2.4)) K sBisiercss KOMIIAKTOM. O

CanencrBue 3.1. B nosmHoM MeTrpudeckoM cenapabelbHOM M3MEPUMOM ITPOCTPAHCTBE JII000e pacipee-
Jienne P omnpeesisgeTcs CBOUMHU 3HAYUEHUSIMU HA KOMIIAKTAX.

Joxasameavemeso. Cornacuo Ilpemyiozkenuro [3.3] siroboM pacupejiesieHune onpeiesisiercst CBOUMU 3Hade-
HUSIMU Ha 3aMKHYTBIX MHOXKecTBax. PaccMoTpum 3amMkHyTOe MHOXKecTBO F' m HekoTopoe € > (. Torma
(cm. Ipemroxenue [3.4) cymecrsyer rakoit komnakr K., uro P(K.) > 1 — e. [Tonoxkum F€ = F'N K.
MmuoxkectBo F¢ siBistercst kommaktoMm u P(F'\ F¢) < e, oTKy/a u cieayer TpedyeMoe. O

CHoOBa paccMOTPUM U3MEPUMOe MeTpudeckoe npocTpancTso (D, p, B) u o6ozuauum Cy(D), Cl()u)(D) u
BL(D)@ COOTBETCTBEHHO MHOXKECTBA HEIPEPBIBHBIX OIPAHUYEHHBIX, PABHOMEPHO HEIIPEPBIBHBIX OIPAHU-
YE€HHBIX U OFPAHUYIEHHBIX JIMIIITUIIEBCKUX (DYHKIMI ¢ 00JIaCTBIO OIpeIeIeHUsT D@ Koneuno, Cy(D) D
Clgu) (D) D BL(D). Ormernm, uro cormacuo Jlemme dbyukiua p(z, A) npunagiexnt BL(D) pis
joboro A C D.

Tenepb MbI MOXKEM JIOKA3aTh CJIELYIOIEE YTBEPKICHNUE.

IIpennoxenune 3.5. I[Iycmo (D, p,B) — usmepumoe mempuueckoe npocmpancmeo u P — nexomopoe
sepoammnocmmoe pacnpedesenus, 3adannoe 1a 3. Toeda mepa P nosnocmoro onpedeasemcs 3Ha4eHusm
6C€603MONHCHVIL unMezparos [ gdP npu g € BL(D).

Zloxasameavcmeo. Paccmorpum yHKITHIO

1 npu t <0,
p(t)=4q1—t upu te(0,1]
0 nHave

u upu u > 0 mosokuM ¢y, (t) = @(ut). fcno, aro ¢, (t) =0 upu t > 1/u (cm. puc. |2)).

40 Takme mpocTpaHCTBA HABBIBAIOT TAKIKE MOALCKUMU B I€CTH HOIBCKOM TOTIOJOTHIECKOI MIKOIBI cepeauHbl 20-T0 BEKa.

ouemy?

4810 ecr» Bounded Lipschitz.

TlonsTHs HEMPEPHIBHBIX U paBHOMepHO (uniform, oTcioma o6o3HaxeHIe Cgu) (D), tae amkHMi MHAEKC b O3HATAET «Orpa-
HUYEHHOCTb» — «boundness») HeUpepBIBHBIX (DYHKIUI B METPUIECKOM NIPOCTPAHCTBE HE TPEOYIOT KOMMEHTAapues (jeii-
CTBUTEIBHO?).

Qyuknus [ upunagexxur BL(D), eciau ona orpanudena u yuosiaersopsier yciosuto Jlunmmna: | f(z) — f(y)| < Lp(z,y)
npu HekoTopoM 0 < L < oo gy mobeix x,y € D. Ilocrosunas L, ecTecTBEHHO, HA3bIBAETCS KOHCTAHTON Jlummimmia.
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0 1/u

Puc. 2: T'padur dyskuum @, (t).

Herpysmo Takske suers, wrd™| |y (t1) — @u(t2)| < ulty — to] u uro tpu u 1 0o

1 opm t <0,
0 mpu t>0.

pu(t) | {

[Tycts Teneps F' — 3amrHyTOE MHOX)KECTBO. Pacemorpum dyukimio f,(z) = ¢u(p(x, F)). Dra dbyHk-
st obtaiaer creyomumu ceoiicrBamu. Bo-tiepsbix, 0 < f(x) <1 wu f,(z) =1 upu x € F. Bo-BropsIx,
fu(z) =0 1pu p(x, F) > 1/u, To ecrb pyuxus f, obpaimaercs B HOJIb BHE 1/Uu-OKPECTHOCTH MHOYKECTBA
F. Barewm, f, € BL(D), tak xak

|ful@) = fu@)| = |eulp(z, F)) = oulp(y, F))| < u|p(z, F) = p(y, F))| < up(z,y)

BBHLy JIeMMbI Hakomern, Tak kak F' — 3amkHyTOEe MHOXKECTBO, TO fy(2) | 1p(x) npu u — oo@
[TosTomy

| fu@ptan) | [ 10(@pia) = P(P),

Crenosaresbro, myst moboro 3amkayToro F' BeposgrHocts P(F) MoxKeT OBITH CKOJIb yTOAHO TOYHO All-
IPOKCUMHUPOBaHa HHTEIPAJIOM OT HEKOTOPOii orpanmyennoii JInmmmiesoit dbynknun. Beuny Ipemmoxe-
Hust [323] yrBepK ieHne JoKa3aHo. O

Bameuanne 3.1. Koneuno, yrsepxkaenne [Ipesyoxkenus [3.5] ocranercst BepHbIM, eciii ceMeficTBO yHK-
it BL(D) 3amenurs na Cl()u)(D) win Cy(D).

50TTposepbre 310.
51 A kak 311ech uCHOIB3yeTcs: 3aMKHyTOCTh F'? UTo Gyner, ecin F He 3aMKHYTO?
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4 Ciabag cxoguMocThb pacupegejaenuii. OcHOBHas TeopeMa

4.1 OrmpenejeHne U BCIIOMOTaTeJIbHbIE YTBEPXKIECHUS

Onpepenenne 4.1. Ilycrs (D, p, B) — usmepumoe Merpudeckoe IpocTpaHctso u {P,, n > 1}, P —
HEKOTOPLIE BEPOITHOCTHLIC MEPLI, OIpele/eHHble Ha OopeneBckoil o-aaredpe B. I'oBopsar, uro mociaeno-
BaTEJILHOCTD Py, caabo cxodumces K pacipejiesiennto P 1pu n — oo (910 3anuceiBaercs kak P, = P),
eciu Jyist Jioboit yukmuu f € Cy(D)

/DfdPn—>/Dfd7?. (4.1)

Bameuanue 4.1. 1. B npunnune, rpebosanue, urobbl npocrpanctso (D, p, B) GbLIO METPHYECKIM, W3-
JINIITHE: JOCTATOYIHO, YTOOBI OHO OBIJIO U3MEPUMBIM TOIOJIOITYecKuM. I10CKOIBKY, OMHAKO, B TaIbHEHIITIX
pacCyXKJIeHusIX 0 c1aboil CXOIUMOCTH MBI BCerjia OyIeM UMETDh JIeJI0 ¢ METPUYIECKUMU MTPOCTPAHCTBAM,
MBI He OYJIEM 3/1eCh THATHCSI 38 MaKCUMAJIbHON OOITHOCTHIO.

2. Jlerko BuzeTh, 9TO, €CJU CJIAOBI Tpeen nocaenoBareasnoctu {Py,, n > 1} cyiecTByer, TO OH eJH-
crBeren. JeiicrBurensuo, nycrs P, = P u P, = Q. Torna us cJIeTyeT, ITO

/DfdP:/DfdQ

st gioboit f € Cyp(D). Beuuny [penoxenust u 3aMevyaHust U3 3TOTrO cjeayer, uro P = Q.

3. Tlone3no npejcraBisTh cebe, 9TO O3HAYaeT ciaabasi CXOAUMOCTH PACHpeJIeIeHnil Ha A3bIKe CJIydaii-
Hbix Besmuud. [lycrs (2, F,P) — mekoropoe BepositHocTHOE mpocTpancTso u &, : (2, F) — (D,B) —
[OCJIEIOBATEIBHOCTD CJIyYailHBIX BeJaudnH co 3HadeHusmu B (D, B), rne B — 6Gopenesckas o-anrebpa,
nopoxjentnasi 8 D merpukoii p. Torga pacupenenenus: £(,) ciaydaitHbix Begndut &, caabo cXOusiTest K
pacupezesnennto L£(&) cayuaiinoii Besmunnbt &, ecan Ef(§,) — Ef(§) as mob6oii dbyuxmuu f € Cy(D).
Koneuno, 310 npocro nepedopmynuposka OupeesieHus

Harmra menp — Haiitu obmue (1 comeprKaTesbHbIE) YCJIOBUsI, SKBUBAJICHTHBIC CIa0O0N CXOIMMOCTH
pactpeenennit. HaareMm ¢ ofHOrO U3 HUX, HOCSIIENO B OCHOBHOM TEeXHUYECKUI XapakTep.

ITpengoxxenne 4.1. ITycmov (D, p, B) — usmepumoe mempuueckoe npocmparcmeo v {Pp, n > 1}, P —
BEPOATHOCTIHDLE MEPDL, Onpedescnmbie Ha bopeaesckoti o-anzebpe B. Tozda sxeusanrenmmvt caedyousue
YmeeprHcoeHus.

1. P,=>P.

2. Jlas moboti pynxuuu f € Cy(D) umeem mecmo nepasercmeo

limsup/ fd’PnS/ fdP. (4.2)
n D D

3. Jlas mobot neompuyamervnot dynkyuu f € Cp(D) umeem mecmo nepasencmeo (4.2)).
4. Jasn moboti pynxyuu f € Cyp(D) marotd, wmo 0 < f(x) < 1 npu amobom x € D umeem mecmo

nepaserncmeso (4.2).

Loxazameavcmeo. Cpazdy Ke 3aMeTHM, 9TO U3 IEPBOTO YCJIOBHS CJIELYET BTOPOE, U3 BTOPOIO — TPETHE,
a U3 TPEeThero — 4derBeproe. Kpome Toro, TpeThe U 4eTBEPTOE YCJIOBUSI SKBUBAJIEHTHDI

Hoxkaxkem, aro ycsoBust 3 u 2 skBuBajeHTHBI. [leficTBuTesnbHo, n3 BhIToaHEHNsT HepaseHcTsa (4.2)
JJISL BCEX HEOTPHUIATE/ILHLIX HEIPEPLIBHLIX OrPaHNYeHHBIX (pyHKIU cieayer, 9To (4.2)) BLIIOJHEHO I
moboit f € Cy(D). D10 caenyer usz roro, uro mwbast pyukiws f € Cp(D) MoxkeT ObITH IIpeJICTaBIeHa B
suzge f = g+ b, roe b — mocrosHHas, a ¢ — HelpepbiBHAs HeoTpuuareabuas yHknus. Torna

1imsup/ fdPnzlimsup/ gdPners/ gdP+b:/ fdP.
n D n D D D

52 IeiicTBuTenpao?
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Haxkomer, ecin (4.2)) Bommosreno mst yo6oit dyukiwm f € Cp(D), TO 9TO HEPABEHCTBO BBIIOIHIETCS
u st h = — f, oTKyZa cpa3y ke HOJIydaeM, 9TO

limsup/ (—=f)dP, = —liminf/ fdp, < —/ JdP,
D n D D

n
10 ectb liminf,, [ p fdPn > i) p fdP. Buecre ¢ (4.2)) o npusoauT X myxKHOMY pesyabrary: P, = P. [

Jlnst moxkasarenbcTBa 00OJIee MHTEPECHBIX YCJIOBUM, SKBUBAJEHTHBIX CJIa00 CXOMUMOCTH, HAM IIOHA~
J00SATCA HECKOJIBKO BCIOMOIATEIbHBIX YTBEPIKICHMIA.

JIemma 4.1. IIyemw (D, p) — mempuueckoe npocmparncmeo v A C D. Obosnawum As = {x € D :
p(x, A) < 8}. Toeod™| 0As C {x € D : p(x, A) = 6}.

Jlokasamenvcmeo. Bamernm cradasa, uto muoxkecrsa As u A% = {x : p(x, A) > §} aBasorcs OTKpPBI-
TI)IMI/IE Bosemem z € 0Ay. Tlo ompejiesiennio 3T0 03HAYAET, YTO B CKOJIb YIOJHO MAJIOW OKPECTHOCTH
TOYKHU Z €CTh TOYKM Kak IpuHa iexamue As, Tak u He npunajyiexamue As. Ilycrs p(z, A) < 4, Torya
z € As. CieioBaresibHO, 2z IPUHAJJIEXKUT BHyTpeHHOCTH Ag, a He ee rpanure. Eciu ke p(z, A) > §, 1o
z € A% i Bce TOUKH JIOCTATOYHO MAJIOii OKPECTHOCTH z TOXKe Haxousrcss B A%, BHauuT, 918 OKPECTHOCTD
He mepecekaercs ¢ Ag, 1 IPOTHBOPEUNE IIOJIYYEHO. O

JIemma 4.2. Ilyemo (D, A, Q) — nexomopoe usmepumoe npocmparcmeo ¢ 6epOAMHOCTHOT Mepot.
Paccmompum cemeticmseo nonapro nenepecexarowuxrcsa mroocecms Ag € A, 6 € ©. Tozda cyuecmesyem
He bonee wem cuemmoe wucao snavernut 0 maxuzx, wmo Q(Ag) > 0.

Joxazamenvemeo. O6osnaunm npu i > 0 uucao Takux Muoxkects Ag, uro 278 < Q(Ay) < 2071, 4epes
n;. IlockoabKy MHOXKecTBa Ag IOMApHO He mepecekaroTcs, To n; < 2°'. OTcioga HEMEIJIEHHO CJIeIyeT
Tpebyemoe. ]

JIemma 4.3. ITycmo (D, A, Q) — usmepumoe npocmparcmeso ¢ pacnpedeaeruem Q. Paccmompunm dyms-
yuo f: (D, A) — (R,Bgr) maxyro, wmo 0 < f(z) < 1 npu mobom x € D. Jlas namypasvrozo k > 1 u

i=0,...,k onpedeaum mnoocecmea F; = Fi(k) ={z: f(z) >i/k}. Tozda
= =
= F)— - < 2 4.
k;@( /ﬂ@ 3 (4.3)

Joxasamenvemeso. Ilpexnae Bcero samerum, uro Fy = D u Fj, = (), rak aro Q(Fy) = 1 u Q(Fy) = 0.
Hokaxkem cuauasa npasoe u3 HepaseHcTB (4.3). O6osnauus G; = {z : i/k < f(x) < (i+ 1)/k} n
ucnons3yst 1ot daxr, uro Q(G;) = Q(F;) — Q(Fj41), mOIydInM, 9TO

k— k—1 k—1
+1 1 1
[ raa- Z / fdQ < @)=Y o) - Tl o)
= =0 =0
1 k—1 ; k j 1 k—1
= EQ(FZ)“‘Z%Q(E)_Z%Q(F‘J):% Q(E),
=0 1=0 7=1 =0

33 ey OB 0603HAUACT IPAHMITy MHOXKECTBA .
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=l k=1, 1 k=1
=D 5 Q) - > i QFi) + > 7 QFir1) =
i=0 i=0 i=0
k-1 k k-1
1 ‘ 1 A Q(Fy) 1 A 1
=0 1=0 1=0
JlokazaTebCTBO 3aKOHYEHO. ]

4.2 OcHoBHas TeopeMa

Teopema 4.1. (OcHoBrasi Teopema.) ITyemwv (D, p,B) — usmepumoe mempuueckoe npocmpaHcmeo u
{Pn, n> 1}, P — sepoamnocmnuvie mepoi, onpedesernvie na bopeaescrol o-anzebpe B. Tozda sxeusa-
AEHIMHDL CACOYOULUE YMBEPIAHCOEHUA.

1. P, = P.

2. Cxodumocmo umeem mecmo oas moboti pynkyuu f € BL(D).

3. [aa aobozo 3amrnymozo muoocecmea F evnoanerno nepasencmeo limsup,, Pp(F) < P(F).

4. Ias mo06020 omxpoimozo mmnoorcecmea G- ewnoaneno nepasencmeo liminf, P, (G) > P(G).

5. Hns mobozo A € B maxozo, wmo P(0A) = qﬁ umeem mecmo crodumocms Pp(A) — P(A).

Jloxazameavcmeo. Haunem ¢ Hambosiee MPOCTHIX UMILTAKAIIMIA.

1. — 2. Koneuno, sto ciemyer u3z toro, uro Cy(D) D BL(D).

3. <> 4. Oba yTBepKIeHUs TOJIYIar0TCsI IPOCTHIM MIEPEXOIOM K JIOIOJTHeHn 0. JlelicTBUTE/IbHO, MyCTh
G — orkpbiToe MHOKeCTBO. O603Hadas F = G momyuamnm, aro

n

lim inf P,,(G) = lim inf(1 — P, (F)) = 1 — lim sup P, (F),

U 9KBUBAJIEHTHOCTH 00OMX HEPABEHCTB CTAHOBUTCS OYEBHJIHOM.

3.u4. — 5. Iycts A € Bu P(0A) = 0. O6o3naunm A sambikanue muoxecrsa A u A snyrpennocts
A. fcno, uro P(A) = P(A%) = P(A) Tora, mocsie10BaTeILHO IPUMEHSISl HEPABEHCTBA, [IyHKTOB 3 1
4, moJtyunM, 9ITO

limsup P,,(A) < limsup P, (A4) < P(A) = P(A) = P(AY) < liminf P, (A%) < liminf P,(A4).  (4.4)

CaennoBatensno, B (4.4]) Bce HepaBencTBa MOXKHO 3aMeHNTH Ha paBeHcTBa u P (A) — P(A).
5. — 3. Ilycre F' — 3aMmkayTOE MHOXKeCTBO. [Ipu § > 0 paccMoTpuM MHOXKECTBA

Fs={xe€D:p(zx,F)<d}.

N3 Jlemmbr caemyer, 9To rpaHunibl 0F5 mHOX)ecTB Fy momapHo He nepecekatorcst. Obozaaunm A C
(0,00) mHO)kecTBO Tex J, miusg Koropeix P(0Fs) = 0. Cormacno Jlemme muozxkectBo (0,00) \ A me
0oJiee 9eM CYETHO U TOITOMY MOYKHO HAWTHU CKOJIb yrojauo majoe § € A. Kpome Toro, Fy | F mpu § | 0.

Baduxcuposas € > 0, Beibepem § € A Takoe, aro P(F5) < P(F) 4 e. Torma, Tax xax limy, Py, (Fs) =
P(Fs), To

lim sup P,,(F') < limsup P, (F5) = P(Fs) < P(F) +e.

n n

HOCKOJIbe € — IIPOU3BOJILHOE IIOJIO?KUTEJIbHOE YHCJIO, TO YTBEP2KACHHE TOKa3aHO.

% Yacro Takme MHOKecTBa A HA3BIBAIOT MHodicecmeamu P-nenpepvienocmu. IlockombKy rpanmma 0A — 3aMKHyTOe
MHOXKECTBO, TO OA € B.
63 1eck MBI mosB3yenMcsa TeM, uto P(AY) < P(A) < P(A) u aro P(A\ A°) = P(9A)=0.
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2. — 3. Ilycrp F' — 3amkuyTOE MHOXKeCTBO. Paccmorpum dyuknuu f,, onpejienennusie B [pesioxe-
HUU Kax y»xe nokazano B [Ipemiozkennn fu € BL(D), npuuem f,, | 1p upu u — co. Beibpas u
croub 6o, 9ro [ p fudP < P(F) + €, mpuxoauM K HepaBeHCTBY

lim sup P, (F) < lim sup/ fudPr = / fudP < P(F)+e¢
n n D D

YTO M 3aKAHYUBAET JOKA3ATEIbCTBO.

3. — 1. Dra mocsieiHsIsT UMILIAKAINAST, KOTOPY Hy»KHO mpoBeputh. CorsacHo Ilpesoxennto
JIOCTATOYIHO JIOKa3aTh, 4ro s jaoboit f € Cy(D) rakoit, uro f(z) € [0,1) mpu mobom x € D nmeer
Mmecto HepaseHCTBO (4.2). Beibepem k > 1 u BBeseM, Kak u B Jlemme muO)kectBa Fy = {x : f(x) >
i/k}, KoTOpble B HAIlEM CJIydae sBJISIOTCS 3aMKHYTBHIMU. BOCIOJIB30BABIIKCH [IOCJEI0BATELHO IPABOi
(¢ @ ="Py) u sesoit (¢ Q@ = P) uacrbio HepasercTsa (4.3)), moaydnM, 9To

k k k
1 1 1
. <1 1 1 1 N\ < '
hmnsup/DfdPn < hmnsup ’ ZEO P (F; k: 50 hmsupP F;) < - E P(F;) < /DfdP—|— 1/k

=0

Beupy npousBosibHOCTH k yTBEpKICHUE TOKA3AHO. O
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5 Ciaabadg cXO0AMMOCTb U OTOOPa>KEHMSI

Beesiem chavasia cieytomme obosnavenust. [lycrs (D1, A1) u (D2, A2) — usMepumbie pocTpaH-
crea u f : (D1, A1) — (D2, A2). Torga mobomy pacupenenenuio P, onpenenenaomy B (Di,.Ap), Oymer
cooTBercTBOBaTh pacupeenenne Pf~1 B (Da, As), 3a1anH0€e paBeHCTBOM

Pffl(A):P(ffl(A)) :P(w:f(:c) GA), A€ As. (5.1)
Bameuanue 5.1. O6oznauenue P! casano ¢ nepsbiv pasencrsom B ([5.1)).

Oupenenenue (5.1) nmeer npospaunbiii BepogTHOCTHBIH cMbIc. [Ipounrepuperupyem (Dq, . A;, P) Kak HEKOTO-
pOe BEPOSITHOCTHOE IIpOCcTpancTBo. VHade roBopsi, paccMOTpUM BeposTHOCTHOE 1ipoctpanctso (2, F,P) ¢ Q = D,
F=A uP =P. Torna £ = f MOXKHO paccMaTpUBaTh KakK CJydailHyio BeJU4YuHy co 3Hadenuamu B (Da, As).
ITostromy Pf~! — 310 mpoCTO pacmpejiesienue CIydaitHoil BeJmanHbl £, B JAPYTOM KOHTEKCTe GBbLIO Gbl yl106HO
0603HaMUTE 9TO pacipeneeHne kak Py mnn Kak L£(€).

Pasnuna B 0603na4eHnsx 00bIACHACTCS TEM, YTO B «OOBIMHOM» BepOsTHOCTHOM IpocrpancTse ({2, F, P) Bepo-
SITHOCTHast Mepa [P cunraercs pa3 U HaBcerja 3adUKCUPOBAHHON, B TO BpeMs KaK B TeOpHUH CJIaboil CXOMMMOCTH

pacupejiesienust P, olpejiejieHHble Ha TOIOJIOMMYeCKOM M3MepuMoM npocrpancrse (D, A), MOIyT MEHSIThCSL.

[Tycts Temeps (D1,Ci,B1) u (Dg,Ca, B2) — m3MepuMble TOIOJIOTHYECKHE IIPOCTPAHCTBA (& HE TIPO-
cro mamepumbie), f: (D1, By) — (D2, Bs), u B (D1, B1) 3aiana nocjieoBaTe/bHOCTh pacupeenenuii Py,
cJ1abo CXOIAIIAsACs K pacipeeieHuio P. BosuukaeT ecTeCTBEHHBIN BOIPOC: IPU KAKUX YCAOBUIX HA OTO0-
paskenme f MOMKHO TapaHTHPOBATDL, 4T0 Ppf 1 = P f~1? Mmm: korma ciaabas CXOAUMOCTb COXPAHIETCS
Ipu OTOOparKeHMsTX ?

CHoBa 1epeBejieM 3TOT BOIIPOC Ha HoJiee IPUBBIYHBIN A3bIK cilydailubix Besaunand. [lycrs (Q, F, P) — nekoropoe
BEPOSITHOCTHOE TIpOCTpaHcTBO u &, : (Q,F) — (D1,B1) — cayuaitable BesmdmHbl co 3HavdeHusiMu B (Dy, By).
O6oznaunm P,, pacupeseiienue &, U MPEIIOJIOKUM, 9T0 P, = P, rine P — pacipejejieHne HEKOTOPOIi CJIyYaitHOH
gesnmunnbl § @ (2, F) — (D1, By).

Taxum obpazom, L(&,) = L(§). Jasa kakux f uMeeT MeCTO CXOIUMOCTb £(f(§n)) = £(f(§))?

5.1 CoxpaHenue cjaboil CXOANMOCTHU ITIPA OTOOPaYKEHUX

ITockombKy camMo TmoHsITHE CJ1a00# CXOMUMOCTH TECHO CBA3aHO C HEIIPEPBHIBHOCTHIO, €CTECTBEHHO OXKIU-
JlaTh, 9TO W yCJIOBUsI, HAKJIaJbIBaeMble Ha f, TOXKE JIOJKHBI OBITH CBA3aHbI ¢ 3TUM HoHsTHEeM. Camoe
IIPOCTOE YCJIOBUE Ha, f — IPOCTO YCJOBHE HEIPEPHIBHOCTH.

Ilpennoxkenue 5.1. [lycmv f — nenpepviehoe omobpasicenue D1 — Dy. Toeda us crodumocmu Py =
P caedyem cxodumocmo P f~L = PfL.

Jokazamenvcmso. Ilo onpenesenuo HaM HYKHO J0Ka3aTh, 9T0 st j06oil byuknun g € Cyp(D3) nmeer
MECTO CXOIMMOCTh

/gdpnf_1—> gdPfL. (5.2)
D2 Do

Ho eciim Q — nekoropoe pacupejesenue B (Dy, By), To

/D 940 = /D (e (5.3)

(3TO pOCTO pe3ysbTaT 3aMeHbl epeMenHoit y = f(x) B unrerpase no mepe Q). Iosromy ((5.2)) nepern-
CBIBAETCH B BHUJIE

/ go fdP, — go fdP.
D1 Dy

[Tockosbky dyuknus g o f : Dy — Dy HenpepbiBHa (KaK CyHEPIO3UIHs HEIIPEPHIBHBIX 0TOOParKEeHMit) 1
OorpaHUYeHa, TO YTBEPXKJIEHNE JOKA3AHO. O
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IMepenummenm pasencrBo (5.3) B GoJjiee IPUBBIYHBIX BEPOSTHOCTHBIX TEPMHHAX — TOLJIA OHO CTAHET HPOCTO

ouesngabM. Ilycrs (2, F,P) = (D1,B1,Q) u £ = f. Torma (b.3) npeBparurcs B paBeHCTBO
[ gare= [ g@ar = rgtc)
Da Q

TO €CTh B OJIHO W3 CTAHJAPTHBIX CBOHCTB MAaTeMATHYECKHX oXuianuit (¢ 3amenoit R mmm RY ma Ds).

Ceituac MBI JOKazKeM ropasio 00Jiee MHTEPECHOE YTBEPKJICHHE O COXPAHEHUH CJIabO0i CXOAMMOCTH
upu orobparkenusix. st aroro Ham nonasoburcst caenyomast jgemma (em. [I, crp. 309]).

Jlemma 5.1. ITycmo (D1, p1) u (D2, p2) — mempuneckue npocmpancmsa u f : Dy — Dy. Obosnawum
Gy mmooicecmeo moyek paspoiea omoopasicenus f. Tozda Gy AGAACMCA USMEPUMBLM OTNHOCUMENLHO
bopeaesckoli o-anzebpu, By 6 Dy.

Hoxazameavcmeo. st mobbix €, > 0 obo3HaIUM
A.s = {z € Dy : cymecrsytor y,z € Dy Takue uro max(pi(z,y), p1(z,2)) < & u p2(f(y), f(2)) > e}

Herpyano BI/I,ZLeTbH, 9YTO MHOXKECTBO A&(g SABJISIETCSI OTKPBITHIM. Tor,zgﬂ
G = U ﬂ A€,5)
Jd €

r7e €, IPUHUMAIOT TOJBKO MOJOKUTEIbHBIC PAIMOHAIbHBIE 3HadeHnss. OTCI0/a cpa3y Ke CIeLyeT, 9TO

GfEBl. O

IIpennoxenue 5.2. ITycmo (D1, p1,B1) u (D2, p2,Ba) — mempuueckue usmepumoie Npocmparcmen
u pacnpedesenun {Ppln>1, P 3adaro, na Gopesescroti o-anzebpe Bi. Paccmompum omobpasicerue f
(D1,B1) = (Dg, Ba). Ecau Py =P u P(Gy) =0 mo Ppf~t = PfL.

Jlokasamenvemeo. Ilycrs F' — 3amkHyTOE MHOXKECTBO B (D2, p2). Corsacao OCHOBHOI Teopeme zo-
CTATOYHO JIOKA3aTh, UTO

limsup Po (f 7 (F)) = Puf 7' (F) < PFTHE) = P(f7H(F))-

OTIVIeTI/II\/I, 9TO B CJIy9ae HEIIPEPBIBHOI'O OTO6pa}KeHI/IH f MHO>KEeCTBO f_l(F) ABJIACTCA 3aMKHYTBIM U IIO9TOMY
9TO HEPaBEHCTBO aBTOMATHYECKHU CJIEJIYEeT U3 cxouuMmocTu P, = P. TeMm caMbIM MBI IOJIYYUJIN €IIe OJHO JOKa3a-
TenseTBo Ilpeoxkenust

fIcno, uro no Toit xe Teopewme [.7]

limsup Py, (£~ (F)) < limsup P, (f_l(F)> <P (f_l(F)> :
n n
C apyroit croponst, f~1(F)\ f~Y(F) C Gy. Heiicrsurensuo, nycts z € f~1(F), z ¢ f~1(F) (310
ogHauaet, uto f(x) ¢ F) u = sBjsiercss TOYKON HENPEPBIBHOCTH 0TOOpaykeHus f.

T[TOCKOTBKY TOWKA T ABJISIETCsl TOUKOM rpanmibl MEoskecTBa f L (F'), TO CymIecTByeT Toc/ie10BaTe h-
HOCTb Ty, € f1(F) (uro sxBuBanentno f(,,) € F), cxongamasicst (B MeTpuke p1) K . Ecin Touka  —
TOYKa HEelpepbIBHOCTH f, TO U3 3roro cieuyer, 910 f(x,,) — f(x) B Merpuke ps.

CrnenoBarenpao (Tak Kak MHOkecTBO F' 3amruyTo u f(z,,) € F), f(xr) € F, 910 npoTnBOpEYInT
[PEJIIOTIOKEHHUIO.

Urax, f~1(F) \ f~F) C Gy. Hockomeky P(Gf) = 0, To u3 31010 Ciegyer, ato P (fT(F)) _
P(f “I(F )), U IpeJIosKeHHe JI0Ka3aHo. 0

57 TeficTBUTEIBHO HETPYIHO?
58 Nokaskute!
59B srom ciydae oroBparkenue f HA3bIBAECTCH P-nowmu 6cto0y HENpPePbieHbiM.
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5.2 Cxoammocts nHTerpajioB. Marerpan Pumana

W3 Ipemnoxkennst BBITEKAET OUeHb I0J1e3Hoe ciejcreue. Ilycers (D, p, B) — uamepumoe MeTpute-
CKOe IpoCTPaHCTBO, { Py, }n>1, P — pacipejiesieHnst, OLUPeIeICHHbIE Ha o-aaredpe 60pesIeBCKIX MHOKECTB
B, u P, = P. llo oupejeeHnio 310 03HAYAET, 4TO

/D fdP, — /D fdp (5.4)

JUTsT JTI000H HETpepbIBHOM orpannmvennolt ¢gyuknun f. BosHmKaeT eCTeCTBEHHBIX BOTPOC — JJIsT KAKHX
eme Gyskuit f u3 caaboit cxomumoctu Py, K P Gyier ciegoBarh cxoaumocTb uarerpasios (5.4)7 Oxa-
3bIBAETCS, YCJIOBUE HENPEPBIBHOCTA MOXKHO CYIIIECTBEHHO OCJIa0UTh.

Caencrue 5.1. [Tycmw (D, p, B) — usmepumoe mempuueckoe npocmparncmeo, {Pp tn>1, P — pacnpede-
AenuA, onpedeaennvie na o-anzebpe bopeaesckur mnosicecms B, u Py = P. Ecau pynxuyua f : (D, B) —
(R, Br) asasemcs ozparuuentoli u P-nouwmu 6c1ody nenpepuernoti, mo umeem mecmo crooumocms (5.4)).

Zoxasameavcmeo. Cornacuo Ilpemoxkenuro [5.2] m1st 11000i HEIPEPBIBHON OrpaHUYeHHON (hyHKINH ¢ :
R — R umeer MeCTO CXOIUMOCTH

/gofdPn%/gofdPn.
D D

[Tycrs |f| < M. Bosbmem

—M upu xz < M,
glx) =qx  upn 2] <M,
M npu x > M.
Torma, oueBunno, g o f = f u yTBep:KICHUE JOKAZAHO. O
[TpuBeaeM HECKOJIBKO MPOCTHIX MPpUMepOB npuMeHerus: CieacTBust @

IIpumep 5.1.

1. ycrs (D, B) = (R, Bg) u P, = P. O6o3nauum F,,, F' dbyHKIuu pacupeesenus, coorsercrByonme Py, P. st
HekoToporo z € R seesiem dynkmmo f(r) = 1(_q ) (2), KOTOpas mMeeT eMHCTBEHHbI PAa3PBIB B TOUKe 2. Takum
obpaszom, Gy = {z}.

HepasencTso P({z}) > (0 UMeeT MeCTO TOIJIa W TOJBKO TOTJA, KOTJIA Z SIBJSETCS TOYKOH paspbiBa (PyHKIUN
F. Tlostomy u3 Caencreus [5.1] BeiTekaer, 1o

F,(2) = /fdPn — /fdP = F(z)

B J1000 TOYKe HempepbiBHOCTH GyHKINU pacupenesenns F'. Koneuno, 3ToT pe3ysbrar u Tak XOPOIIO M3BECTEH.

2. Ilycrs B yeaoBusix Crencrsus [5.1| P = J,, rie a — HeKoTopasi TouKa, npunajexaras D. Torma

/fdPn — f(a)

JJIs JTIO00H M3MepUMOil OrpaHnIeHHOM (DYHKINN, HEIPEPHIBHONW B TOYKE a.
Caemyrommit npuvep npumenennst Creacrsus [5.1] ropasno 6omee naTEpeceH.

IIpumep 5.2. Ilycte D = [0,1] u B — o-anrebpa Gopesesckux noamuoxkects D. BosbMem n > 1 1 paceMoTpum

(n) (n) (n) _

[OC/IeIOBATEILHOCT pa3buenuit X, orpeska [0,1] Toukamu 0 = x5’ < acg") < ... < zy’ =1 Ecmu y;
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(n) .(n) S _ o "
HEKOTOpPBIe TOUKH, IPHHA/IIeKaIue oTpeskam [x; ', 2;,7] (31ech i = 0.. . .. n — 1), To 1060t orpannvennoi Ha D
GyHKIMKU f MOXKHO COIOCTABUTH cymmy Pumara
n—1
To(f) =D ) Ay tae Agy =2l — ol (5.5)
j=0

Dyuxius [ HazbIBaeTCs unmezpupyemol no Pumany, ecin pig joboil mocien0BaTe/IbHOCT pasbuennii X, ,

o n n n
YIOBJIETBOPSIOIIER YCAOBUIO MAXo<i<n Nip, —> 0 mpu n — 00, n myist m060ro BEIOOPa TOTEK yz( ) e [xf ),x§ +)1]
umeer Mecto cxomumoctb I, (f) — I(f), upuuem npenen I(f) me 3aBucur Hu or pasbuenuii X,,, HU OoT BbIGOpA

™. P
y; . DTOT IIpeJiesl Ha3bIBAETCS uHmezparom Pumana dynxyuu f.
XopoIIo U3BEeCTHBI CJAEYIONe CBOicTBA nHTerpaga Pumana:

1. mmobast HenpepbiBHAst Ha oTpe3ke [0, 1] dyHKIWs siBisieTcss mHTErpupyeMoil o Pumany;
2. ecau uarerpas Puvana dyukiun f cyiecTByer, TO OH COBIAIAET C ee HHTerpajoM Jledera.

Ornupasich Ha 9TU CBOMCTBA, JOKAXKEM CJIEJIYIONIee YTBEPIK/ICHIE.

ITpengioxxenune 5.3. Jobaa ozpanuvenmnas Henpepuenas nouwmu ectody no mepe Jlebeea dynryun asasemcs
unmezpupyemots no Pumany.

Jokasameavemeo. Ilyers f € Cp(D). O6oznaunm mes; mepy JleGera ma orpeske [0,1], To ecTh paBHOMEpHOE
pacupenesnernne U(0, 1),
Hapsiny ¢ cymmoii Pumana ((5.5)¢ paceMoTpuM JucKpeTHOe pacnpesienerne P, 3amaBaeMoe Tabmiieit

o (W D Y
. V. S,

Torna I,,(f) = [, fdPn u, nockomsky mobast dyakmus f € Cy(D) unrerpupyema no Pumany, a I(f) =

1
fo fdmesy, To cxomumocts I,(f) — I(f), osnauaer, uto P, = mes;. [Ipumensis Crencreue TTOJTy IaeM
HY?KHBII pe3yJibTar.

3ameuanmue 5.2. Ha camom jese HeprﬂHﬂ (0T IPOTUBHOrO) JI0KA3aTh 1 OOPATHBIHA PE3YJIbTAT: ecin (DYHKIHSI
f muTerpupyema no Pumany, To OHa orpaHUYeHa M MHOXKECTBO ee TOYEK pa3pbiBa MMeeT JieDeroBy Mepy HOJIb.

59TTonpo6yiire!
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6 PaBHoMepHas mHTerpupyeMocThb (pYHKIIIA 1 cjaabasdg CXOJIUMOCTD

Pesynprar CiencrBust [IOKa3bIBAET, KAK MOXKHO OCJIAOUTL yCJIOBUE HEIIPEPBLIBHOCTU (hbyHKImH [ €
Cyp(D), arobbr u3 caaboit cxomumoctu P, = P mo-mpexKHeMy BbITEKasa CXOIINMOCTD . 3mech MBI
3aiiMeMcsi ocjiabJieHueM YCJIOBU Ha orpaHmdeHHOCTL GyHKIuU f. s sToro HaMm morpebyercs BBECTH
HOBOE IIOHATHE.

6.1 ®dPyHKNOUN, pABHOMEPHO MHTErpUpPyeMbIe C CEMEIICTBOM pacIipeieJIeHuit

Haaum caeayroriee onpe;xenem&e@

Onpepenienne 6.1. Ilycrs (D, A) — usmepumoe HPOCTPAHCTBO U © — HEKOTOPOE MAPAMETPUYECKOe
MHOXKeCTBO. Pacemorpum cemeiicto pacupepenenuii {Py, 0 € O}, onpeznenennsix B (D, A) u uamepumyro
dyukmuio f: (D, A) — (R,Br). ®yuknus f Ha3bIBAETCS PABHOMEPHO UHMEPUPYEMOT ¢ CEMETCTEOM
{Py,0 € O}, ecin

sup / | f(x)|Po(dz) =0 mnpu t — 4oc. (6.1)
0€0 J{x:|f(x)|>t}

Bameuanue 6.1. Us yciosus (6.1)), xoneuno, cremnyer, aro f € L1 (dPy) mpu mobowm 6.

st manpHeiinero 6yaeT yao0HO BBECTH HOBbIe 0003HaueHus : i Jaoboro A € A u a1060ii n3MepuMoi
dbyskmun g M Gygem macars Eg(g, A) Bmecro Gosee rpomosskoro [, gdPy. CoOTBETCTBEHHO BMECTO
J 9dPy mb1 Gynem mucars Egg. B srux o6osnavennsx (6.1]) nepenumrercs kax

sup By (|f]. |f] > ) 0. (6.2)
0cO

OrmeTnM cpasy »Ke IPOCTERIne CBORCTBA PABHOMEPHO MHTEIPUPYEMBIX (DYHKIIHIA.

JlemMma 6.1. 1. Ecau dpynrxuusa f oeparuuena ceepxry no modyao vexomopot nocmosumnot M, mo ona
DABHOMEPHO UHMELPUPYEME C M0ObIM cemeticmeom pacnpedesenud.

2. Ecau mmooicecmeo © xonewno u f € LY(dPp) npu aobom 0, mo f pasromepno urmezpupyema c
cemeticmeom pacnpedenenuti {Py,0 € O}.

3. Ecau dynxyus | pasromepro unmezpupyema ¢ cemeticmeom {Py,0 € O}, mo supy Eg|f| < co.

Hoxazameavcmeo. 1. Iljist 1oKa3aTeIBCTBA, JIOCTATOYHO 3aMETUTD, YTO B ITOM CJIyUae JieBasi 9acThb
Oyner paBHa HyJ0 pu t > M.

2. Dror dakr (c yaerom Koreunoctu O) cieyer u3 reopeMbl Jlebera 0 MarXKOpUpPyeMoii CXOAUMOCTH, TaK
kak pynknun hy = | f| 1|75, CTPEMsTCs MOTOMETHO K HYJIEO TIPH ¢ — +00 I MazKOPUPYIOTCS CyMMUDPYeMOit
dbynkumeit |f|.

3. HeficTBUTEIBHO,

supE9|f| < sup E0(|f’7 |f| > t) + sup E9(|f‘v |f| < t) < sup E@(’f‘v |f’ > t) +t,
0 0cO 0cO 0cO

9TO 1 3aBEpIIacT T0Ka3aTeJIbCTBO. OJ

Bameuanune 6.2. 113 nepBbIX ABYX yTBEpKIeHHH JIeMMBbI crepyer, uro Onpesenenne SABJIACT-
csl cojieprKaTeIbHbIM B cirydae, Korja cemeiictBo {Py, 0 € O} Geckoneuno, a GyHKuus f He sIBIseTCS
OI'PAHUYCHHOM.

IIpuBeneM oauH pe3y/abTaT O XapaKTEPU3AIMH PABHOMEPHON MHTEIPUPYEMOCTH (PYHKIUU C CeMeli-
CTBOM pacCHpeacICHUN.

5! Marepuan sToro pasmena spasercs nepenoxenuem |2, ra. 11 §2], rae paccMaTpHBAIOTCH PABHOMEPHO HHTEIDHPYEMbIE
ceMmeiicTBa (pYHKIUI OTHOCUTEILHO OJTHOIO PACIIPe/Ie/IEHUS.
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Teopema 6.1. 1. ITycmv cywecmeyem makas usmepumas dynwkuus G : [0,+00) — [0,+00), wmo
G(t)/t > 00 nput — o0 u

SI;pEg(G ol|f]) < oc. (6.3)

Tozda dynruyusa f pasnomepro unmezpupyema c cemeticmeom {Py,0 € O}.

2. Ilyemov gynruyusa [ pasnomepro unmezpupyema ¢ cemeticmeom {Py,0 € ©}. Tozda cywecmeyem
maxas 6vnykAaA 6Hu3 uamepuman dynrkyus G [0, +00) — [0, 4+00), wmo G(t)/t — 0o npu t — 0o u
BHINOANAECTNCA HEPAGENCTNEO .

Joxasamenvemeo. 1. O6oznaaum M neByio yactb HepaBercTsa (6.3) u 3amerum, aro jyist g060ro € > 0
upu t > tg = to(e) BeinONHsIETCsT HepaBeHCTBO t < eG(t). Tlosromy mpu t > tg

Eo(|f], [f] >t) < eBo(G(If]), [f] >t) <eEo(G(|f])) < eM,

ITO JIOKA3BIBAET TIEPBOE YTBEPIKICHIE.
2. Bynem uckarb dpyuknuo G B BUE

t
Gt = [ gls)is
0
rie npu s > 0
g(S) = Z gmH(m,m+1](5)>
m>0

[IPpUYEM YHUCJIA (j, [PEJITOJIATAI0TCS TEeJIBIME, MOJIOKUTEJIbHBIMA U CTPEMSIIUMUCS K OECKOHETHOCTH, a
go = 0. fcno, 9T0 3TH yCII0BUST 06ECIIEYNBAIOT BBILYKJIOCTH BHU3 byHKIMK G, a Takxke 10, uro G(t)/t —
oo npu t — oo@

Torpa mis sroboro t > 0 u k = [t]

z k1
Gt)=) gm+(t—kgrt1 <D gm
m=0 m=0

00 k+1 oo k+1
/G(If!) dPy < Z/MWM (Z gm> APy = > guPo(k <|f| <k+1) =
k=0 =

m=0 k=0 m=0
oo k+1 9]
=3 S (P> 8) = Po(If1 > k4 1)) = " g D (Pollf1 > k) = Po(1f1 > k+1)) =
k=0m=0 m=1  k>m

= Z gmPo(|f| >m).
m=1

[TokaxkeMm, 9TO MOXKHO TO00pPATH IUCTA gy, TAK, ITO

sngngg(m >m) < oo.

m=1

leitcrBUTEIbHO, TaK KaK f paBHOMEPHO MHTEIPHUpPyeEMa C ceMeficTBOM Py, TO CyIECTByeT Takasl Iie/ast
ITOJIOXKHUTEJIbHAS [TOCIEI0BATE/ILHOCTD ¢, — 00 ¢ ¢1 = 1, 9T0 paBHOMEPHO 110 6

Z/ 1] dPy < o.
n |f‘>cn

52Tposepbre!
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B cBoro ouepenn
)

/|f|>cn FdPs = ]; /,Kmék+1 |fldPy > ) k(Pe(lfl > k) —Py(|f] > k+ 1)) -

k=cn

N
= tim 3" k(Po(f1 > K) = Po(lf] > k+1)) = lim Ax.

k=cn

[Tpu durcuposannom N > ¢,

N N
Av =Y kPo(1f1 > k) = 3 kPo(Ifl > k+1) =

k=cn k=cn

N
=cnPo(Ifl > cn) = NPo(If| > N+ 1)+ > Po(lfl > k) >

k=cn+1
N
> > Py(|fl > k)—NPs(If| > N +1). (6.4)
k=cn

Tak kax mpu t — 0o

0« s%pEe(lfl, I >t) > tSt;pPe(!f\ > ),

TO BTOpOIi wieH B mpasoit yactu (6.4) paBHoMepHO 1m0 6 crpemurcs K Hyso mpu N — 0o. ITosromy
o
|f|dPy > s%pz > Pol(lfl > k) =

<) |, P
= Sl;pz > Po(lfl > k) = sgp%:gk%(!fl > k),

k n:cn<k

|>cn

TIe g — 9TO YHUCJIO TeX N, JJIsT KOTOPBIX ¢, < k. Takum obpazom, yTBepK IeHne ,ZLOKSB&HO@ ]

Bameuanne 6.3. IlycTh cemeiicTBO pacipeie/leHuii COCTOUT U3 OJIHOIO-€JIMHCTBEHHOTO PACIIPEIEIEHUST
P, a (meorpannuennasi) GyHKius f cyMMEpyeMa OTHOCUTEIBHO 9TOrO pactpejeserusi. Tora, KOHEUHO,
OHA SIBJISIETCS] PABHOMEPHO MHTETPUPYEMOIi 1, COIVIACHO BTOPOMY yTBep2KaeHnio Teopemsl [6.1] cymecTny-
er cymmmpyemasi dbyuknus fi = G o | f| rakasi, aro f1/|f| — oo npu |f| — 0.

OTO 03HAYAET, UYTO CBOHCTBO (DYHKIMH OBITH CyMMHDPYEMBIMH OOJIAIAeT OIPEIEIEHHBIM 3aIlacOM:
ec/im HeorpaHmdeHHas (DYHKIMsS CyMMHEPYEMa, TO CYIIECTBYET «ele 0oJiee HeorpanndIeHHas» (QyHKIHs,
KOTOpasi TOXKe CyMMUpyeMa.

6.2 CxoaAMMOCTh MHTErPaJIOB OT HEOTPAHUYEHHBbIX (DYHKITUI

Bepremcst K craboii cXOMUMOCTH pacpeaeeHni.

Teopema 6.2. ITycmov (D, p,B) — usmepumoe mempuseckoe npocmparcmeo, {Pn,n > 1} u P — pac-
npedeaenus, onpedesennvie na o-anzebpe B bopeaescruxr nodmmoosicecms muoocecmsa D, u Pp = P.
ITyemv pynxyus f: (D, B) — (R, Br) asasemes P-nowmu 6ctody nenpepuerod.

Ecau f cymmupyema ommocumensvrno P u pasromepro urmezpupyema ¢ cemeticmeom {Pp,n > 1},
Mo UMEEM MECTNO CLOOUMOCTND .

63 V6emurecs B TOM, 9TO UmCIA i, OBIATAIOT HYKHEIMH CBOACTBAMIL.
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Hoxasamenvemeo. Obosnauum hy = flipsny u fn def [ —hy = f1jf<ny. Muoxkecrso Gy, Touek
paspeiBa byHKImE fy yroiersopser coorHomenunio Gy, C Gy ULy, tne 'y = {z : |f(x)| = N}, a Gy
— MHOXKECTBO TOUYEK paspbiBa (hyHKIUu f @ ITosromy muoxkectBa I')y mOmapHo He IEpeceKarTCs IpU
pasHbIX N.

Bocmonbzopasmmucs Jlemmoit , BbIOEpEM mocsIeoBaTebHocTh N — 00 Takyio, uro P(I'y) = 0.
Torma myst smoboro Takoro N dyHkns fy siBjaseTcs orpaHwdeHHO n HempepbiBHON P-1.B. IlosTomy,
corytacao CirencrBuio [5.1] mpu n — oo

/DdePn—>/Dde7?. (6.5)

Hautee, mpu dpukcupoBarHoM € > 0 115 1ocTarouHo 60sbmux N > Ny BBITOJHSIOTCS HEPABEHCTBA

n

/ |hn|P = |fldP < e m sup/ |hN]77n:sup/ |f|dPy, < e.
D [fI>N n JD IfI>N

[lepBoe U3 9THX HEPABEHCTB CJIEAYET U3 TOrO, YTO (DYHKIWS f CyMMEUpPyeMa OTHOCHTEIBLHO P, a BTOpOe
— W3 ee PAaBHOMEPHOIi MHTErpupyeMocTu ¢ cemeiicreom {Pp,n > 1}.

CurenioBaresibho, Beuy ((6.5))

lim sup/ fdP, <lim sup/ fNdPy + lim sup/ hydP, <

n D n D n D

< limsup/ INdP, + limsup/ |hn|dP, <
n D n D

g/ de77+6§/ fdP—i—/ |hN]d77+5§/ fdP + 2¢

D D D D

npu jiocrarogro 6oabmux N = N(e). BBuy npou3BosbHOCTH € MOJIyYaeM, 9To
lim sup/ fdp, < / fdp. (6.6)
n D D

Cepuika za [Ipejoxenne [4.1] 3akananBaer 10Ka3aTe/IbCTBO. O

3ameuanue 6.4. PaccMoTpuM 110C/I€10BATEIHLHOCTD CIydYaiiHbIX Beauand &, Takux, aro L(§,) = L(§),
TMpUYIEM BCE 9THU CIyIaliHbIe BETUINHBI UMEIOT KOHETHBIE BTOPHIE MOMEHTHI. B KAKUX CIydasx Mbl MOXKEM
rapaHTupoBaTth, uTo K&, — K7 Cormtacuo Teopeme JIJIST STOTO ,H,OCT&TO‘IHOE 4TGB! sup,, EE2 < oo.

64Cm. JTemmy u mepexon 5. — 3. B JoKa3aTeabCcTBe TeopeMbr
55Touemy?
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7 Kiaccel dyHkmii, onpejessoniue cjaadyio CXOANMOCTb

B upeapuiymux pasjesnax Mbl 00CYKJau, JJis Kakux KjaaccoB (yHkuuilt f (Kpome, ecrecTBEHHO,
HEIIPEPBIBHBIX OTPaHWYICHHBIX) U3 ciaaboit cxomumoctu P, = P cielyeT cXOIuMOCTh HHTEIPAJIOB

/DfdPn—>/DfdP. (7.1)

3/ecb MBI PACCMOTPUM OOpaTHYIO 3ajady. TodHee, MBI IIOCTABUM BOIPOC Cjefytormm obpasom. [lycrs
cxopumocTh ([7.1]) umeer mecto st HeKoTOpOTO MOMHOXKECTBa P HENTPEPBIBHBIX OIPAHUYEHHBIX (DyHK-
numii. [Ipn kKakux ycjaoBusX 3TO rapaHTUpyeT CJadyio CXoauMocTh P, = P7

7.1 OO0miee yTBepKaeHUE

Jlagum caemyronee onpee/ieHue.

Onpeanenenne 7.1. [Iycrs P, cn > 1 u P — pacupejiesieHust, OlpeieJIeHHbIe Ha 60peIeBCKOil o-aarebpe
B usmepumoro Merpudeckoro mnpocrpanctsa (D, p, B).

[MommuoxkectBo @ MuOKecTBa Cph(D) HENPEPBHIBHBIX OrPAHUYEHHBIX (DYHKIHI ¢ 00JIACTHIO OIpeiee-
nusa D Ha3bIBAETCS KAACCOM PYHKUUL, ONPEIeAAOUUT caabyro crodumocms Py, = P, ecin 3Ta cXoau-
MOCTB CJIEZlyeT U3 TOrO, 4TO || p VAP, — J p AP nns mobdoit i € .

MBI y2Ke BCTpedasiich ¢ OHIM KJIaccoM (PYHKIIAN, OIPEIeIIIONINM CIa0YI0 CXOANMOCTE: U3 OCHOBHOM
Teopembr caenyer, uro Kiaacc BL(D) orpanudeHHbIX JjmiineneBbix GyHKIuii onpejessier caabyio
CXOIMMOCTD Jist JIIOOBIX Py, P. Tem cambim kiace BL(D) siBasieTcst yHUBepcaIbHbBIM, HO, KaK IIPABUJIO,
OKA3bIBAETCs CJIUIIKOM IMUPOKUM ITPU PEIICHUN KOHKPETHBIX 3a/1ad.

3ameuanue 7.1. Tem He MeHee M OTCIOJ]a TOXKE MOXKHO HU3BJIEKATH COJIEPXKATEJIbHBIE BBIBOJBI. Pac-
CMOTPHUM, HaIlpUMep CiIydaiinbie Beudunbl &,, & € D ¢ pacupenenenuamu Py, P. Torma 3 cxoaumocTu
Ef(&,) — Ef(€), umeromeit mecro st jiroboit orpanndenHoii summmiesoit yukuun f, cieyer ciaabast
cxomumocts P, = P. Ho

[Ef(&n) —Ef(E)] < Elf (&) — f(§)] < LEp(&n, €)
u nosromy, eciu Ep(&,, &) — 0, To P, = 77@
ITomoitaem K 3TO# IpobIEME ¢ APYTOH CTOPOHBI.

Teopema 7.1. 1. I[Tlyemv ® C Cy(D). Ecau das aoboti f € Cy(D) u w6020 € > 0 natidemes makxas
e € @, wmo sup | f — | < g, mo ® asasemes xaaccom Pyrkyul, onpedesAOUUM CAGOYIO CTOOUMOCTIL
Prn = P 0dan sobvix P, P.

2. [Iyemv © C Cy(D). Ecau daa aobot f € Cy(D), arbozo e > 0 u amobozo xomnaxma K C D natidemesa
makas Pynrkyua . € ®, wumo

sup [f —1be| <& u sup || <C,
K Ke

20e nocmoannas C = C(f) s3asucum moavko om f, mo ® asasemea xaaccom Pynruud, onpedessrousum
caabyro crodumocmv Py, = P daa mobvx Py, P makuz, wmo cemeticmso pacnpedeseruti {P, Pp,n > 1}
asaaemea naommoim

56Brisequre orcroma, uro mpu D = R u3 cxomumoctu mLH. (mim mo BeposTHOCTH) & K & cmemyer, uro L(&,) = L(£,).
IIpuaymaiiTe HECKOILKO aHAJIOTOB 3THX (DAKTOB 7T CIIyUaifHLIX BEKTOPOB.

57Cm. Onpenesnenne B pasjese
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Loxazameavemeo. 1. Ilycrb fD vdPy, — fD YdP st moboit Y € ® u f € Cyp(D). Badurcupyem £ > 0
1 Bo3bMeM PYHKIUIO 1 € P, apoKCUMUPYIONLYIO f ¢ TOYHOCTBIO 110 €. IlocKoIbKY

lim sup/ fdP, <lim Sup/ (Ve + €)dPp, = lim sup/ V-dPy + €= / YedP 4+ < / fdP + 2e.
n D n D n D D D

Verpemiisist € K HYJIIO, [OJIy9aeM HY2KHbBI PE3YJIbTaT.

2. Beibepem kommakT K = K, tak, aro0n P(K¢) < € u P, (K¢) < € s moboro n. Kak u pambie,
nycrs f € Cy(D) ¢ |f| < M = const < oo. Torua, B3sB dyHKImo ¥, € P, annpokcumupyonyo f ¢
TOYHOCTBIO JIO € Ha KOMIIaKTe K, MOIydInM, 4TO

limsup/ fdP, < limsup/ fdPn—l—limsup/ |fldPy, <
n D n K n Kc
Slimsup/ fdPn+M€§hrnsup/ YedPp + e+ Me <
n K n K

< limsup/ YedPy, + limsup/ [e|dPrn + (M 4+ 1)e < / YedP 4+ Ce+ (M +1)e <

n D n Ke D

S/@bgdPJr/ |¢5|d77+(C+M+1)6§/fd73+(20+M+2)6§

K Ke K

g/fdPJr/ \f|dP+(2C+M+2)e§/fdP+2(C+M+1)5.
D K¢ D

Tem cambiM (BBHJLy TPOM3BOJIBHOCTU € W IEPBOrO yTBepKjeHus Jlemmbl [4.2)) 1 Bropoe yTBepKIeHue
JIOKa3aHOo. ]

7.2 Ilpumepbl: CXOOAMMOCTHh MOMEHTOB U XapaKTEPUCTUYIECKUX (PYyHKIHMi

IIpokommenTupyeM ycaoBust Teopembl U MIPUBEJIEM COOTBETCTBYIOINE MpuMephbl. Hawunem ¢ mep-
BOTO yTBepkaeHust TeopeMbl. Cremyroriee CaeacTBIe XOPOIO WILTIOCTPUPYET €0 CYTh.

CaencrBue 7.1. Paccmompum edunuunod xyo D = [0, l]d, ocrawerHbll bopeaesckoti o-anrzebpoti B,
u pacnpedesenus P, Pp,n > 1, onpedeaennvie na B. Ioaoocum 0rs 0061 Y4eAbT HEOMPUUGMEAOHHLT

k... kg
mkl...kd:/ xlfl...xsdp(dxl...dxd) u m,(:f?“kd:/ xlfl...xsdpn(d:cl...dxd).
D D

(n)

s moezo, umobwor P, = P, neobxodumo u docmamourno, 4wmobvl My ey~ Mispkg MPU N = 00 ons
n0oux ki, ..., ky.

Jlokasamenvemeo. Tlockonbky dbyukmun f(x1,...,x4) = xlfl e xsd SIBJISTEOTCSI HEIPEPBIBHBIMU U OI'Pa-
mmgennniva Ha [0,1]4, To B wacTu HEOGXOAMMOCTH yTBEPIKICHHE OYEBHIHO. JOKAXKeM JOCTATOYHOCTD
CXOJIMMOCTH JTFOOBIX MOMEHTOB JIJIsT CJ1ab0H CXOIMMOCTH.

O6o3naunm $ MHOXKECTBO HMOJMHOMOB d IepeMeHHBIX. V3 ycmoBus ciemyer, 9To it Jaoboro P € @

/D@Z;dPn—>/Dz/)dP.

C apyroil cTOPOHBI, [0 MHOTOMEPHOH! AIITPOKCUMAIIMOHHON TeopeMe Befiepirpacca Jito0yi0 HEpephbiB-
Hy10 GyHKIHUIO d IePEMEHHBIX MOYXKHO CKOJIb YT'OJHO TOYHO HPUOIU3UTH PABHOMEPHO Ha D HEKOTOPBIM
nosimHOMOM Y € ®. CreoBaTe/ibHO, HCKOMasi cjiadasi CXOJMMOCTh UMEET MECTO. O

3ameuanue 7.2. Ha camom jesie cyliecTByeT 3HAYUTEILHO Gojiee cjabble yCJIOBHUS, MPHU KOTOPBIX M3 CXOIH-
MOCTH BCEX MOMEHTORE IOCJIe/IOBATEeLHOCTH pacipeesenuii P,, K MOMeHTaM paclpejieJieHust P cjepyer caabast
CxXommMOCThb P, = P (6e3 orpaHwvenHus Ha TO, ITO PACIIPEIEJEHHs COCPEJTOTOYEHBI Ha KOMITAKTE).

A MMeHHO, JJIs 3TOr0 JOCTATOYHO, 9TOOLI pacupeAeacHue P OQHOZHAYHO ONPEAE/IsIOCh CBOMMU MOMEHTAMHA.
B omHOMepHOM catyuae 3ToT GakT mokasaH, Hanpumep, B |6, rr. TV §11.4].
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ITpumep 7.1. (Ilpenenbuble pacnpeesieHnst 6eTa—paCHpeﬂeH6HHH)@
Paccmorpum Gera-pacupenenenue 3, ,, ¢ Hapamerpamu v, vs > 0, 3aaHHOE CBOEI IIHOTHOCTb}ﬂ

F(Vl + 1/2)

— =Ll )l o<z <1,
M)t~ %)

/3V17V2 (JI) =

O6osuaanm p = vy /(v1 + v2) 1 S = 11 + 2. MOMEHTBI [3-pacipeiesieHust JIETKO BBIUUCIISIIOTCS:

. 1 T 1
mé 1,2) _ / l’kﬁyl,w(iﬂ)dm’ _ (7/1 + VQ) / xl/1+k‘71<1 . x)ugfldx _

0 L(v)I(v2) Jo
_T+w) D+ k) 11 m+i ’ﬁ pS+i
F(lll)r(llg) F(lll —+ Vo + k‘) o Vi +uy+1 - S+
B uacTHOCTH, mgyl’l@) =p.

HyCTB TEIEPb V] U V9 MEHAIOTCA TaK, 9YTO CpeJHee P OCTaeTCA HOCTOHHHI)IMB a JJId S MOXKeT OBLITH

2 BapuanTa: a) S — oo u b) S — 0.

)

140 %
B mepsoMm ciayuae mgﬁ )y pkou, cormacno Crencrmio Buvivs = 0p. Bo Bropom ciyuae

mgll’m) — pu By, 1, = Ber(p).

IIpex e yeM NPUBOAUTH IPUMEPHI IPUMEHEHMSI BTOPOI'O YTBEPKIEHUS 1eopeMbl obcymuM He
COBCEM OYEBHTHOE (XOTSI W sIBHO HCIIOJB3YEMOE IPU JT0KA3aTEIbCTBE) TpebOBaHUe MJIOTHOCTH ceMeiicTBa
pacupenesernit {P, Pp,n > 1}.

[Tpex e Beero, ecim (D, p) — nosHOE MeTpHrdecKoe cernapabesibHOe IPOCTPAHCTBO, TO, coryiacHo IIpe-
JIOYKEHHIO pacipenenenne P aBisieTcs IIOTHLIM, U IIO3TOMY J0CTATOYHO TPeOOBAThH ILJIOTHOCTH Ce-
wmeiicrsa {Py,n > 1}

JaauM Terephb Cleiyiollee OlpeleIeHIe.

Onpepenenne 7.2. Ilycrs (D, C, B) — usmepumoe Tornosiorndeckoe npocrpascTso. CemeiicTBO pacipe-
nenenwit I1, ompeereHHbIx Ha 6opeseBCKOi o-aaredbpe BB, HASBIBAETCS CAGOO OMHOCUMEALHO KOMNAKM-
Hth,lE eC/IM U3 KaxKJIoi mocsenoBaTesibHocT Py, € I MOKHO BBIAEIUTD ¢J1ab0 CXOIANLYIOCS TTO/IITOCIE
JIOBATEJIbHOCTD.

Koneuno, eciiu P, = P, 10 cemeiictBo {Py,n > 1} Oymer OTHOCUTETHEHO KOMIAKTHO.

JIemma 7.1. ITycmo {Pp,n > 1} — caabo omHuocumesvHo KoMNAGKMHAA NOCAI0BAMEALHOCTNL PACTpe-
deaenuti. Ecau arbasn caabo crodawancs nodnociedosamesvhocmo P nocaedosamesvrhocmu Py, umeem
odun u mo osce caabuili npedes P, mo Py = P npu n — oo.

Jloxazamenvemso. Ecmu P, # P, 1o cymecrsyer takas f € Cy(D), uro

an déf/ FdP, —» adéf/ fdp.
D D

ITocKoIBbKY MOC/IeI0BaTEIbHOCTD @, OIPAHMYEHa, U3 ITOrO CJIELyeT, 9TO d,y — b # a IJIsI HEKOTO-
pOii MOAIIOC/IeIOBATEILHOCTH N/ HATYPATBHBIX uce]. Boribpas (BB OTHOCHTENLHON KOMIAKTHOCTH)
nojnocieoBaTesbHocTh 1’ nociegosarenbuocT n' Tak, 9T0bbl P, = P, cpa3y ke IPUXOAUM K IIPO-
TUBOPEIUIO. ]

583 roT mMpuMep HCIONB3yeTCs B HEKOTOPBIX MOJEJSX MOKYIIATEILCKOTO TTOBEICHIS.
59310 mefcTBUTENBHO IIIIOTHOCTD?

""Ha caMoM Jejte TOCTATOYHO, YTOGEI OHO CTPEMIIIOCH K MOCTOSIHHOIA.

"' Boee TOro, IOCTATOYHO IIOTHOCTH ceMeiicTBa {Pn, n > 1o} IpH HEKOTOPOM ng > 1.
"B pajpHeiieM — IPOCTO «OTHOCHTEILHO KOMIIAKTHLIM .
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Vmeer MecTO cremyromiee yTBepKIAEHNE.

Teopema 7.2. (Teopema IIpoxoposa)
ITyemw (D, p) — noanoe cenapabesvroe mempuueckoe npocmparcmeo. Tozda cemeticmeo pacnpedeserud
I sa6asemca OMHOCUMENLHO KOMNAKMHbIM MO020a U MOAbKO Mmoz2da, K020a 0HO NAOTHO.

MBI ocTaBJIsieM 3Ty 3HAMEHHUTYIO TeOpeMy 0e3 J0Ka3aTeIbCTBa, XOTs B YaCTH HEOOXOAUMOCTU OHO He
ABJIdeTCd CJIMIIKOM CJIOZKHBIM

Ham ceifuac cyecTBeHHO, 9YTO B IIOJJHOM METPHIECKOM cerapabe/ibHOM IIPOCTPAHCTBE U3 ¢J1aboil cxo-
Jumoctr Py, = P 6aronapst reopeme IIpoxoposa Gyer cieioBarh mioTHOCTh cemeiicra {P, Pp,n > 1}.
ITockosbky Teopema [7.1] HanpapiieHa Ha J0Ka3aTeabCTBO (hakTa CIa00i CXOMMMOCTH, yCJIOBHE IIJIOTHO-
CTH 9TOI0 CeMEeHCTBa TaK MJIM MHAaYe TaM JIOJXKHO IIPOsIBJIATHCA. Bo Bropoil nyHkT TeopeMmbl yCJIOBUE
IJIOTHOCTHU BBEJIEHO HBHO@

[Tepeitgem Temepsb K IpuMepy HPUMEHEHHsl BTOPOIO IIyHKTa TeopeMbl Haunem co ciemyrommx
JIeMM.

Jlemma 7.2. Pacemompum cayuatinve eexmopa £y ¢ 0 € O, npunumarousue snavenus 6 R, u obo-
ananum gy, Koopdunamu, eexmopa £y, max wmo £y = (gy, . .. ,§9d) Llas moezo, wmobv, MHoMHCECNMEO
pacnpedenenuti Py = L(Ey) 6vin0 naommo, neobzodumo u docmamoyno, wmobv, daa mobozo 1 < k < d

. k
MHOKHCECTNB0 pacnpedenerul P(g ) = L(&pr) 6via0 naommno.

Zloxasameavcmeo. Ilpexkne Bcero, Tak Kak Mbl UMEEM JEJI0 C €BKJIUIOBLIME ITPOCTPAHCTBAME, HAM J0-
CT&TOHH@ B KadecTBe KOMIIAKTOB PACCMATpPHBATL 3aMKHyTble KyOor Buga K = [T, T]d. C yuerom
9TOr0 3aMevYaHusi HeOOXOMMMOCTDb CJIEIYET U3 IEMOYKU

PQ(K) = ,Pe([_Tv T]d) = P(EG € [_T7 T]d) < P(fek € [_Tv T]) = Pe(k)([_T7 T])

y ; k
(Tem cambiM, eciu cemeiictBo {Pp,0 € O} MmI0THO, TO U IUIOTHO CEMEHCTBO {779( )0 € ©} mrs moboro
k), a 10CcTATOYHOCTD — U3

d
1= Py([-T,T)") = P(& ¢ [-T.7]%) = P( U {én ¢ [-T.T1}) <
d
<> Pln ¢ -1 =Y (1- AP (-1 T)).

d
m=1 k=1

YTBepKIeHnE JIOKA3AHO. ]

Jemma 7.3. ITyems P, — pacnpedeaenua, onpedesernvie 1o Gopesescrkur nodmmoscecmear R ¢ xa-
PAKMEPUCTNUBECKUMY PYHKUUAMUY ©n. Feau gynruyuu o, nomouwewno crooamcs x nenpepueHot 6 nyae
dynxyuu ¢, mo cemeticmeo {Pp,n > 1} asasemes niommvim.

Zoxaszameavcmeo. Beuny JlemMbr JIOCTATOYHO PACCMATPUBATH JIUIIh CJIydail d = lm IIycrs u > 0.

Torma
1 1 ~ sin(uzx)
1— — p(t)dt =1 — — it | Po(dz) =1 — ——"2 ) Po(dx) =
o [_u,ﬁ (t) /R QU/[_M]e Pu(dzx) /R( ” )P (dz)

"3(C moKa3aTeIbCTBOM TEOPeMbl MOXKHO o3HakoMuThcs B |1, rr. 1 §6]. s ciaygas D = R omo mpusegeno B [3, ror. 111
§2|. OrmeTnm, ¥To B mOCHaemHEeM cayyae (a Takxke npu D = R?) nokasarenpcTso moctarounocTn baKTHIECKH CBOINTCA K
JIOKa3aTesIbCTBY TeopeMbl Xesn (eM., Hanpumep, 3, crp. 410] ayst R nom [IL crp. 310] B MEHOrOMepHOM citydae), BXOJSIILYIO
BO BCe JIOCTATOYHO MPOJBUHYTHIE KyPChl Teopun BepogTHocTel. OOmuil cirydaii Tak:Ke ONMPaeTcs Ha 3TY TEOPEMYy.

" A B Crejxcrsun OHO IPHUCYTCTBYET HESBHO, TaK KaK BCE PACIPEJIEJIEHUs] TaM COCPEJIOTOYEHBbI Ha OJHOM KOMIIAKTE
[0,1]%.

" Touemy?

"TTouemy?
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— /R (1 - Smézx)) Po(dz) > /|$|21/u (1 - Slnlf;fx)> Py (dx) > B73n<[_1/u7 1/u]c),

rie B = min, 5 (1 —sin(z)/2).
Kpowme Toro, 1o Teopeme Jlebera o MazkopupyeMoil CXOIUMOCTH

u

lim [ @u(t)dt = [ o¢(t)dt.

[Tosromy, obosnauast K = [—1/u, 1/u], moxyunm, daro

n  2u

1
Blimsup P, (Kc> = Blimsuan<[—1/u, 1/u}c) <1 —liminf / on(t)dt =
n n [—u,u]

1 1
-1 lim o (t)dt = 1 — — .
2 Jy im (t)dt 20 J o(t)dt

[Tockonbky dyuknus ¢ menpepbisaa B myie n ¢(0) = 1, To BEIGOPOM u HOCJE/HEe BBIPAYKEHIE MOXKET
ObITH CJIEIAHO CKOJIb YTOJHO MaJibiM. TeMm cambIiM II0THOCTD cemeiicTBa { Py, n > 1} ,H,OKaBaHam O

Hakoner, jokazkeM ciejyloliee ciejcTsrue u3 TeopeMbl

CaencrBue 7.2. (MuoromepHast TeopemMa HEIIPEPBIBHOCTH JJIsT XAPAKTEPUCTHICCKUX (DYHKITHIT)
IIyemv Py, P — pacnpedesenus, onpedeaerivie na bopesescrur nodmmoscecmsar R ¢ xapaxmepucmu-
YECKUMU PYHKUUAMU Pr U .

1. s mozo, wmobv. P, = P npu n — 00, neobxodumo u docmamouno, wmobov. on(t) — ¢(t) npu
obom T € RY,

2. Ecau zapaxmepucmuveckue GYHKUUL On, pacnpedeseruts Py nomoueuno crodamcea x dynruyuu @,
HENPEPBIGHOT 8 HYAE, O P ABAAELMCA TAPAKMEPUCTNIUYECKOT PYHKUUL HEKOMOoPo2o pacnpedesenus P u
Pn=P.

Zloxasameavcmeo. 1. IlpuctyniuMm K J0Ka3aTeIbCTBY IEPBOrO IMyHKTa TeopeMmbl. HeobxommmocTb, KO-
HEYHO, o4yeBHAHA. /LI J0Ka3aTeIbCTBA JIOCTATOYHOCTH OyJIeM I0JIb30BATHCA BTOPBIM YTBEPXKICHUEM
Teopembl [Lnornocts cemeiictBa {P, Py, n > 1} yxe nokasana B Jlemme

B kauectBe MHOX)ecTBa P BO3bMEM MHOYKECTBO BCEBO3MOXKHBIX (BEIECTBEHHBIX) TPUTOHOMETPUYE-
CKUX ITOJIMHOMOB BHJIA

N

W(T) = Z c;je' @),

=1

rae T, t; € R?. 13 yc10BUST CXOIAMOCTH XapaKTEePUCTIHIECKIX (DY HKIIHI Cpasy JKe CIIEIYeT, IT0 [ wdP, —
[ dP mpu n — oo st 6ot P € P.

Bosbmenm Tenepns dynkumo f € Cu(RY), komnakr K = [T, T]¢ u obosnaunm fx cyxenme f na
K. Nanee, mpu T} > T paccMoTpuM Takoe HelpepbIBHOE NpoJoszKenue i dyHkimu fr ¢ [T, T]d Ha
Ky = [Ty, T1)% uro [, paBna nymo na rpanure Komakrta Ky n max |ff | < max|f ]@ Haxonen, po-
JTOJIZKAM TIO TIEPHOMIHOCTH (110 KazKJIOMY apryMeHTY) dbyHKIHIIO [i, Ha BCe R? i1 0603HAMIM pe3yIIbTAT
9TOr0 TPOJIoJKeHusT f*.

ITo muOTOMEpHO# Teopeme BeiieprinTpacca s TPUTOHOMETPUIECKUAX IMOJUHOMOB (DYHKITHIO ﬁﬁ (u,
cJIeZI0BaTeNIbHO, (DYHKIUIO fF ) MOXKHO PABHOMEDHO NMPHUOJIU3UTD C JTIF000H TOYHOCTHIO € TOMOIIBIO TPUTO-
HOMETPHUUIECKOr0 MoJinHOMa ¢ € P, Tak 9TO BCe yC/I0BUS BTOPOTO YTBEPK AeHUsT TeopeMbl BbIHOJ‘[HeHbI.

"ouemy?
"8 A moueMy Takoe IIPOONIPKEHNE CYIIECTBYET?
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2. IlepeiieM K HOKa3aTEIBLCTBY BTOPOIO YTBEPXKIAEHIS TEOPEMBI. PacCMOTPUM HEKOTOPYIO IOIIIOCTIE-
JIOBATEJILHOCTD P/, UMEIOIILYT0 CJabblil pejies (OCKOJIbKY 110C/Ie10BaTeIbHOCTh { Py, n > 1} miorHa, TO
Takas MOJIOCIIE0BATEILHOCTD CyIIecTByeT Osaromapst Teopeme IIpoxoposa). O6o3HaunM 9TOT Hpees
P ¥ COOTBETCTBYIOIIYIO XapakKTepucTuieckywo GyHrmuio — . [lo yciaoBuio ¢ = ¢ u, cieoBaTesbHO,
IpeJieJIbHOE paclpeesienne P He 3aBUCHT OT BhIOOpa HomocienoBaresbHocT Py, Ceblika Ha Jlemmy
[7.I] 3aBepiuaer J10Ka3aTEILCTBO. O

Sameuanme 7.3. 1. Kax y»ke oTMe9aJI0Ch, BO BTOPOM IIYHKTE T€OPEMbI MOXKHO CCBHLJIATHCS HE Ha, ODIILYIO
Teopemy IIpoxopoBa, a Ha MHOIOMEPHYIO TEOpEMY XeJLIH.

2. JlokazaTebCTBO 1IEPBOIO IIyHKTa TeopeMbl onmpaercst y Hac Ha Teopemy [7.1] Eciu cHoBa BOCIO/IB30-
BaTbhcst TeopeMoit ITpoxopoBa, TO OHO CyIIECTBEHHO COKpaTI/ITCHm Cama Teopema OJTHAKO, TOPa3I0
npoiie u npospadree Teopembl IIpoxoposa (1 Teopembr Xesuin), KOTopasi, KCTaTH, IPUBEJIEHA 3/1eCh 6e3
IOKa3aTe/IbCTBA.

3. U3 morovuevHoil CXOUMOCTH @, K (¢ ABTOMATHYECKH CJIJyeT PABHOMEDHA, CXOJMMOCTH 0, — (0 HA
JIIOOOM KOMITaKTe.

N3 CnencrBust BLITEKaeT cieyionmii dakr. Ilycrs P,, P — pacupemencuns B R uw k > 1 —
esoe.

Canencrsue 7.3. Ilycrs k > 1. Jlas Toro, 9To OBl IOCJIEI0BATEILHOCTE P, €/1ab0 cxoamiach K P, H. U
JI., 9T00BI TP 1 — OO

/ fdP, — fdpP
Rd Rd

JJ1s1 JTI0O0I OrpaHUYeHHON k pa3 HelpephIBHO HudepeHnnpyeMoit beHKIlI/II/Im

Jlokazamenvecmeo. HeobxomumocTh oueBnana (110 ompeesieHnio craboii cxoaumoctn). Jocratoanoctsb
caexyer u3 Toro, uro dbyHkimu cos(t, ) u sin(t, z) upu mobom t € RY apnaiorcs k pas HempepbIBHO
nuddepeHupyeMbIME st Jitoboro k. OTcioma MoaydaeTcs MOTOUYEUHAS CXOIUMOCTh XapaKTepPUCTHIe-
cKUX (QYHKIUH pacupejenennii P, K XapaKTepUCTUIECKON (DyHKIUU pacupejesieHus P, a majbiie —
CCBLJIKA Ha TEOPEMY HeIPEepPBIBHOCTH. O

Bameuanmne 7.4. Teopema IIpoxoposa cozmaBaiach, KOHEIHO, HE JIJIsl TOrO, 9TOOLI C €€ MOMOIIBIO JI0-
Ka3bIBaTh TEOPEMY HEIPEPBIBHOCTH WJIM JIPYIHe OTHOCUTEIHHO MPOCThIE BEPOATHOCTHLIE (hbaKkThl. B Heit
3aJ107KeHa OCHOBA JIJIsl PEIIeHns Topas3 o 6oJiee «IIPOJABUHYTHIX> 3a/ad.

Bosbmem, Hanpumep, B kadectse D npocrpanctso D = C([0, 1]) HenpepbiBHBIX GyHKINIT Ha 3aMKHY-
ToMm orpeske [0, 1] ¢ paBHOMEpHOI METPHKOIT p

CranapTHbIM 06pa30M MbI IPUXOAUM K KOHCTPYKImu (D, p,C, B) — MeTpUIECKOMY TOIOJOIUIECKO-
My M3MEPUMOMY MPOCTPAHCTBY, KOTOPOE, KaK M3BECTHO, ~| ABJISIETCA MOJBLCKAM. TO €CTh MBI TI0C/IE10Ba-
TeJIBHO UMEEM JIEJIO ¢ OTKPBLIThIME ItapaMu By.(f) B MeTpuke p (3T0 MHOXKECTBO HEIIPEPbIBHBIX (DYHKIIHMIA,
«OTCTOSIIIIMX» OT 3aJaHHOl f (TO ecTh «IeHTpa Iapay) He Gojiee 9eM 1), UX BCEBO3MOYKHBIMU 00'beu-
HeHusiMu — Torosiorueii C, MOPOXK IEHHON paBHOMEPHON METPHUKOi 1, HAKOHEI, 6OPEIeBCKOil o-aarebpoit
B, MOpOoXKAEHHOI 3TOi TOIOJIOT eI .

U, 3nauuT, Mbl MOKeM 3ajaBaTh Ha (D, 3) pasiudHble pacupejiejieHns U u3y4arb BOIPOCHI caaboit
CXO/IMMOCTHU ¥ UCIIOJIb30BAThH BCe 0bIIue JoKa3aHHble (U OCTYINPOBaHHbIe) (DaKThl 06 ITOI CXOIUMOCTH.

Tak BOT, HE BJABasCh B JIETAIN, MOXKHO CKa3aTh, 9TO Teopema IIpoxopoBa sBJISIeTCsl OJHUM U3 pe-
MIAIOIIUX PE3YJbTATOB, IIO3BOJIAIONINX IIOJIYYaTh KOHCTPYKTHUBHBIE PE3yJLTATHI O CJIabOi CXOIMMOCTH
pacnpegesiernit B npocrpancreax tuma C([0, 1]). Hekoropble n3 Taknx GhakToB MOKHO HANTH B KHUTE

i

"TIposepsre!
803 1ech Bee nponcxomut B RY.
M Bemn f,g € C([0,1]), To p(f,9) = maxeejo | f(z) = g(@)|.

82 TeiicTBuTesnbHO?
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7.3 O merpmzanuu cjaboii CXOJIUMOCTH

ITockobKy citabast CXOIUMOCTD pacipeieseHnii olpeIesieHa depe3 CXOAUMOCTh HHTErpaJjioB , TO
BO3HUKAET €CTECTBEHHOE KeJIAHHE «METPU30BAaTL» 3Ty CXOIUMOCTb, TO €CTh IOCTPOUTHL Ha MHOXKECTBE
II pacnpeenenuii, ompeieJIeHHBIX Ha OJIHOI OOpesieBCKoil o-ajirebpe 3, TaKyio MEeTPHUKY, CXOIAUMOCTD 110
KOTOPOI 9KBUBAJICHTHA CJTAOON CXOJUMOCTH.

Ta.KI/Ie METPpHUKHU ﬂeﬁCTBHTeﬂbHO CYIIECTBYIOT, HO K COXKaJIECHNIO, OHU HE {ABJIAIOTCA JJOCTATOYHO Ha-
DJISIAHBIME U, KaK IIPABUJIO, YAOOHBI JIMIIL B TEOPETHYECKUX paccyzKieHusx. He ocraHaBauBasiCh Ha
U3yYEeHUN 9TUX OOIUX MeTpuK (Ipo HuX MOKHO npounTtarh B [3, rur. 11T §7]), Mbl mokazkeMm, Kak, OCHO-
BBIBAsICh Ha TeOpeMe HElPEPLIBHOCTH [JIs XapakTepucTuieckux yHknuii (to ecrs na Crencrsun ,
HOCTPOUTH KJIACC METPHUK, HOPOKIAIONINX CJIabyI0 CXOMUMOCTD s caydas D = Re.

IIycts II — MHOXKECTBO pacipeeseHnii, opeIe/IeHHbIX Ha DOPEIEBCKUX ITOJAMHOXKECTBAX IPOCTPaH-
cra R%, a ¢ : R +— R — nosioxuTebHas HEIPEPLIBHAS OrPAHUYeHHAs (DYHKIIUS, CTPEMSIIASCS K HYIIIO
na 6eckoneunoctu. Kpome roro, mis T € RY o6osnaunm 7 = ||f]].

Teopema 7.3. 1. Ecau P, Q € Il ¢ zapaxmepucmuyeckumu GyHKyuismy ©p, pgo, mo Gyrkyus

pe(P, Q) = zseuRg lep(t) — wa(t)] e(7)

Asasemea mempuxot 6 I1.
2. Hycmo Pp, P € Il — pacnpedeserus ¢ rapaxmepucmuieckumy, GYHKYUAMY Pn, ©. g mozo, wmobo.
Pn = P, neobxrodumo u docmamouno, 4mobvi pe(Prn, P) — 0.

Jlokxazamenvemso. 1. dcno, uaro p.(P, Q) = p.(Q, P). Kpome Toro, p.(P, Q) > 0, u, rak Kak GyHKIMs ¢
MTOJIOZKUTENbHA, & PABEHCTBO XaPAKTEPUCTUICCKUX (DYHKITHN SKBUBAJICHTHO PABEHCTBY PACIPEICTCHNUIA,
10 p.(P, Q) = 0 Torma u TosbKo Torya, Korga P = Q. Cie10BaTeIbHO, OCTAJIOCH JOKA3aTh HEPABEHCTBO
TPEyTOTLHUKA.

st sToro cpasy ke 3amerum, 9to dyHkims h(t) = ‘gop(f) - npg(f)‘ ¢(T) siBJIsieTCs HENPEePbIBHOIA,
OrPaHUYECHHON U CTpeMsiIeiicss K HyJIo TIpu § — 00, TI09TOMY €€ CYIPEMyM JOCTUTAeTCA B HEKOTOPOit
Touxke Iy, € RY.

[Iycts Temeps P, Q, R — pacipesesieHust ¢ XapaKTePUCTUIeCKUME DYHKIUAMI ©p, 00, PRr. lorma B
OYEBUIHBIX 00O3HATEHUSIX

pe(P, Q) + pe(Q,R) = ’@P(qu) - @Q(gpq)l C(qu) + |‘PQ(Eqr) - SOR(EqT‘)‘ C(Tqr) >
> ‘SOP(tpr) - SOQ(tpT)’ C(Tpr) + |@Q(tpr) - SOR(tpT)‘ C(Tp?") =
= (‘@P(ipr) - gOQ(pr)‘ + ‘SDQGPT) - @R(fpr)D C(Tpr) > “PPGPT) - 9072(%1)7“” C(Tpr) = pe(P,R).
2. Ecimu pe(Ppn, P) — 0, 1o, 10CKOJIbKY (DYyHKIMsI ¢ He 0OpaIIaeTcss B HOJb, ¢, — @ IIOTOYEYHO, U,
cornacuo CrecTBIIO Pn = P.

Ecimn e P, = P, TO ¢, — @ He TPOCTO MOTOMETHO, & eIle i PABHOMEPHO Ha JI060M KommakTe> |
[Tosromy, Beibpas 1" > 0 Takum o6pazom, 4to ¢(7) < & upu 7 > T', Mbl HOJLyYUM, YTO

Pc(Pn,P) < C ?up |()0n(%) - 906)‘ + 257
lt<T

e dnciio C' MaxkopupyeT orpanndennyio ¢gpyHkiuio c. lanbHeiiniee 04eBuIHO. O

83Tposepbre!
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8 CxoammocTth no Bapuamum u teopema Illedde

O HOHSITHM CXOJMMOCTHU II0 BapUAIUU ¥ COOTHOIIEHUHM MEXKJY 9TOH CXOAMMOCTBIO U CJIADOM CXOJIU-
MOCTBIO pacIpeiesieHnii y»ke pacckazano Bo Beemennu mis ciygas D = R?, 31ech MBI OCTAHOBHMCS Ha
9TUX BOIIPOCAX IMOAPOOHEE U MPUBEJIEM COOTBETCTBYIOIINE JOKA3aTEILCTBA B OOIEM CJIydvae..

8.1 PaccrosiHue o Bapualiuy M MOJIHAS Bapualud 3apsaga

Paccmorpum n3mepumoe ipoctpanctso (D, A) n obosuadnm I p MHOKECTBO BCEBOZMOXKHBIX BEPOSIT-
HOCTHBIX M€p, OIpPEIeJIeHHBIX Ha A.

Omnpeaenenne 8.1. Ilycrs P, Q € IIp. Yucio

prar(P, Q) = sup [P(A) — Q(A)] (8.1)
AcA

HAa3BIBAETCS PACCTNOAHUEM NO 8APUAUUL MEXKLY pacupeeseHusaMu P, Q.
Ecmu P, P € lip u pyar(Ppn, P) — 0, 10 rosopst, uro P, crodumcs x P € llp no sapuayuu.

Sameuanmne 8.1. 1. B Omnpenenennn [8.1] ne Tpebyercst, urobnr g-anrebpa A 6bina 6openesckoit. Ona.
BOOOIIE TOBOPSI, IIPOUBBOIbHA.

2. Herpymaao HOK&3&TBE UTO Pyar JEHCTBUTEIBHO ONMpEE/IsIET METPUKY B MHOXKecTBe 11 p.

3. Merpuueckoe npoctpanctBo (IIp, pyar), BOOOIIE rOBODSI, HE sIBJIsIETCs cenapabebHbIM. JleficTBrTe b
Ho, BozbMeM (D, A) = (R, Bgr). Tak kak pyar(P, Q) = 1 upu mobbix P =0, u Q@ = 6 c a # b, T0 B
MerpudeckoM npoctpancTse (Ilp, pyar) HE CYIIECTBYET CUYETHOTO BCIOAY ILJIOTHOTO MHO}KeCTBaﬁ

Tenepsr paccMoTpumM MHOXKeCTBO Mp KOHEUHBIX 3apsijioB, onpenesenubix na A. Ecan v € Mp, To
v MOXKeT ObITh NMpPEJICTABICH B BUJIE PA3HOCTH MOJOXKHUTEJILHBIX KOHEYHBIX Mep V' M V™, HMEIoIIuX
JU3BbIOHKTHBIE HOCUTEJIN.

Nnaye FOBopﬂ,@ CyIIeCTBYeT Takoe MHOXKecTBO F € A n Takue Mepbl vt m v, 9TO

vHE) =v (E)=0 u v(A) =vT(A) —v (A)

st moboro A € A. Tonoxum |v| = vt + v~ OueBnnno, |v| sBasiercss (KOHEUHOI) MOIOKHUTETBHOI
MEepO.

Ounpenenenne 8.2. Yucio ||v|| = |v|(D) nasbBaercs noanoti sapuayuet 3apada v.

3ameuanue 8.2. Ilapa (MD, Il - ||) IIPEJICTABIAET COD0l HOPMUPOBAHHOE npOCTpaHCTBom

Crenyrolmee yTBepKIeHIE POSICHSIET IMOHSITHAE TIOJHON BapUaIliy 3apsijia.

JlemMma 8.1. ITycmo v — xoneunwiii 3apad. Ecau das nexomopot mepos 1 u A-usmepumots gyrxuun h

I/(A):/hdu
A
dan aobozo A € A, mo |lv|| = [, || dp.

84TTokaxkue!

85 TeiicTBuTensro?

86Cwm, wanpumep, [7, crp. 121]. Pasznoxenune v = v
87 Mokaskute.

T v~ Ha3bIBaeTCd pPa3noxHceHuem Xana.
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Jloxasamenvcmeo. Ilycrs E — nocuresns mepbl 1. O6oznaumm

_ Jh(z) wpm x € E, o
h+($)_{0 upu = ¢ E nohT(e) =

Tak kak v+ (E°) = v~ (E) =0, ro h* u h™ neorpunareibust p-1.8., npudem h = ht —h~ |h| = hT +h~

U-TLB. T
:/ ht dp, I/_(A):/ h™ dpu.
A A

IIVII=v+(D)+u—(D):/Dh+du+/Dh—dM=/D(h++h—)duz/D\h|du.

0 npu x € F,
h(z) upn z ¢ E.

ITosTomy

JokazaTeabCcTBO 3aKOHUIEHO. ]

SaiiMeMcsl CBA3BIO MEXKJIy PACCTOSTHHEM II0 BapUAIlUU MEXK]y paclpeneaeHus Mu P, Q 1 MOHSITHEM
ITOJTHON Bapuaruu 3apsiaa. Hadrem co cieayromero BCIoMoraTeIbHOrO yTBEPKICHUA.

JIemma 8.2. [Tycmv v — Konewnwvili 3apad, ydosaemeopsowud yeaosuro v(D) = 0. Ecau E asanemcs
nocumenem sapada v, mo

v (D) = v (B) = v (E) = v (D) = |Iv]|/2.

Joxazameavemeo. Pasencrsa v (D) = v (E) u v (E°) = v~ (D) ceiyior u3 olpejieJeHusl MHOKE-
crBa E. Iockoasky 0 = v(D) = vT(D) — v~ (D), to v (D) = v~ (D). Ocranock 3aMeTuTh, ITO MO
onpegenenuio ||v| = vt (D) + v~ (D). O

IIpengoxenne 8.1. ITycmv P, Q € Ilp. Tozda

pvar(P, Q) = HP Q|-
Joxazameavemeo. Oboznauum v = P — Q u nycrs E swigerca nocureneM sapsyia v, [TockosbKy
v(D) =0, 1o v (D) =vT(E) =v (E°) = v (D). Hdanee,
P(A) - Q(A) =v(A) =vT(A) —v (A) =vT(ANE) —v (AN E°). (8.2)

U, CJIe0BaTEeIbHO,
—v (ANE®) <P(A) - Q(A) <vT(ANE).
[Tosromy u3 JlemMmbl cJIeIyeT, 4TO

|P(A) — Q(A)| < max (V+(A NE),v (AN Ec)) < max (V+(E) “(E°) ) = HP QH

Ocranoch 3amerntnb, uro npu A = E pasencrso (8.2) npespamaercst 8 P(E) — Q(E) = vt (FE), uro n
3aKaHYINBACT JIOKA3ATEIHCTBO. O
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8.2 HuterpasbHble IPeJICTABJIEHUS py,,. Lleopema llledde

Bo Bsesennn obcyzkaagach pojib MHTErpajbHOTO npejcrapienus (1.4]) mis monuManust pasHuisi
MEXKJy CHJILHOI M c1aboii CXOAMMOCTBIO pacipeieseHuil. 31ech MbI JOKaKeM 9TO IIPEeJICTABICHHE.

ITpennoxkenue 8.2. Hmerom mecmo caedyrowue pageHcmesa:

' [

2de cynpemym 6 npagoti “acmu 6epemcs no 6cem HEOMPUUGMEALHBIM A-usmepumvim GYHKUUAM, He

nPesoCcrodAUUM eQUHULY.
/ fdp - / fdQ’ (8.4)

2.
2de cynpemym 6 npasoti wacmu bepemca no ecem A-usmepumvim GYHKUUAM, N0 MOJYAI0 He NPEBOCLTO-
dawum eOUHULY.

pvar(P Q sup (83)

0<f<1

pvar(,]D Q 5 Sup
lfI<1

Joxasamenvcmeo. 1. Basis f = 14, cpady xe ybexkmaeMcsi, 9To JieBast dacTb (8.3) He mpeBocxoauT
npasyto. JloKazkeM IpOTHBOIIOI0KHOe HepasencTso. O6osHaumM v = P — Q u E — Hocureanr Meps v,

Tora
/DfdP—/DfdQ:/Dfdu:/Dfdu+—/Dfdu—:/Efdy+— chdu_.

ij—géﬁW—Lﬁ@gA;w+

u, corsacHo Jlemme 8.2 n Ilpeoxkennro [8.1]

[TosTomy

’/D fdpP — /DfdQ‘ < max </E favt, /E fdy‘) < max (v (E), v~ (E%)) = pear(P, Q).

2. PazoxkuM f Ha TIOJIOXKUTENBHYIO U OTpHIaTenbHyto yactn: f = f+ — f~. IlockonbKy HocuTenn f+ u
f~ He mepecekarorcst, To 06e 31U (HeoTpUIaTe/IbHBIE) DYHKIMHA HE IPEBOCXOJAT euHuIbl. [Tosromy

sup /fdP—/fdQ':sup /(f+—f_)d1/ < sup /f+d1/ + sup /f_dy =
1f1<11/D D 1f1<11/D 1f1<1 /D 171<1 /D

= swp | [ fravjs s | [ Fdv] = 2pn(P.Q)

0<f+<11JD 0<f~<11JD

coriacHo paBeHCTBY ({8.3]).
C npyroit croponsl, ecin noynokuTh f = 1p — 1ge, To nomyunm (cHoBa Giarogapst Jlemme u
[Tpeoxkenmio 8.1f), aro

/D fdv = V+(E) + v (E°) = 2pyar (P, Q),

9TO M 3aKaHYUBacT JOKa3aTEJIbCTBO. OJ
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Caencrsue 8.1. Ilycts g — mHekoropas A-usmepuMast (pyHKIUsI, OrpaHIYeHHAas 110 MOAYJII0 ducjaoMm M.
Torma

/ gdP — / gdg‘ < 2Mpou(P, Q).
D D

Jlokasamenvemeo. O6osnaunm gy = g/M. Torpa |gar] < 1,

/ngP—/ngQ‘SM /DfdP—/DfdQ

U yTBEPXKJIEHNE HEMOCPEICTBEHHO ciiemyeT n3 [Ipennoxkenns [8.2) O

)

/ gudP — / gMdQ’ <M sup
D D

0<f<1

Hakomner, nokaxkem B obmeMm Bujie Teopemy ledde, chopmymupoBannyio Bo Beenenun B Buje a8yx
YaCTHBIX CJIyYaeB.

Teopema 8.1. 1, Ilycmnv y pacnpedeseruti P u Q cywecmsyrom npoudsoduvie Padona-Huxoduma p u q
OMHOCUMENLHO HeKkomopoli mepwvi 1. Tozda

PP Q) =5 [ Ip(e) = afa)] n(da), (85)

2. Ilycmo y pacnpedenenuti Py, u P cywecmeyrom npouseodrvie Padona- Huxoduma py, u p omuocumenvro
Hexomopot, mepo . Ecau pp, — p p-nowmu 6c100y, mo pyar(Pn, P) — 0.

Joxazameavemeso. TlepBoe yTBep:KIeHMEe TeOpeMbl HeMeIeHHo cieayeT n3 Jlemmbr [8.1] u [Ipegmoxenus
HoxaxkeM Bropoe yrBepxenne. O6o3HaunM 0, = p — py. Hockomnsky [, dpdp = 0, To

1
/5;—‘1#:/5;(1#: / |0n| dit = pyar (P, P)
D D 2 D

BBUy paBeHcrBa (8.5). Tak kak 0, cxomurcs K Hya0 p-mouru Berogy u 0 < §, < p (Toxke p-mourn
BCIOJTY ), TO 10 Teopeme JleGera o MaxKOpPUPYeMOii CXOMMOCTH HOJIyIaeM HYZKHBIN PE3yJIbTaT. 0

Bameuanue 8.3. 1. Eciu (D, A) = (R, By) u u — d-mepnas Mepa JleGera, To MbI IPHXOIMM K TIEPBOMY
yrBepxKaennio TeopeMbl Beenenust, ecu j4 — CIATAIONAST MEPA, TO KO BTOPOMY.
2. B 6opesesckoM cirydae, Korja curma-aiaredbpa A mopoxkiaercs HeKOTOPOH METPHUKOM, MOXKHO CpPaBHU-
BaTh CHJIBHYIO (TO €CTh [0 BAPUAIMN) 1 CJIA0YIO CXOIMMOCTD pacipe/esennuii. Kak u ciemoBaio oxxuiars,
U3 CUJIBHOM CXOAMMOCTH OyIeT cjieJoBaTh ciadasi.

Jlast 1oKa3aTebCTBa JOCTATOYHO CPABHUTH OIpPEesIeHHe CXOAUMOCTH II0 BapUAIMH C ISTHIM IIyHK-
toM OcHoBHOIt Teopembr pasesta win onpejeserne ciaboit cxomumocTtu ¢ pedyiabrarom Cref-

crBud 811
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9 Heckoabko nmpeaejJibHbIX TeoOpeM, UCIIOJIb3yEeMbIX B CTATUCTHUKE

B sToM paznesne Mbl OCTAHOBUMCSI HA HEKOTOPBIX BOIPOCAX IMPUMEHEHUsT TEOPUU CJI1aboi CXOIUMOCTH
pacrpe/ie/IeHnit K CTAHJIAPTHBIM 3aa9aM MATEeMATHIeCKON (M MPUKJIAIHON) CTATHCTHKI.

9.1 CxoauMoCTh IO BEPOSITHOCTU K KOHcTaHTe. O0Iue yTBepKIeHns

XOpOHIO HN3BECTHO OIIpeae/IEeHNE CXOAUMOCTHU IO BEPOATHOCTU K KOHCTaHTE IIOCJIEeJOBATEJIbHOCTH CJIY-

N P
JaflHbIX BeJUYHUH: &, — G O3HAYAET, UTO P(|§n —al > 5) — 0 mpu n — oo gy jgaoboro € > 0. 1o
onpeg:genema@ €CTECTBEHHBIM 00pa30M 0000IMaeTcst Ha Caydail CaydallHbIX BEJUYUH, TPUHUMAIOIIITX
3HAYEHUS B IIPOU3BOJILHOM TOIOJOIMYIECKOM U3MEPUMOM IIPOCTPAHCTBE.

Onpenenenune 9.1. Ilycrs (D, C, B) — TOMOJIOTUYECKOe M3MEepUMOe MMPOCTPAaHCTBO (Kak Beerja, C 000-
3HAYAET HEKOTOPYIO TOMOJIOIHMIO TOAMHOXKeCTB D, a B — COOTBETCTBYIOILYIO GOPEIEBCKYIO 0-aarebpy).
ToBopsT, YTO TOCIEI0BATEIBLHOCTD CAYUYaiHbIX Beandaud &, : (Q, F) — (D, B) CXOJIUTCS 110 BEPOSITHO-

P
¢t K @ € D (mo-mpexkHeMy 3amucbiBaeTcst &, — a), eCiu P(fn € Ua) — 1 g Jirob0oro OTKPHITOrO
muoxkecTBa Uy, COMEPAKAIIETO TOUKY a.

B cityuae, korya Tonosiorust C OpOXKIaeTcss METPUKOM p, CUTyaIisl CTAHOBUTCS 6OJiee HATJISITHOI.

IIpenmoxenue 9.1. ITycmo (D,p,C,B) — mempuneckoe usmepumoe npocmparcmeo u a € D. Tozda
P P
cxodumocmov &, — a axeusarernmmua momy, wmo p(&,,a) — 0
P
Jokazamenvemeo. Cxomumocts p(&y,, a) — 0 MOXKHO nepenncaT KaK P({n € Bg(a)) — 1 npu n — oo,

rje B:(a) — OTKDBITBIN IIap pajyca € ¢ IMEeHTPOM B TOYke a. TeMm cambIM HEOGXOMMOCTH JIOKA3aHA.
JlocTaToIHOCTD CeayeT U3 MENOYKN

P(&, € Uy) > P(& € Bo(a)) — 1,
rje B:(a) — HEeKOTOpBIH OTKPBITHI MIap pajuyca € ¢ IEHTPOM B TOUKE a, cojepxKamuiics B U,. O

Hocrouncrso IIpeniioxkenust COCTOUT B TOM, 9YTO OHO MO3BOJIAET I JTOKA3aTEIbCTBA CXOANMOCTH
10 BEPOATHOCTHU UCIIOJIL30BaTh HanboJiee yI00HYI0 METPUKY, HOPOXKIAIOILYIO TOHOJIOrH0 C. ITO MOXKHO
MIPOWJITIOCTPUPOBATH Ha IIpUMepe CIab0il CXOIUMOCTI BEKTOPOB B ]Rd

— T .
Ilpennoxxenune 9.2. [lycmo £, = (én), e ,gé”)) — NOCACOOBAMENHOCTVD CAYHATINBT 6eKmOopos 6 RY
_ T = P _ .
ua = (al, .. .,ad) € R?. Tozda cxodumocmo &, — @ sK6UGAACHMNAG NOKOOPIUHAMHOT CTOOUMOCTIU
(n) P -
Ej —aj npuj=1,...,d.

Joxaszamenvcmeo. Boibepem B R MeTPHKY, OIPeIeNeHHYIO IPH T = (:1:1, .. ,xd)T uy= (yl, e yd)T

pasencrBoM p(T,Y) = maxi<i<q(|z; — yi|). Kax yxe rosopuiocs (cm. IIpemroxenne pazzena [3.1]),
9Ta MeTpHKa Topok1aeT Bopesesckyio o-anre6py B RY. Kpowme Toro, obosnaunm B. (@) map pamyca &
C IIEHTPOM B TOYKe a B METPUKE p.

Ecin Agn) ={w: ]fgn) (w) — ai| < e}, To, Garogapst TakoMy BBIGODY METPUKHU p,

d
A, E N AW = {w: €,(w) € B:(a)}.
=1

88BoJ1ee cranmapTHOE OIpeIe/IeHIe CXOMMMOCTH 110 BEPOSITHOCTH CBSI3AHO CO CXOAMOCTHIO P (|£n —al > 5) — 0. Koneuno,
9TH ONpEJEIEHUs] SKBUBAJEHTHBI. A mouemy?

89locnenuss 3amuch KOPPEKTHA, TaK Kak byHKIus p(T, a) SBISETCs HEIPEPHIBHOI 110 T 1, CIeIOBATEIBHO, B-H3MePHMOit
— cM. 3ameuanue E paszena E}

90A mouemy?

91 CchopMymupyiiTe U mOKasKUTE aHAIOr IIpemIorKeHus JJIsI TIPOM3BE/ICHUS CenapabesIbHBIX METPUIECKUX IIPO-
CTPaHCTB.
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Hcno, uro cxomumoctu P(A,) — 1 u P(Agn)

OTCIOJIa CPa3y 2Ke CJie/yeT Tpedyemoe. O

) — 1 JJId BCEX 1 DKBUBAJICHTHBI. BBI/I,ILy IIPOU3BOJIBHOCTHU &

Creyronee XOpoIno U3BECTHOE YTBEPIKJICHNE OKA3bIBA€TCsl BEPHBIM HE TOJIBKO JJIsl €BKJIMIOBBIX, HO
" JJIT TPOU3BOJIBHBIX METPUYECKUX TTPOCTPAHCTB.

Ilpennoxxenue 9.3. [lycmo (D,C,p, B) — MEMPUMECKOE UBMeEPUMOE npocmparcmseo u a € D. Toezda

P
crodumocmov &, — a skeusarenmmua momy, ¥mo L(&,) = dq.

def
Joxasamenvcmeo. 1. Iycrs P, = L(&,) = P = 04 u iycTb U, — OTKPBITOE MHOXKECTBO, COJICPIKAIIEE
a. Torma mo wersepromy nyHkTy OcHoBHOM TeopeMbl (cm. paszgen [4.2))

liminf P(&, € U,) = liminf P, (U,) > P(U,) = 04(U,) = 1.

CuenioBarensno, P(&, € U,) — 1.

2. Ilycrs &, Ban f € BL(D), npuuem |f| < M u coorBercrBytoiasi nocrosiutas Jlummnuna pasua L.
Torna

Bf(6,) - f(a)] < /( F(@) — £(@)|Pa(dz) + / 1£(@) — £(@)|Paldz) <

z,a)<e p(z,a)>e

< L/ p(z,a)Py(dx) + 2MP(p(fn,a) > 5) < Le + 2MP(p(§n, a) > E).
p(z,a)<e

ITepBoe cnaraemoe MOXKHO CJIe/IaTh MaJjibIM BBIOOPOM €, & BTOPO€ — BBIOOPOM JIOCTATOYHO OOJIBIIIOrO 7
(npu y2ke BoiGpanaoM €). Ceblika Ha nepsbiii myHkT OcHoBHOI Teopembl 3aKaH4IUBaeT 10Ka3aTeslb-
CTBO. O]

9.2 3ameHa MeHIAOIIEro NapaMeTpa Ha ero COCTOSTEeJIbHYIO OIeHKY
9.2.1 OO0i1ee yTBepxKaeHUE

Teopema [9.1] xoTopyro MBI 06CYIUM B 3TOM pasiese, HHTEPeCcHa He TOJLKO IJIs IIPUJIOXKEHUN, OHa
ITPOSICHSIET POJIb CJIyYalHBIX BEJIUYINH, CXOSIIUXCSI 110 BEPOATHOCTH K HYJIIO, IIPU JOKA3aTeJIbCTBE Pas-
JINUHBIX IIPEIEIbHBIX TEOPEM.

B maremarndeckoM aHajm3e GECKOHEUHO MAaJible IOCJIEI0BATEBHOCTH U (DYHKIIMH UTPAIOT OCODYIO
POJIb — HUX BBLIYJIEHEHHE B CJIOKHBIX BBIPArKEHHUSX YACTO IIOMOTaeT HAXOAWUTDH IPeIesibl 9THX BbIparke-
nuit. CraydaiiHble BeJIMIMHBI, CXOJSIIINECS 110 BEPOATHOCTH K HYJIIO, UTPAIOT AHAJOIMIHYIO POJIb B TEO-
pun caaboil CXOAMMOCTH paclpeleeHuii. 31ech Mbl IIPUBEIEM HECKOJIBKO BAXKHBIX IIPUMEPOB IOI00HBIX
YTBEPKJIEHN, OCHOBAHHBIX HA CJIEILYIONEM (hakTe.

Paccmorpum cemapabesbible MeTpudeckue m3mepumbie npoctparctsa (Dj, p;, Ci, B;), i = 1,2. Tlo-
crpouM u3 HUX npocrpanctso (D, p,C, B), riue D = Dy x Do, C = C1 xCy — Tomojorus npousseenust, 3 =
B1 x By — npousseyienne o-anrebp B u Ba, a MeTpuka p oupejessiercs (HaIpuMep) Cie/yonmM 06pa3oM:
ecan Y1,y € D1, 21,22 € Do u x1 = (y1,21), X2 = (Y2, 22), T0 p(X1,X2) = max (pl(yl,yz),p2(21,22)).

Teopema 9.1. ITycmo &, & 0 (Q,F) — (D1, B1), nn 0 (Q,F) — (D2, B2) u 8 € Dy. Ecau L(&,) = L(E)
wnn =0 € D, mo L((&nm)) = L((6,6)).

Jlokazamenvcmso. Corsacuo Ocnoshoit Teopeme jocrarouno jokasars, aro Ef(&,,m,) — Ef(€,0) s
moboit dyukpn f € BL(D). Ilycrs |f| < M unpu x = (x1,22), ¥ = (Y1, Y2)

|f(x) = f(¥) < Lp(x,y)) = Lmax (p1(z1,y1), pa(w2, y2))-
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Torma

[Ef(€nsmn) = BF(E,0)] < [Ef(&nynn) — Ef (€0, 0)] + [Ef (6, 0) — EF(E,0)] = Ji(n) + J2(n).  (9.1)

Tak kak dbyukmus f(-,0) menpepbiBHa U orpanudena, To Ja(n) — 0 mpocTo 1o ompeeeHuo c1aboii
cxomumocrtu (B upocrpancrse (D1, p1,C1, B1)).
Yro Kacaercs mnocsenoBaresibHocTu Ji(n), To, UCHOIb3Ysl HEPABEHCTBO HOJIY9UM, 9TO

+E(|f(én,mm) — Ef (0, 0)|, p2(1n,0) > €) < LE(p2(nn, 0), p2(nn, a) < €) + 2MP (pa(1n, 0) > €).

JanbHeiinme paccysKaeHus MOBTOPSIOT OKOHYaHMe J0KasaTe beTBa 1Ipeioskenus O

Bameuanue 9.1. TpeboBanne cemapabeabHOCTH MeTpUIecKuX npocTpancTs (D1, p1) u (Da, p2) Heobxo-
JIAMO JIJIsl TOTrO, YTOObI Ipou3BeieHne o-anredbp By X By siBisiioch Gopesesckoil o-anrebpoii o(Cy X Ca)

(cm. TIpengiozkenne pasjena .

3 TeopeMbl cpasy ¥Ke BLITeKaeT CJieLyloMuil Hoe3Hbli (haKT.

CaencrBue 9.1. ITyemw (G,r,G) — Hexkomopoe mempuueckoe npocmpancmeo ¢ mempurot  u 6ope-
aesckoli o-anzebpoti G. Ecau 6 ycarosusx Teopemovy omobpasicenue g : (D, p) — (G, r) nenpepwisho,
mo

['(g(gny nn)) = [’(g(fa ‘9))

Jlokazamenvcmeo. Konedano, 910 Bcero Juimb cienctsBue u3 Teopembl (Tounee, IIpesroxkenus [5.1) o
coxpaHeHnu ¢j1aboil CXOIMMOCTH IIPU HEMPEPBIBHBIX OTOOPAYKEHUSIX. O

Sameuanne 9.2. U3 yreepxkuenust CiencrBust B YaCTHOCTH, BbITeKaeT,@ 9TO CJIalBIN Ipees mo-
CJIeJIOBATEIbHOCTHI E(g({n, 9)) COBIIQAET CO CJIAOBIM IPEIEIOM II0C/IEI0BATEILHOCTH C(g(§n, nn))

ITpumep 9.1. Bor npocrsie (1 ucnosb3yembie Hanbosee 4acto) npumepsl pumenenus Ciiencrsust

1. Addumuerocmo.
Ecin B ycnoBusix Teopembr D; = Dy = R% a § — mynesoii BekTOp, TO E(&n + T]n) = L(§).
Takum 06pazoM, ciydailHble BeJIMYUHBL (M BEKTOPA), CXOJSIIUECs] O BEPOSITHOCTH K HYJIIO, UTDAIOT
pouib (aJIUTUBHBIX) GECKOHETHO Maﬂblx@

CkaxkeM, ycThb 1, . .., 5, — HE3ABUCUMbIE OJMHAKOBO PACIIPEICJICHHBIE CIyYaliHble BEJIUIUHBI CO CPEIHIM
0 u epuunanoit aucuepcueit. O6o3HaunM (Kak IPUHATO B CTATUCTUKE) T, cpeaHee apudmerndeckoe (; u
nonoxuMm &, = v/n (T, — 0). Torma, koneuno, L(£,) = N(0,1). Ecu 1, = n/n, rje 1 umMeer pacupeeienne
Komm, To cnabeiii mpesen mocaenosareabrocTn pacupenenennit L£(&, + 7,) He H31\4eHHTCH@ HeCMOTDs
HA TO, 9TO y CJIyYalHOH BeJMIUHBI &, CpejiHee W JUCIEPCHs COBIAJAIOT C MapaMeTpPaMé MPeJebHOrO

pacupegesiernst N(0, 1), a MareMaTHIeCKOr0 OXKUJIAHUS Y CILy9aiiHO BesnduHbl &, + 1), He CYIIeCTBYeT.

2. Myavmunauxamuernocmo.
Ecin B ycnoBusix TeopeMbr Dy = R4 a Dy = R, 1o L(&m,) = L(0€). B wactroctn, ecim
0 =0, 10 & Bo.

ITpomosrzkast mpumep co ciaydaiiabivu Besimanaamu 3; u [T, MbI MrHOBEHHO TTOJIyYnUM, 9TO

L(Vn (Tn — 0)T,) = N(0,67).

_o P
B uacrnoctn, ecm 6 = 0, o T2 — 0.

92 A kak?
9306paruTe BHUMAHNE, YTO 3[€Ch HIYETO HE TOBOPUTCSH O 3aBHCUMOCTH MM HE3ABUCHMOCTH CJIyYailHBIX BEKTOPOB &n 1
7! Eciu 661 0HY GBI HE3aBUCUMBI, TO TEXHUKA XaPAKTEPUCTUIECKUX (DYHKIMS MO3BOJIUIA OBl JIOKA3aTh 3TOT (haKT OUYEHD

mpocto. JleiicTBuTenbHO?
94 ,H a?
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PaccmarpuBast «MyJIbTUIIMKATUBHBIN> BapuanT ClencTBust ¢ 0 = 0, MOXKHO JIOraJIaThCs, YTO
3j1ech TpeboBaHue ciaboii cxomumoctu L(€,) = L(£) m36bITouHO. DTO KAK B «OOBIYHOM» aHAJIU3E: €C/IU
b, — 0, TO 1151 TOTO, 9TOOBI AY b, — 0, HET HYKIbI TPEOOBATH, YTOOBI IOC/IEI0BATEILHOCTD (), UMEJIa KO-
HEYHBIH IIpejes, J0CTaTOYHO, YTOObI OHa Obljia orpannderHoi. OIUH U3 aHAJIOIOB 3TOr0 IIPOCTOro (hakTa,
OTHOCSIIITIIICST K CXOAMMOCTH 110 BEPOATHOCTH, MOXKET OBITH ChOPMYIUPOBAH CJIEAYIOMUM 00Pa30M.

IIpennoxenue 9.4. I[lycmov &,,m, € R. Ecau cemeticmeo pacnpedeaerud {L’(fn),n > 1} NAOMHO, «
P P
N — 0, mo &nipn — 0

Zoxasameavcmeo. flcHo, uro npu puKcupoBaHHOM § > 0

P(|§n77n‘ Z 6) = P(|£n77n| Z 5’ |77n| < ‘5) +P(|£nnn| Z 57 |77n‘ 2 5) = 11(5,8,71) +IZ(67€an)7

IpuIeM
Li(6,e,m) < P(|&] > 8/e, Inn| =€) <P(|&] > d/e),

9TO MOXKET OBITBH CJIeJIAHO CKOJIb YTOJHO MaJIbIM PABHOMEPHO II0 1 BLIDOPOM 6.@ Yro kacaercst I2, TO 3Ta

BEJIMYMHA CTPEMUTC K HYJIIO0 1ipu 1 — 0 npu jiobom €, Tak Kak I2(0,&,n) < P(|nn] > 6), a 1, o O

CaencrBue 9.2. Eciu |a,| — oo, a cemeiicTBo {E(anﬁn),n > 1} IJIOTHO, TO [, 2o

Jlokazamenvemeso. O6oznauum &, = a, By u 1y, = 1/ay, Torma B, = £,n, 1 BCe CBOAUTCS K IPUMEHEHUIO
IIpeiozkenust [9.4] O

S3ameuanue 9.3. U3 Teopembr HpoxopOBa@ CJIEJIyeT, ITO B MOJTHOM METPUIECKOM cernapadbe/ibHOM IIpo-

CTPaAHCTBE JTI00ast cJIabo CXOISINAsICS MOCTIeI0BATEILHOCTD PaCIpeie/ieHuil iioTHa. [loaTomy yTBepK I€e-

uue CrieJcTBus BEPHO, €CJIU [10CJIeJ0BATEIbHOCTD PaclpeaeeHni {E(an Bn)} uMeeT CJIabblil peIe)I.
T

DToT (haKT, OJHAKO, JIET'KO BBIBOIUTCS HemocpeacTBeHHO n3 CencTBust |

9.2.2 O moBepuTeJBHBIX MHTEPBAJIAX

OjHo n3 00mux yTBep:KAeHui, nokasbBaiomux, kak Teopema [0.1] u Coencreue [0.1] ncnosnssyrorcs B
CTATUCTUKE, MOYKET OBITH OIHCAHO CJIEIYIOMNUM 00pa30oM.

IMycTe x1,...,7, — HnoBTOpHas BBHIOOPKY | M3 pacupesenenusa P, npudaem P = Py g, rae 0 € R, a
¥ € RY. TIpeamososKum, 9TO JjIsi HEKOTOPOH OIEHKN §n mapamerpa 6 un jgoboro r > 0 mMeeT MecTo
CXOIUMOCTD

P(an@n — 0| <z) — F(z) npu n— oo, (9.2)

rie ap > 0, a, — +00 u F' — HekoTOpast HelpepbIBHAS (PYHKIINS PACIIPE/IE/IEHNUST, BOSMOXKHO, 3aBUCSIIAST
ot mapamerpos 0, 0: F(z) = Fyy(x).

Jlerko nokaszare cienyoriee yreepxiaenne. O6o3HAUNM [JIsT KPATKOCTH &, = ap |6, — 0.

ITpennoxenue 9.5. 1. Ouenxa é\n ABAAETNCA COCTNOAMENOHOT Ons 6.
2. Ilyemwv npu mobwx 0,9 gynkyua F : R — [0,400) asasemes obpamumoti. Obosnawum H =
Hpy = Fg_q% Tozda

L (Fy9(&)) = U0, 1) (9.3)

95 IIpuBemuTe mIpIMep, MOKA3BIBAIOIIMIA, YTO 6€3 YCIOBHS IIJIOTHOCTH 9TO YTBEPKIEHUE, BOOBIIE TOBOPS, HEBEPHO.

91 k. cemeiictso {L£(£,), n > 1} mwiorHo.

9" ®opMyanpoBKa IpUBEIEHA B pa3gene JokazaTesbcTBO (KaK y»Ke TOBOPUIIOCH) CM., Hanpumep, B |1, .l T 6.2].

98V6enurech B 9TOM.

9B crarHCTHYECKHX TpEMeEpaxX MbI GYIEM HCIOMB30BATH CTAHIAPTHBIC [JIS CTATHCTUKH OGO3HAUECHMS, HAIIPHUMED, 06O0-
3HAYATH CJIyvaifHble BEJIMUMHBI HE IPEYECKUMU, & JJATUHCKAMU OYKBAMU.
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u dan mobozo vy € (0,1)
P (18 — 61 < a Hop(7)) = (9.4)

Hoxazameavcmeo. 1. VI3 Toro, uro dbyukims F gBJsieTcs HEIPEPBIBHON, CJIEIYET, 9TO CXOJUMOCTH B
(19.2)) paBrOMepHasi. [TosTomy mist 1060T0 € > 0

|P(|§n — 0| <e) — F(ane)| = ‘P(an\an — 0] < ane) — F(ane)| = 0

upu n — oo. I[lockosbky npu s1oMm F'(ane) — 1, T0o Bee moka3aHo.

2. Pacemorpum coyuaiinyio seamunny € ¢ dyukipeit pacupenesnenus F. Iockonbky L£(€,) = L(§),
a dyuknus F wenpepsisaa, 10 L(F(&,)) = L(F(§)). Hy, a cayuaiinas Bemmunna F'(€) paBHOMEpHO
pacupeesena Ha [0, 1]@ orkyza u caezyer (9.3)).

Yro kacaercs (9.4)), To aTa cxomumocTs cpasy ke caenyer us ([9.3):

v 4 P(Fpp(&n) <) = P60 < Hpp(7)) = P(|0n — 0] < Hpp(7)/an)-
VYTBep:KIeHnEe JIOKA3aHO. OJ

Ecin dyuknust F' we 3aBucut oT 6,1, TO MBI JIETKO MOXKEM IIOCTPOUTH ACUMIITOTHYECKUI JTOBEPH-
TeJILHBIII MHTEPBAJ YPOBHS Y JIJIs TapameTpa 6:

P(|9An —0 <a,’ H(v)) ~~ npu 60abmux n.
Yo ke jenarh, ecn QyHKIM pacipeaeenus F 3asucut ot 6,97

IIpenmoxkenne 9.6. [Tycmov gynryus F(x) = Fpy(x) Asriemes Henpepuierot no <mpermepHomys
apeymenmy (x; 0,9). Ecau ¥y, — cocmosamenrvhas oyernka ¥, mo npu n — oo

P(]@\n — 0 <a,’ Hgnﬂgn(fy)) — (9.5)
dan mobozo y € (0,1).

Joxasameavcmeo. Ilpumensist Cueacrsue (Tounee, 3ameuanue K 9TOMY CJIEJICTBUIO) K CJIaboii
exomumoctu (9.3)), cpasy ke mosryuaem, 4To

[’(F@Lﬁn (fn) = U(O, 1).
Orcrona (9.5) mosygaercst Toano tak xe, Kax ((9.4) w3 (9.3)) O

Takum 06pasoM, B 3TOM CIydae aCHMITOTHYECKUN TOBEPUTEIbLHBI UHTEPBAJ YPOBHA -y JJIsI Iapa-
MeTpa 6 umeer BuI

P(\gn —0 <a,’ Hy 5n(7)) Ay upu GOJILIIUX N. (9.6)

Sameuanue 9.4. 1. Mbl 3j1eCh paccMaTpUBAJIN 33129y HOCTPOEHHUsI (PEAJN3yeMOro) acCuMITOTHIECKOTO
JIOBEPUTEIHHOTO MHTEpBasa I Hem3BecTHOro mapamerpa 6. Koneuno, stor xe maTepBan (m, Gosee
TOr0, AHAJIOMMYHBIE TIOCTPOEHHUsI) MOXKHO HCIIOJIb30BATH ¥ Jjisl 3871849 IPOBEPKHU IHIIOTES.

2. YesoBue, 910 mapaMerphl § i ¥ MOTYT HpHHIMATH Jo6ble 3Hadenns n3 R n R? coorBercTBeHHO,
KOHEYHO, SBJISIOTCS OIPAHUIUTEILHBIMU. JIerKO BUJIETh, ITO 3TO yCJIOBAE MOXKHO OCJIA0UTD, (DAKTUIECKH
HE MeHsIsl JIOKA3aTeIbCTBA: MOYXKHO IOTPebOBaTh, UTOOBI 3TU MapaMeTphl IPUHAJIEXKATIA HEKOTOPBIM
OTKPBITBIM TIoAMHOKecTBaM mpsmoii 1 RY. Toryia, oIHako, HAKIIAIBIBAIOTCS JOMOIHATEIbHBIE YCIOBUS
Ha OIEHKH 9TUX [IapaMeTpPOB, KOTOPhIE TOXKE JIOJIKHBI IPUHUMATH 3HAUEHUSI B 3TUX MHOXKECTBAX.

B cremyromem pasmesne Mbl 0b6CcyquM Ha MPOCTEHIIEeM IpuMepe 9Ty Ipobdemy.

100y, camom meste mocaemmmit paxT Bepen 6e3 TpeboBaHms 0bpaTUMOCTH (BYHKIHN PacIpeneseHns F, oCTATOYHO IHIITh
ee HelpepbIBHOCTU. YOeUTeCh B 9TOM.
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9.2.3 IIpumep: moauduiimpoBaunnasa teopema II. JleBu

ITepeiineM Temepb K HEIOCPEACTBEHHOMY UCIIOIL30BAHUIO TeopeMbl (rounee, CiesicrBust NI,
eme TouHee, IIpemyoxKenns IS TeJieil MaTeMaTH4ecKoil craTucTuku. i Hadasa OrpaHuduMCs
OJTHUM IPUMEPOM, UMEIONINM 3HAYEHUE U IJIsI METOIA MOHTe—KapJIOFEI

Ilycrs 71,...,%n, ... — HE3aBUCUMBIC OJIMHAKOBO PACIPEIC/ICHHBIC CJIyYaiHbIe BeIMYUHDI, IMECIOIIIE
cpejiHee @ U TIOJIOKUTETLHYI0 KOHeUHyIo ucrepcuto o2. Ecin o6osraanTs Ty, = (21 + ... + 2,)/n, T0 B
3THUX TEpMUHAX KJaccumuecKas TeopeMa Ilossa Jlesn yTeepzkaaer, 9To

L(v/n(@n —a)/o) = N(0,1). (9.7)
Us (9.7) crenyer, uro pys soboro v € (0, 1)

P(|Z, — a| < zy0/v/n) — 7, (9.8)
IJIe 2, — pelleHne yPaBHeHHsI

D(2y) — P(—2¢) =1, (9.9)

a ¢ — dyuknusa pacupeesieHns CTAHIAPTHONO HOPMaJIbHOIO 3aKOHA.
[Tpu usBecTHOl nucnepcun pasercTso (9.8) mo3BoOIsIeT CTPOUTH (ACUMITOTUYECKUIT) JTOBEPUTEIbHBII
UHTEpBaJI YPOBHA 7y [AJId HEU3BECTHOI'O CPEJHEr'0 a4, 3TOT MHTEPBaJI UMEET BU/L

(Tn — 2y 0/V/n, Tn + 2y 0//n).

OJHAaKO Ha IPAKTHKE OOLIYHO BeJIMYHHA 02 HEM3BECTHA, U 06INAs PEKOMEH AN B 9TOM CJIydae COCTOHT
B 3aM€HE B JIOBEPUTEIbBHOM MHTEPBAJIE 0 HA Oy, TJIE O, — KAKasi-TO COCTOsITENIbHAsI (TO €CTh CTPEMSIIAsICsl

110 BEPOSITHOCTH K 0) OIEHKA 0. TeM caMbIM HOBBI JJOBEPUTEJIBHBIN MHTEPBAJ IPUOOPETAeT BUJL
(Tn— 2y On/ VN, Tnt2y5,/V/1). (9.10)

OO6bI4HBI BHIGOD 0y — 9TO BHIOOPOYHBIN CTAHIAPT

Taxue paccyKIeHust HyXKJIAI0TCH, KOHEYHO, B CTPOI'OM ODOCHOBAHUU.

~ P ~
Teopema 9.2. Ecau 0, — 0 > 0 u P(d, > 0) = 1 npu scex docmamouno Gosvwuux n, mo oii 1106020

v € (0,1)
P(Tp— 2,00/ VN < @ < Tnt2y 0 /y/0) = 7. (9.11)

Jokasameavemeo. Mpl GysieM BBIBOAUTH 9TOT pesysbrar u3 IIpesioxkenus [9.6]
[Tosromy nepernurem (9.7) B HykHOIT HaM dopme:

P(vn|z, —a| < z) = Fy(x),

101 fTpyrue mpuMepsl CM. B paszelie
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e mipu 2 > 007
Fy(x) = ®(x/o) — P(—x/0).

Dro B Tounocru coorsercreyer (9.2) ¢ a, = /0, § = a u ¥ = o, upuyem npegebaast GYHKIHs pacpe-
nesiennsi Fy, (OHA, KOHEYHO, HENPephIBHA U 00paTHMa) 3aBUCUT TOJBKO OT «MEIIAIIero» Iapamerpa o
U He 3aBUCUT OT OIEHUBAEMOIO @.

OcoberHocTb (0 Hell TOBOPUIIOCH BO BTOPOM IIyHKTE 3aMevyaHust COCTOUT B TOM, UTO Ha BTOPOI
napamerp o HakJaJsiBaoTcs yciaoBus: o € (0,00). OTcioga U MOSBUIINCH YCJIOBUST IIOJIOKUTEIHHOCTI
OLIEHKHU Tp,. Tem He Menee pyukius Fy,, KOHEIHO, HelpepbiBHA Kak (DyHKIMS JBYX apryMEeHTOB Ha MHO-
xkecrBe R X (0, 400).

Hanee, eciin obosnaunTs Hy obparnyio dyukimo k dyuxmun Fi(z) = &(x) — ®(—x), To, oueBuIHO,
byuknus H,, obpatnas k F,, oymner umers Bua H, = o Hy. [Tosromy npuobpeTaeT BUI

P(vn |z, —a| < n~1/? ocHi(y)) =~ npun — oo,

a (9.5) — Bux
P(vn |z, —a| < n~1/? onH1(v)) = v upun — oo.
[TockosbKy Hq(7y) = 2, TO HOCIEIHEE PaBEeHCTBO SKBUBaIeHTHO (9.11). O

Tor daxkr, uro byukius H, o9eHb TpOcTO (JIMHEHHO) 3aBUCHT OT 0, TI0O3BOJISIET HOJIYIUTh PE3yJIbTaT
Teopemsi [9.2]6ostee npsivosnaeitno, 6e3 ncnosb3oanust Ipeioxkenust (9.6, a HenocpeacreenHo onupasich
Ha, Gostee obriyio Teopemy

A uMeHHO, 5TOT Pe3y/bTaT CPasy }K@ Oy/IeT BBITEKATDH U3 MOJUPUUUPOSAHHOT meopemyt Jlesu.

~ P ~
Teopema 9.3. Ecau 0, — o > 0 u P(g, > 0) = 1 npu ecex docmamouno boavwuxr n, mo umeem
MECTMO CTOOUMOCTND

L(vV/n(@n —a)/7,) = N(0,1). (9.12)

Joxasameavemeo. ByneM 1y MPoCTOTHI CIUTATH, YTO 0y > 0 IPH BCEX W U nFEI

[Monoxum B oboznavenusix CreacTBHs &n = Vn(@p —a), 0 =0, n, =0y ug(x,y) = x/y, vae
x € Ruy > 0. Torna g(&,,0) = /n(Tn —a)/o u g(&n,nn) = Tp — a)/0,. Kpome Toro, paccmorpum
cayJaitmyio emmauny & € N(0, 02).

Tak kak L(&,) = L(§) = N(0,0?), L(g(&n,0)) = L(g(€,6)) = N(0,1), 0 < 1y LA/ dbyuxIUA g
SIBJISIETCST HEIPepbIBHOM, TO 110 CJIeICTBIIO ,C((fn, nn)) = E(g({ ) 0)) O

Mo>KHO TpUBECTH €IIle OJIHO, COBCEM <IIPUMUTHUBHOE» TOKA3aTEIbCTBO MOMUMUIMPOBAHHON TeopeMbl JleBwu,
onmparomeecss Ha MyJIbTUILIMKATUBHBI corywail [Ipumepa [0.1] [eiicrurensro, Tak Kax

Tn —Q Tn, —a O
Vn ——=yn "— — |
n g On
def ~ P
TO JIJIsl TIOJLyY€HHsl Pe3yJIbTaTa HaM JOCTATOYHO JOKA3aTh, YTO 1), = 0/0, — 1. Jlokaxem sToT dakT «B J106>.
10211 hoBepore!
103 157

1045, wro n mpemoIarafTCs JOCTATOIHO GOIBIIAM, He MMEeT 3HAMEHHs, TAK KaK HAC HHTepeCyeT Ciydaii n — oo. Uro
KAaCaeTCsl TIOJIOXKUTETLHOCTH Oy TOYTH BCIOZY, TO MOXKHO M3MEHWTH O, HA MHOXKECTBE MEphI HOJIb TAK, YTOOBI OHU BCE
OBLIM CTPOTO TIOJIOXKUTEIbHBI, JOKA3aTh HY>KHBIA HAM IPEJEJIbHBIH PEe3yJIbTaT, & NOTOM <BEPHYTbCS» K HACTOSIIUM O,
BOCIOJIb30BABIIIUCH TEM, YTO BCE UCIIOJIB3yeMble PACIPEIEICHNS OT TAKUX 3aMEH HEe MEHSIIOTCS.
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=4 o~ P
O‘{eBI/I,ILHO 1/n, =0n/c — 1. Hanee, npu Mansix € > 0

P(ln, -1l <e)=P(l-e<0/5,<14¢)=P(1/(14¢) <o,/o <1/(1—¢)) =
=P(1/(14+¢e)-1<0,/c0—-1<1/(1—¢e)—1)=P(—¢/(1+¢)<on/o—1<e/(1—¢)) >
>P([gn/o—1| <e/(1+¢)),

YTO CTPEMUTCS K €IUHUIIE BBUJLY C CXOJUMOCTU Op /0 K 1 110 BEPOSITHOCTH.

Sameuanmne 9.5. Jlerko Bugers, uro B Teopeme yciosue P(g, > 0) = 1 MOXKHO 3aMEHHTH Ha
P (G, #0) = 1]

Kax yske TOBOPHJIOCH, CTAHAPTHBIM BADHAHTOM BBIGODA 02 ABJIAETCS BHIGOPOTHAS JUCICPCHS 5,2 =
S (xi — Tn)?/n wm <ucnpasiennas> (HecMmerenHas) BbIGOpoUHas juciepcus s = ns2/(n — 1).
TloKaskeM, UTO 9TH CTATHCTHKH MOYKHO HCIIOJIb30BATH B Katectse o2 B Teopeme [9.3]

IIpennoxenue 9.7. Ecau pacnpedeserue L(x1) HenpeprSHo Mo 0nA Gp = Sy = \/82 U Op = 5 =
/82 evinoansromes ycaosus Teopemol .

Uoxazamenvcmeso. I1ockoIbKy BBIOOpOUHAS JUCIEPCHSI SIBJISIETCS JUCIepCHeil BBIDOPOTHOrO pacipeie-
_ _ def P _ P
senust, 10 32 = (¥3+...4+x2)/n—T2. fcno, uro &, = (¥3+...4+22)/n = Ez} uz, — Ex1 = a. [lostomy
_ o P

(bynkimst z — y? HeTpepBIBHA U CHOBa HCTOb3yeTcsa CrecTrie D 52=¢, — 12 — Ea? —a? =02

Jasee, paBeHcTBo 52 = ( SKBUBAJCHTHO DABEHCTBY T] = ... = Tp, & NOCIEIHEE COOBITHE HMEeT
HYyJIEBYIO BEPOSTHOCTD, TaK Kak pacipesesnenne L£(x]) He UMeeT aTOMOB. TeM caMbIM yTBEPIKIeHUE JIJIsT
BBIOOPOUHOM Juciiepcun J1oka3ano. IJoCKoIbKy HcIpaBiIeHHAasl BHIOOPOYHAS JUCIEPCHS OTJINIAETCA OT
<2
STL
TpebyeMoe U IS Sp. O

JIMIIb MHOXKHUTEJIEM, cTpeMsiieMcst K 1 upu n — oo, 1o (cHoBa npumensist Ciiejicrsue 9.1)), momyaem

3ameuanue 9.6. Jlokazarenbcrso [Ipemioxkenust CO3HATEJIBHO BBIOPAHO TaKUM 06pa30M, YTOOBI OHO (B YaCTH
CXO/IUIMOCTH 110 BEPOSITHOCTH) OIMPAJIOCHh TOJIBKO Ha (GakThl ciaboii cxomumoctu pacupenenenuii (B dpopme Coen-
CTBUS . Eciu BoIiiTH 38 9TH pAMKH ¥ WCIOJIB30BATH JIPYTYI0 BEPOSITHOCTHYIO TEXHUKY, TO COCTOSTENHHOCTH
BBIOOPOYHON JINCIIEPCHN MOXKHO JIOKA3aTh ropa3sio Kopode.

Tax, U3 yCUIEHHOTO 3aKOHa GOJIBIINX THCENT CJIeyeT, YTo MOYTH HaBepHoe T, — Bxy u &, — Ex?. ITostomy
52 =&, — (T,)? cxomures k Ex? — (Ex;)? = 02 (Toe mouTH HaBepHOe), a U3 CXOIMMOCTH TIOYTH HABEPHOE CJIe/IyeT
CXOJMMOCTD TI0 BEPOSITHOCTH.

Mopudunuposannas Teopema I1. JleBu mimocrpupyer obrryio cxemy npumenenusi Teopembr [9.1] B
CTaTUCTUYIECCKUX UCCJICJOBaAHUAX. B 3aJ1a4€e ITIOCTPOCHUA (a,CI/IMHTOTI/ILIeCKOFO) JOBEPUTEJILHOI'O NHTEepBaJia
JUIS CPEJTHErO IPU HEM3BECTHO JMCIIEPCHE MBI UMEEM JIEJIO C JIByMsl mapamMerpaMu (TodHee — JIBYMsi
xapakrepucTukamu pacupesesnenuss L(x1)). OJuH U3 HUX — CAMO HEM3BECTHOE CPEJ[Hee — SIBJISIETCSI
00BEKTOM HAINEro M3y4eHusl, a BTOPO — JIUCIIEPCUsT — sIBJISIETCST «MelnaiomuMy». JleficTBuresibHO, eciin
MbI 3HAEM 3HAYEHUE JUCIIEPCHU, HET HPOOJIEMBbI ¢ IMOCTPOEHUEM JIOBEPUTEILHOIO MHTEpBaja, He 3HAeM
— npobsembl Bosuukaor. Teopema [0.0] n Cuencreue [9.1] nokaspiBator, Kak pemaercst 3Ta mpob/ema:
€CJIM 3aMEHUTDb MEIIAONUii TapaMeTp ero COCTOSITeIbHON OIEHKOMN, TO IpeelbHoe paclpeieleHne, Ha
OCHOBE KOTOPOI'O CTPOMTCSI JIOBEPUTEJILHBI HHTEpBaJl (MM KPUTEpHii IIPOBEPKH HEKOTOPOIl MMIIOTe3bI)
He Mensiercst. KOHEUYHO, JjIsi NPABUILHOIO HMPUMEHEHUsI 3TOrO IPUHIUIIA HYXKHO CHAJasa MPOBEPHUTH
soinosHenne yeaosuit Teopemsr [9.1] u Coepersus [9.1]

Bepuewmcst kK Mmojuduimposannoii reopeme Jlesu u o6cyum, 9To Jenarh, ecian yciaosue P(a, > 0) =1
He BbIIOJIHAETCH. 1 KOHKPETHOCTH, IIyCTh 0 = Sp. llpeacraBuM cebe, 94TO T; — 3TO «OEpHYJLIHEB-
CKHUe» CIIydaiiHble BeJIMUnHbI ¢ apamerpoM p. Torma st moboro p € (0, 1) cymecTByer HooKuTesbHast
BEPOSITHOCTH TOTO, YTO BCE X; PABHBI HYJIO (W Bee x; paBHbl 1). B arom ciyuae 8, = 0, BbIpaxKkeHue B

105 TeiicrBuTensro oueBnmHO?

108 Toweny?
197To ecTb ecim y 9TOro PaCIpPENeICHAS HET aTOMOB.
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nesoit uactu ([9.12) IPOCTO HE HUMEET CMBICTIA, & JOBEPUTEIbHBI HHTEPBA BBIPOKIAETCS B IIyCTOE
MHOKECTBO

Yro memars B 9T70M caydae? OTBeT MOXKeT OBITH JIaH Ha sI3bIKE IMPAKTUKH, si3bIKe IucToil (popmasib-
HOI) Teopuu M, Tak CKa3aTh, BHYTPH HEKOTODPOii jorndeckoil koumenmnun. PopMaibHO-TeOpeTuIecKuit
OTBeT caMblii pocToit. [IocKOIBKY S), g o > 0, To st 1100607t (HecTydaiiHOil) CTPOro MOIOKUTEIBHOI
OECKOHEYHO MaJIOi (v, ClIydaiiHas BeJIUdrHa 8,(11) = 3§, + Q; TOXKE CXOIUTCsI 110 BEPOATHOCTU K 0 U IPH
9TOM SIBJISIETCSI ITOJIOXKUTEIbHON. Tak maBaiiTe 3aMeHUM S, Ha S, + (y W HA 3TOM YCIIOKOUMCs!

Koneuno, sT0 perenne He sIBISIETCS YIOBJIETBOPUTEILHBIM C IPAKTUIECKON TOUKN 3pEHUA XOTsI ObI
HOTOMY, YTO CJIUIITKOM BEJIHMK IIPOM3BOJI B BHIOODE vy, JleficTBuTEIbHO, MOKHO B3STh (v, = 1/n, & MOXKHO
NOJIOZKUTE i, = 109/ In(n), mpesenbroe pacupeesienne 6yIeT OJIMHAKOBLIM, HO JOBEPHTEIbLHbIC HHTED-
BaJIbl IIpU (PUKCUPOBAHHOM 1 MOT'YT OBITH COBEPIIIEHHO HE ITOXOXKH.

Ha mpaxkTnke paBeHCTBO S, HYJIIO, CKOpEe BCEro, O3HAYAET, 9TO UMEIOIIHiica 00beM BBEIOOPKHU 7 HEJI0-
CTaTOYEH, U HY’KHO €r0 YBEJIMIUBATE (€C/I1, KOHEYHO, 9T0 BO3MOXKHO). CyIiecTByeT u Jipyrue BApUaHTHI.
[TpencraBum cebe, HAIIpUMED, 9TO BBHIOPAHHAS JIJIsS OMUCAHUS UCCJIEIyEeMOTO sIBJICHUSI MOJEIb HE SIBJIsI-
eTcsl aJIeKBATHON (JJIsl HAIEro HpUMepa — YTO OEPHYJUITMEBCKUE CJIydaiiHble BEJUYUHBI T; SIBJISIOTCS
3aBUCHMBIMY U/UJIM HE SIBJISIIOTCSI OJIMHAKOBO DaciipejiesieHHbiME). Toria Mbl BOOOIe He UMeeM IpaBa
oJib3oBarbest Teopemoii I1. JleBn u Hy2KHO ¢ caMoro HadaJjia pa3dUpaTbCsl B TIOCTAHOBKE 3a/1aq1/1@

Mpr 2x€e cTaBUM BOIIPOC CJIEAYIONIM 0Opa30M: KaK M3MEHUTH (DOPMYJIUPOBKY MpeaeabHol TeopeMbl
9TOOBI OHa BKIOYana B cebs n ciydait P(a, = 0) > 07

CrauaJia BBeJIeM HY2KHOE 0D03HAUEHME U JOKAXKEM IIPOCTYIO JIEMMY.

Ounpenenenne 9.2. Ilycrs (2, F,P) — HekoTopoe BepositHocTHOE npocrpancTBo, A € F u P(A) > 0.
Paccmorpum msmepumoe npocrpancrso (D, B) n cay4vaiinyio Bemauny € : (Q,F) — (D, B). Torma
ycsoBaoe pactpeesenue € npu ycaosun A (tmrmercess — L4(€) wim L(E | A)) onpeensitcss paBeHCTBOM
P € B, A)

LAE)(B) = PE € B|A) = =g

B e B.

Jlemma 9.1. Ilycmo o-anzebpa B asasemcs 6opensesckoti, mo ecmov MoporcoGemcs Hexomopot mono-
saozueti nodmmnootcecme muootcecmea D. Pacemompum A, € F maxue, wmo P(Ay,) — 1. Ilycmo, xpome
mozo, pacnpedeserusn P cayuatinor seavuwun &, = (Q,F) — (D, B) caabo crodamcs % pacnpedenenuro
P. Tozda L4, (&) = P.

Jlokazamenvecmso. Hyxuo nokaszars, uro jis oo dyukiuu f € Cy(D)

E(f(&n), An)
7P(An) —>/Dfd73.

ITycrs |f| < M. Tak kak P(Ay,) — 1, T0 pesysbrar ciie/lyer u3 [eN0YKH HEPABEHCTB
B(6).An) — [ 1aP| <[Ef€6) ~ [ £aP|+[E(f60), 45 <
< [Br(e) ~ [ sap|+p(1-P(an).
D

JlemMa mokaszaHa. OJ

1088 ofmiem ciayuae Takas BOSMOMKHOCTD MOYKET PeAH30BATHCS TOLIA M TOJBKO TOTZA, KOTIA CIyUaiHbIC BEIUIHHBI T;
NIPUHUMAIOT KAKOe-TO 3HAYEHHE C MOJIOXKUTEJILHON BEPOSATHOCTDIO.

109Bce memmo, KOHEYHO, B TOM, YTO HCIOJIB3yeMasl OIEHKA IICIEPCHH MOYKET MPHHUMATH 3HAYEHHsI, HEIIO3BOINTEIbHBIE
TS CAMO# MUCIIEPCHH: Y HAC TIPEATIOIAraeTCs, 910 02 > 0, a 52 MOYKET OKA3ATLCSH HYJIEM.

IlomobHbIE cuTyaIuy He PeIKOCTh Ha MPAKTHKE, U UCIBITaHUusI BepHystn — Bcero juiib npuMmep. [IpegcraBbre cebe, 4T0
Ber oriernBaere mo BBIOOPKE HEKOTOPYIO XapPaKTEPUCTUKY PACIPEJIe/IEHNsI, KOTOPAasi TI0 CBOEMY COIEPXKATEHLHOMY CMBICITY
JOJIKHA ObITH Gostbiie 1. A «ecTecTBeHHAs» (M COCTOATENLHASA) OIEHKA ITOW XaPAKTEPUCTUKH OKA3BIBAETCA MeHbIe 1. Yro
Torga nejars? Belb cofep:karesibHO MHTEPIPETUPOBATH PE3yJIbTaT HEBO3MOXKHO.
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ITepeiizieM Tenepb K cOOTBeTCTBYIOMEMY Bapuanty Teopewmst [0.3]

Teopema 9.4. Ecau 6 ycarosusx meopemov, I1. Jlesu 7, Bo>0u P(g, #0) = 1, mo
c(ﬁ(@ — ) /G | Gn # o) = N(0,1). (9.13)

Jlokasamenvemeo. O6osnaunm By, = /n(T, — a)/o, rak aro L(S,) = N(0,1), u nosoxum 17, = Spy,
rje

%:{w%,%¢u

1, on = 0.

Tax kak L(y/n(T, — a)/oy ’ On # 0) = L(ny |5, # 0), To 1o Jlemme JIOCTATOYHO IIOKA3aTh, YTO

P
L(n,) = N(0,1). B cBowo ovepenp, 310 GyJer ciegyer u3 Toro, 4ro v, — 1. Jlokaxkem MmOC/I€IHIOI0
CXOIUMOCTDb. ZlCcHO, YTO

P(lvn — 1] <e) =P(|lo/5, — 1| <&, 0, #0) + P(0, = 0) = I1(n) + I2(n).
ITo ycsosuio Iz(n) — 0. Hamee, ecsin qucisio € > 0 JJOCTATOYHO MAJIO, TO

Li(n)=P(l-e<o0/o,<14¢e,0,#0)=P(1/(1+¢)<dn/o<1/(1—¢),5,#0) <
<P(-oe/(l+e)<0,—0<oe/(l—¢)).

~ P
[Tocnennee BhipazkeHue, OYEBUIHO, CTPEMUTCS K 1, TaK KakK 0, — 0. O

Tem caMbIM
P(acn — 240n /N < a < Ty + 2,0, /1 | Ty # O) -,

rae v € (0,1), a BeanunHa 2., OIpeseeHa B .
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9.3 IlpenenbHas TeopeMa Kpurepusi x>

Kpurepuit x? sBJIs€TCS OJHIM U3 CAMBIX IIOIY/ISAPHBIX IIPH HAYAILHOM H3YUYeHHN CTaTHCTHKH. Tem
He MeHee, ¢ ero 060CHOBAHMEM MPOMCXOJST CTPAHHBIE Bel. B «cabbix» Kypcax 3To (Hanpumep, Jjist
SKOHOMUCTOB) 9T0 0GOCHOBAHME, €CTECTBEHHO, OIIYCKAIOT. A B «IIPOJIBUHYTHIX» UM IIPEHEOPEraT, CanTast
OYEBUTHBIM.

Ha camowm mene B moka3zaTesbCTBe MPEIebHON TEeOpeMbl, Ha KOTOPOH OCHOBBIBACTCS TOT KPUTEPHUil
HCIIOJIb3YIOTCS HECKOJIBKO (PaKTOB 0 cj1aboit cxommMmocTu pacupeaenennii: Mmaoromepaas LIIT | yrsep-
JKJIEHHE O COXPAHEHUH CJIADOr0 IayCCOBCKOTO MpeIesia [IpH JIMHEeHOM peobpasosanuu u (obriee) yTBep-
JKJIEHUE O COXPAHEHWH CJIa00N CXOMMMOCTH P HEITPEPBIBHOM OTOOPAYKEHIH

Haunem ¢ maoromepnoit LIII'T, KoTopyro MOXKHO Ha3BaThb MHo20MepHot meopemots 1. Jlesu.

9.3.1 MunoromepHasa Teopema JleBmn

Teopema 9.5. ITycmo &p,...,&,,... — NOCACOSAMEALHOCTVD d-MEPHHLT HESAGUCUMDLE 00UHAKOGO PaC-
NPeJeAEHHDIT BEKMOPOE CO CPEFHUM T U KOBAPUAUUOHHOT mampuyet Y. Tozda
L((E +...+&, —na)/v/n) = N(0,%). (9.14)
Jlokasameavcmeo. He ymassist obIHOCTH, MOKHO cuutarh, uro a = 0. O6oznaunm p(t) = ¢(t1,...,tq)
XapaKTepHCTHYEeCKyIO (bYHKIMIO CIydaifnoro sekropa &, = (£1,...,&)T. Torma, Kak HeTpPY/IHO IOKa3aTh,
240) 240)
atj - §] 8t]atk - gjgk‘ Jk>s

rie o — 37aeMeHT MaTpunpbl Y. OTciofa cpasy ke ciejlyeT, 9YTO Ipu t—0
o) =1- (SE ) /2+o(|T2). (9.15)

IlycTh , — XapakTepucTudeckas dbyHKims sekTopa (&, + ...+ E,,)//n. Torma, ouesnmno, o, () =
©"(t/+/n), muz (9.15) cremyer, aro st pukcupoBanHoro t

on(f) = (1 — (DL T)/2+ o(n—l))" L (CED)2

IPU 1 — 00, YTO U JOKA3bIBACT yTBEPIKICHNUE. O
IlpuseneM jiBa colepzKaTesbHBIX IPUMEePa UCIO0JIb30BaHud TeopeMbl

ITpumep 9.2. [Ipedesvran meopema 0if HE3ABUCUMBIT UCTOIMAHULT € T UCTO0AMU.
IIycrs 21, ...,2, — HOBTOpHAas He3aBUCHMAas BBIOOPKA U3 PaCIpeeIeHU

1 2 ... m
P , (9.16)
b1 p2 -.. DPm
npudeM p; > 0 mpu Beex ¢. Obo3HAUNM k; 9HUCIO T, PaBHBIX . OueBUIHO, k1 + ... + ky, = n. Ecm m = 2, To MBI
dakTHUIeCKN UMeeM JeJI0 ¢ UCIBITAHUSAME BepHYyIUIN, U I 9TOTO CIydas XOPOIIO M3BECTHA MIPE/IeIbHAS TeOpeMa
MyaBpa—ﬂannaca KOTOpasl yTBEPKIAET, ITO E((k — np)/\/ﬁ) = N(0,p(1 —p)), rue p = p1 u k = k1. Boienem
n3 MHOromepHoit TeopeMsl I1. JleBu anasornyublit pesysnbrar s m > 2.
ITocrpoum m-mepHble BekTOpa &1, . . ., &, cienyomuM obpasoM. Ilycrts ey, ..., e, — M-MepHbIE OPTHI, 3aIlU-
CaHHBIE B €CTECTBEHHOM HOpH,HKeB Iosoxxum

E=(M,. ™ —ep upn =k, 1<k<m,

119He rak y:x maio!
M PakTraeckn — UacTHLIE cIydait omHOMepHOi Teopemsl 11. Jlesn.

1276 ectb €1 = (1,0,...,0)T, e2 = (0,1,...,0)%, ..., em = (0,0,...,1)T.

51


http://statmod.ru/wiki/books:vv

http://statmod.ru/wiki/books:vv

Koneuno, BekTopa &; He3aBUCHMbI U OJMHAKOBO pacupe/ienensl, mpuaeM (ki, ..., ky,)T =Y 1 &
ITockombKy mpu (PUKCHPOBAHHOM j CJIyUIafHbIE BEJTUTHHDI fz@ ) MIPEICTABIISIOT CODOM MCTIbITaHNS BepHyIn ¢
BEPOSATHOCTBIO YCIIEXa Pj, 8 fz@)fi(k) =0mnpu j#k, 0 EE, = (p1,...,pm)T 1
def N ek ) ok pj(1—p;) upu k=j,
oj < Cov(e), &) = BEIE —pjpr= 77 . (9.17)
—Pj Pk upn k # j.
Tlostomy mHOrOMepHas Teopema II. JleBu BBITVISIUT B JAHHOM CJIytae CJIELYIOMIM 00Pa30M:
T
£<((k1, b)) = D1y ) /\/ﬁ) = N(0,3,), (9.18)
rze Y,, — MaTpPHIa pa3Mepa M X M C JEMEHTAMH O jj.
Bameuanue 9.7. Ilockonbky ki + ...+ ky;, = m, TO KOBAPUAIMOHHAS MATPUIA Yy, SBJSIETCS BBIPOXKJICHHOIM,

HO, ecjin yOpaTh U3 Hee MOCJIEIHUN CTOJIOEI] U MOCIEIHIO CTPOKY, TO BBIPOXKIEHHOCTH nponageTFlgI Otor dakT
MOXKHO HAIJISIHO MMPOWJLIIOCTPUPOBATD, pACCMATpUBas Ciaydailt m = 2, To ecThb ucnbitanus bepuysm. Torma kp
Oy/leT UMeTh CMBICJI YUCIa YCIIEeXOB, a ko — YHCJIAa Hey/lad B 1 UCHBITAHUSX DEepHYJIN ¢ BEPOSTHOCTHIO yCIIexa
p = p1. 3/1eCh MATpHUIA X9 NpUoOpeTaeT BH

s, — ( p(l—p1) —pi(l —p1)> ,

—-p1(1=p1) pi(1—p1)

TO €CTh MMeeT PaHK, PaBHBIN 1.
B 10 ke Bpems, ecam paccMaTpUBATB TOJBKO YCHEXW, TO MBI IPUXOJIUM K CTaHIapTHOU Teopeme Myaspa-
Jlammaca, rae npeiesibHOE HOPMAJIBHOE pacIpezesienne, KOHETHO, He sIBJISAeTCS BBIPOXKICHHBIM.

ITpumep 9.3. Acumnmomuueckoe pacnpedescrue HAGYAALHHLT MOMEHMOG.

Pa.CCI\/IOTpI/IIVI HE3aBUCUMBbIE OJJUHAKOBO pacCIIpe/IieJICHHbIE cnyqal‘/’leIe BEJIMIUHBI X1, ...,T, B IPEAIIOJIOZKEHUN, ITO

- def _
M)T. Ouesnmmo, uto E{;, = @ =
(my, ma,...,my

(0 , tae m; = Ex]. Crosb e 04eBHIHO, UTO SJIEMEHT 04 KOBAPHAIMOHHOII MATPHUIBI ¥ BEKTOPA
&; paBeH Mgy — msmy, Tiie 1 < 5,6 < k.

En) HaYaJIbHBIN BbI60pO‘{HbI MOMEHT j-TO MOPSJIKA, TOCTPOEHHBIN 110 BHIOOPKE T;:

~(n) J
mj —*nigll‘i

Egcf]C < oo jua mexoroporo k > 1. Cocrasum Bektopa &; = (i, 22,...,x
)T

O6o3HaYUM M

— ~ n)\ T
n 0603HAYUM 7], = (ml N (O ) . Teopema [9.5( B 9TOM IIpuMepe yTBEpKIA€T, YTO

L£(vn@@, —a)") = N(0,%)

n ABJIdeTCd TeopeMoﬁ 00 aCUMIITOTAYECKOM pacupegesieHn HadaJIbHbIX BbI60pO‘{HI)IX MOMEHTOB.

9.3.2 IlpegeabHasi TeopeMa

Ha ocnose cxommmvoctn (9.18) mokaspiBaeTcsa 3HAMEHUTEIN KpUTepHil X2 I IPOBEPKHU IIPOCTOIl TH-
[OTE3bI O JIMCKPETHOM pacipejiesiennn. JJokaxkeM cHadasa OJHY IIPOCTOE YTBEPKJICHIE.

IIpenioxenue 9.8. [Tycmow Enie R? — cayuatinve sexmopa, npuvem L£(€,) = N(@, ¥). Pacemompum
(demepmunuposarmvie) eexmop b € R* u mampuyy A : R? — R* u noaoorcum 7, = AE,, + b. Toeda
L(m,) = N(b+ Aa, AXAT).

H3Y6enuTech KaK B MEPBOM, TaK U BO BTOPOM. A Kak GyqeT BBINISIETh MPEIeTbHAS TEOPEMa, COOTBETCTBYIONIAS STOM
onepanyuu’?

14000 «BBIGOPOUHBIiT> 3/1€CH HCIIONB3YETCS B CIEAYIONEM CMbICTe. 11ycTh 1, ...,T, HOBTOpHAs BBHIGOPKA M3 pac-
npenenenua P u ¢ — byHKIMOHA, ONPeNeTeHHEIH Ha HEKOTOPOM TIOMMHOMKECTBE PACTpeIe/ieHuli, BKIodatoneM P u Bee

KOHEYHbIe TUCKPETHBIE pacnpenenenns. Ecian P, — sMnupudeckoe pacipe/iesieHne, IOCTPOEHHOE IO BBIOOPKE Z1, . . . , Tpn, TO

def =
0, = 0(P,) aBnserca BHIGOPOIHBIM anagorom xapakrepuctuku §(P). Takum 06pasom, HATpUMED, BEIGOPOYHAS TUCTIEPCHST

— 9TO JHCIIEPCUA BHIOOPOYHOTO PACIIPE/IEIEHNA.
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Joxazameavemeso. O6os3HAMMM @, T 1, XapaKTepucTHIecKne (DYHKIUN CIydIailHbIX BEKTOPOB &, 1 7),,
coorsercreenno. Torma o, () — €/t e=(Cb0/2 1ng T e R u 1,(5) = eGP, (ATS) ns 5 € RF,
[ockombky AT5 € R?, 1o orciona sicuo, aro

¥n(3) = 61(5,5) ez’(ATg,a) e—(zATg, ATs)/2 _ ei(§,5+Aa) e—(AEATE,E)/g

VTBep:KaeHne TOKA3aHO. ]
B 2 6
epHeMCs Tellepb K KPUTEPHUIO x“ U IIPOBeAeM HeOOXOAUMBbIE IIOCTPOCHUST

Teopema 9.6. B pamvxaz IIpumepa
5(77%+---+777%1) :>X2(m—1), (9.19)

ede n; = (k; — np;)\/npi, a nod Y2(K) nonumaemes pacnpedenenue cymmui keadpamos K rezasucumois
N(0, 1)-pacnpedesenmvir cAyaUHOT BEAUNUN.
Joxasamenvemeo. Obozuaunm & = (k;/n—p;)//nunonoxum &, = (&1,...,&n) T un, = (1, ..., 0m) T
Coracuo , L(&,) = N(0,%¢), rae snementsl MaTpunpl B¢ : R™ — R™ onpenenenst & (9.17)).
HockombKy 1; = & /+/Pi, T0 T = AE,,, Tie KBajpaTHas MaTpuIa A sIBJISIeTCS IIATOHAIBHOI C THCIAME
1//p; Ha auaronaJIu.
Hosromy L(n,) = N(0,%,), tae ¥, = AX,, AT, Herpymno Bujers, 4T0 3/1eMeHTbH Ugj MaTPHILBI Xy,
UMEIOT BH/L

) ok _ J1—=pj mpu j=Fk
VPiDk

Ojk = = ,
! —/Pipk 1pu j # k.
Wnaue rosops, Yy, =1 — XXT e I — epunuunas marpuna, a X = (\/pT, R /pm)T.

CHoBa cliestaeM JTHHENHOE Ipe0Opa30BaHne — Telepb C BEKTOPOM 7],,. Bo3bMeM opTOHOPMUPOBAHHYIO

matpuity C' : R™ +— R™ nepsasi CTpoKa KOTOPO#i eCTh (, /D1y -+ sa /pm)7 v nostoxuM 3, = (B1,..., Bm) =
Cn,,. 3ameTnm, 4TO

B = /bjlk; —np;)//ip; = \/15 > (kj —np;) =0.
j=1 Jj=1

Acumnrorundecku BeKTOp [3,, OyJeT UMeTh IayCCOBCKOe DaCIIpe/ieJieHre C HYJIEBLIM CPEJTHUM U KOBa-
PUAIMOHHON MaTpPHUIE

Sp=C(I-xxNct=c1ct —ocxxtct =1-cxx*'ct.

Tax kak Bce crpoku MaTpuilbl C, Ha9MHAS CO BTOPOi, OPTOTOHAJIBHBI BEKTOPY X, & CKAJIAPHOE IIPOU3-

BeJICHHIE TIepBOii cTpoKH i BekTopa X maer exuumiy, o o CX = (1,0...,0)T u
0000 ... 00
1 0 1 0O ... 00
0 0010 ... 00
Yg=1-cxx'ct=1- (1 o ... 00=|. . . . . ],
0 00 0O 1 0
0 0 0O 1

e, |8 ror. TIT §1.
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TO €CTh B IpeJese OKA3bIBAETCHA, UTO CAydallHble BEJIUIUHBI (o, . .., Oy, SBJSIOTCSI HE MPOCTO TayCCOB-
CKHMH, HO K TOMY K€ eIlle 1 He3aBUCUMBIMU C HYJIEBBIMU CPEIHUMU U €IMHUIHBIMU JTUCIIEPCUSIMU. Y Uh-
ThIBasi, YT0 31 = 0, U IpUMeHsisT TOT (PaKT, 4TO Caabasi CXOAUMOCTH COXPAHSIETCS IIPU HEIPEPBIBHBIX
0TOOpAYKEHUAX, TTOIYyIaeM, TITO

LB+ ...+ 8%) = x*(m—1).

Ocrajioch 3aMeTUTh, qTﬂ M. .. +n2, = Bi+...+ B2, Tak uro cxoaumocts (9.19) peitcTBuTebHO
UMeeT MeCTO. O

3ameuanue 9.8. [Ipu m = 2

(k—np)® (n—k-n(-p)* (k=np)? (k=np)® (k—np)
np n(1—p) np n(l—p) np(l—p)’

nt 4 =

TaK 9TO B 3TOM ciydae cxoauMocTsb ((9.19)) 3ﬂeMeHTapHdE cejyer u3 npejenbHoit reopembl Myaspa-Jlamnaca.

Ha yrBepzknenun TeOp6MI>II/I OCHOBAH CTATUCTHYECKHIT KpuTepuii Y2 IPOBEPKH IPOCTOf IHIIOTE3BI
0 TOM, YTO UCXOJIHAsI BBIOOPKA TOJIyYeHa u3 pacrpejenenus (9.16)) Plgl

3ameuanue 9.9. CyiecTByer eme oauH, 60j1€e CJIOXKHBIA BapuaHT KPUTEPHUsT X27 KOorjga HyJieBas I'd-
OoTe3a HE ABJIACTCA IMPOCTOU M BEPOATHOCTHU P; B PACIIPEJICJICHUN 3aBUCAT OT HEKOTOPOI'O YUCIIa
mapamerpoB. KoHe4uHo, Toriaa 3Tu mapamMerpbl JOJKHBI KAKHM-TO 00pa30M OleHHBATHCA. Mbl 37eCh He
paccMaTrpuBaeM ITOT Cilydail, CBA3aHHBII C MeTOJaMU UX OLCHKU.

16 Tak kak Marpuna C' OPTOHOPMUPOBAHHASL.
17 a7
a’
M8 CrammapTHEIH BUI 9TOr0 KPUTEPHS COCTOUT B TOM, UTO THIIOTE3a OTBEPTaeTCsT, €CIH 15 + . . . 412, TPUHAMAET CITHIITKOM
GoJsibliue 3HAYEeHUsI. A TIOYeMy KPUTHYIECKas 06JIaCTh yCTPOEHA UMEHHO Tak? ZIBJisieTcs i 9TOT KPUTEPHUIl COCTOSATEIbHBIM
u ovyemy?
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9.4 CoxpaHeHUe aCUMIOTOTUYECKON HOPMAJbHOCTU MPHU IJIAJIKOM OTOOpa>KeHUU

Teopema 0 coxpaHeHUN ACHMIITOTUIECKON HOPMAJILHOCTH JIOBOJILHO IMIUPOKO PACIPOCTpaHEHA, Ha-
IJISIJIHA, ¥ 9aCTO UCIOJIB3YEeTCsI KaK B TEOPETHYECKUX IIOCTPOEHUAX, TaK M Ha IPAKTUKE.

9.4.1 Teopema 0 cOXpaHEHUU ACUMIITOTUIECKOU HOPMAaJIbHOCTU

ITpeaoozKuM, 94TO Mbl U3MEPsIeM N Pa3 HEKOTOPBIi yroJl a. Pe3ybraTsl u3MepeHusi — He3aBUCHMAst
MOBTOPHAsI BEIGOPKA Z1, - .., Ty CO CPEJHUM @ W TOJIOXKUTEIBHON auctiepeneii o2, Ecim Hac uHTepecyeT
caM yroJ a, TO, B IIPUHIWIE, HETY HPOOJIEM € MOCTPOEHHEM (ACHMIITOTHYIECKOrO) JIOBEPUTEIBHOIO MH-
TepBaJia /Ui 9TON BesmduHbl. UTO, O/[HAKO, JejaTh, €C/l HAC UHTEpecyeT He a, a cos(a) wiu, B obiieM
cydae, f(a)?

[Ipexie, e 06Cy K IaTh M0J0OHbIE TIPOOIEMbI BO BCell X MOJHOTE, IIPUKMHEM, KAKOM J0JIKeH ObITh
OTBET B 9TOI KOHKPeTHO{T 3a1a4e. [Ipemonoxkum, aro f HenpepbBHA B TOUKE a. SICHO, 9TO ecTecTBEeHHOM
(BbIGOPOUHOIA) olleHKOM Besmuunbl f(a) siBasiercs f(Ty,), upuaem f(Z,) 5 f(a).

ITycrb Tenepsb dbyHKIUs f sABISIETCS JOCTATOYHOMN [VIAIKOM, TOrIA IIPH GOJIBIIUX 1 CJIE/yeT OXKHUIATh,
aro f(Z,)— f(a) = f'(a)(ZTn—a). Tax xkax L(y/n(T,—a)) = N(0,0?), TO MBI IPHXOIUM K €CTECTBEHHOMY
npeanosoxennio, uro B atoM caydae L(yn(f(z,) — f(a))) = N(0,0%), rne o1 = |f'(a)|o. Torna, ecim
npoussojHast f’ HenpepbiBHA B TOYKE @, TO B KAUeCTBe JOBEPUTENHHO MHTEpBasa ypoBHs v 1t f(a)
MOKHO B3$5ITh HHTEPBA,

(f(fn) - |f/(§n)|§nx’y/\/ﬁa f(fn) + |f/(§n)|§nx’7/\/ﬁ)

Koneuno, stu HecTporue coobparkeHust MOXKHO CAeIaTh TOYHBIMU, B TOM YHUCJIE U JJisi MHOI'OMEPHO-
ro ciydasi. 3aMeTUM, 9TO JJIs JUHEHHOTO OToOpaxKeHust f y HAC yKe eCThb Pe3yJbTaT, TOKA3aHHBIN B

[Tpenoxkenun
HeiicrBurenbho, ecin L(€,,) = N(a,X) u 7,, = AE,, + b, 10, coruacuo IIpeioxkennuto

L(7,) = N(b+ Aa, ALAY).

[Tepeitnem Tenepnb 06IEMY YTBEPKICHUIO O COXPAHEHNN ACUMITTOTHIECKON HOPMAJIBLHOCTH IPU T T-
KOM OTOOpaKeHWH.

[Iycts 7,, — mOCIE10BATEILHOCTD d-MEPHBIX CAy4YailiHbIX BEeKTOPOB, U — OTKPBITOE II0/IMHOXKECTBO
R? u @ € U. Pacemorpum orobpazkenue f = (f1,..., fr)T : U — R* u upeanonoxum, uro a) f € C(U)
b)npu 1 <i<dwul<j <k cyuecrBylor HellpepbIBHbIE U OrpaHnveHHble B U YacTHBIE IPOU3BOJHbIE
8]}-/8,2]- .

O6ozraunm A f; € R? rpajnent byHKIHA f; I MOTOKIM A= (Afi:...: Afy). OueBnmno, MaTpua
Ay nmeer k cTonbmos un d CTPOK.

Teopema 9.7. [lycmov das Hexomopot Nocaedo6aMesbHOCTIU Cyp — +00 UMEET, MECTO CTOOUMOCTILD
L(cn(7, —a)) = N(0, ). (9.20)
Tozda P(,, € U) = 1 u
L(ca(fMm,) — f@) |7, €U) = N(0,%), (9.21)
ede Xy = A?(ﬁ) Y As(a).

Jlokasamenvemeo. Beuiy cxopumocreii ¢, — oo u (9.20) uz Cnencrsus u 3aMedaHns cpasy xe
_ P _ _
BBIBOJUTCs, 9TO Tj,, — @. Orciona cienyer, uro P(7,, € U) — 1.

1193 1ech, KOHEUHO, IPEIIOIATAETCS, ITO Sy > 0.
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OcraTok JoKasaresbcTBa MBI IpuBeleM B upesanosoxenun P(7, € U) = 1. Ilepexon x obmemy
CJIy4daro He IIpeJCTaBJIAeT prgalzul U IPOBOJUTCS TE€M K€ IIPUEeMOM, 4TO U B Teopeme
W3 pazmoxenns byukiun f B pang Teilyiopa B TOUKe @ CIEIyeT, ITO

cn(£(n) = f(@) = A} @) (ca(@, — @) + (7, = @ll) en |7, —all = Ji(n) + J2(n),

rae e(x) — 0 mpu & — 0. Coracno yreepxkaenuio IIpenoxenus L(Ji(n)) = N(0,%f). Yo
kacaercst Jo, 1o, BBy (9.20) u menpepsiBHOCTH DyHKINU ||Z||, pacupejenenus ciaydailHbIX BEJIUIUH
_ _ . _ —_n P _ _ P P
cn |77, — @] mmeror caGeiit npened. Hosromy |7, — al| = 0 u (|77, —al|) — 0. Cnenoparensro, Jo — 0
U yTBEPZKJIEHNE JOKA3aHO. O

Sameuvanue 9.10. 1. Haubosiee ymorpeburebHoe npumererne Teopembl CBS3aHO ¢ MHOT'OMEPHO#
teopemoii I1. Jlesu, nokazanuoii B pasese [0.3]

Obozuauus B ycjioBusix TeopeMbr m Ny = (El +...+ En) /M ¥ B3SIB ¢, = /T, MbI BHJUM, 9TO
puobpeTaeT BUJ, , U TI09TOMY MOYKHO IIPUMEHATH leopemy .
2. Ecmu B Teopeme CXOJINMOCTD [OJIydaeTcss Kak cjejcTBue Teopembr TO yCJIOBHUS Ha
[IaJKOCTh oToOpazkeHusi f MOryT ObITh CyliecTBeHHO cmsirdenbl. Kak jokasano B [4, i 1 §7|, miua
BBINIOJTHEHUST TAKOTO BapuaHTa TeopeMbl JIOCTATOYIHO, 9T00B! dyHKIMN [ Oblin guddepenupyembl
B TOUKe 4. Bo Bcex JaJibHENINNX IPUMEPAx 3TU YCJIOBUSI BBITIOJHSIIOTCS.

IIpuBenem cravasa HECKOJIBKO MTPOCTBIX TPUMEPOB.

ITpumep 9.4. OdHomepHbitl cayua.
B ciyuae, xorma d = k = 1, (9.21]) npuobperaer Bu

L(en(f(nn) = f(a)) [ € U) = N(0,(f'(a))?0?).

Cuepoarensho, ecau f'(a) = 0, To mmeer mecro cxomumocts L(cy(f(nn) — f(a)) | nn € U) = bo.
Hanpuwmep, mycrb @1, ..., %, — HE3aBUCHMAas IIOBTOPHAS BBIGOPKA CO CPEJHUM @ W TIOJIOKUTETHHOI
aucnepcneit 02, O6osHaunM T, = (z1 + ... + ) /n. o Teopeme II. Jlesn L(v/n(T, — a)) = N(0,0?).
Iosromy L£(v/n(cos(Z,) — cos(a)) = N(0,sin?(a) 0?). Ecim a = 0, To B pesyibTaTe HOLyHaeTCs, ITO
Vn(cos(z,) — 1) 50, B 10 Bpems Kak L(\/nsin(z,)) = N(0,0?).
DTOT HpEMEp MOKA3BIBAET, YTO MATPHIA Y He 00s13aHa OBITH HeBprO}K,ZLeHHOfIE 6oJsiee TOroO, OHA
MOXKET OKa3aTbCdA [arKe HyJIEeBOI.

ITpumep 9.5. Cmaburusayus npedeavroti ducnepcuu.

Kak y»ke roBopujioch, mpodJieMbl ¢ TIOCTPOEHUEM JIOBEPUTE/IBHBIX WHTEPBAJIOB BOSHIKAIOT TOTJA, KO-
/12 Ipejie/IbHOE paciipe/iesienne, Bo3HUKaromee, Harpumep, B (9.2), 3aBUCHT OT HEM3BECTHBIX ITapaMeT-
poB. B obimem ciydae sra mpobjiemMa periaercsi ¢ MOMOIIBI0 COCTOSTEIbHBIX OIEHOK STUX [TapaMeTPOB.
Unorna, omHako, ee MOXKHO PENUTh TPOCTO TTOIXOAIIINM HETHHEHHBIM TPeo0pPa30BaHIEM.

PaccMoTpuM MOBTOPHYIO BBIOOPKY Z1, - . . , Ty, U3 pacupejesenus Ber(p), riae p 6m3Ko K HyJiio win 1.
HecmoTpst Ha TO, 9TO MOCTPOEHNE ACUMIITOTHIECKOTO JIOBEPUTEIHHONO NHTEPBAJIA JIJIST P HE TPeJICTaBIISIeT
TPyJia — BCe OCHOBBIBaeTcs Ha Teopeme Myaspa-Jlamiaca:

‘C(\/ﬁ (fn - p)) = N(O,p(l _p))v (9'22)

U HAIIpUMeEP, OJIMH U3 BApPUAHTOB I'PAHUIL TAKOT'O MHTEPBAJIA UMEET BUJL

Tn £ 29/ Tp(1 — Tp)/n, (9.23)

IIPU MaJIeHbKUX P 3a/lada OKa3bIBAETCdA He TaKOH yzK IIPOCTO.

120y Gemurecs B 9TOM.
2T pugeaure Takoit npumep npu d, k > 1 1 HEBBIPOXKIEHHOH MATPHIBI .
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C MHTYUTHUBHON TOYKM 3PEHUS] ITO MOHATHO: IPU OYEHb MAJEHBKHUX BEPOSITHOCTSX yCIeXa HyKHO
AMeTb 049eHb OO0JIbIIOI 00'beM BBIOOPKU, YTOOBI JOCTATOYHO TOYHO OIEHUTDH BEPOATHOCTD yciexa. C dop-
MaJIbHOI TOYKM 3peHust 3TOT 3DPeKT 00bACHAETCH TEM, YTO HA IPAKTUKE JIOBEPUTEJIHLHBII HHTEPBAJ JJIs
MaJIEHbKOT'O MOJIOXKUTEJIBHOI'O TIapaMeTpa JOJIXKEH UMEThb JJIUHY, CYIIeCTBEHHO MEHBIITYI0 3HAUEHUs ITO-
ro HapaMeTpa@ [TockosbKy B JIOBEPUTEILHOM WHTEPBAJIE VT < Ty, TO MOKET MOTPEOOBATHCH
60JIbIII0#1 00'beM BBIOOPKY 7 9TOOBI, HAITPUMED, HUXKHSS I'DAHUIIA UHTEPBaJa, ObLIa OOJIbIIEe HYJIS.

B 3roMm cMmbIcie MOXKET TTOMOYb OJIMH IIPUEM, HA3BIBAEMBIN IPUEMOM CMAbUAUSGUUL @ucnepcuu@

A umenno, cuoBa nosioxkue d = k=1 B (9.21)) u B3aB f(x) = arcsin y/z, MBI OJIyYUM, 9TO B HAIIIEM

ciay4gae (9.22)) nepeiizer B
L(v/n (arcsin VZ, — arcsin\/p)) = N(0,1/4)),
tak Kak npu x € (0,1)

/ 1 1 1
CV1I—z 2V 2 z(1—x)

Tem camMbIM ncUe3aeT mpobieMa OIeHUBAHUSI IPEAeIbHON TUCIIEPCUN U JOBEPUTEIbHBIN UHTEPBAJ JIJIsI
HOBOT'O TlapaMeTpa arcsin ,/p nprodbperaeTr BUJL

(arcsin v/z)

arcsin VZ, — 0.5z, /y/n < arcsin \/p < arcsin VT, + 0.5z, /v/n.

Tenepb, pelas 3TH HepaBeHCTBa OTHOCUTEILHO P, HOJYYUM, YTO IPH GOJILIIUX 7
. . 2 . . 2
(sm (arcsm VTn + 0.527/\/5)) <p< (Sln (arcsm VTn + 0.527/\/5)) ,
C BEPOATHOCTBIO, OJM3KOI K 7.

Kak BugHo orciona, «crabuimsalysy JIUCIEPCUN 3aKJII0YaeTCs B BHIOOPE TAKOI'O IPeodpa3oBaHus,
110cJie KOTOPOr'o Ipe/jiesIibHasd JINCIEPCUsI CTAHOBUTCS HE3aBUCUMOII OT HEM3BECTHBIX I1apaMeTPOB

9.4.2 JloBepuTeJIbHBIIA MHTEPBAJI AJIsI YCJIOBHOU BEPOSTHOCTH

IIpumep 9.6. Jlosepumenrvhoili uHmepaan 0Af YCA08HOT BEPOAMHOCTIU.
[Ipeamomokum, ITO MBI IIPOBOJUM cjeylomuii orpoc. CHadara KaXKJa0My U3 1 IeJ0BEK 3a71aeM BOIIPOC,
Ha KOTOpBIft oH MoKeT oTBeTuTh «Jlay mim «Her». [Tocte 9TOr0 TeMm m3 omparmmBaeMbIX, KOTOPBIE OTBe-
T «/lay Ha mepBbIif BoIlpoc, 3a/1aeTcst BTOPOIt BOIIPOC, Ha KOTOPBIH TOXKe MOYKHO OTBETUTD Jinbo «lay,
au6o «Hers. Hac mnTepecyior crarucTudeckue CBOMCTBA JOMN TEX OMPAIUBAEMBIX, KOTOPbIE OTBETUIN
MOJIOXKUTEBHO 2 pa3a Cpejid TeX, KTo OTBeTH «/la» Ha mepBbIii BOIpoc.

Dopmasiu3yeM OIMUCAHHYIO 33ja4y. Bce NPOCTPAHCTBO 3JIEMEHTApPHBIX COOBITHII pasbuBaeTcs Ha 3
nojMHOKecTBa: Ao (destoBek orsermsi «Her» Ha nepsbiii Borpoc), Aj; — 06a [MOJOKUTEIBHBIX OTBETA
n Ajg — MEpBBIA OTBET MMOJIOXKUTEJIbHBIN, BTOpoit — oTpunarebhbiii. Obosnauuns A1 = A1; U Aqg, MBI
BUJIMM, 9TO HAC HA CAMOM JieJle HHTEepecyeT yCaoBHast BeposaTHOCTb P (A1 | Ay).

Ecin o6osnaunts p11 = P(A11) u p1o = P(A410), TO OKazKeTcst, 9T0 HAM HYKHO OLIEHUTH BEJIUINHY

P(A1n1) D11

def
= P(A{1]|4) = = .
P (A Ay P(A1)  pu+Dpio

122Bp51,71 Ju umeeT cMmbIca oreHnBaTh Yuciao 0.01 ¢ Toanocrsio 0.1.

123 ocTaTodHo 1opoGHBIH 0630p METOIOB [IOCTPOECHNUS! JOBEPUTEILHBIX HHTEPBAJIOB JJIsl HEM3BECTHOM BEPOSTHOCTH yCIle-
Xa B MCHBITAHUAX BepHysmm MoxkHO Haiita B [9].

24 Tycre 21, . . ., T — IOBTOPHAS BEIGOPKA U3 TTOKAa3aTeIbHOrO pacipeaenerns BEXP (), rae A — HemsBeCTHBI mapaMeTp.
Hns storo caysas LT mmeer sug L(y/n (Tn — 1/X)) = N(0,1/X%). Kax B 3TOM cilydae MOCTPOHTD «eCTECTBEHHDIH»
JIOBEPUTENBbHBIN MHTEPBAJ 11 A U KaK €r0 «CTabuan30BaTh» ! TOT 2Ke BOIpoc — 1151 BBIOOPKY U3 paciipeaesienns [lyaccona.
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Ornmcannasi cxeMa OIpoca MOJTHOCTBIO oTBe4daeT [Ipumepy €CJIu B TabJIUIE PACIpeIeIeHIs
MOJIOKUTL k = 3, p1 = P11, P2 = P10, P3 = 1 — p11 — p1o u 3akoaupoBarh yucioMm 1 orser «/la-las,
quciaoM 2 orBeT «/la-Her» u unciaom 3 orser «Hers.

[Tosromy, eciiu obosuaunuts ki1 u kg uucso Jojeit, orserupmux «/la-Jla» u «/la-Her» coorser-

crBerHo, 10 (9.18]) mepernmmercst kKak

E(\/ﬁ((kn/n, kio/n) — (pn,pw))T) = N(0,%), (9.24)
rjie MaTpHUIA Y UMeeT BHUJ

o (pn(l —pi1) —P11P10 >
—p1ipro pio(l —po)/)

def def .
ITockosbKy ﬁﬁ) = ki /n u ﬂlg) = k1o /M SIBJISIIOTCSI XOPOIIUM | OIICHKAMH BEPOATHOCTEH P11 U Pio

COOTBETCTBEHHO, TO «€CTECTBEHHON» (Ha CaMOM Jiejie — BBIOOPOYHOIN) OIEHKON YCIOBHOI BEPOSITHOCTH P
ABJIAETCA

_ kii/n _ k11
kii/n+kio/n ki1 + ko

Yuurssas ((9.24)), 19.25i n 3amMevaHue MBI MOYKEM TPUMeHUTH Teopemy cd =2 k=1,
M = (kll/nv klo/”) F? a= (p117p10)T7 Cn = \/ﬁa U= {(xvy) YTy > 0} u f(-f,y) = :C/((B + y)
IlockombKy

Pn

of(=,y) y Oy x

ox (x4 y)? Oy (z+y)?’

TO

_ 1 D10 >
A S .
s(@) (p11 + p10)? (—pn

Hepr,Z[HO HOC‘IHT&TB@ q9TO

Pp11P10

A7 (@)L Ag(a) = ot

[TosTomy

£ (\/’E( kll P11 ) ’klla klo > O) = N <O, (pllpl()) .

kii+ ko pui+pio p11 + p1o)?

Bamensizi (kak 310 ommcano B Pazgerne 9.2)) acummnrormueckyto mucrepcuio p11pio/ (P11 + pio)® Ha ee
COCTOATENILHYIO OLICHKY

3 _
B (B +B)° = n Tkakio/ (ki + ko),
HOJIy‘IaeM Hpe,ﬂeJH)HyIO TeOpeMy, HpI/IFO,HHyIO JJIA HOCTPOGHI/IH ,ILOBepI/ITeJH)HOFO I/IHTepBaJIa:IT_WI

(k11 + k10)?

cl®, -
(Pn — D) Tk

kllak10>0 :>N(0,1).

12
1

5 BEIGOPOYHBIMME, COCTOSITETEHBIMA, HECMEIEHHBIMH, 3K THBHBIMY, . . .
25 1posepbre!
127Y] kaK BBINISUIAT 9TOT MHTEPBAJ?
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9.4.3 BpIbopouHble XapaKTEPUCTUKN, BhIPA>KAIOIIIEC Yepe3 NepBble U BTOPbl€ MOMEHTHI

Hexkoropbre nosie3nbie XapaKTEePUCTUKH PACIIPEIEIEHIH BEIPAXKAIOTCS TOJIBKO Yepe3 MepBbhie U BTOPhIe
(HayasIbHBIE) MOMEHTHI 3TUX pacupeenennii. Croja OTHOCITCsI, HATIPUMED, JIUCIIEPCHUST, CTAHIAPTHOE OT-
KJIOHEeHWe, KoBapualusi, Ko3hduiuenT Koppeasnun, Ko3hduiuenTsl JnHeiiHoit perpeccun u T.1. JIerko
CTPOSITCs BBIOOPOYHbIE AHAJIOTU ITUX XapaKTEPUCTUK, PACIPE/IE/ICHNsI KOTOPBIX (B TOM YHCJIe U JIONpe-
JIeJIbHBIE) XOPOIIO U3YY€HbI B CIydae, KOT/ia BhIOOPKa JIEJIaeTCsl U3 HOPMAJIBLHOTO pacnpegeﬂeHHHPzgl Shivis
pacipee/leHns UCIOIb3YIOTCA B PA3JINIHBIX CTATUCTHIECKUX IMaKeTax Kak craHgapTHble. Caydan, Ko-
r1a BBIOOpKa OTJIMYHA OT HOPMAJIBHON, ropasjio MeHee MOIYJISpPHBI, XOTS U B 9TOH CUTyallnd MOXKHO
[TOJTy9aTh MpeeIbHbIE PACIPEIeIeHNsT, TPUTOIHDIE JIJIsI TPAKTUKA

B sTom paznene mbl ipuBeieM JafbHee mpuMepsl, WLTIOCTpUpyomue Teopemy Ho crauana
JIOKaXKeM OJTHO 00Ilee yTBep K AeHNe, ULIIOCTPUPYIONTYIO POJIb KOI(P(DUIIMEHTOB aCUMMETPHH 1 KCIECCa
B IIPEJIETbHBIX TEOPEMaX.

Jlemma 9.2. ITyemo x1,...,%, — NOGMOPHAA Hesasucumas evbopka, npudem BExf < co. Obosnauum,
xax u 6 ITpumepe m1 = Exq, m1 = Exo, ﬁlgn) =Ty, U ﬁlgn) = Z?:l a:?/n Paccmompum dyrxyuro
f deyzx apeymenmos, 2aadkyto 6 okpecmmuocmu mowky (my, ms).

Ecau E(z1 — m1)? = 0 u E(z; — m1)* = 3(ma — m?), mo ducnepcua npedeavrozo pacnpedenenus

CAYHaUHOT 8EAUNUHDL

& = v (f (R E) — flma,mo) )

bydem maxoti orce, Kax ecau Ovl 6vlOOPKA T1,. .., Ty OGLAG U3 HOPMAABHOZ0 PACTPEENEHUA CO CPEIHUM

m1 u ducnepcuett oo = My — m%.

Joxasameavemeso. Pacemorpum ITpumep [9.3] ¢ k = 2. Pesynbrar sT0r0 npuMepa yTBEpKIaeT, 9To

c(ﬁ(mg’”, AT — (my, mz)T)) = N(0,3), (9.26)
rae m; = Ea?, fr\zgn) =T, fﬁén) = Z?Zl x?/n n
Y — mo — m% ms3 — 1mimsa (9 27)
ms —mims Mg — m% ’ '

Corstacao Teopeme L (&) = N(0, a]%), rje UJ% BbIpazkaercs (KpoMe MePBbIX YaCTHBIX TPOU3BO/IHBIX
dyukun f, cocuntaHHbIX B TOUKe (M1, m3)), Yepe3 nepBble 4 HAUYAJILHBIX MOMEHTA DACIIpEIesIeHus]
L(x1). Jlerko BI/meTbFiUI uto pasenctsa E(x1 —m1)3 = 0 u E(z1—m1)* = 3(mao—m?), BeImomHsembre s
JI060r0 HOPMAJILHOTO PACIIPEJISJIEHNs], OJJHO3HATHO OIIPEJIEJISIIOT MOMEHTBI M3 U M4, OTKY/a U CJIeJyer
Tpebyemoe. O

[Tepetijiem Termepb HEMOCPEACTBEHHO K IIPUMEPAaM, UCIOJIB3Ys, €CJIU TO HEOOXOAUMO, 0D03HAYEHUS

ITpumepa [9.3| ¢ k = 2.

IIpumep 9.7. Acumnmomuueckoe pacnpedeserue 6bi60powHOT JucCnepcul.
Ilycrs 21, . ..,2T, — MOBTOpHAs HE3aBHCHUMasi BHIOOPKA M3 PACIpeieeHIs ¢ KOHETHBIM 4-M MOMEHTOM.

2 (n) (n)>2

PaccmorpuM BbIGOpOUHyIO auciepcuio S = My — (Mg KaK OIEHKY T'€HEpPaJIbHON JTUCIIEpCUU

0?2 = mg — m?. Kax yxe rosopuiocs, mvetor mecto (9.26) u (9.27).

128Cwm., manpumep, |5, . 3.

129 CkaxkeM, TPOBEPKa HEKOPPEIHPOBAHHOCTH B CTATHCTHIECKHX [TAKETaX, KAK IIPABUIO, OCHOBAHA HA, IIPEJIIIOJIOKEHNN O
HOPMAJIBHOCTH [[BYMEDHOT'O PACIHPEJIEJIEHUsI. A UTO NesaTh, €CIM PACHDPE/IEICHNsT IBHO HE TayCCOBCKME (HAPUMED, IIUC-
KPETHbIE WM CHJIHO HECUMMETPUYHBIE?)

130y Genurecs!
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Ecm 3anats dynkmnmio f(21, 20) = 22 — 23 ¢ obnacteio onpenenenus R x (0, +00), To OKaykeTcs, 9TO
Flmi,ma) = 0% w f(m{”, ") = 52.
Hanee ucnomnssyem pasencrso (9.21) ¢ ¥y = A}F (@) X Ay(@), rne X onpenenena B (9.27). Iockoneky

A(21,22) = (=221, 1)1, To, xax nerpymo HO,H,C‘{I/ITaTb
A}Q(a) Y Af(@) = my —m3 + 8mami — dmymg — dm} = D(z1 — Eap)?,
rae @ = (my, ma)". Taknm o6pason,
L (y/n(32 —0?) = N (0,D(z; — Ex1)?). (9.28)

B cayuae, xorma E(z — mi)* = 30, npenemsras aucnepens D(z1 — Exq)? mveer sy 204 ]% Ocmo-
poiBasch Ha (9.28)), HeTpy/ O NOCTPONTHL ACHMITOTHYECKUTT TOBEPUTEILHbII HHTEPBAT JIs 02

IIpumep 9.8. Bwibopounviti cmandapm.
B ycinoBuax IIpumepa

L(v/n (5, —0)) = N(0,D(x; — Ez;)?/402). (9.29)

3/ech B Ka4eCcTBE MCXOJHON INPEIebHON TeOpEeMbl €CTECTBEHHO B3STh u nosoxkuTh f(2) = /2.
Tak xax f'(z) = 1/v/4z, 10 orciona cpasy e npuxomum K ([9.29).

B rayccoBcKOM ciiydae aCHMITOTHHYECKas Jucrepcus pasua o2 /2. [locrpoiiTe acHMITOTHYECKHII 10~
BEPUTEJbHDI HHTEpBAJI JJId 0.

ITpumep 9.9. Cosmecmmoe pacnpedeserue 6b60POYHBLL CPEIHE20 U JUCTLEPCUL.
B ycnosusix ITpumepa [9.7]

c(\/ﬁ (T — By, 52 — Dxl)T> = N(0,%;), (9.30)

rje Yy — KOBapHallMOHHAas MaTPHIA Ciydaitnoro sexropa (rq — Exy, (x1 — Ez1)%)T.
JleitcTBuTeIbHO, paccMoTpuM oTobpazkenue f : R? — R?, 3amaBaemoe dhopMyIoit

f(z1,22) = (f1(21, 22), fa(z1,22)) T = (21,22 — 27) T

¥ 1oJI0KuM @ = (mq, ms). Torna f(a) = f(my,ms) = (Exy,Dzy)T u f(fﬁgn),ffzgn)) = (Tn, S

[Mockonbky Of1(z1,22)/dz1 = 1, Of1(21,22)/dz2 = 0, Ofa(z1,22)/dz1 = =221 u Ofa(21,22)/dza = 1,
TO JIJIs KOBAPUAIIMOHHON MaTPHIIbI X, onpejenernoi B (9.27)),

AT/ .\ 1 0 mQ—m% m3 — mims 1 —2mq\
X = Af (@) EAf(a) o (—le 1 ms — mimso my — m% 0 1 o

B < 1 0> < mo —m3  —2mi(mg —m?) +ms3 — m1m2> _

—2my 1) \mg —mima  —2mq(m3 — mimsa) + my — m3

2)T.

o mo — m% msg — 3mimsg + Qm:f
m3 — 3mima + 2m3  my — m% + 8mam? — dmyms — 4m‘11 ’

[Mockonbky D(z1 — Ex1) = mg — m%,@ D(z1 — Ex1)? = my — m3 + 8mam? — 4mymg — 4m‘11@ I/@
Cov(xl — Ezq, (21 — Ex1)2) =E(z; — Ez1) (21 — Ex1)2 =mg — 3mimsg + 2m‘;’,

TO CCBhIIKa Ha obmryo Teopemy obecmreunBaeT cxoaumocTh (|9.30)).

131 o ncuntaiire!

132TTposepore!

133TJocrpoitre!

134310 oueBumHO.

135370 yike yCTAHOBICHO TIPY HAXOMKICHUY [IPEIETLHONO PACIPEIEICHNS BHIGOPOTHOI TICIEPCHL.
36T posepore!
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Sameuanmne 9.11. Xopormo H3B€CTH(FE| YTO JJIsi BBIOOPKHU U3 HOPMAJIBLHOIO paclpeesieHus: BhIOopod-
HOe cpejHee U BbIOOpOYHAasl auciepcust HesapucuMbl. OTCIONa cpasy »Ke C/edyeT, YTO B 3TOM CJIydae
npe/ie/ibHas KOBapHAIOHHasd MaTpHIa Xy OyIeT IMaroHaabHOi. A Ul KaKnX elle pacipeeaeHnii 3To
CBOMCTBO OyJ1€T BBIMOTHATHCS?

WNnade roopsi, IpU KaKUX yCJIOBUSIX HA MOMEHTHI CJIYUIAMNHON BEJIUUUHBI ] KOOPAUHATBI BEKTOPA
vn (En —Ex;,52 — Dxl)T OyIyT aCUMIITOTUIECKN HE3ABUCHMBI !

n

Ciremyromnue TpuMepbl OTHOCATCS K JAByXMepHBbIM BbiOOpKaM. OHu odopMyIeHbl B BUE 3829 JJIsd CAMOCTOSI-
TEJTLHOTO PEITeHns.

IIpumep 9.10. Buibopounan K08apUAUUS.

[ycts (x,y)" — AByMepHBIi CIIyHaitHbIil BEKTOD, 0618107l KOHETHBIMA 9eTBEPTHIMA MOMEHTAMI U KOBAPHA-
mueit Cov(z,y), a (21,91),. .-, (Tn, Yn) — COOTBETCTBYIOMIAs NOBTOPHAs BbIOOpKa. OGO3HAYUM Ty, U T, BHIOOPOU-
HBIE CpeJIHUe, COOTBETCTBYIONIHME CAyUYaiiHbIM BeJIMYUHAM T U ¥.

Torga BLIGOPOYHASA KOBAPUAIIUS UMEET BHI

1 n
COVy = E E TiYi — Xn yn
=1

Hy:kHo J0Ka3aTh, 9TO
E(\/ﬁ (cov,, — Cov(z, y))) = N(O, D((z — Ex)(y — Ey)))

B rayccosBckoMm ciaydae acMMITOTHYECKAs AUCIEPCHs BBIOOPOYHON KOBApHAINA DABHA 0305(1 + p?), e p —

K09hDUIHEHT KOPPeAIn MeKIy T 1 ¥, a 02, 02 — COOTBETCTBYIOIINE JTUCIEPCUN.

IIpumep 9.11. Buibopourwill xosdduyuenm Koppessyu.
B ycnosusix ITpumepa nosioxkuM p = corr(z,y) = Cov(z,y)/(og 0y) 1
covy,
S ()3n(y)
rae S, (x) u 5,(y) — BEIOOPOTHbBIE CTAHZAPTHI, OTHOCAIINECS K IepeMeHHBIM & 1 . Kpome Toro, momoxum Xy =
D(p(z% + u?) — 2zu) /4, rne z = (x — Ex) /o, mu = (y — By)/o,. Torna

‘C(\/ﬁ (Tn - l)) |§n(x)§n(y) > 0) = N(07 Zf)'

Ecsm ncxozmmast BeIGOpKa rayccosekast, To Xp = (1 — p)2.

Tn =

IIpumep 9.12. Bubopourwiti kosdduyuenm sunelinotl peepeccuu.
Ecmu (z,y)T — cayvaitnbiii BekTop, o6/Iaaiouii KOHEYHBIME BTOPHIME MOMEHTAMH, TO KBAJPAT PACCTOSHUSA
E(y — ax — b)? mexay y u ax + b nocruraer csoero munumyma npu a = Cov(z,y)/o2 u b = Ey — a Ez. 3nech Mb
OyeM pacCMaTpPUBATD TOJHKO KOI(MDPUIMEHT PErPecChui a.

PaccMOTPHM TIOBTOPHYIO BHIGOPKY (21,%1), - - -, (Tn, Yn ), COOTBETCTBYIONTYIO BeKTOPY (2,y)T, Mpesmonaras BoI-
nostaennbiMyu yesosust Ipumepa [0.10] BoiGopounbiit Bapuant @,, kosdbduImenTa perpeccun a uMeer BUj

~ COVp o Z?:l xiyi/n — Ty yn

MU T Ylen-1
Ecin nonoxuts Xy = E((z — Ex)?(y — ax)?) /o, o
L(v/n(an —a)|sn(z) > 0) = N(0,%y).

B rayccosckom ciyuae Xy = (1 — p?)oz /o2

IIpumep 9.13. Buibopourvie napamempv, AUHEGHOT Peepeccus.

Jluneitnasi perpeccusi [Ipumepa OOBIYHO OIMCHIBAETCSI TPEMsI IapamMeTpamMu: Ko3(p@UIMEHTOM PErpeccuu a,
cBOGOIHBIM HjteHoM b 1 octarounoii juctepeneit 02 = E(y — ax — b)2. TlocTpoiiTe BHIGOPOUHbBIE BAPUAHTEI STUX
napaMeTpoB (JJId @ ITO y2Ke CIEJAHO) U JOKAXKUTE COOTBETCTBYIOILYIO TPEXMEPHYIO [IPeJIe/bHYI0 TeopeMy. 1Ipo-
AHAJU3UPYHTE MPEIEIbHYI0 KOBAPUAIIMOHHYIO MATPUILy B TAYCCOBCKOM CJIydae.

137 NencrBuTensuo?
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