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1 Coayyaiinble BEKTOpa W WX pacIIipeieIeHus

MHorue cBoiicTBa CilydaiiHbIX BEKTOPOB U MX PACHPEe/IeHU I aHAJOIMIHbI CBOfiCTBaM (OJHOMEPHBIX )
cJIydafiHbIX BeudnH. Takue cBocTBa OyIyT KOMMEHTUPOBATHCS KPATKO, Oojiee moapodHo OyayT pasdu-
paTbes criennduIecKre CBOMCTBA, BO3HUKAIOIINE UMEHHO M3-33 MHOTOMEPHOCTH CJIyYalHBIX BEKTODPOB.

[Tycrs (92, F,P) — BepositHOCTHOE npocTpaHcTBo. Kak ykKe roBopuiIoch, IOHSITHE CJIydaiiHON Besu-
YHHBI Kak n3Mepumoro orobpazkenns (€2, F) — (R, B), rue B — GopeseBckas o-ajarebpa MOIMHOXKECTB
R, Bo3HUMKJI0 U3 OTPeOHOCTH (POPMAIN30BATL OHATHE U3MEPEHUs, IIPOBOIUMOIO P CJIYYAHHOM KC-
[IEPUMEHTE, a TaKXKe M3 HEOOXOIUMOCTU BBIYUC/ISATD IMAHCHL TOTO, YTO PE3YILTAT ITOTO U3MEPEHUS Oy 1eT
IPUHAJIEXKATH BCEBO3MOXKHBIM (PA3yMHBIM, TO €CTh DOPEJIEBCKUM ) MHOXKECTBAM Ha IIPSIMOM.

[TonsTue ciry4yaifHOro BEKTOpPa COOTBETCTBYET TOMY, YTO [IPU CJIYYAHHOM SKCIIEPUMEHTE ITPOU3BOIUTCS
OJIHOBPEMEHHO HECKOJIBKO u3Mepenuii. Hampumep, mpu crpesibbe o MUIIEHN MBI MOXKEM HHTEPECOBATHCS
KaK PacCTOsIHUEM OT (TOYedHOlt) IPOBOMHBI JI0 TIEHTPA MUIIEHH, TaK U IOJSIPHBIM YIJIOM, COOTBETCTBY-
IOIUM 3TOI pOOOMHE — 3JeCh CAyJYallHbIl BEKTOD OYIEeT JBYMEpHBbIM. A ecyin B pe3ysIbTare KaKUM-TO
00pa30oM OPTaHM30BAHHOTO CIYIAHOTO SKCIEPUMEHTA MBI BLIONPAEM TeJI0BEKA U3 TOJIIBI, TO HAC MOYKET
MHTEPECOBATH COBMECTHOE TIOBEJIEHUE €r0 BO3pacTa, pocTa u Beca. Torja cOOTBETCTBYIONIUI CIIyYaiiHbIil
BEKTOP OyIeT TpeXMepPHBIM.

[To amasornu ¢ (OAHOMEPHBIMHI) CIyYANHBIME BEJIMIMHAMI MBI IPUXOJMM CPa3y Ke K CJIEJYIOIEeMy
OTIPEJICTICHUIO.

Onpepgesnenne 1.1. Ilo onpenenentio, d-mepHbIit! crydaifHbI BEKTOD € — 9TO H3MEPUMOE OTOOPAYKEHIE
€:(QF) — (R4 By), rne By — 6opesesckas g-anrebpa mojmuozkects RY.

Crnemytoree yTBEpKICHNE MPOSICHSIET TO OMPEIE/ICHNE.

Ipeanoxxenne 1.1. Jlas mozo, wmobwv. omobpasicenue € = (£1,...,6q)T + Q = RY Grino cayuaiinwnm
6eKmopom, neobrodumo u docmamouno, wmobv. ece xoopdurammnwvie omobpasicenus & @ £ — R ovuau
CAYHATIHOLMU 6ENUNUHAMU.

[Ipemioxkenne 1.1 gaeT BO3MOXKHOCTh PACCMATPHUBATH CJIyJYallHbI BEKTOD JUOO KaK eIUHbBIN d-Mep-
HBII corydaiiabiii o6bekT (cm. Oupesenenne 1.13), Jinb0 MPOCTO KaK d KOOPAUHATHBIX CJIyUANHBIX BEJIU-
qnd. B 3aBucuMocT 0T 06CTOSATENHLCTB OBIBAET Y/I00HO OJIB30BATHCS KaK OJIHON Tak W JAPYroil mHTep-
nperamuei.

[TousaTue pacrpejiesieHus Cay49affHOrO BEKTOPAa TOXKE ABTOMATHYECKH IIEPEHOCUTCSH C OJIHOMEPHOTO
ciIydvasdl.

' PasmepHocTh ciyuaiinoro BexTopa 0603HAMEeHa GyKBOil d TIO accoruanuy co ciosoM «dimension».

>To ectn 6bLH M3MepUMbI Kak otobpaxenus (2, F) — (R, B).

3PasBupas 3Ty KOHIENIMIO, MOXKHO JIjiA aGCTPAKTHOTO M3MepuMoro mpocrpancTsa (D, A) BBecTH moHATHE cayuatiinot
BeAUUHDL CO 3Havenuamy 6 D kak mamepumoro orobpazkenns § : (2, F) — (D, A).
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Omnpegestenne 1.2. ITycrs € € R? — coyugaiinbiii Bekrop. st Kaxioro Muoxkecrsa B € By mo1oKuM
Pe(B) = P(¢ € B). Torma BeposiTHOCTHAST Mepal P¢, omnpenenennas Ha o-aarebpe By, HasbIBaeTCs
pacnpedeseruem caywatinozo eexmopa £.

Bameuanue 1.1. Omnpejenenne 1.2 cOOTBETCTBYET HHTEPIPETAINN CJIydaiiHoro Bekropa £ = (1, . . . ,§d)T
KaK eJ[IHOr0 CIIydaitHoro oobekra. Ecim akIieHT crouT Ha (COBMECTHOM) HOBEIEHNH KOOPAMHAT &; 9TOTO
BEKTOpA, TO TOBOPSAT O COBMECTIVHOM DACTPEJEAEHUY CAYUGUHBIT 6eaudum &1, . . ., & .

Ormarh ke, KaK U B OJJHOMEPHOM CJIydae, UMEeT MECTO CJIEJIYIOIIee YTBEPKIEHIE, KOTOPOE TTO3BOJISIET
FOBOPUTH O KOHKPETHOM MHOT'OMEPHOM PAacCIpe/Ie/IeHUN OE30THOCUTEIbHO HAJUYUST COOTBETCTBYIONIErO
CJIyYailHOI'O BEKTOpa.

Ilpennoxenne 1.2. Kaxosa 6v. 1u 6viaa eposmuocmuas mepa P, onpedesennas na o-aszebpe By
Gopeaescrux nodmmoscecms RE, cywecmeyem maxoe seposmmocmmoe npocmparcmeo (Q, F,P) u maxot
caymatint eexmop &, wmo pacnpedesenue L(E) amozo cayuatinozo eexmopa pasro P.°

2 Kak omnuceiBaTh pacupeaesieHusl CJIy9JaiiHbIX BEKTOPOB?

B npunnute, 371ech cHOBA BCe aHAJOTUIHO OJTHOMEPHOMY CJIyYaio: HanboJ1ee MIPOCTHIMY JIJIsI ONUCAHUS
OKAa3bIBAIOTCS JUCKPETHBIE U aDCOJIOTHO HEelIPEPhIBHBIE PACIIPE/IEIEHUS.

2.1 MmuoromepHble NUCKPETHBIE pacipe/ieJIeHus

MHuoromepHoe (d-MepHoe) JMCKPeTHOe Pacipe/eeHie CIydaifnoro sektopa & = (£, ... ,fd)T MOKHO
3aJaBaTh TabJIHMIEH pacipee/eHns, KOTOpasl BBIIVISIUT KaK
X: X9 ... X, ...
Py : o2 " : (2.1)
PL P2 - Pn .-

rae X, y»Ke He YHC/la, & pas/udHble d-MepHble BeKTopa. UTo KacaeTcs BeposaTHOCTel p;, TO OHU olpe/ie-
ngrores Kak p; = P(€ = X;) u cunraiores nonokuTenbapivu. Koneuno, npesonaraercs, 1to Y. p; = 1.

Eciu ke Hac 60JIbIIe BOJIHYeT COBMECTHOE TIOBe/IeHne KOOPIHHAT BEKTOpa &, TO MOYKHO JIeHCTBOBATD
10-JIPYTOMY.

Yro0bI n36€2KATb U3JUIITHEH IPOMO3JIKOCTH, PACCMOTPUM CJaydail d = 2, TO ecTh CJIydailHbIil BEKTOD
& = (&,8)T. dcno, uro ciyuaitnbie BemmumHbl £ U & Toke JAUCKpeTHbI. OBO3HAUUM T1, ..., Tn, . ..
T Y1, Ym,- . BCCBO3MOMKHBIC 3HAYCHUHA STHX cayuaiinpix semmuann.® Torma pacnpeenenne P¢ Gyner
IOJTHOCTBIO OIPEJETAThC BCEBOSMOKHBIMU TPOKaMu (&, Yj, Pij), TIe

pij = P(& = mi, & = y;).

B ormmtuume or 4ucen p; B (2.1), BEPOSTHOCTH p;j IPU HEKOTOPBIX ¢ M j BIOJIHE MOIYT OBITH HYJIEBBIMH,
UX CyMMa paBHa €JIUHUIIE.

IIpm sToM, Tak Kak

P& =2) =Y P& =i, o =v;) = Y pijs
J J

TO pacCIpeie/ieHue OTAeIbHBIX KOOPJIUHAT JUCKPETHOTO CJIyIaHOTO BEKTOPA OU€Hb ITPOCTO BBIPAXKALTCS
4Jepe3 COBMECTHOE PAaCIIPEJIe/IEHNE BCEX €r0 KOOPJIMHAT.

Taxum 0bpa3zoM, HAXOXK/IEHUE PACIPEIETCHHUS JIUCKPETHOIO CIyIaifHONO BEKTOpa — 9TO IIPOCTO BbI-

qucsieHne (MM 3a/1aHne) BepOsiTHOCTEH HEKOTOPBIX cobwITHit.”

“To, uro Pg ABJIACTCH BEPOATHOCTHOM MEPOIi, KOHEYHO, Tpebyer hopMaILHOTO JT0Ka3aTenbeTBa. OHO IPOBOIUTCS TOIHO
TaK ke, KaK B OJHOMEPHOM CJIydae.

SHies1 OCTPOEHMST TOUHO TAKasl XK€, KAK U B OJHOMEPHOM CJIydae, TOJIBKO Hy?KHO B3sITh Hy’KHO B3sTh () = R u F = By.

STTompasymesaerca, aro P(¢1 = x;) > 0 u P(&2 = y;) > 0 npu moGwIX i, .

"C JMCKPETHBLIMM MHOIOMEDPHBIME DPACIPE/IEICHASIMI KAK TAKOBBIMU MbI OyleM MaJIo MMeTh JIeJI0 — 3JeCh, BOOBIIE
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2.2 MmuoroMmepHbIe abCOJIIOTHO HeIpepPbIBHBbIE paclpe e/ IeHUs

OrnpeiesieHne 1 OCHOBHBIE CBOMCTBA MHOI'OMEPHBIX a0COJIIOTHO HEIPEPBIBHBIX PaclpeIeseHuil B TOU-
HOCTBIO TIOBTOPSIOT OJTHOMEPHBIN CJIyvaii.

Omnpenenenne 2.1. TopopsaT, aro cayuaitabri BekTop & = (£1,...,&7)T umeer abcoaommo nenpepvienoe
(cokparmenHo — a.H.) pacupe/ieJieHne, ec/i cymecTsyeT Takas (n3mepumast) dyukius pe : RS — R, gro
st ioboro B € By BBITIOIHSAETCST PABEHCTBO

IP’({GB)ng(B):/Bpg(x)dx:/Bpg(acl,...,xd)d:vl...dmd, x= (21, 7). (22)

DyHKIUA pg IPU STOM HA3BIBACTCH NAOTMHOCINGIO PACTPEJeeHUs CITyJaHOIO BEKTOPa & UM CO6MECM-
Hoti naommocmvlo pacnpedesenusn cayuatinor ceauvun £, ... ,Eq. B mocaeanem ciydae s MIOTHOCTH
OOBIYHO NIPUMEHSIOT obo3HavYeHne P, ¢, (T1,...,2q).

Ilepeuncanm obie CBOMCTBA IJIOTHOCTH.

1. Ecnu mioTHOCTD pacipejiesieHnsi CyIIeCTBYeT, TO OHa eIMHCTBEHHa C TOYHOCTBIO JI0 MHOYKECTBA
d-mepHoit Jleberopoii MepbI HOJIb.

2. ITnorHOCTD siBysiercs 1. B. (o Mepe d-mepHOit Mepe Jlebera) HeorpunareabHoil dyHKIHEIH.

/Rd pe(x)dx = 1.

4. Ecym cymectByer Taxas (nsmepumas) bynxmus ¢ : R? — R, aro jis moboroy = (y1, . ..,9q) € R?
Y1 Yd
P(§1<y1,...,§d<yd):/ / go(xh...,xd)d:cl...dxd,
—0oQ —0o0

TO (p ABJIAETCHA IJIOTHOCTBIO PaCIpe/eslenns ciIydaiinoro sexkropa & = (£1,...,64)" .

5. Koneuno, cBoiicrBa 1 — 4 — 3T0 Te 2Ke CBOICTBA, KOTOPbIE PACCMATPUBAJINCEH B OJHOMEPHOM CJIyJae.
IIpu d > 1 BO3HUKaET CJIEAYIOIIUI BOIPOC.

ITycrs coyuaiinbiii BekTop § obnagaeT IIOTHOCTL pacupejenenus pge. CocTaBuM m3 KOOpJIUHAT
BEKTOPA & HEKOTOPBIIT TIOIBEKTOD 7] Menbieil pazmepHocTi.® YTo MOXKHO CKa3aTh 0 PaCIIpe/ e IeHII
CIYyIafiHOTO BEKTOpa 77

OtBer Ha 3TOT BOIPOC COJEPIKUTCS B CJIEJYIONIEM yTBEPXKIEHUU, TIe JIJIs IIPOCTOTEI 3AIIUCH PaC-

CMAaTPUBAETCS MOJIBEKTOP, COCTOSINNN U3 MEePBBhIX k < d KOMIIOHEHT BeKTOpa &.

Ipemnoxenne 2.1. Ecau cayuatinwti sexmop € = (&1,...,&)T obaadaem naommocmuvio pac-
npedeaenus pe(1,...,xq), mo npu 1 < k < d cayuatinud eexmop 1 = (£1,...,&)" asasemes
abCoONOMHO HENPEPBLIEHBLM € MAOTNHOCTNGIO

pp(z1, ... 25) = /d kpg(ml, ey Ty Tfa 1y - - s £)AThr 1 - - . dTg. (2.3)
Ri—

rOBOD#, HET IPUHIIUIHAIBHBIX CJIOXKHOCTeH. UT0ObI yOeIUThCS B 9TOM, PENINTE TAKyIO 33/1a4y.
3amaua. [IpaBuibHY0 UIPAIbHYIO0 KOCTH MOIOPACHIBAIOT JI0 MIEPBOTO BBIMAJIEHUS IIeCTEPKU. HailTh B 9TOM 9KCIIEpUMEHTE
COBMECTHOE PACIIPE/ICJIEHNE YUCJIa BBIIABIINX €IUHUIL U TBOEK.

8Tonpasymesaercs, 4To oGIMil TOPSIOK KOOPAHHAT BEKTOPA & OCTAETCS B 7] HEM3MEHHBIM.
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U3 paBencrsa (2.3) JIerko HOHATD, KaK OY/IET BBIMVISIETD JIOTHOCTD PACIIPEJIEICHIsT TIOIBEKTOPA 7]
B obmmeM ciydae’
HBIM» Ti1,..., L, KOTOPbIE COOTBETCTBYIOT KOODJIUHATAM BEKTOPA &, HE BOIIEIIINM B 7). DTOT 2Ke

— MHTErpupoBaHue B NpaBoii dactu (2.3) NPOUCXOJUT MO «CBOOOHBIM TI€PEMEH-

[IPUHIIAT BBIJIEPXKUBaeTcs Beeryia. Hampumep, npu d = 2

Pe, () Z/Rpslfz(w,y)dy 1 e, (y) Z/Rpﬁlsz(fv,y)dw,

anpu d=4
Peses (Y, 2) = /R2 De1eaesey (T, Y, 2, t)dadt. (2.4)

2.3 ®DyHKOUM pacupeeieHUusi CJIy9YailHbIX BEKTOPOB

Omnpegnenenne 2.2. Ilycrs € = (£1,...,&y)T — cayuaiinbiit Bektop. @ynKuus Fy - R? — R, onpeessi-
emasi pABEHCTBOM

(a1, wa) = (&1 < @1, s 60 < 2a), (2.5)

Ha3bIBAETCS PYHKUUET PacnpedeseHus CIyIaiiHOro BeKTopa & Win cosmecmuoti PyHkyuet pacnpedeseHus
ciydafiHbIX BesmduH 1, . .. ,&4. B mocieanem ciaydae vaime ynorpebiserca obosnadenue Fe ¢,

Koreuno, 310 onpeesieHEne IOTHOCTHIO aHAJIOTUYIHO OJHOMEPHOMY ciydato. IlosToMmy He ynuBuTe B
HO, 4TO UMeeT MECTO CJIe/lyIolee yTBepKIeHue.

Ipennoxenne 2.2. Ilycmo & — cayuatinod eexmop, Pe — ez0 pacnpedeaenue u Fy — dynryus pac-
npedenenus. Tozda P¢ odnosnanno onpedensemcea no Fr.

U3 Beex cpoiicTs hyHKIMU pacipejiesiernst (X MHOTO) MbI 3/[eCh YIIOMSIHEM TOJIBLKO T€, KOTOPbIe Oy 1y T
HCIIOJIb30BATHCS IIPU PEIeHnd 3a1a9, IPUIEM JJIA IIPOCTOThI 3AIIMCH OIPAHUYNMC CiaydaeMm d = 2.

1. Kax no ¢ynxuyuu pacnpedesenusn cAyuatinozo eexmopa Hatmu Gyrruyuto pacnpedeserus €20 noo-
sexmopa?

[ycrs € = (&1, &2)T. O6ozmaumm Fy ¢, coBMecTHYIO DYHKIIUIO Pacupe/ie/IeHus ClydaifHbIX BeInIiH

1,62, a Fg, u F, — coorBeTcTBEHHO (OIHOMEDPHbIE) DYHKIINN PACIPEIEICHHs CJIy 9aifHbIX BEJIMIHH
& u &. Tornal?

Fe(z) = lim Fee(x,y) un Fe(y) = lim Fee(x,y). (2.6)

Yy—r—+00 T—+00

Heckoiibko HETOYHO, HO 3aTO boJtee HaFJISI,HHOll paBE€HCTBa (26) MO2KHO 3alliCaTb KaK

Fe () =P(& <) =P(& < 2,8 < 400) = Fgy (2, +00)

Fe,(y) =P(& < y) =P(& < +00,& < y) = Fee, (400, y).

Koneuno, cpoiicto (2.6) Jierko mnepenucsBaeTcst Jjist IPOU3BOJIBHBIX MOJBEKTOPOB BEKTOpa &: Ha-
npumep, ipu d = 412

F§2§3 (y? Z) = lim F§1§2§3E4 (337 Y, z, t)-

x,t—+00

9To ecTh IpU IIPOU3BOIBLHOM BBIGOPE MOIBEKTOPA, T].

100yeBuano, uTO PYHKIMS paCIpEIETEHNsT MOHOTOHHO HEyOBIBAET IO KAXKIOMY apryMeHTY.
HTak kak &1 < 400 u €2 < 400 ¢ BeposaTHOCTHIO 1.

12Cpasnute ¢ pasencrsom (2.4).
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2. Kax ceasanv, pynxuyus pacnpedesenus u nAomHmocms pacnpeoeietus OAL abCOMOMHO HENPEPBIEHHLT
pacnpedeseruti?

e Ecimm ciyuaitnbrii Bekrop € = (&1, &) T abeomoTno HenpephBen ¢ MI0THOCTHIO PACIIPE/ICICHI
Peygyy TO

Ty
Feg(2,y) = / / Derg, (8, t)dsdt.

¢lcHo, 9T0 9TO BCEro JINIb YacTHBI cirydaii paBeHcTBa (2.2) cd = 2u B = (—00, ) X (—00,y).

e Jlna moboit bynxmun pacupenenenus F(x,y) npu mourn seex'® (z,y) cymecTByer BTOpas
cMmermanHas nipoussoanas f(x,y) = 0°F(x,y)/0z0y.

a) Ecmu

/ f(,y)dedy = 1,
R2

TO f — IUIOTHOCTH PaCIpeJesieHus, TOPOXKICHHOr0 (pyHKIIME pacipejeaerus F.

b) Eciu ciyuaitaetii sexrop & = (£1,&)7T obaaer mWIOTHOCTBIO paclpeeneHus pe,¢,, TO
JUIst HouTH Beex (x,y)

O Feye, (2, y)
petons) = S Eoea)

3 HesaBucumocTh ciIy9daiiHbIX BEJIUYNH

HpI/I nepexo/ie OT paCCMOTPEHU A O,Z[HOfI Cﬂy‘{aﬁHOﬁ BEJIMYUHBI K OTHOBPEMEHHOMY HU3YYICHHUIO HECKOJIb-
KHX C.Hy‘{aIU/IHbIX BEJIMYMH BO3HUKaCT HOBOC N OY€HDb BarKHO€ IIOHATHUE.

Onpenenenne 3.1. Coyuaiinbsie Bemmanaer'® £, ..., & HABBIBAIOTCS HE3AGUCUMbLMAU, Y eCi JTst JTio-

ObIX GOPEJIEBCKUX TIOJMHOXKeCTB By, ..., By upsamoii R cayvaiinsie cobbitust {&; € Bi},...,{&s € B4}
SIBJISIIOTCSI HE3ABUCUMBIMIL, 1O

D10 onpeiesieHIe UMeeT OYEBHIHYIO (XOTsI U HECKOJIBKO HETOUYHYI0) HHTEPIIPETAINI0 — HE3aBUCHMbIE
CJIyJaiiHble TIPUHUMAIOT CBOU 3HAUYEHUSI HE3ABUCUMO JIPYT OT JPYTA.

Jlerko BueTh, '’ UTO CoryuaiiHbIe BeMUHHBI {1, . . . , g HE3ABUCHMBI TOIJIA U TOJIBKO TOIJA, KOTJIA, JIJIs
JIIOOBIX GOPEIEBCKUX MHOXKECTB B, . .., By BBIIOJIHAETCS PABEHCTBO

d
P(¢& € By,...,& € By) = [[P(& € By).
i=1

CymiecTByeT 3KBHUBAJEHTHOE, HO Gojiee COBPEMEHHOE OIIpejieJeHIe He3aBHCHMOCTH CJIyHaifHbIX Besmdm. S

YT006BI €ro BOCIPOM3BECTH, HYKHO BBECTHU JIOMOJHHUTE/IbHbIE MOHATHA. llepBoe M3 HUX OTHOCUTCS K HE3aBUCH-
MOCTHU CEMEHNCTB COOBITHIA.

13110 nBymepmoit Mepe JleGera mess.

M OupeneseHHbe Ha OLHOM U TOM K€ BEPOATHOCTHOM LPOCTPAHCTBE (Q, F,P).

5 Tounee, nesasucumvimu 6 COBOKYMHOCMU, HO CJIOBA “B COBOKYITHOCTH OOBIYHO OITYCKAIOT.

16370 monsTHE TOCIOBHO MEPEHOCHTCS Ha, CIIyUaii, KOTIa &; SBIISIOTCS H3MEPUMBIME OTOOPAYKEHUSIME B ITPOM3BOJILHEIE (me
00s13aTEIbHO OJJMHAKOBbIE) U3MEPUMbIE IPOCTPAHCTBA. B 9aCTHOCTH, MBI BIIOJIHE MOYKEM FOBOPUTBH O TOM, YTO CJIydaiiHas
BEJIMYUHA U CJIyYAHBIH BEKTOP HE3aBUCUMBI.

"Heobxomumocts oueBnmnaa. Jl0CTATOUHOCTE CIELYET M3 TOTO, YTO HEKOTOPEIE U3 B; MOMKHO MOJIOKNTL paBHBIME R.

18TIpu pemenun 3anad OHO HE IOHAIOBHTCH.
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Onpenenenune 3.2. Ilycre (£, F,P) — BepositHocTHOE mpocrpaHcTBo u Ajp, ..., Ay — HeKoTopble cemeiicTBa
COOBITHI. DTU CeMeliCTBa HA3BIBAIOTCsS HE3aBUCUMBIMU, eCJid 1pu Jir06oM Beibope A € A1, ..., Aqy € Ay cobbiTus
Aq,..., Ay OKa3BIBIOTCS HE3ABUCUMBIMIU.

Jlpyroe HeoOGX0MMOe HOHITHE CBI3aHO OTHOCUTCS K o-ajrefpaM, IOPOKIEHHBIM U3MEPUMbIMU OTOOPasKEHY-
amu. ycrs (D1, D), (Da, D) — aBa usMepuMbIX IpoCTpaHCTBa U h — m3mepumoe orobpaxkenue (D1, D;) +—
(Dq,D3). Ob6osnasum o(h) cemeiictso mosmerx mpoobpaszos {h~1(B), B € Dy}. Ilo onpenenenuto, o(h) C D;.
Bousee Toro, kak Jsierko Jokazarh, o(h) aBisercs o-ajarebpoii, Koropas Ha3bIBAETCH 0-GA2e0p0T, Nopodtciernot
omobpasiceruem h.

Tak BOT, XapaKTepu3alus HE3aBUCUMOCTHU CJIYYAWHBIX BEJIMIUH B TEPMUHAX MOPOXKJIECHHBIX UMHU O-ajredp
BBITJISIIAT TAK: CAYHAUHLE BEAUMUHDL £, . . ., Eq ABAANOMCA HE3ABUCUMBLMY MO206 U MOALKO Mozda, Ko2da He3a-
sucumsvl, o-anzebpos o(§;).

Cirenyroiiee yTBEPXKIEHHUE JIAET BO3MOXKHOCTD BbIPAaXKaTh HE3ABUCUMOCTD CJIyYaHBIX BEJIMYUH B TEP-
MUHAX PYHKIUN U NJIOTHOCTEN pacipeiesIeHn.

ITpennoxkenue 3.1. 1. ITycmov &1,...,&5 — cayualinvie 8eAUMUHDBL C COBMECTHOUT PYyHKUUET pacnpe-
denenus Fg, . ¢,. Obosnavwum Fe, dyrxyuro pacnpedeserus cayvatinot seauvunst &. Tozda das moeo,
YMOObL CAYHGUHBIE BeAUdUHDL £, . . ., Eq OVLAU HEZABUCUMDL, HEOOLOIUMO U JOCTNAMOUHO, YIMOObL ONA N0~
bovx T; € R

d
Ffl..fd(xlw"axd) :HFEZ(%) (31)
=1

2. Ecau 0onoanumensHo npeonosodcums, 4mo Y CAYHAUHOE 6eAUNMUH &1, . . . , &g €CTND COBMECTNHAA TLAOT-
HOCTNG PACTPEICACHUA De, . £,, MO HEOOTOOUMbLM U JOCTNAMOUHDBIM YCAOSUEM Hesasucumocmu &1, . . ., &q
bydem pasencmso

d
pfl..‘gd('%j? MR} xd) - prz (‘:U”L)’ (32)
=1

2de uepes pg, 0603HAMENA NAOTNVHOCTVG PACTIPEICALHUA CAYATIHOT 6eauvunvl §, 0 camo pasencmeo (3.2)
NPeONoNa2aemesa BHNOAHENHbM OAA NOYMU BCET MOueK (L1, . ..,Tq) no d-meprot mepe Jlebeea mesy.

[Tpu perennu 3a7a4 POBEPKY HE3ABUCUMOCTHU CJIyYailHBIX BEJMYUH C TIOMOIIbIO paBeHCTB (3.1) mim
(3.2) MOXKHO HECKOJIBKO yTPOCTUTH. OGbsICHUM COOTBETCTBYIONIHII IpHeM Ha mpumepe d = 2.
IIpeamooxkum, 910 J1j15 JIFOOBIX X, Y

Feye,(2,y) = Gi(z)G2(y),

rie G u G — HekoTOpbIe (DYHKIWI. YCTPEM/IAs Y K IUIFOC OECKOHEUHOCTH, HOIydnM, uro Fy (x) =
Gi(x)H, tne H = limy 1 G2(y). Orciona cpasy »xe npuxomuMm K (3.1), rue (npu d = 2) Fe,(y) =
G2(y)/H. Takum o6pa3oM, Jjisi HE3aBUCUMOCTHU CJIyYalHBIX BEJTMUUH JIOCTATOYHO, YTOOBI UX COBMECTHAST
dyHKIIA pacupeiesieHns] paciajanach B IpousBeenne MYHKIUN 0T KaxKJI0i IlepeMeHHON.

C mI0THOCTSAMU AHAJIOTUYHAS CUTYaIlus. Kean s modYTn Beex T, y

Peres (T,y) = 91(2)g2(y),

10 pg, () = g1(x)h 1 pe, (y) = g2(y)/h, vie h = [ g2(y)dy. Tosromy pe,g, (x,y) = pe, (2)pe, (y)-

st MTUCKPETHBIX pachpeie/ieHnil TOHSTHEe HEe3aBUCUMOCTH CIYUIAWHBIX BEJUYNH ere 0ojiee yIpo-
maercs. Hampumep, ecin COBMECTHOE paclpejiesieHue JTUCKPETHBIX CIyYaliHbIX BeTUYInH £1, o 3aIHCAHO
B Bujle HabOpa BCEBO3MOXKHBIX TPOeK (Z;, Yj, Pij), Tae {z;} u {y;} — MHOKkecTBa 3HadeHnuit & u & co-
OTBETCTBEHHO, a p;;j = P({1 = x4, = y;), To He3aBucHMOCTb & u & OyJeT SKBUBAJECHTHA HAOOPY
paBEHCTB

pij = P(&1 = x4, = y;) = P(&1 = 24) P(§2 = ¥5),
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KOTOPBIE JIOJIZKHBI BBIIOJHATHCS IIPU BCEX 1, .

B 6osiee obmiem ciydae, Korja ciaydaiiHas BeguduHa &) JAUCKpeTHa ¢ HabopoMm 3Hadenuii {x;}, a &
HMeEeT MPOM3BOJIbHOE (He 00s3aTeIbHO JUCKPETHOE WK abCOTIOTHO HEIPEPLIBHOE) PaCIpe/Ie/IeHne, JJIst
YCTAHOBJICHUsI HE3aBUCUMOCTH &1 U o JIOCTATOYHO IPOBEPUTDH, UTO

P(§1 = 24,6 <y) =P(&1 = 2:) P(§2 < y)

ayst Bcex x; uy € R.

4 JIBa mpmMepa MHOTOMEPHBIX pacIpeaeeHnit

PaBHOMepHOe pacrnipejie/ieHue Ha OKPY»KHOCTH. JIByMepHbIii cywaiinbiii Bektop & = (€1, &2)T an-
JISIETCSL PABHOMEPHO PACTPEIEAEHHVIM HA COUHUYHOT OKPYIHCHOCINU C UEHMPOM 6 HYAE, €CIN, BO-LIEPBBIX,
P(& + &5 = 1) = 1, u, Bo-BTOPBIX, IOJISAPHBIL yIoJI BeKTOpa & paBHOMEPHO pacipeseret Ha [0, 2). 1

TlepBoe 3 3THX YCJIOBHiT TOBOPHT, UTO 3HAUEHHsT BEKTOPa & BCET/Ia JIe?KaT Ha OKPYYKHOCTH, & BTOPOe
— YTO BEPOSTHOCTBH €ro IOLAJAHUS HA JIyI'y JJIMHBI 7y €JIUHUYHON OKPYZKHOCTH IIPONOPIMOHAJIbHA 7
(rounee, pasHa 7y/27).

Ec/in 0603Ha4UTL TOJIAPHBIH YTOJI BeKTOpa € KaK ¢, TO OKAXKEeTCs, YTO KOOPJMHATBI CJIydaifHOro
BEKTOPa, PABHOMEPHO PACIIPEJIEJIEHHOTO HA OKPY?KHOCTH, UMEIOT BH/

§1 = COS(S")? 62 = Sin((p)v rme ¢ € U(Oa 27T)

PaBHOMepHOe pacnpenesnenne B obgactu. Ilycrs D — m3mepumoe moamuozkecTso RY, mpuaem 0 <
mesg(D) < oo. ToBopsiT, uTo ciayvaiiublii BeKTOp & pashomepro pacnpedeser 6 D, eciu ero pacipeieieHne
abCOJIIOTHO HEIPEPBIBHO C ILIOTHOCTHIO

C upu x€D,

pe(x) =
0  wunaue,

rie X € D, a nocrostnnast C' pasra 1/mesg(D).

Takoe ompejeseHnre MO3BOISIET TOBOPUTH, HAIIPUMED, O PABHOMEDPHOM DACIPEJIEJICHUH B KPyre HJIH
mape. B omHOMEpHOM cilydae MbI MOXKEM DAaCcCMATPUBATDL, CKAayKeM, PABHOMEDHOE DACIpPe/esIeHHe Ha
o6bemuennn orpeskos [0, 1] u [2, 3].

5 Kak uckarb pacnpejesienust (0JJHOMEPHOI) (byHKIUMN OT CJIy9aiitHOro
BEKTOpa

Ilycre cayqaitaeiii BekTop & € RY 06/1a/1a€T MIIOTHOCTBIO PACIIPE Ie/IeHIsT Pe M 0 — HEKOTOpast U3Me-
pumas dbyukius ¢ : R? — R, HyxHo HafiTu pacnpejiesienne ciydaiHoil Besmannnt 7 = o(£).

B menoMm Meros, pelrennst 3Toii 3a1a491 TaKOR ¥Ke, KaK U B OJHOMEDPHOM CJIydae. A MMEHHO, 10 OIpe-
JIeJIEHUIO IJIOTHOCTH PACIIPEIe/IeHIUs

Py < ) = P(o(€) < z) = / L (5.1)
tp(t)<z

rie t € RY. JIist KOHKPETHBIX (1 HE OYEHB CJIOZKHBIX) IVIOTHOCTEN Pg MHTETPAJI B IPABO YaCTH CIUTACTCS
1 OTBET BblaeTcs 1100 B Bujie (DyHKIMU pacipeenenus F), mbo B Buje IJIOTHOCTH Py, €CJIA HOC/Ie Hss
CYIIIECTBYET.

19V mac Bcerya MOAAPHBIH yrosT JIOGOro ABYMEPHOTO BEKTOPA GYJIET JICXKATh MLy HYJIeM 1 27.
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s HeKoTopbIX PYHKIMIL (0 IJIOTHOCTD PacIpe/ie/IeHus P, MOXKeT ObITh HOJCYUTaHa B 00IIeM BHUJIE.
[TpuBenem mpocreiimuit mpumep.

ITycTs ciay4aiinblie Besmaunbl £, {2 UMEIOT COBMECTHYIO IJIOTHOCTH PACIIPEICNICHUS Dg, ¢, (S,1). Tpe-
Gyercsi HAlTH pacipejiesienne ciydaiiHoil Besmaunbt ) = £ + &o. Cormacuo (5.1)

= [ (s (5.2

Crenaem Temepb B MHTErpase, CTOSAIEM B IpaBo dacTu (5.2), 3aMeHy MepeMeHHBbIX u = S + t, t = t.
[TockosbKy sKOOMAH TOrO JMHEHHOTO TPpeoOpa30BaHus PABEH €JIUHUIIE, TO

Fy(x) = / oo < /R Pere, (1 — t,t)dt> du.

CueroBaTesibHO (CM. YeTBepTOe CBOMCTBO IJIOTHOCTH),

p£1+£2(w) = /Rp&{z(m - t7t)dt' (53)

DTOT 2Ke pe3yIbTaT MOXKHO IIOJIyIUTh MeHee aKKyPaTHO, HO 3aT0 OoJtee HArVIsLIHO. Ilepernmimem paBeHCTBO
(5.2) B BHZIE

r—t
F,(x) :/Rdt/ Dergo (s, t)ds

u dhopmaabHO poauddepeHIpyeM 9T0 PABEHCTBO, IPUYEM 3HAKOM «=» OyJIeM OTMeYaTh HEAKKYpaT-
Hble IIepPexo/ibl.

an(x) B d/ /x_t i/ d /I_t .
dr . dr Jo \J Pereo (s, t)ds | dt = L\ Perea(s,t)ds | dt =

é/p§1£2($—t,t)dt
R

Pesynbrar coBnamaer ¢ (5.3).

CrieltyeT OTMETHTD, YTO IIPEJICTABIICHHE IIJIOTHOCTU D¢, 4¢, B BHJE HHTerpasa Tuma (5.3) He sABJIsSeTCs
equHCcTBeHHBIM. Hanpumep, caenas B unaTerpasne (5.3) 3aMeHy mepeMeHHON s = x — ¢, Mbl HPHJEM K
BBIPAZKEHUIO

Pei+¢ (w) = /Rp§1£2(37x - S)ds‘
Eciin ucxonuble ciaydaiinble BeJuaunbl {1 1 {3 He3aBUCHMBI, TO (5.3) IpeBpainaercs B

P& (z) = /R pe, (T — t)pe, (t)dt.

TpaUIMOHHO 3TO PABEHCTBO HA3BIBACTCST (POPMYAOT CEEPKU.



