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Obuwasa nocTtaHoBKa

D C Rk — obnacts, f(x) — yenesas ¢pyHkyus, f : D — R.
3apgava:

x* = arg min f(x).
xe€D

Tenepb k > 1.

Vipes: ceectn 3agaqy k ogHomepHoii ontummusaumnn. (Kak?)
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Obuwasa nocTtaHoBKa

D C Rk — obnacts, f(x) — yenesas ¢pyHkyus, f : D — R.
3apgava:

x* = arg min f(x).
xe€D

Tenepb k > 1.

Vipes: ceectn 3agaqy k ogHomepHoii ontummusaumnn. (Kak?)
Mogxon: nTepaTuBHbLINA, KaXkaasi nTepayns — B 4Ba dTana:

@ [Mowuck HanpaBneHust onTuMnsaymmn (X, — TekyLlas Touka,
HanpassieHne — p, (Kak Haiitu?)).

@ LLlar no HanpaBneHuno p, NMOO OAHOMEpPHASH ONTUMM3ALMS:
ay = argmingc,<1 f(Xn + aPn), Xnt1 = Xp + apPn.
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[lokoopanHaTHBIA cnyck

OH xe coordinate descent. Camoe npocToe, YTO MOXKHO NPUAYMaTb.

B TepmuHax pn: Pn = €(n mod k)+1: € € RK — i-i# opT.
Cxema utepaumm Ta xe:

aj = argmin,cg f(Xn + aPn), Xnt1 = Xp + QPn.
Yro BeinonHeHo: f(xpt1) < F(Xn).

Bonpoc: aTo rapaHTupyeT cxoguMocCTb K JIOKaJIbHOMY MUHUMYMY?
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[lokoopAuHATHBIA CNYCK: NpYMep, KOrAa eCTb CXOAUMOCTb

15 fla,y) =52 — 6ay +5y°
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[lokoopAuHaTHBIA CNYCK: NPUMEP, KOTAa HET CXOAWMOCTM

3 f@.y) =z +yl+ 3y — x|
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[lokoopanHaTHBIA cnyck

Oiil MeTtog moxeT “3acTpsiTh’ TaM, rae HET JIOKAAbHOTO MUHUMYMA.
Ha rnagkux dpyHKUMAX MOXKET CXOAUTLCS MELJEHHO.

Monyyaetcs, B HEM HET cmbicna?

Npeto ncnonbsytoT. Hanprmep, BMeCcTo cnycka no ofHol koopAuHaTe
pa3buBaloT koopaMHaThl Ha ABa Habopa, k1 + ko = k, n vepegytot ux. Ha
nTepauny — MHOrOMepHast ONTUMU3aLMsl MO MNOAMHOXECTBY KOOPAUHAT.

3auem Tak genatot? Korga Hanpsimyto f(X) onTUMU3UPOBaTL CANLLKOM
CJIOXKHO.

MpuMeHeHust: cTaTnCTKa (BaXKHbIN YacTHbIA ciydvaii — EM-anroputm),
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['papguneHTHBIA cny

On xe gradient descent. f — puddpeperuupyemas
Pn — HanpaeneHne aHTUrpagueHTa: p, = —V I (X,).
Cxema utepaumm Ta xe:

aj, = arg Ming< o0 F(Xn + aPp), Xnt1 = Xp + ;Pn-

*

MoxHo Bbl6paTb TaKnNe Manble &, 4TO 6y,EI|ET BbINOJIHEHO!

f(xnt1) < F(Xn).

CXOAMMOCTb BbIMOJIHAETCS B HEKOTOPbIX CMELMPUHECKIX CAYHasiX
(Bbinyknocts f, nunwuyesocts VF, ...).
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[ pafMeHTHBIA Cnyck: NpruMep MeAJIeHHOW CXOAWMOCTM

Rosenbrock function: f(x1,x2) = (1 — x1)? + 100(x2 — x2).
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(c) 2006 P.A. Simionescu
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[ pafMeHTHBIA CNyCcK: NMPUMeHEHUS

MpumensitoT, korga bonee ClOXKHbIE METOAbLI CIMLLKOM JOPOrK MO
BpeMeHu/namaTn. B 3Tom cnyvae npuMeHstOT He MOUCK MO HanpasAeHuto,
a war Ha onpegeneHHoe pacCTosiHueE.

B cratuctuke (TouHee, MawMHHOM OBy4eHNM) NPUMEHSIIOT BapuaHT
rpafMeHTHOro CMyCKa K LeneBbiM (byHKLUAM BUAA:

1 N
f(x) =5 > fi(x).
1

f; — at0 ...

BmecTo Toro, 4Tobbl Ha Kaxjoi uTepauun onTuMnnposats f,
CNy4aiiHblM 0DpasoM pasbIrpbiBAeTCsl MHAEKC i, U BbIYNCASIETCS LWar Mo
aHTurpagmenty —f; ¢ yracatowum secom. lNoayunnu meton
cToxacTuyeckoro rpaguenTa (Stochastic gradient descent, SGD).
Mogundukaunu: AdaGrad, RMSProp, Adam, ... (2010-¢)
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MeTos conpsiXXEHHbIX FPaAVEHTOB, KBaZpaTUUHAs PYHKLMS

On xe Conjugated gradient, CG.

Xopoluee Ha3BaHWe: HUKAKUX FPAJNEHTOB B HEM HET.

PaccmoTpum YacTblii cnyyaii: arg mingcpk f(x) = %XTAX —b'x, A —
CUMMETPUYHASI, MONIOXKMUTENBHO ONPEAEIEHHAst MAaTpULa.

DkBMBaseHTHas 3agada: pewenne CJTIAY Ax = b.

OboszHauum r(x) = Ax — b.

PaccmoTpum cuctemy n3 n conpsiénHbix (T.e. OpTOroHasbHbix ¢ A)
BEKTOPOB P1, ..., Pk: p,-TApj =0,i#j, p;#0.

Bo3mbMEM npon3BonbHOE Xg, W HAAEM peLLeHne CUCTEMbI B BULE
Pas/IoXKeHUsl MO BEKTOPAM Pj, TO €CTb, Xpt1 = Xp + QpPp. Qk MOXKHO
HaliTW, B35SIB MUHMMYM MO HaMpPaBeHMIO:

T
rnpn

pTap, = )

ap = —
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MeTos conpsiXXEHHbIX FPaAVEHTOB, KBaZpaTUUHAs PYHKLMS

Xp4+1 = Xp + QpPp-

Teopema

Jns moboro xg € RX nocnegosatensHocts x, cxoqnTes K peluennto X* B
XyALeM cay4ae 3a k wwaros.

Bonpoc: kak HaliT BekTopbl p,”?

Ph=—tn+ /Bnpn—ly

n—/—"—"wm < .
pE_lApnfl

Nocedal, Jorge, Wright, S. Numerical Optimization.
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MeTog conpsi>XEHHbIX TPafVEHTOB, aJirOPUTM

I’oZAXo—b, Po = —ro, n=0.
Moka r, # 0:

T
ror,

prAps
Xpt1l = Xp + QpPn

® ap =

@ rp 1 =r,+ anApn

rT Fnt1
S
® pPrt1 = —rn+ Bot1Pn
o Monoxute n=n+1
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MeTog conpsi>X€HHbIX FPafieHTOB A MPON3BOJIBHON

PyHKUMN
fi = f(x;), Vi = f'(x;). f — nudepenunpyemas.

MeTog Fletcher-Reeves:

po=—Vfy, n=0.

MNMoka He BbIMOSHEH KPUTEPWli OCTAHOBKM:
® a, = argming,o f(Xn + apn)

Pnt+1 = _vfn + B,’:flpn
Monoxute n=n+1

@ Xpt1 = Xp + QpPp

@ Bbiuncauts Vi,

° FR _ VfEHanJrl
n+1 ViIvE,

°

°

MeTog Polak-Ribiere:
PR _ Vfr;l:&-l(v’anrl - an)
i VIV,
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MHoromepHsbiii MmeTon HbtoToHa

pn = —V2f, 1Vf,.
V?2f, — matpuua lecce (MaTpuua BTOPbIX NPOU3BOAHBIX).

Teopema

Mpeanonoxum, 4to f gBaxabl auchcpeperympyema, reccuan V2 f (x) —
JINNnNYeEB B OKPECTHOCTU TOHKU X*, B KOTO,DOIZ BbINOJIHEHbBI 4OCTATOYHbIE
YCI0BUSI JIOKaJIbHOrO MuHUMyMa. Torga
@ Eciun xg goctatouHo bansko k X*, To nocnefoBaTebHOCTb CONAETCA
*
K X*.

@ CKopocTb cxoanMocTu Xy, K X* KBagpaTu4yHasi.

Q ||Vik| cxogutecs ksagpaTtnyaro k 0.

[ocTaTo4HOe yCnoBUe CTPOroro NOKanbHOro MUHUMYMa B Touke X*: V2f,
— HerpepbiBHa B OTKPLITON okpecTHocTu x*, VF(x*) = 0, V2f(x*)
MONOXKNTENBHO OMpefeseHa.

Nunwuuesocts: || V2f(x1) — V2f(x2)|| < M||x1 — x2|| Ans nobbix x1, X2 B

HEKOTODPOWN OKPECTHOCTM X*.
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MHoromepHsbiii MmeTon HbtoToHa

pn = —V2£IVE,, £, = f(x,).
Bonpoc: ckonbko utepaunii TpebyeTcs MeToay AJist CXOAUMOCTU Ha
KBagpaTuyHoOM pyHKLmn?
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MHoromepHsbiii MmeTon HbtoToHa

pn = —V2£IVE,, £, = f(x,).
Bonpoc: ckonbko utepaunii TpebyeTcs MeToay AJist CXOAUMOCTU Ha
KBagpaTuyHoOM pyHKLmn?

Kak Bbluncnste rpaanenT/matpuuy lecce: 4ecTHO/4ncneHHo
(obcyxpann).

MoXKHO MCKaTb MUHUMYM MO HaMPaBNEHWIO P,, MO0 3a4aTh ANMHY LWara:
koHCTaHTa (i, = 1) — He camoe Jiyyluee peLueHue.

Backtracking: O =1, Ut = Oég)/z

Ecan f(x,) > f(x, + ag)p,,), 10 ap = a¥).
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MHoromepHsbiii MmeTon HbtoToHa

pn = —V2£IVE,, £, = f(x,).
Bonpoc: ckonbko utepaunii TpebyeTcs MeToay AJist CXOAUMOCTU Ha
KBagpaTuyHoOM pyHKLmn?

Kak Bbluncnste rpaanenT/matpuuy lecce: 4ecTHO/4ncneHHo
(obcyxpann).

MoXKHO MCKaTb MUHUMYM MO HaMPaBNEHWIO P,, MO0 3a4aTh ANMHY LWara:
koHCTaHTa (i, = 1) — He camoe Jiyyluee peLueHue.

Backtracking: ag,o) =1, agﬂ) = ag)/z
Ecan f(x,) > f(x, + ag)p,,), 10 ap = a¥).

Korpa moxHo oboiiTuck be3 Bbiuncnennst matpuubl [ecce?

Mpumep: nycts f = [|g(x) — b||?, g : Rk - RM, b € RM.

MeTon Maycca-HetotoHa: p, = —(Vg(xn))t(g(x) — b), Vg(x,) € RMxk
— skobuan, FT = (FTF)"FT — ncespgoobpawenne Mypa-lenpoysa.

Ha npaktuke: metogel BFGS, L-BFGS-B — ncnonb3syioT npubnvxerue
reccmaHa.
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Bo3MoxxHble KpUTepnn OCTaHOBKMY

o |[Vf(xy)| <e

® ||xp —xp_1]| <€
f(xn)—F(xn—

o ||l < e

+ orpaHudeHune Ha yucno utepauuniil (4Tobbl MeTog He paboTan
BeckoHewHO ponro, ecim oH “sacTpsn’).

Bonpoc: a ecnm Mbl ncnonb3syeM 4nCAEHHOE BbIYUCAEHNE FPajMeHTa, TO
Hafo M HaM Torga obpaTuTb BHUMaHWUE Ha €7
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MeToabl Ha BbIOOP AJ1si CEMECTPOBOro 3aaHus

lNokoopaunHaTHbI cnyck

["pagneHTHbI cnyck

ConpsixxerHble rpaguenTsl Fletcher-Reeves
ConpsixeHHble rpaanenTsl Polak-Ribiere
HbtoToH (nonck no Hanpaenenuio)

Hetoton (backtracking)

Q000000

Nelder-Mead (meTog aeopmunpyemMoro MHOrorpaHHmMKa)

3soHapes HukuTa MHoromepHasi onTumnsauyms 17 / 17



