1 Jlekmmusa 15.11.2018

1.1 One way MANOVA. Moaenb, 3anmuch 4yepe3 MaT. OXKUJIAHUS TIO
rpymnmnam M yCJIOBHbIE MaT.0xKujiauus. Pa3jioxkeHnne koBapualmoH-
Hoii marpuiibl. Kpurepus JIamb6aa Yuikca.
1ot pazzen Bo MHOoroMm anajgorundeH tekcty npo ANOVA. OcHoBHast pasHuIla 3aK/II09a-
€TCd JInIIb B TOM, 9TO 3/I€Ch 1] ABJIACTCA MHOI'OMEPHBIM BEKTOPOM.

O61mmas mocranoBka 3aa9u. [1ycTh ecTh k TPYIIT U p IPU3HAKOB, MBI IILITAEMCSI IPOBEPUTH,
9TO TPYIIBI JAPYD OT JApyra He oramdaroTcs. PopMaabHO ecTh k (MHOTOMEDHBIX) CIIyJaillHbIX

BEKTOPOB N1, . .., N € RP u runoreza hopMyaIupyercs Tak:

Ho: P(m) =P(n2) = ... =P(ny). (1)
DTy 3a7ady MOKHO 1epedOopMyJIHpOBaTh ciaeyonmm obpasoM. [lycrs ecth auckperHbit (M.6.
KavdeCTBEHHBI) Npu3HaK &, OpUHUMAIONMi poBHO k 3Hadenwii: Ap, Ag, ..., Ag. Pacemorpum

caygaitnbiii BexTop (1, )T € RF x {A1, Ay, ..., A}, Takoit uto P(n | & = A;) = P(n;) ama Beex
i € 1: k. Torga runoresa (1)) nepermcoiBaercst B BUIE:

Hy: P(n|€ = A) = P(n| & = Aj) an seex i, j. (2)

B MANOVA paccmarpusaercst yacThbiii caydait (mogenn), xkorga P(n;) = N(p;, X). B
pamkax sroit Mojiesin runoresam (1)) u (2) coorBercrByOT CiIeyOIMe JiBEe PABHOCUIIbHBIE T'U-
IIOTE3bI:

Ho:pr=po=...= py. (3)
Hy:E(n|{=A) =... =E(n|§ = A).

[Ipexk e gem copmysmpoBaTh rurore3y B pamkax Ocuosaoro Jlucnepcuonnoro Toxk te-
CTBa, 3aITAIIEM €ro Ha TeHEPAJLHOM SI3bIKEe B TEKYIIE MOJIE/N.

Covn = E[(n —En)(n —En)'] = (4)
=E[(n—EMmI[&))(m—En|E)"] +E[(E(n]E) —En)(E(n|E) —En)']. (5)

Tenepb yzke MOXKHO JIETKO 3aMeTUTh, U4T0 B pamkax OcuoBuoro lucrepcunonnoro Toxk te-
CTBa TUIIOTE3y MOXKHO C(HOPMYIUPOBATH CJIEIYIONIIM 00pa30M:

Hy : E[(E(n|¢) — En)(E(n|¢) —En)'] = 0. (6)

DTa 3aIUCh FABJISIETCI MHOTOMEPHBIM 00001TIeHIeM oiHOMepHO hopmytupoBku 3aga4du ANOVA
U TAKXKe O3HAYAET, YTO CPEeJIHUE BHYTPHU I'PYII HE OTJINYAIOTCHA OT OOIIEro CpeHero.
Bribopka 3amgaercs Tak ke, Kak B ANOVA, HO Tenepb mHIuBH 1Bl MHOTOMEpHBIE. VMeeTcst
n; MHAUBUJIOB U3 i-Toif rpymmnet (i € 1 : k). O6o3HaunM yi; € RP— j-roro mnjausujia u3 i-Toii
rpymiet (i € 1:kuj €1 :n;). Obo3HaunM y — BBIOOPOYHOE CPEJIHEE 10 BCEM MHIMBUJIAM, a
y; — BBIOOPOYHOE CpeJiHee MH/IUBUJIOB ¢-TOM IPYIIIIHI.
Sarnurrem (| . Ha BBIOOPOYHOM $I3BIKE:

k k

Z Z Yij = yU Z Z Yij — i) yU yi) Tt an yi y: ?)T (7)

=1 j=1 =1 j5=1

JIoJI2KHO OBITH $ICHO, YTO 9TO JIUIIL MHOTOMEPHOE 0000IIeHNe Pa3IozKEeHNsi CYMMbBI KBa/JIpaTOB.



Ciestyst 0000IIIEHHBIM 0DO3HAYCHUSIM, [IPEJJIOKEHHBIM B ITPEIBAPUTEILHBIX MaTepUAIaX
mpo ANOVA u perpeccuto, MOXKHO BBECTHU CJIE/TyIOIIIHE:

. ko ny
B B[l — B )0 —Em )7 = 3 (v — 5 vis — 7"

def —

H“ E[(E(n| &) — En)Em|¢) —En)T] = 3 ni(5i - 3)F - 5)"

Crour cpasy OTMETHTDb, 4TO, KOIJa B JajbHEHIIeM Mbl OyleM CTPOUTH KPHTEPUH s
IIPOBEPKHU 3HAYUMOCTH, MbI BCerja OyIeM UX CTPOUTH, KaK HeKHe IPeoOpa30BaHms HaJl Iapoil
marpur (H, E).

Teopema. [Tycmv mampuya H ~ W, (X, vh) v E ~ W, (5, vr), npuvem H u E nesasucumoL.
Iompebyem maxoce, wmobv, vy < vg u vg > p. Qb03nayvum \; — i-moe no ynopadoueHHocmu,
no mesozpacmanuto cobemeernoe wucio mampuys, E1TH. Tozda

S

E| 1 1
H+E|l [1+E'H] H 1+ ) p(VE, VE), (8)

i=1

ede s = min(vg,p).

Takum obpazom, JlaeT HAM CTATHCTUKY KPUTEpHUs, IJe B CIydae JTUCKPUMUHAHTHOTO
anamusa vg = k — 1, vg = n — k. B ciiyyae MHOromMepHoii MHOXKECTBEHHOI perpeccuu vy = Kk,
vg=n—k—1.

3HaveHne S — ITO I'PAHUIA CBEPXY JIJIs YHUC/Ia HEHYJIEBBIX YUCEI, KOTOPOE OIpeIeisieT-
ca panrom marpunbl H. Bo-niepBbix, panr me mpesocxoaut paszmeproctu p marpuiibl H. Bo-
BTODBIX, /I JIUCTIEPCHOHHOrO aHaan3a MaTpuria H coorBeTcTBYeT KOBapnammoHHO MaTpUIIE,
MIOCTPOEHHOI Ha OCHOBe k WHJMBHJIOB C BECAMH, IPOIOPIMOHAIBLHBIMU pa3Mepam rpyiir. [lo-
9TOMY €€ PaHI He MOXKeT ObITh GoJibiiie k. A Tak Kak JaHHBbIE MCXOIHO IEHTPUPOBAHDI, TO PAHT
He TpeBocxouT k — 1.

BamMeTnM, 9YTO OCTPOEHHBII KPUTEPUI /IS IIPOBEPKU COOTBETCTBYIOIIEH TUITOTE3bI STB/IsI-
eTcs JTajIleKo He emHCTBeHHbIM. O TIOCTPOEHNN JIPYTUX KPUTEPHUEB Pedb MONIeT JaJIblIle.

1.2 Ilpo AncKpuMUHAHTHBINI aHAJU3 B EJIOM

[TocTanoBka 3a/1a4u, OTIMINE OT KJIACTEPHOIO aHAJIH3A.

3ajiaun — MOCTPOUTH KJIACCUMDUIUPYIOINIEe MPABUIO, 00bICHUTH €ro (MHTepIIpeTals ),
feature selection, feature extraction.

[TepBerit Borrpoc — a BOOOIIE IPYIIITbI OTITHIAIOTCS !

Paccmorpum moges MANOVA, T.e. paciipesesieHust B Ipyliax HOPMaJIbHbIE U OTINYa-
10TCsI TOJIBKO BeKTopamu cpenanx. Torga MANOVA ucnosb3yercst 11 TPpOBEPKH 3HAYUMOCTH
orsmuns. (TUIOTE3a O TOM, UTO TPYIIIBI HE OTAMYAIOTCs.) B 9ToM cirydae mosydaem MOJIENb
JHERHOTo nuckpuMuHaHTHOrO anamm3 (LDA).

[Tocmorpum Ha MANOVA ¢ Touku 3penus: ormaus rpymmn B LDA u Toro, kKak yBumierhb
9TO OTIUIHE.

1.3 Kanoumveckue gucKkpuMuHaHTHbIE PYyHKIMN (KO3 DUIMEHTDI) 1
nepemennbie (feature extraction)

Hamomunm, aro mmeercd p npusHakoB u k rpymr: 17 € RP npuuem P(n|& = A;) =
N(u;, X). TlompITaemess Ha OCHOBE MMEIOIMIUXCS P IPU3HAKAX IIOCTPOUTH HOBBIE, 110 KOTOPBIM
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IpyIIbl «Hanbosiee Obl OTINYATUCH», PUYEM ObLIO Obl YA00HO, 4TOOBI 3TH HOBbIE NIPU3HAKN
OBLIE OPTOrOHAJIBHBI. DTa HedOpMaJIbHAL 3a/a9a Ha caMOM Jejie 09eHb IIPOCTO (hbopMaIn3yer-
¢s1, KAK MBI YBUJIEM HECKOJIBKO JaJjiee.

Banuiiem Ha reHepaibHOM sI3bIKe, YTO 3HAYUT «HOBBIA npusHak». Ecte A € RP u Ho-
poiii ipusnak ( = ATn: P(C|€ = A;) = N(ATp;, ATLA). Ha BoiGopounom sisbike — Z =
Y A u BbIOOpOUHAsT KOBapUAIIMOHHASI MATPHUIA (C TOYHOCTBHIO 70 KO duimenra nmeer BuI):
ATYTY A = AT(H + E)A. Uz sroro cieyer,aro «anajorom» H Jijist HOBOrO IIpU3HAKA SIBJIs-
erca ATHA, a anamorom E asiasgerca ATEA. E|

[TocmoTpum Tenepsb Ha F-craTucTuky, cieiyst 000OIMEHHOMY OINPEIEIEHUI0 CTaTHCTHKY,

naraomy B ANOVA:

SSH, _ ,A"HA
SSE, ~ ATEA

F=FA)=C F

VH,VE "

riae C' = vg/vg — ko3bdUIEHT, He 3aBUCAImii oT A.

Wcxonno craBmiach 3aa4a — HalTH TaKyie IPU3HAKHM, 110 KOTOPBIM I'PYIIIbI «Hanbo/iee Obl
OTJIMYIAINCH>, IIPUIEM >KeJIaTeIbHO, ITOOBI IPU3HAKU ObLIM OPTOrOHAJBHBI. B TepMmHAX Mak-
CUMU3AIUN CTATUCTUKHU F' — 3T0 03HAYaeT, 9TO pemnraercs o0oOIeHHas 3a/1a4ua Ha COOCTBEHHbIE
qucaa U COOCTBEHHBIE BEKTOPA.

ATHA
ATEA
O6o3HaunM cobeTBeHnbIe uncsa Marpuiikl E-'H B nopsjke HeBo3pacTaHms: \; = Ay =
. 2 A, tie s = min{p, vy}, u cobcTBeHHBIE BEKTOPaA TOM Ke Marpuibl — A; masg i € 1@ s.
[puaem AJEA; = 0 noia j # i. Bexropa A; — xaHoHIIecKHe KO3 MUIMEHTH! (IMCKPIMIHAHT-
uble dbyukiyn). Hosble npusnaku Z; = Y A; — kaHoHuueckue nepeMennbie. MoxkHO OKa3aTh,
HOBBIE [IPU3HAKH ABJIAIOTCS OPTOrOHATbHBIMEI: Z; Z; = 0 nyist j # 4.

Teopema.
Vl#]élsZzLZ]

Joxasamenvemeo. (Zi, Z; ) = (YA, YA;) = AIY'YA;, = AT (H+E)A; = ATE(I+E'H) A;.
Tak kak VC > 0 cc. 9. Ay, ..., Ag c. 9. MaTpuripl I+C — 310 1+ )¢, ..., 14+, a coOcTBEeHHBIE BEK-
topa Te e camble, (I+ETH) A; = (1+ )\;) A; 1o oupeziesiennio co6eTBeHHOro BekTopa. Tak
KaK cOOCTBEHHBIE BEKTOPa pasHbix ¢.4. E-oproromansubl, ( Z;, Z; ) = (1+ X)) ATEA; =0. O

Wcxoms w3 onmcanmst, CMBICJT \; — CTeleHb PA3JIMInsl TPYIII 110 {-TOMY HaIPABJIEHHIO, 3a-
JlaBaeMOM {-TOH JUCKPUMUHAHTHON pyHKIMel. A; — Ko3hOUIUEHTHI ¢ KOTOPBIMU HY»KHO B3SITh
HCXOJIHBbIE TPU3HAKU, YTOOBI IOJYIUTh HOBBINM IPU3HAK, COOTBETCTBYIOIUIT HANOOJIBINEH pa3-
HUIIE TPYIIT U OPTOTOHAJIBHBIN MPEAbLIYIINM. A caMiu KAHOHMYECKUE MEPEMEHHBIE TeM CaMbIM
— OPTOroOHAaJIbHbIE HOBBbIE MPU3HAKHU, IO KOTOPBIM COOTBETCTBYIONINI HAUOOJIBITIEE PA3TITINE
paBeH ;.

110681 B 5TOM YOEIUTHCS, HY?KHO HAIIICATD OIeHKOH wero siBserca H u E. Jlanabire 1oMHOKATD 970 Ha A
HYKHBIM 00pa30M U BBeCTH OOO3HAUEHUE sl HOBOrO Ipu3Haka. Jlajbiie Bce CTaHeT SICHO.



2 Jleknuga 22.11.2018

2.1 MANOVA u znaunmocts LDA. Pa3ubie Kputepum, yem otTjim4a-
IOTCH.

UcnonmszoBanne MANOVA 11 ipoBepKr 3HAYUMOCTU JTUCKPUMUHAHTHOTO aHAJIM3a, CO-
BepIieHHO ectecTBeHHO. OJINH U3 KpUTEPHUeB y2Ke OBbLIT TOCTPOeH — 3TO0 Kpurepuii JIamoia
Yuikca.

Ha camowm seste 910 faieko He eIMHCTBEHHBIN KPUTEPUil, KOTOPBIIl MOYKET OBITH TOCTPOEH,
B YaCTHOCTH, JIJI [IPOBEPKU 3HAYUMOCTH JUCKPUMUHAHTHOIO aHa/n3a. Kak y»Ke 0TMeEYaIoCh,
[JIABHBIMEI OOBEKTaMU, ¢ KOTOPBIMU HPUXOAUTCs pabortarh, spisiorcs marpuibl H u E. Ha
OCHOBE PA3HbBIX CIIOCOOOB «COBMEIICHUA» ITUX OOBEKTOB MOTYT MOJy4YaThCs pa3Hble KPUTEPUU.
Pacemorpum wHeckosibko criocobos. Hamomuwm, aro s = min{vy, p}.

[IpoBepsieTcs rumnoresa 0 paBeHCTBE CPETHU

H(]E’I’h:E’r]Q::]Enk
1. Lambda Wilks’s
|E| 1 1
E+H| |l+EH glJr)\,» (Ve ve)
2. Roy’s largest root
— A1 2

DTOT TecT UCHOML3yeT TOILKO IepBoe cobeTenHoe unciao Marpumsl E-1H. Hamommm,
4TO 77 — HA3BIBAIOT i-ThIM KaHOHHYECKUM KopHeM. Ha camom Jiesie r; — Tak Ha3blBaeMble

KaHOHUYECKHE KOPPEJIAINN H HOTOMy OHM Ha CaMOM JeJjie NMEIoT I/IHTepHpeTpreMbIﬁ
CMBICJI.

3. Pillai’s:

4. Hotelling:
UY =tr (ET'H) =) A\
i=1

Kak Bcerma, korja Mbl BHJIUM MHOI'O KPUTEPHUEB JIJIsI ITPOBEPKU OJIHOI TMIIOTE3bI, HYK-
HO HAYYHMTbCS UX cpaBHUBaTh. CpaBHUBaIOT Kpurepun 10 MormHocTu. Ho, 4T00BI roBOpUTH
O MOIIHOCTH HYKHO (PUKCHPOBATH aJbTepHATUBY. TakuM 0Opa30M, BOIPOC MOXKHO TIOCTaBHUTD
cJIeIyIoImuM 06pa3oM: «/ s Kaknux aJibTepHATHB MPEJJIOXKEHHbIE KpUTepueB 0oJiee MOITHBIE? ».
[TocMoTpuM Ha 9TO Ha IpUMepPe NMEPBBIX ABYX KpuTepues. [lepBblit KpuTepnit BKIIOYAET B
crarucTuky Bee (!) HampaBieHus, 10 KOTOPBIM pa3bpoc MakcuMaJsieH (MHBIME CJIOBAMHE, BCE ;).

2Ha caMoM meJie O PaBeHCTBe paclpeeeHnil B PaMKaX HOPMAJILHON MOIEIH IPH YCIOBIH FOMOCKEIACTH Y-
HOCTH.
3 Tozmee, eciu yclero, pacCcKasKy IIpo TO, MKy 4eM 3TO KOPPEJISIHHL.
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Bropoii xke KpuTepuit BKJIIo4aeT B ceds JIMIIb IEPBOE HAIIPABJIEHNE, C MAKCUMAJbHON CTEIIeHbIO
pazbpoca, u3MepsieMoit A;. V3 9TOro cTaHOBUTCA sICHO, UTO €CJIM Y HAC Ha CaMOM Jiejie JIMIITh
OJIHO HAIPaBJIEHHe onpe/ie/iseT pa3dbpoc (HampuMep, k MAPUKOB JiexkaT Ha OJHOMN MPSIMOIt), TO
OCTaJIBHBIE \; TIPU ¢ > 2 y2Ke He 0TOOpayKaioT pas3/indaue MeXK/Iy IPyIIaMid U IOTOMY B TaKoOii
CUTYAIIUU CJIEJIyeT OXKUJIATh, YTO BTOPOI KPUTEPHUil OKarKeTcsd MOIHee mepBoro. B obparHOoM
cydae, KOrJla BCe HAITPABJIEHUs ONUCHIBAIOT Pa3/Indre MeXKIy T'DyIIaMu, CAeayeT OXKHUIATh,
4TO IIEPBLI KpUTEpUil OKaxKeTcsd MOIIHee BTOPOro.

[Ipo Tperuit m 4eTBepTHIil KPUTEPUIl B JIUTEPATYPE YTBEPKIACTCH, UTO OHH <«IJIE-TO IO
cepeimHe» MeXKJTy TIEPBBIM W BTOPBIM.

B zaksmoyeHne 3amMeTuM, 9TO Yy BCEX KPUTEPHEB KPOMeE IIEPBOIO KpUTHUYECKasi 00J1acThb
HAXOJUTCS «CjieBay U OKoJIo () (BCe CTATUCTHKU HEOTPUIATENIbHBI), Y IIEPBOIO KPUTEPHs BCE
Ha000POT: HOCUTE b cTaTuCTUKM oT 0 ;10 1 m KpuTndeckas 06/1aCTh PaCIIOIOKeHa 0KO0JIOo 1.

2.2 YacTHbIil ciaydaili — ommubKu cdepudeckue

IIyctes Y € R™*P — marpuna Janubix (cTpoku yy, k € 1:n (wim y,;; B Ipyroit Hymepanun
II0 TPyIIIaM) — HaOJIOAEHHsT, CTOIONEL Yy, j € 1:p — npusHakn), HAO/IIOAEHNS IPHHAIJIEIKAT K
OJIHOI M3 k TPYII, B KaXKJ0i IpyIiie n; HAOJIOJEHUI, N = Zle n;. Matpuia MeKrpyIioBbIX
orkyionennit H = Zle n (¥, —5) (¥, — V)T, MaTpHIa BHYTPUTPYIIIOBBIX OTK/IoHeHUil E =
S X (v — ¥ v = ¥)

B ciyuae, eciu E = 0?1 (Bce rpynnsl cdepudeckue u oJMHAKOBOIO pasMepa), JUCKPH-
MuHaHTHBIe (DYHKIMU JaHHBIX, T.e. Aj, ..., A, — cobersennble BekTopa E~1H, cranossarcs cob-
cTBenHBIMI BekTopamu Marpunbl o2H. To ecTh MUCKpUMUHAHTHBIC (DYHKINH ABJIAIOTCS COO-
CTBEHHBIMH BEKTOPAMU MaTPUIIBI MEXKTPYIIIOBBIX KoBapuarnmii. Tak oHM COBITaal0T ¢ rIaBHBI-
MU HaIPaBJIEHUSIME B TEDMUHAX aHAJIN3a IVIABHBIX KOMIIOHEHT, €CJIM KaK/IyI0 I'PYIILY PaccMaT-
puBath Kak ojguoro uujauBuga (B AI'K riaBHble HampaBieHuss — 9TO COOCTBEHHbBIE BEKTODA
KOBapUAIMOHHON MAaTpPHIIbI), & JUCKPUMHUHAHTHBIE TepeMentbie Y A; 1mpu Takoil MocTaHOBKe
SIBJIAFOTCS TJIABHBIMU KOMITOHEHTAM.

2.3 3HaYmMoe YUCJI0 JUCKPUMUHAHTHBIX (byHKIWMIT (pa3MepHOCTD Mpo-
CTPAHCTBA, TJie TPYIIIbI PA3JINIAIOTCS ).

Mojiesib JUCKPUMIHAHTHOTO aHa/M3a (Ha TeHEPAJILHOM sI3bIKe): £ — IMCKPETHASI C.B., IPH-
k
HuMaromas 3Hadenns {A;},_,, pacupejeienue 1) upu ycuoBun § = A; coBnasaer ¢ pacipejie-
jleaueM 7);. Otnpejie/ieHbl MATPHUITHI

Hy, = E ((E (nl¢) — En) (E(nl§) — Em)") € R,

Eu. = E ((n —Em[$) (0~ E(nle)") e R

Juckpumunantabie Gyuxmun Aq, ..., Ay — s1o c.B. marpunpt E-'H, s = min {p, vy }.

st Toro, arobbl y3HATE, CKOJIBKO (DYHKIUIT SIBJISIOTCS 3HAYUMBIMU (CKOJIBKO HOBBIX [TPH-
3HAKOB MHTEPIPETUPOBATH ), MbI TIOC/IEI0BATEILHO TPOBEPsIeM IUIoTe3bl Hy: « IMCKPUMUHAHT-
Hble (DYHKIUU C HOMEPAMU 1M, . . . ,§ He OIMUCHIBAIOT Pa3/IMYUs B JAHHBIX» JJIsI BO3PACTAIOIIIX
m € 1:s. PopmaabHo, TUNOTE3a KBUBajeHTHa ToMmy, rank Hy, < m — 1, T.e. Bce cobcTBen-
HblE€ YHUCJIa MaTPUIbI, HAUUHAS C M-T'0 PaBHBI HYJIO. Mbl MOXKeM I03BOJIUTH cebe MPOBEPATDH
e€ Toc/Ie/I0BaTe/IbHO, TaK KaK 3HaeM, UTO JUCKPUMUHAHTHBIE (DYHKINN, OYIydInd OTCOPTUPOBa-
HBI 110 YOBIBAHUIO COOTBETCTBYIOIINX COOCTBEHHBIX YHCE]I, OKA3BIBAIOTCS B IOPsiIKe yObIBAHMS
Ka4decTBa O0bICHEHUST PA3IMINI.



Ecmu Hy BepHa, TO MOXKeT OBITH ITOKA3aHO, ITO

S

: 1
Am:HmNAp(yH+(m—1),1/E—(m—1)).

=m

3/1ech yKe MATPUIIBI, IOy IeHHbIE TI0 BHIDOPKE.

C momorpio cratuctuku A/ (lambda prime) MbI Jyisi KaKI0ro m MOKeM POBEPUTH,
HE3HAYNMBI JIM 3Ta U BCe MOCJIeYIONNe TUCKPIMIHAHTHBIE (DYHKINA. e oHM 3HAYMMBI, TO
BCe TepeJi HUMU TOXKE€ 3HAYMMbBI U M HYKHO YBEJTHIUTD.

2.4 HWuareprperanus pa3jeljieHusd: CTAaHJIapTU30BaHHbIE IMCKPUMMIHAHT-
Hble (PyHKIUM 1 paKTOpHAasE CTPYKTYypa

IIycts Y — marpuna JaHHBIX (CTPOKE Y;, ¢ € 1:n — nabmomenus, croaonst Y;,j € 1:p -
IPU3HAKHN ), HAGJIIO/IEH ST TIPHHAJIEXKAT K OJJHON 13 k TPYIII, B KAyKJIOi rpyIIIe n; HabIioIeHui,
n = 3% n; Marpuna mexxrpymmossix orkionennii H =1 n, (7, = ¥) (7, — ¥)", Marpuna
BHYTPUIPYIIOBLIX OTKIoHeHn E = Zle >t (yig = ¥) (vij —¥))-

Ay, ..., Ay — cobersennble BekTopa E71H, nasnisaeMble TUCKPUMUHAHTHBIME (byHKIIHSA-
MU, \; — YHOPsJIOUEHHbIe TI0 YOBIBAHUIO COOCTBEHHBIE 4YMCJia. KaHOHWYECKUE IepeMeHHble —
BEKTOPa JAHHBLIX B HOBBIX KoopaumHaTax Z; = Y A;.

3aj1aua; IPOUHTENPETUPOBATH KAHOHUIECKUE MTepeMEHHbIe (HOBbIE IPU3HAKM).

2.4.1 CranmapTu3oBaHHbIE JUCKPUMWHAHTHBbIE DYHKITUHT

[lepsbiit crrocod TPOMHTEPIIPETUPOBATH Pa3JI0KEHNE 110 JUCKPUMIHAHTHBIM II€PEMEHHBIM
— MOCMOTPETh Ha KOIMDMUIIMEHTHI, ¢ KOTOPBIMU UCXOJ/IHBIE IIEPEMEHHBIC BXOJAT B JIMCKPUME-
HaHTHBIE. Ec/im ncxoubie mepeMeHHble M3MEPEHBI B PA3JIMIHBIX MIKAJJIAX, TO KOIMPMUITNEHTHI B
BeKTOpe A; OTHOBPEMEHHO eIEé W MPUBOIAT MMOKa3aTe/n K HyKHOI mKkaje. UToObl n3bekarh
9TOro 3pekTa, MOKHO TTOCMOTPETh Ha CTAHIAPTU30BAHHBIE JTUCKPUMUHAHTHBIE (DYHKITAN.

I[TycTh S — MaTpuIa B3BeIIeHHBIX KoBapuanuii (pooled covariance matrix), s2, . . ., sz —3J1€-

a1
MEHTDLI Ha eé JuaroHaJim (BBBeHIeHHI)Ie JUCIIEPCUN IIPU3HAKOB, pooled Variance), Az =
Cl,l'p
Torma
p p p
Y; Y;
_ _ E _ § J _ E J =~
Zi = YAZ = Y}-aij = _— sjaij = —_— Clij,
Sj §j

J=1 Jj=1 Jj=1

nA; = (diag S)% A; — i~ cTaHIApTU30BaHHAS JUCKPUMUHAHTHAs DyHKIWs (1. 1. &.). Koad-
dunmenTs! cT. 1. . TOKA3BIBAIOT BKJIAABLI HCXOIHBIX IPU3HAKOB B KAHOHUYCCKUE IIePEMEHHBIC
(Bephee, 910 KO3DMUIUEHTHI TMHEHHOT KOMOUHAIIMH, 110 KOTOPOil KAHOHUYECKHE MePEMEHHbIE
BBIPAKAIOTCS Yepe3 MCXOJHble npusHakn). Kak u B perpeccuu, crangaprusanus (pooled) He
BJ/IASICT HA PE3YJILTAT PErPECCUU, TOJBLKO IHOMOTaeT MHTEPIIPETALMH.

2.4.2 dPakTOpHAasi CTPYKTypa

QakTopHasd CTPYKTypa — MaTpuiia pooled Koppesdruit MeyK /1y UCXOJIHBIMU U KaHOHUIe-
CKUMU TIepEMEeHHBIMH. 1aK KaK JUCKPUMHUHAHTHbIE (DYHKITIHN, BOOOITE TOBOPsI, HE OPTOTOHAJIb-
HBI, TO TIOJIYYATC JPYTHe YUCTa. dTO MpaBUIbHEe — CJIOXKHBII BOIIPOC.



2.5 VYwmenbuienue yuciaa npusHakos (feature selection)

«ILnoxue» mpusHaku, 3TO MPU3HAKH, KOTOPHIE:

1. dmnsgiorces jimHelinoit KOMOMHAIIMEH APYTUX IPU3HAKOB, T.€. UMEIOT OOJIBINON KO3 huIim-
eHT MHOKecTBeHHO# Koppessuun (pooled!) R? = R? (n®; {n|j € 1:p {i}}). Coorser-
cTByIOIas XapakrepucTuka — tolerance = 1 — R? (4em GoJibllle, TeM NPU3HAK JTydlle C
TOYKU 3PEHUsI ITOTO KPUTEPUSI).

2. Ilpu ymamenunn w3 Mome/n He BIUSIIOT Ha KadecTBO pasjesennsi. COOTBETCTBYIOIMAS THIIO-
Te3a Hy: «ymajeHue Mpu3HakKa ¢ He BJIMAET Ha KAadeCTBO Pa3JIeJIEHUS», T.e. OT yJlaJeHus
i-ro mpusHaka Teopernyeckasg A He Mensiercs. CTaTuCTHKA:

AV,...Y,)
A(Yla"wyi—h)/i—l-lu'”?Yp)

(Partial A), = ~ A (vg,ve —p+1) (9)

C roukn 3penust Partial A, gem ona MeHbIne, TeMm Mpu3HAK Jiydlie (moJie3Hee i pasie-
JIEHUsI TPYIII ), a TUIIOTe3a y HAC O ero GecrojiesHoctu. [IpeobpasoBanHasi XapaKTepPUCTUKA
(Tak, 9T0OBI U3 pactpeenenus A moaydamiiock F-pacupesernenne), Ha060poT, deM 60JIb-
e, TeM npu3Hak Jiydmre. OTcioga cpasy siCHO, TJ/ie KpUTHIecKne 00JIacTh.

2.5.1 IlomaroBblii JUCKPUMUHAHTHBIA aHAJIN3

[Torraroserit AUCKPUMUHAHTHBIN aHaIN3 TOJOUPAET TOT HADOP MPU3HAKOB, KOTOPBIN JIy -
e Bcero OyJeT pas3jiesaTh IepeMeHHble (aHAJOIUYIHO TIOMIArOBON MHOXKECTBEHHON PErpeccui)
KaIHBIM oOpaszom. Ha kazkiom 1mare j1o0aBjiseTcs ojiHA IepeMeHHasl, KOTOpas MAKCHMAJIbLHO
YBEJMUUBAET KaueCTBO pas3jie/ieHust TPYII (KadecTBO MepsieTcs craTucTukoii partial lambda us
([9), rounee, nz-3a HamIMs TOUHOIO IpeObpazoBaHus U3 pacupeaeterns Ay B F-pacupenenenne,
9KBUBAJIEHTHON CTaTHCTHKOIT ¢ pactpeenennem Puiiepa). [Tocse sToro HabpanHas MOJIEIb T1e-
pecMaTpuBaeTCd Ha IPeJIMeT HaJu4Ins M30bITOYHBIX ITepeMeHHbIX. [Iporie/lypa ocranaBimBaer-
csd, KOTJla MaKCUMaJbHOe 3HadYeHue F' 11 BHOBL J00aBJIIEMbBIX [IEPEMEHHBIX HE MPEBOCXOIUT
Halepes 33 JaHHOTO TTOpOora.

[lepBoit mepeMeHHO#T B MOJIe/IN CTAHOBUTCS Ta, JiisT KOTopoit F-crarncruka n3 ANOVA
OKa3zajach HAMOOJIBITIE .

Beirmie onmcan Bapuant forward ¢ jobaBienneM IpU3HAKOB. AHAJOIMIHO MOXKHO PACCMOT-
perhb backward Bepcuro.



3 Jlekmuga 29.11.2018

3.1 O6mwmit moaxo/ K KjaccupuKaIium 9epe3 aliloCTEPUOPHbIE BEPOSIT-
HOCTHU

O61mast mo/Ixo/1 K KJIacCuMUKAIINA: CTPOATCs Kaaccuduiupyonme (pyHKIUT f;, TaKue IT0
KJIacCu(pUKAIIS TTPOBOUTCS TaK: WHINBHJL C IPU3HAKAMHI & OTHOCUTCS K TPYIIIE C MAKCHMAJIb-
HBIM 3HAUEHHEeM Ha HeM KJaccudurmpyoneil Gynknnm: arg max, f;(z).

Otkyna 6epyres st Kiaaccudunupyorpe dyuknun?! EcrecTBeHHast njiesi B3ATh B Kade-
cTBe f; BEPOSTHOCTD (ee OIEHKY) IPUHAJJIEXKHOCTH K i-My Kjaccy. Ilyers € — nuckpernasi ¢.B.,
npuHIMaiomas suadenus { A; Y- P(n | € = A;) = P; u umeer miotHocTs p; (). Torma Gpimo Gbi
JIOTUYHO B3Th f; = p;. s mpakTudeckoro npuMeHeHns: Ha 0 ObLIO ObI OIEHUTH IIJIOTHOCTH,
OO0 HemapaMeTpUIecKn (HAIPUMED, [0 YHCIIy TOYEK, MONABIINX B JeJbTa-OKPECTHOCTD — TH-
ma Merojia OsmKaiinmx coceieii), 6o mapaMerpudecku (€CjM U3BECTHO, YTO PACIpe/e/IeHne
HOPMaJIbHOE, TOTJIa IIPOCTO OIIEHMBAEM BEKTOPBI CPEJIHUX U KOBAPUAIIMOHHBIE MATPUIIHI).

Boutee cioxkublil moaxo — depes anocrepuopHbie BeposTHOCTU. Fejm y Hac ectb arpu-
OpHOE 3HaHUe BEPOSITHOCTU TOT'O, UTO WHUBUJL U3 TOI'O UM UHOTO KJIACCA, TO MBI MOXKEM €ro
yaectb. Beegem nonstue kinacca C; = {€ = A;}. Urobbl kiaccuduimposars HabiojeHIe T,
HeoOXOIMMO HaiTH

argmax P (£ € A;|n = x) = argmax P (Cj|z) .

[TycTh M3BECTHBI APUOPHBIE BEPOATHOCTH IPUHAIJIC?KHOCTH HOBOIO HAOJIIONCHU K i-My
kiaccy m; = P (C;). Torma amocreprophbie BeposiTHOCTH 110 hopmylie Baiieca 6y 1yT nmers B

> =i P (]Cy)

[TosTomy B KadecTBe Kaaccuunupyommx QyHKIMi 6epyT

P (Cilz)

() — pi(z)m; _
fe) = o

Tak kKak 3HaMeHATEIb y BCEX f; OJMHAKOBBLINA, €ro MOKHO OTOPOCUTH, ¥ UTOIOBBIE KJIAC-
cudurmpyrormue GyHkimu OyayT Boirianers Kak f; (z) = P (x|C;) m; = pi(z)m;.
Kak BoiOpaTh anpropHbie BepOSTHOCTH !

1. PaBuomepro, Vi€ 1:km; =1/ k.
2. Ilo coornorenusiM B obydatoreil BLIOOpKe: m; = n; / 25:1 n;.

3. Ha ocnoBe npyroit gonosanTenbHoil nHGOPMAIME 0 JAHHBIX (PE3y/IbTaThl MPEBILY X
HCCIIeTOBAMIA, etc.)

CsotictBo. [locmpoennvii memod xaaccudurayuu predict(x) = arg max; mp;(x) Munumusu-
PYEM. CPeOHI anocmepuopHyo owubKy:

k
ZmP(predict(x)! =1i|C)).
i=1

Buno, 94T0 MOXKHO € TIOMOIIBIO AITPUOPHBIX BEPOSTHOCTEH (hopMabHO 3a/1aBaTh BaK-
HOCTDb ONIMOOYHBIX KJIaCCU(DUKAIMI JI/I pa3HbIX KJIACCOB.



3.2 Jlumeiinblii 1 KBaJpaTUYIHbI JUCKPUMUHAHTHBIN aHAJIN3 JIJIsd KJIac-

cuduKaImm
3.2.1 LDA
Mogenp: € — QUCKpeTHast C.B., NpuHEMaiomas suadenus {A;}r , P(n | € = A;) =

N (14, X). Torma mwIoTHOCTL B TOYKE X

1 1 T o1
——————exp| —=(r— ) X (v —
e < p (o “Z)) ’
n kiaccudunupyomas oyaknus f; () = mp (x| = A;), tae m; — anpuopHas BepOSTHOCTD
HAOJTIOIEHNS TIONIACTh B -10 TpyIry. st yruporenus Berauc/ieHnit MOYKHO IIePENncaTh KIacCH-
durupyonyo GyHKIUIO Yepe3 BO3pacTaioIiee MOHOTOHHOE ITpeodpa30oBaHue Kak

pi(r) =p(2[§ = A;) =

1 1 T v
gi (z) =log f; (z) = log m; — §log %] = 2 (=) 7 (@ — ).
CokpaTuB 9acTb, He 3aBUCAILYIO OT HOMEPa KJIACCa, MOJIydaeM JIMHeRHbIe KJIacCuQUIUIpPyIomue

dbyHaKINN
1
hi(w) = = X7 i+ i B + log

3.2.2 QDA

Mopnenb: € — aUCKpeTHas C.B., IPUHUMAIOINIAA 3HAYUEHUS {Ai}le, Pin| &= A) =
N (i, %;). Torpa mIOTHOCTL B TOYKE T

1 T -1
e (e ).
u knaccudunupytomas dyukius f; () = mp (x| = A;). [lpumensiem Bozpacrarorniee MOHOTOH-
HOe Ipeobpa3oBaHue M OCTaB/IAeM B KjaccupUIUpyomeil (DyHKINU TOJBLKO HYIeHbI, OTJINYa0-
Hyecs: B pasHbIX TPYIIax:

p(xl=4;) =

1 1 _
gi (z) = log f; (v) = log m; — §log 12| — ) (v — M)T X ! ( — i),

MOJTydaeM KBaJIPATUIHO 3aBUCHILYIO OT X KJIACCUMUIINPYIONTYIO (DYHKITHIO.

3.3 Kiaaccudukanus B ciaydae ABYX KJIacCOB

Ecim Bcero mBa Kiacca, TO MOXKHO IMOCTPOUTH I'PAHUILY MKy KJIACCAME, IPUPABHSB
KJaccupunupyomnme QyHKIIN.
3.3.1 LDA

[Tpupasuss hy(z) = he(z), moay<IrM pasIeJIsIONy0 MHIIEPIIOCKOCTh. Pasessomnas 18a
KJIaCcCa TUIEPIIOCKOCTh UMEET BT

{x:hi(x) = ha(x)} =
1

={x: —§(u1 — p2) BT (1 A+ p2) 4 (pn — p2) "B x + log(m /o) = 0}.

OT COOTHOIIEHNST MEXK/Iy AllPUOPHBIMU BEPOSITHOCTSIMU 3aBUCUT TOJIOYKEHIE IPAHUITHI OTHOCHU-
TeJIbHO KJ1accoB (K KakoMy oHa 6imzke). BUIHO, 9TO alpHOPHBbIE BEPOSITHOCTH BJIUSIOT TOJIBKO
Ha CJIBUT paz/leJIdIonieil THIePIJIOCKOCTH.



BamMeTuM, UTO KJIacCH(PUKAIINIO MOKHO 3aINCaTh KaK CpaBHEHHE —%(m — p2) X (g +
po) + (1 — p12)TE"1x ¢ mexoropeim oporom (— log (7 /m2)), KOTOPBIil 3aBUCHT OT armpUOPHBIX
BeposTHOCTE (M BECOB ONMMOOK JIJIsi PA3HBIX KJIACCOB, CMOTPsI KaK HA 9TO CMOTDPETH ).

3.3.2 QDA

B nmannom citydae, pasjessioniasg MOBEPXHOCTb UMEET BUJI KBaJIpATUIHONW MOBEPXHOCTH,
MOYKET COCTOSATH U3 JIBYX T'UIIEPOOJIONIOM, MOXKET UMETh (DOPMY JLIUIICA.

3.3.3 KaprtuHknu

LDA
app. error rate: 0.04
CcC"
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QDA
app. error rate: 0.02
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3/1ech MBI 0OCY K1 IHCJIO TAPAMETPOB B MOJIEJISIX, BO3SMOXKHBIH overfitting (meperos-
rouky). Vcmosp3oBaiu ciioBa — 06061maoIast crnocoOHOCTL AJITOPUTMA.

3.4 KadecTtBo KJIaccudukamm

3.4.1

Omubku kjaacudukamuu

KauectBo kiaccudukarnum usmepsiercs omubkaMu Kiaaccuukayu (701t HEIPaBUIbHO
KJIACCHUIIPOBAHHBIX OOBEKTOB). 1;; — YHCJIO 0OBEKTOB U3 KJIACCa §, OTHECEHHBIX K KJIACCY j.
B coorBercrBytomeit MaTpuile KaacCuUKAIMN Ha THATOHAJNA CTOSIT IMPABUIBHO KJIACCUPUITI-
pOBaHHBIE O0ObEKTHI, BHE JIMAIOHAJIN — OIIHOKH.
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Ha camom gese, Henb3s MPOBEPSATH KadecTBO IIPEJICKa3aHUsA Ha TeX JAHHBIX, Ha KOTO-
PBIX 9TO IPEJCKA3aHne CTPOUIOCh. [109TOMY HCIONIB3YIOT KPOCC-BATHIAIIO (CKOJIB3SIIIIT KOH-
Tposib). Hampumep, Kaxmoe HabJIIOIEHIE [0 0Yepe/i UCKIII0YAeTCs U3 BBIOOPKHU, KJIAcCUbUIH-
pyIoIIee IPaBUIO CTPOUTCs €3 HEro U ¢ MTOMOIIBIO 9TOTO IMPaBUJIa WHIMBUT KJIACCHMDUITUPYETCs.
Crpoutca anajornyinas Tabamia u3 n,;. B Heil ommbok OymeT, BoobIe ropops, 6oJbIIIe.

31ech 00Cy:K1ajId, 9TO UMeeT CMBICJ CMOTPETh Ha OIMMOKN 0e3 KPOCC-BATUIAIMU U C
Heil. Ecam pasHuia cymecrBeHHasl, TO 9TO TOBOPHUT O IEPEIOATOHKE HCIOJIB3YEMOR MOIE/IN.
BeposiTHO, OHa He O0YeHb XOPOIIAast; HAIPUMED, CJIUIIKOM MHOI'O IIapaMeTpOB.

Bameuanne. Heb3s myrarh KiaccuduKanuio u pa3andue TPYI. [ pyIimbl MOy T 3HATUMO
pa3IMIaATLCsl, KIACCUMDUKAIIUSA MOKET OBITH NP 3TOM GeCCMBICIEHHON (OMUOOK Iy Th MEHbIIe

50%).

3.4.2 ROC u AUC

wikipedia ROC-xkpusas (anri. receiver operating characteristic, pabouasi XxapakTepucruka
IpUEMHIKA) — IpaduK, MO3BOJISIONINI OIEHNTh KaueCTBO OGUHAPHOI KiaccuduKalmm, orobpa-
JKaeT COOTHOIIEHUE MEXKJIy JI0JIeil 0ObEKTOB OT ODOIIEro KOJIMYecTBa HOCUTE el TpU3HaKa, Bep-
HO KJIacCUUIMPOBAHHBIX KAaK HECYIUX IPU3HAK, (aHriI. true positive rate, TPR, nasbisaemoii
YYBCTBUTEJILHOCTHIO AJTOPUTMA KJIACCU(DUKAIINK) U JI0Jell OOBEKTOB OT 0DIINEero KoJMIecTBa
00bEKTOB, HE HECYIIUX IIPU3HAKa, OMMOOTHO KJIACCHU(MUIMPOBAHHBIX KaK HECYIINX IMIPU3HAK
(amrn. false positive rate, FPR, sesumunna 1-FPR mHasweiBaetrcst crenmduaHOCTBIO agroputma
KJIacCHDUKAIINK) TIPH BAPbUPOBAHUH [IOPOTa PEIIAOIIEro IPaBUJIA.

Tax:ke m3BecTHa KakK KpuBas ommboK. AHanau3 Kiaccudukanmii ¢ npumernerrnem ROC-
KpuBbIX HazbiBaeTcsd ROC-anaaunzom.

Komunuecrsennyio unreprperaiuio ROC gaér nokasarens AUC (anri. area under ROC
curve, mwiommab 107, ROC-kpusoit) — moma/s, orpanndernas ROC-KpuBoi U OCbIO JI0JIH
JIOXKHBIX TIOJIOXKUTEJIbHBIX Kiaaccudukamnmii. Yem Boime nokasareasb AUC, Tem KadecTBeHHEE
KJ1accuduraTop, 1npu oM 3Hadenue 0,5 JEMOHCTPUPYET HEIPUIOJHOCTbH BBHIOPAHHOI'O METO-
Ja Kiaaccudukayuu (COOTBETCTBYET CIydalHOMY raJlaHuio). 3uadenue Menee 0,5 TOBOPHUT, YTO
KJIACCU(MUKATOP JEHCTBYET C TOYHOCTHIO JI0 HA0DOPOT: €CJIN MOJIOKUTE/IbHbIE HA3BATH OTPUIIA~
TeJTbHBIMU ¥ HA000POT, KjaaccudukaTop OyaerT paboTaTh JIydlre.

MOU KOMMEHTapwm Kciaum KTo-TO XOpoIo mpejcTaBiisger cede, KaK BBINVIAJIUT Ipaduk 3a-
BUCHUMOCTHU MOIIHOCTUA OT OINMMOKM TIEPBOI'O POJIA, TO 3TO MMEHHO Takoil rpaduk. Mengerca
YPOBEHb 3HAUUMOCTH (KAK MOPOr OTBEPIHYTH - HE OTBEPIHYTh) U II0 OCH X OTKJIA(bIBAETCSI
omuOKa 1epBoro pojia, oHa ke false positive, a 1Mo ocu y oTK/IabIBaeTCd MOITHOCTb, OHA Ke
true positive (cioBo positive o3HadaeT, UTO HyJeBas IHIIOTE3a OTBEPTHYTA B IMOJIb3Y BTOPOI,
AJITEPHATUBHOM, TUIIOTE3bI, & B CJIydae KJIACCU(DUKAINT, ITO JEMEHT KJiacCuUIupyeTcs Kak
OTHOCSTIUICS KO BTOPOMY KJIACCY ).

Takum ob6pasom, MeHsieM MOpOr JjIsd MeToja KJacCu(UKAIUK U 110 OCA X OTKJIaIbIBaeM
JIOJIIO HEIPaBUJIBHO KJIACCU(MUIIMPOBAHHBIX 9JIEMEHTOB U3 IIEPBOI0O KJIACCa, a 110 OCH Yy — JIOJIIO
HPABUJILHO KJIACCU(MUIUPOBAHHBIX 3JIEMEHTOB U3 BTOPOI'O KJIACCA.

11



	Лекция 15.11.2018
	One way MANOVA. Модель, запись через мат. ожидания по группам и условные мат.ожидания. Разложение ковариационной матрицы. Критерия Лямбда Уилкса.
	Про дискриминантный анализ в целом
	Канонические дискриминантные функции (коэффициенты) и переменные (feature extraction)

	Лекция 22.11.2018
	MANOVA и значимость LDA. Разные критерии, чем отличаются.
	Частный случай — ошибки сферические
	Значимое число дискриминантных функций (размерность пространства, где группы различаются).
	Интерпретация разделения: стандартизованные дискриминантные функции и факторная структура
	Стандартизованные дискриминантные функции
	Факторная структура

	Уменьшение числа признаков (feature selection)
	Пошаговый дискриминантный анализ


	Лекция 29.11.2018
	Общий подход к классификации через апостериорные вероятности
	Линейный и квадратичный дискриминантный анализ для классификации
	LDA
	QDA

	Классификация в случае двух классов
	LDA
	QDA
	Картинки

	Качество классификации
	Ошибки класификации
	ROC и AUC



