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asl MOCTaHOBKa

D C R¥ — obnacts, f(x) — yenesas cpymkyus, f: D — R.
3agaya MuHUMM3auUn yHKLMN:

= min f(x).

Ona XKe, B BUAE NONCKA TOYKN MUHUMYMa:

x* = arg min f(x).
xeD

Bonpocki: 4ToO KOHKpPETHOE MMEETCs B BUAY Mo 3TOM HOTaumeii?
YTo MMEHHO HY>KHO UcKaTb?
Kak Hy»HO nckatb?
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(MpumepHas) knaccurkaumsi MeToLOB ONTUMU3ALMUN

Onpepenerve: MeToh ONTUMU3ALMN — aJTOPUTM, KOTOPbIA HaunMHast C
TOYKM Xg CTPOUT MOC/IELOBATENBHOCTb Xg, X1, - - -, Xp, - .. TAKYIO, 4TO
Xp — X* = arg mingcp f(X).
Y70 HYyXXHO uckaTb?
© JlokanbHasi onTumunsauus
(Crporuit) nokanbHblii MuHUMYM X* — cyuiectsyeT £ > 0:
f(x*) < f(x) ans noboro x: [|x —x*|| < e.
@ [nobanbHasi onTumMMU3aLus
(Crporuii) rnobanbhblii MuHnMym xX*: f(x*) < f(x) gns noboro
xe€D.
Kak Hy>HO nckatb?
@ [etepmuHuposaHHas onTummsayus
ObbI4YHO UCNONb3YeTCst /18 NOUCKA SIOKAbHbIX MUHUMYMOB.
@ CroxacTuyecknsi onTuMmM3aums

Ob6biyHo NCNONb3YeTCA ANA NMONCKaA rnobanbHoOro MWHUMYMa, eCin f
COAEPXKNT MHOIO NIOKaJIbHbIX.
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(MpumepHas) knaccurkaumsi MeToLOB ONTUMU3ALMUN

Mo Buay uenesoii byHKUUN:
@ Hert npegnonoxeHus o rnagkoctu f

© Ectb npegnonoxerune o rnagkoctu f

Mo ncnonb3oBaHNIO NPON3BOAHOIA:
@ He ucnonbsyerca npoussogHas
@ Vicnonbayetcs npomssogHasi (nepsasi, BTopas, .. . )
Mepeble npon3BoaHble 0bpasytoT rpagueHT (gradient), BTopble —

matpuyy [ecce (Hessian).
Kak cumtaTb NpoM3BOAHYIO: YECTHO, YNCIEHHO, NCMONb30BaTh

annpokcumauuto . ..
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(MpumepHas) knaccurkaumsi MeToLOB ONTUMU3ALMUN

Mo Bugy orpaHnyeHnii:
@ bBesycnosHas: D = RK

@ VYcnosHas
JInneiiHble /HennHeliHbIe OrpaHNYeHNs, OrpaHMYeHUs Tuna “kopobka”,

f — nuneiinas, D orpaHnyeH ANHERHBIMU PYHKLMSMU — NMHENHOE
NpOrpamMMunpoBaHue.

f — kBagpatuyHas, D orpaHuyeH NMHERHbIMU (DYHKUNAMN —
KBaJpaTW4HOE NPOrpaMMUpPOBaHME.

[NpennonoxeHunsi 0 BYNbIKNOCTU:
© f — He Bbinyknas win D — He BbINykNOE

@ f — Boinyknas (npu atom D — Bbinyksioe, Hanpumep D = Rk)
Ecnn f — cTporo Bbinykna, To y He€ OfUH CTPOrMiA NOKaNbHbIl
MUHUMYM (OH >Ke CTporuii rnobasnbHbiii)
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OaHomepHast ONTUMU3ALUS: ANHERHbIA NONCK

k=1 D=[ab]CR.

Monck MUHMMYMa Ha pelwéTke ¢ warom € (JIMHeRHbIN NONCK,
nocnepoBaTesbHbIN nouck, linear search).

m " _ b—a

Yucno yznos” n ()L - J

“Vanbl pewétkn’ y =0,...,n

Xp = argmin f(y.(n)).
j=0,n 7

Ecm f — Bbinyknast, 1o |x, — x*| < e.
Ecnm f — nenpepbiBHas, To |x, — x*| = O(¢).
Bpems pabotsi: O(1/¢).
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OpHoMepHast ONTUMU3aLns: TepHapHbIZ (TPOMYHBIA) nouck

k=1, D=|ab] CR, f— Bbinyknas.

Npes: byaem nogaepxuneaTb OTPE3OK, Ha KOTOPOM ULLEM MuUHUMYM. Ha
KaXxaol utepauuy pa3obbeéM ero Ha Tpu nogoTpeska. Beikunem ToT,
KOTOPbIi TOYHO HE COAEPXKUT MUHUMYM.

Anroputm (ternary search):

/023, r():b, i=0.

Moka r; — I; > e:
Q = (h+nr)/3 f=(+2r)/3
Q@ Ecan f(i;) < f(f,), TO ri41 = I”\,', /,'+1 = /,', NHa4ye /i+1 = i,‘, riy1 = .
@ lonoxuts i =i+ 1.

Beinonxeno |x, — x*| < e.
Bpemsi pabotsi: O(log(1/¢)).
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OaHomepHast ONTUMU3ALUS: METOZ 30/10TOr0 Ce

k=1, D=[a,b] C R, f — Bbinyknas.

MNpobnema TepHapHOro noucka: uenesast pyHKUMs f BbIYMCASETCA Ha
Ka)k4ol nTepauumn ABakabl, B TOYKax IA, n 7;. Ecnn f gonro Belumncnsiercs,
TO 3TO HEMPUATHO.

MoxeT BbITb, MOXHO Kak-TO MHaye pa3buTb oTpe3ok, 4Tobbl f B ofHON U3

TOYeK y>Ke bblia nofcyUTaHa Ha NpoLIoi uTepauumn?
OTHowweHne ;{:;{ obosHauum kak ¢. [ns npoctotel: [} =0, r; =1,
! 1

onyctum i. Pa3obbém oTpesok cummerpuuno: 10 = =0 — ¢,

=0 7 1]
JonycTuM, BbIKMAbIBaEM Ha MTepauuu npasblii oTpesok. Haipém Takoe @,
npu KOTOpOiA Fiy1 = l;. DTO O3Ha4aeT crepytoLee: ;fg = .

lAzl—%, P:é, noay4aem: ﬁ:d), T.e.
P> —d—-1=0.
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O,D,HOMepHaFI onTnMm3ayunsa: METOo ] 30JIOTOro CEHEHNA

®* - -1=0.
MNonoxxutensHoe pewerHne: ¢ = 12—‘/5 — 30JI0TOE CeYeHue.

AnropuTm COBMNafaeT C TEPHAPHbIM MOWCKOM, KpOMe:
Q li=r—"1gh p=+ 5k

@ BszaTue 3HayeHns f B HY>XXKHOI TO4YKe C NpefblayLleli uTepayuu...

Bpemsi pabotsi: O(log(1/¢)).
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OaHomepHast ONTUMU3ALUS: METOA AUXOTOMUN

k=1, D=[a, bl C R, f — Bbinyknas, CyLeCTBYeT NPOU3BOLHasI.

Npes: bynem nopnepxusatbh OTPE3OK, HA KOTOPOM MLLEM MUHUMYM.
[NocynTaem 3HaK NPOM3BOAHOI B CepefuHe OTPe3Ka, U B 3aBUCMMOCTM OT
3TOro0 OCTaBMM HY>KHYIO MONOBUHY OTpPe3Ka.

Anroputm (binary search):

/oza, I’ozb, i=0.

Moka r; — I; > e:
Q@ m = (/,' + r,-)/2.
@ Ecnm f'(m;) <0, 10 li41 = m, nnade ri 3 = m.
© lMonoxutb i =17+ 1.

Beinonxeto |x, — x*| < e.
Bpemsi pabotsi: O(log(1/¢)).

Bonpoc aygutopun: Ha Kakoli METOL 3TOT MOXOX, ec/inm bpaTb
MPOM3BOAHYIO YNCIIEHHO?

3soHapes HukuTa BeegeHue B onTumusauymo 10 / 13



OaHomepHasi onTuMusauus: Metos HetoToHa

k=1, D=[a,b] C R,y f cywectsyeT BTOpasi NPOM3BOAHAs.

Vpes: Bygem nocnefoBaTenbHO CTPOUTL KacaTenbHble napabons Kk f B
TOYKE Xp, B KQYECTBE Xp+1 OpaTh MUHUMYM y 3Toli napabonbi.

HaHo: xp.
Ntepauus:

f'(xi)

Xit1 = Xj — F1(x)
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OaHomepHasi onTuMnsauus: Teopema KaHtoposunya

: _ f'(xi)
MeToa HbtoToHa: Xj11 = Xj — 00)

Teopema

Ecnn cywectsytot Takne koHcTautel A, B, C, 4To:
1
o 70 < A Ha [a,b].

f'(x
9 f//((X))

© Cywectsyer f"(x) Ha [a, b], |f"(x)| < C < 515,
npnyém b — a < (1 — /1 —2ABC). Torga

Q Ha [a, b] cywectByeT noKanbHbI MuHUMYM X*

Q@ Ecm xg = (a+ b)/2, 10 x5 — x*.

© BeuinonHero: [xp, — x*| < 5= L (2ABC)Y .

< B Ha [a, b].

MoxHO yBMAETb, 4TO |X* — Xp| = a|x* — x,_1|? (KBagpTUHHAA ckOpOCTb
CXOAMMOCTH).
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O,D,HOMepHaﬂ ONTUMN3aUNA. KaK NMPUMEHATb

B obwem cnyyae f — He Bbinyknas Ha [a, b]. Upes:
© PasbuTtb OTpe3oK Ha NOAOOTPE3KN LJNHBI .
@ Ha kaxxJoM 13 NogoTPes3KOoB 3anyCTUTb METOZ 30J10TOro
ceyenusi/ guxotomumn/HetotoHa/. . .
€ Npu 3TOM NoabupaTb pykKamu B 3aBUCMMOCTU OT 3HaHuii 06 f.

Y70 MCnonb30BaTh B PeasibHOM XU3HMW, ECN ECTb BO30XKHOCTL !

Metoa Brent (pyHkuus optimize 8 R).

The method used is a combination of golden section search and successive
parabolic interpolation, and was designed for use with continuous
functions. Convergence is never much slower than that for a Fibonacci
search. If f has a continuous second derivative which is positive at the
minimum (which is not at lower or upper), then convergence is superlinear,
and usually of the order of about 1.324.

Brent, R. (1973) Algorithms for Minimization without Derivatives.
Englewood Cliffs N.J.: Prentice-Hall.
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