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1 Bsenenne. O craTucTuie CIydaiiHbIX IPOIECCOB

1 Bsegenme. O cTaTucTHKe CJIyYailHbIX HPOIECCOB

1.1 OO6mue coobpakeHust

1. OcHoBHOE OT/IMYHE OT OOBIYHOI (OmHOMEpPHON M MHOrOMepHOiT) crarucTuku. OHA TPACKTOPHUS.
IIpumepbr — myaccoHOBCKUi mporecc u 6eTa-OMHOMUAIbHAST TOCIeI0BaATEIbHOCTD.

2. Signal processing u cTaTUCTUKA MPOIECCOB.

1.2 Be]lleCTBeHHI)Ie CTallMOHapHbI€ II0CJIeI0BAaTeJIbHOCTHU, NMeloIue CIIEKTPpaJIbHYIO

ILJIOTHOCTDb
1. 21,...,2n, Ex2 < oc;
2. o Ez, =a,

o R(m) = E(z, — a)(@min — a),
e CrexkTpaJibHast Mepa, CIEKTPaJIbHas IJIOTHOCTh, CIIEKTPaIbHas (DYHKITHST

Ao
F(xo) =m((—m, X)) = [ f(A)dA.

—Tr

3. YUro 3HAUUT OIEHUTDH TTapaMeTp (OJHOMEPHBIH WM MHOTOMEPHBI) 67

(a) M3yunThb cMmelreHue OlEHKI é\n;

(b) lokazarb ee COCTOSITEILHOCTD;

()

(d) ITocrpours joBepuTesbHbIE HHTEPBAJIBL. lJIst OC/IEIHErO HYKHBI TIpe/iejbHble TeopeMbl. Ciie-
JIOBATEJILHO, CIa00i CTAIMOHAPHOCTH MAJIO.

M3yunTh cpegHeKkBaIpaTUIecKoe OTKJIOHEHHE: E(é\n —0)? = ]D)é\n + (Eé\n — 9)2.

Y Hac XapaKTEPHCTHKIH: CpeJiHee, KOBapUAIMOHHAs (PYHKINS, ClIeKTpaJbHasl IVIOTHOCTDL (BCerja mpe-
[0JIAraeTCsl, UTO OHA €CTh).

CooTHorenmst MeXKJ1y HUMHU.

L. f(=X) = f(\), A€ [-m, 7]
2.

R(m) = R(—m) / " A F()d = 2 /0 " cos(nA) F(A)dA — 0

(reopema Pumamna-Jle6Gera).

IIpensioxkenne 1.1. Ecau ), |R(m)| < oo, mo

FO) = % Ze—im/\R(m) _ % ZeimAR(m) — % (R(O) 12 Z cos(m)\)R(m)> ,

m=1

npuvem f HENPEPHLIEHA U 02PAHUYEHA.



1 Bsenenne. O craTucTuie CIydaiiHbIX IPOIECCOB

Zoxasameavcmeo. Obo3HAINM

Psin exomures, npuiem

J900) — g0)| < o 3 Jemm — e | R(m)| <

<L 3 ‘1_5%02%) ]R(m)\—k% > [R(m)].

|m|<mg m>mgo

CrenoBarebHO, (DYHKIUSI ¢ HElpepbIBHA U orpaHutveHa. laee,

/7r eik)‘g(/\)d/\ _ ZR(m) % /7r PRIGIE DRV - R(—k) = R(k).

—T K

Ciaeacrsue 1.1. 1.
R(0) +2 ) R(m) = 2mf(0).
m=1

2. Ecm Y-, |m|* |R(m)| < oo, o f k pas nenpepoisro muddepentupyema.

4. HacKOJIbKO CYIIEeCTBEHHO YCJI0BUE OBICTPOI CXOAUMOCTH KOB. DyHKINE K HyJ110? [IpuMep — miporiecc
aBToperpeccuu. PaccMoTpuM IpoIece peajn3yeMoil aBTOPErPECCUH TTOPSIKA ¢:

En +a1&n—1+ ...+ agén—q = ben.
Jomuoxast Ha &, mpu m < n u Oeps MaT. OKUIAHNIE
Rin—m)+aRp-m-1+...+aeRp—m—q=0, n>m
N
R(k)+a1Ry—1+...+agRy—q=0, k>1

(ypaBuenus: FOma-Yoskepa). O6iree perenne Takoi CHCTEMBL: CyMMa IIPOU3BEICHUIT SKCIIOHEHT,
HOJIMHOMOB 1 CUHYCOB (4TO-TO MOXKeT OTCyTcTBOBaTh.) Ho: R(m) orpannyeHa u CTpeMUTCs K HYJIIO.
e Boszpacraroreii 9KCrioHeHThI ObITh HE MOYKET;
e IIpocro cumycoB OBITH HE MOKET;

o IlonmaoMOB 6e3 yOBIBAIOIIEH SKCIIOHEHTHI OBITH HE MOYKET.
CremoBaTe/ibHO, YOBIBAHIE SKCIIOHEHIIMAILHOE.

O JmmHeitHOM IIpoIEecce.
XOpOIIIO W3BECTHO: €CIN Ty, m = 0,+1,+£2 ... — cjnabo crammoHapHasl OC/IeI0BATEILHOCTE C HYy-

JIEBBIM CPEJIHUM U CIEKTPAJbHOHN IUIOTHOCTBIO f, TO CyIIECTBYET TAKOW CTAHIAPTHBIN OENbIl MIyM &€y,
m=0,+1,£2,..., 910

oo
Ty = Z Cm4j€j = qum_g. (1.1)

j=—o0 4



1 Bsenenne. O craTucTuie CIydaiiHbIX IPOIECCOB

LDPP i < .

Mgt Oynem JONOJTHUTENIBHO TPeOOBATL, YTOOBI CydaiiHbIe BEJIUYUUHBL £, ObLIN BEIIECTBEHHBI, HE3a~
BUCHMBI U OJMHAKOBO pacupejesienbl. Torma mocaenoBaTe/bHOCTD, 33/ [aBaeMast , OyJleT HA3bIBATHCS
smHeitHo. Koneuno, inHeitHas moc/ie/10BaTeIbHOCTD SIBJISIETCS CUILHO cTannonapHoit. Kpome Toro, Ham
YZ00HO OyJIeT cUuTaTh, YTO U KOI(MDMUIIMEHTEI ¢; TOXKe BeIeCTBEHHBI.

Koapunanuonnasi ¢gpyHKIus mporecca UMeeT BUJL

R(n) = Exgz, =E Z ci€j (Z Clan 6l> = ZEcchn gje1 = Z CjCjgn- (1.2)
. l ;

J Jil

Ecin )~ |ej| < oo, To

2
S IRM)| =" ’ > ciciin| <D lel Y lejinl = (Z |Cn|> < o0
n n J 7 n n

Bouiee TOr'o, UMe€T MECTO CJIeAyIollee yTBEP2KICHUE.

Jlemma 1.1. ITycmo 3> 0. 3, 171|¢;] < o0, mo > I512|R(j)| < oc.

Hoxasamemvcmeo. eiicteurensuo, Tak xax |k + j|° < 29 max (|k|?, |j]%) < 2°(|k|® + |4]°), To

Z\j\ﬁlR(M < Z|j|62|0k| |ckti| = Z|Ck\ Z‘j|ﬁ|ck+j| = Z|0k| Z|m—k|ﬁlcm| <
25 el 3 (ml? + [67)em] = 22+ (zmw) (Zm) o
k m

k k

VTBep:KIeHne JI0KA3aHO. ]

ChekrpasibHas IWIOTHOCTH mporecca (1.1]) cymecrByer u pasaa

2

1 .
F) =5 chff”
J
B wacrHoCTH,

10 =5 (3a)



2 OueHuBaHue CPEJHEro

2 OueHuBaHHE CpeIHETO

HaquM C IIPOBEPKU HECMEIIEHHOCTHU U COCTOATE/IbHOCTU. EC.HI/I MbI UMe€eM OTPE30K CTallMOHapPHOI'O
psna Ti,...,T, CO CPEIHUM G, TO €CTECTBEHHAs OIEHKA CPEIHEro

x4+ ...+ xy
n

T =7, =

ABJIAETCA HeCMeIH,eHHOIL/'I OU,eHKOfI a. Bosee TOI'0, TaK KaK HaC €CTb CIIEKTpaJibHad IIJIOTHOCTDL, TO I10 364

B L2(dP)

:E—aﬂ‘—im({()}):O

a, SHAYUT, 1 II0 BEPOATHOCTH. HOSTOMy €CTHb COCTOATEJIBbHOCTD.

2.1 AcuMmnroTuyecKas AUCIIEPCHUsI BBIDOPOYHOI'O CpPeJHero CTalimoHapHOli ImocJie10-
BaTeJIbHOCTH

Crangapruas dopma HIIT st nekoTopoit mocsteroBaTebHOCTH { Xy, fr>1 ¢ OANHAKOBBIME CPEHIMI,
PaBHBIMHU (, 1 KOHEYHLIMU BTOPLIMH MOMEHTAMHU MOKET ObITh 3alllCaHa Kak

£ (2= N, 2.1
(55) = N (21)

e Sp =21 + ...+ 2, B2 =DS, un— .
Ecmm ipu stom B2 ~ no?, rie 0 = const > 0, o (2.1)) Moo nmepermcarh B BuIe

L <S’;\_/£“> — N(0,1),

nwn, BBOJsE 0003HavUeHue T, = Sy, /N, B BUjE

r (\/ﬁ f’f‘n—a) N0, 1),
g
YTO 5KBUBAJIEHTHO

L(vVn (Tn, —a)) = N(0,5?). (2.2)
[ockombky DT, = B2/n — 02, To 4uCcI0 02 MOYKHO HA3BIBATH KOIPHUUUECHMOM ACUMNMOMUME-
ckotli ducnepcuu, BHBIDOPOIHOTO cpeHero. JIjist KpaTKOCTH MHOTA B 9TOM CIydae YIOTPeOJISIIOT TepMUH
ACUMNMOMUYECKAA QUCTLEPCUS.
Bamerum, 4TO caeLyer u3 U B TOM BBIPOXKJIEHHOM ciydae, Korja B2 /n — o2 = 0, ecim
nornMarh o N(b, 0) pacupesenenne, cocpeOTOYEHHOE B TOUKE b.
BepHemcst Temepb K CTAIMOHAPHON IIOCJIEIO0BATEIBHOCTH {Tp }n>1. Ecim y mee crekrpasbHast Me-
pa m He UMeeT HArPY3KW B Hysle (HalpuMep, eCjld y II0CJIeJ0BATEIbHOCTH CYIIECTBYET CIEKTpaJbHAasl

nioTHOCTS), To 10 3BY B L%(dP)
Tn —a — p({0}) =0

B Lz(d]P’) U, CJIeJ0BaTeIbHO, T, CTPEMUTCS K @ TI0 BEPOSITHOCTH. TaKuM 00Pa3oM, P 9TOM YCJIOBUU T,
ABJACTCA HE TOJBKO HECMENIECHHOI, HO U COCTOATEJILHOI OIEHKOI CpeaHero a.

Haiinem Tenepsb BbIpazkeHue sl JUCIEPCUA Tp,. Kak 0OBIYHO, JIJIT 9TOI0 MBI MOXKEM PaCCMaTPUBATH
TOJIBKO caydait a = 0.



2 OueHuBaHue CPEJHEro

Ilpennoxkenue 2.1. Jlucnepcus DT, moocem bumvb npedcmasaena 6 sude
n—1
~ D (A=lil/m)RG), (233)
=—(n-1)

a maxoice 6 sude

D3, = /( . (W)Q m(d)).

Jloxasamenvcmeo. lelicTBuTeIbHO,

n n—1
_ 1 1 1 . .
Dz, = EE(xle ) = E Expx; = 2 E R(k—1)= - g (1= 14]/n)R(j).
kl 1 k=1 j=—(n—1)
Kpowme Toro,
1 - 1 & ? in(An/2) >
Dz, = i(E=DXp (d\ / - ik d\ :/ smiAn/2) d\
=g f gy 2N = S = | o) M
( ) ]kJ:l ( ’ ] k=1 ( ) }

YTO U 3aKAHYMBAET JOKA3aTEIHLCTBO. O

[lepeiimem Temephb K NpelebHOE OBEIEHNE IUCIEPCHU BBIOOPOIHOro cpeaHero. CHavda a JTOKarXKeM
CJIETYIONLYIO 3JIEMEHTAPHYIO JIEMMY.

Jlemma 2.1. Ecau pad Y -, ap cxodumcs abcoaommno, mo

n—1
nlLrgloZ(l—k/n Zak
n=1 k>1

Jlokasameavcmeo. Haiinem ng takoe, 9to » k>0 lax| < €. Torma upu n > ng

n—1 no 1
ZWQ)4W%<ZW+§NM+ZWWMS
k>1 k=0 k>n k=ng

no 1
<D lanl+ o Z Klax| + > laxl.
k>n k>ng

IlepBoe crnaraemoe cTpeMUTCS K HYJIIO IIPU N — 00, MOCJTeIHEe IO YCIOBUIO MEHBINE €, a CPe/IHee CTpe-
MUTCSI K HYJIIO TIPU N — 00 U (PUKCUPOBAHHOM €. ¥ TBEPKJICHUE JTOKA3AHO. O

Teneps He npescTaBseT TPyAa HARTH KOIDDOUITUEHT ACUMITOTHIECKON JUCIIEPCUH JIJISi BBIDOPOYHOTO
CpeJIHero.

IIpennoxenne 2.2. Ecau ), |R(m)| < oo, mo npu n — oo

nDT, — R(0) +2 ) R(m) =27 f(0). (2.4)
m>1
Jloxaszamenvcmeo. YTBepKieHrne BbiTekaeT u3 papeHcrsa (2.3)), Jlemmbr u CrencrBust O

Bameuyanne 2.1. Takum obpaszom, ecm f(0) # 0, ro D7, ~ 27 f(0)/n u mveer nopsiyiok O(1/n) npn
n — 0o. Ecim ke f(0) = 0, To aucnepcusi T, CTPeMHUTCS K HYJO ObICTpee, dem 1!
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2.2 JloBepurejibHbI€e MHTEPBAJIbI

JJ1s1 TIOCTPOEHNUST IOBEPUTEIbHBIX HHTEPBAJIOB, OUEBUIHO, MHMOPMAIMA O BTOPBIX MOMEHTaX (TO eCTh
O CpeJIHUX W KOBapHallUsiX) HEJIOCTATOYHO — HyzKHA MHMOPMAIUS U O COBMECTHBIX DPACIHPEIETEHUIX
Toxke. Kpome Toro, Tak Kaxk M0B. MHTEPBAJIBL Oy/IyT ACUMITOTUIECKUMHE, ITIOHAI00ATCS HEKOTOPHIE HOBBIE
[Ipe/ieIbHBIE TEOPEMBI.

B namem ciaydae 3T0 03HaUaET, UTO MBI OT CJIaOOH CTAIIMOHAPHOCTHU IIEPEXOJIUM K CUJILHON CTallu-
OHAPHOCTHU U JIOJIZKHBI MCIOJIBE30BATD IOAXOIAIINE IIpedeIbHble TeopeMbl. KOoHeTHO, 9TO TeopeMbl THUIIA
LIIT.

Yro 31ech MoxkHO oxkuaaTh! Ecmau HIIT neficTBuTeILHO MMeeT MeCTO, TO OHA JOJIXKHA BBITVISIETD
KaK

1+ ... +x, —na

£ NOICTEETS

= N(0,1).

Jlerko BUJIETH, 9TO 3TO PAaBEHCTBO MOXKET OBITD Iepernncano B BUE

Ty —Q
L 2 | = N(0,1),
vn D (0,1)

a B upezmnosoxkennn, 4to f(0) > 0 u ¢ yaerom cxomumoctn ([2.4)) — xak
L(Vn(Z, —a)) = N(0,A?), (2.5)

e A% =27 £(0).

IIpenenbHOe cooTHOITEHME OyaeT B JajIbHEHIIEM MOJIYIeHO KaK JaCTHBIN caydait TeopeMmbr
pasnena [1.4.2) (cm. Bameuanue JIJIsT BEIECTBEHHOI'O JIMHEHHOTO IIPOoIecca [P yCJIOBUU, 9TO
> j lcj| < 00, a€; mpecTaBIISAIOT CO0OI HE3ABICUMBIE OJIMTHAKOBO PACIIPEIeJICHHBIE CITy aiiHble BeJTHINHbI

—

C HYJIEBBIM CPEJIHUM U €JIMHUYIHON JUcIiepcuei.
3J1ech Ke MPeICTaBUM JIPYToe JTOKA3aTeIECTBO 3TOr0 (hakTa.

Yro mzBectro o LIIT u3 crammaprHOro Kypca Teopuu BepositHocTeii? B teopeme JleBu paccmarpuBatorcs
HE3aBUCUMBIE 0.D. CIydaiiHble Besmannbl. B reopeme JIungebepra yopano (ociabiieHo) ycJoBue OJIuHAKOBOR pac-
IIPEJIeJICHHOCTH, HO OCTaBJIEHO yCJIOBHE HE3aBUCUMOCTH. A y HAC CilydaifHble BEJIMYUHBI £j 32BHCUMBI, IPHYEM 5TO
[PUHIUIAAIBHO. 3HAYUT, Hy?KHO PA3BUBATH TEOPUIO.

2.2.1 JlemMmbI 0 cj1aboil CXOAUMOCTH

JIemma 2.2. 1. ITyemwv L(E,) = P u B, 50. Tozda L&+ Bn) = P.
2. Ecau L(&,) = L(E) u By 5a # 0, mo L(Br&n) = L(a&).

Loxazameavcmeo. Bouio. O

3ameuanue 2.2. TouHO Takoe 2Ke yTBEPKIEHNE BEPHO [JIsl CJIyYailHbIX BEKTOPOB.

/D FdP, — /D fdp

, mo Pp, = P.

Jlemma 2.3. Ecau

oas mobot neompuyameavnotl f € Cl()u")

Loxazameavcmeo. CM. T0Ka3aTeILCTBO OCHOBHON T€OPEMBI O cy1aboil CXOMUMOCTH. O

JIemma 2.4. ITyemsv &, = N + Brn npu n > ng(k). Hpednososicum, 4mo euinosnervs cAOYOUUe YCAOGUSL.

1. sup,, P(|Bkn| > €) — 0 npu k — oco. (9mo c60lcmeo ModCHO HA3BAMb DPABHOMEPHOT CTOOUMOCTBIO MO
BEPOATMHOCTIA,).
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2. L(Nkn) = Pr npun — 00 dan 106020 k.
3. Pr =P npu k — oo.
Toeda L(&,) = P npu n — oo.

Loxazameavcmeo. Bosemem f € Cpr, 0 < f < M. Torma

= E(f(nkn + ﬂkn)a |ﬂkn| > 5‘) + E(f(nkn + /Bkn) - f(nkn)a |ﬂkn| < 5) + E(f(nkn)a |ﬂkn| < 5) =
= Jl(k,n) + Jg(k',n) + Jg(k),’n)

Hasee mys soboro € > 0
sup Jy (. n) = sup E(f (n + Bin), [Bin| > €) < M supP(|Bgn| > €) = 0
npu k — 0. S3HauuT, BEIOOPOM k MOYKHO CjiesiaTh J1 CKOJIb YIOJIHO MaJibIM paBHOMEPHO 1o n. laJee,
|J2(k,m)| < LE(WIML |Brn| < 5) < Le.
To ecTh BBIGOPOM & ciaraemoe Ja(k,n) MOXKHO C€7aTh CKOJIb yTOIHO MAJIbIM PABHOMEDHO 110 k, n. 3areMm,

']3(ka n) = E(f(nkn)7 |/Bkn| < 5) = Ef(nkn) - E(f(nkn)’ |Bkn| > 5) = Il(k’ n) + IQ(ka Tl)

Cuaraemoe I5(k,n) G6yner paBHoMepHO 110 . MaJio 1upu GosbimoM k. Uro kacaerca 1 (k,n), To

nten) = [ £ = (Bf) [ fam) + ([ 1P [ aP) = Rt + 1o
Bribopowm k nmestaem I, majibiM, a 3arTeM [pU 3TOM (DUKCUPOBAHHOM k BBIOMpAEM TakKoe 7, 9TO MaJio I3. O

2.2.2 KoHe4yHO-3aBUCUMBbIE CJIyYaliHbIE BEJIMYUHBI

Teopembt Jlesu (omHOMEpHAs U MHOTOMEPHAsA) — O ¢aab0il CXOAUMOCTH K HOPMAJIHHOMY PACIPEIETICHUIO CYM-
MbI (IIEHTD. U HOPMHUPOBAHHBIX) HE3ABUCUMBIX 0.p. C.B. Teopema Jlunjebepra — 0TX0J, OT OJUHAKOBOI pacipe/ie-
JICHHOCTH. UTO Je/1aTh ¢ HE3aBUCAMOCTHIO?!

IIpocToe oTkiIOHEHME OT HE3aBUCUMOCTH — M -3aBUCHMOCTb.

Omnpenenenne 2.1. CayJaitHble BeJIMIUHBL L1, . . ., Tn, . - . HA3BIBAIOTCS KOHETHO-3ABUCUMBIMHE, €CJIM CYTIECTBYET
takoe N > 0, gro mist soboro [ > 1, mobeix ki, ...,k u u g00bIX j1,...,J; TakuxX, 970 min j; — maxk; > N
ciydaitable BeKTOpa (Tky, ..., 2k, ) X (Zj,,. .., T ,) HE3ABUCHUMBI.

Ecan aucimo M — muHHMaJIbHOE U3 BeeX TaKux N, TO BeJIUIUHBI Ha3bIBAIOTCA M -3aBUCHMBIMIA.

IIpumep 2.1.
1. OObrunbIE HE3ABUCHUMBIE CJIYUAHBIE BEJININHBI — HOJIb-3aBUCUMBIE.
2. Ilyets y1,...,Yn, ... — HE3ABUCHMBIE CiIydaiiHble BemanHbel. O603HAUNM T; = ¥;Y;+1. lorma x; 1-3aBUCHMBL.

3. ITlosoxxum B YCJI0BUAX IIpeAblAyIIero npuMepa

M—1 M-1
T = E ClYk+1 E CLYk+1
1=0 l=—(M—1)

Takue ciayuaitabie Benuauabl M-3aBucumbl. Eciu ipu sTom Ey; = consty u Dy; = consty < oo, TO x; — crarmo-
HapHas B ITUPOKOM CMBICJIE TTOCTETOBATEIbHOCTD. Kean ¥; OMUHAKOBO pacipeeieHbl, TO CTAIIMOHAPHAS B Y3KOM
CMBICJIE.

JIemma 2.5. ITycmo cayuatinve seauvunv £, . .., L umerom odunarosvie ducnepcuu, pashue oq. Toeda D(& +
—l—&) < L3252,
oxasameavcmso. Cdenatime camu. O



2 OueHuBaHue CPEJHEro

Teopema 2.1. [Tycmov x1,...,%p, ... — cusvho cmayuoraprad (< M)-3asucuman nocaedosamesvHocms co cpeo-
HUM a, Kosapuayuorkol dyrkyuelt R(m) u cnexmpanvrol naommuocmoio f. Toeda

L(vVn(z, —a)) = N(0,0?),
2de
= i R(l) = +2ZR =21 £(0). (2.6)
l=—c0

Joxasamenavcmeo. Tlpexge seero 3amerum, aro R(1) = 0 upu | > M u nonoxum a = 0.
Badurcupyem k > 2M u nonoxum N = |n/k|. Takum obpazom, n = kN + r, rue 0 < r < k. Oupemenum
CJIETYTOIIIEe CIyJaiiHble BeJIMINHbI.

n;m = ((.rl —|—...—|—$k_M) + (J?k+1 +... —l—x%_M) + ...+ (xk(N,1)+1 +-~-+$kN—M))/\/ﬁ (2.7)

(B kaxk0ii u3 N cymm 1o k — M cjiaraeMbix, CyMMbl HE3ABUCUMBI U OJMHAKOBO PACIIPEIEJICHBI),

Bin = ((xk,MH +oootak) + (Tok—mr + o A mok) F o+ (TN +ka)>/\/ﬁ
(B Ka}K)lOfI %16 N CyMM 110 M C.J'IaI‘a.el\H)IX7 CylVIMbI HE3aBUCUMBbI 1 OJI‘I/IHaKOBO paCIIpe;LeJ'IeHI)I)7

N = (Ten41 + -+ 20) /v

(ocTaBmIMecs: UKChI, UX YUCIO He Gosibiie 1 < k).
Bamerum, 9t0 \/nZ, = N, + Ben + 1),. Pacemorpum cymmy (2.7)), cuurast, aro k dukcuposano, a n — oo.
Torna

M-1
o2 C (a1 + ...+ apen)/k = (1= M/K)R(O) +2 Y (1 (M +1)/E)R().
=1

Ecmu n — oo, To N — 00 1 o3TOMy 1O TeopeMe JleBn
L(v/n/N1p,) = N(0,D(z1 + ... + z-11)) = N(0, k*0}).
Tak kak oguoBpemento n/N — k, To
L) = Pr = N(0,07).

Tax kak 03 — 02 pu k — 00, e o2 onpeseneno B (2.6), To P, = P = N(0, 0?). [asee, oboznavas K = n—kN,
MOJIy9UM, UTO

1 1 n
Dnf,, = " —D(zpNy1 4 A Tp) = o Z Dzx; +2 Z Cov(z,x;) | <
j=kN-+1 EN+1<j<I<n
k2
(KR(0) + K(K — 1)R(0)) < = R(0) >0

S\H

npu dukcupoBaHuoM k 1 n — oo. Ilosromy 7/, Lou
L1 + M) = Pr = N(0, 0).
Haxkonen, N/n < 1/k u

M?N M?
R(0) < == R(0) =+ 0

N
sup DB, =sup — D(z1 + ...+ zpr) < sup
n n N n

npu k — 00. YTBEpKIEHHNE TOKA3AHO. O
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2 OueHuBaHue CPEJHEro

2.2.3 Cuayuait quHeliHOTO mpoIiecca

PaccmoTrpum Tenepns mHeitHbIi iporiece ((1.1)).

Teopema 2.2. ([T r.7 §7.7, c. 466]).
Iycmo

Ipn = E Cptj€5 = E Ci€j—m,
J J

2de Zj lej| < 0o ue; — Hesasucumble 0OUHAKOBO PACTPEJeseHble CAYNATIHDLE BEAUNUHDL C HYAEBVIM CPEOHUM U
ducnepcueti 1. Tozda npu n — oo

L(vV/nz,) = N(0,27f(0)).
Loxazameavcmeo. Boibepem k > 1 u mosioxKum
k
Tpn = Z Ci€j—n, Ukn = chgjfru Zkn = Z Cj€j—m-
Jj=—k i>k j<—k

Torna

I 1L 1 ¢ W, 5@
VI = QT M 2Pk e B P
3ameruM, 9TO NpH (PUKCHPOBAHHOM k IIOC/IEIOBATEIBHOCTD T 5 YHOOBIeTBOpsdeT Teopeme ¢ m = 2k. Ilosromy

npu n — 00

L(Nk,n) = Pi = N(0,07%)

rae

JokazkeM Terepb, ITO Ipu k — 00
or = 0% = Z R(1).
l=—0o0
Tak kax mocsensis cymma pasaa 27 f(0), To orcioma Gyaer ciaenosarb, uro P, = P = N(0, 27 £(0)).

k) (k
)c§-+)l\ <l¢jl|¢j41], mpuaem

> lesllegl < supler] (3 lesl) < oo,
] J

J

. k
HeticTBUTETHHO, TAK KaK cg- ) cijupu k — oo n |c§

T0 Ry (1) — R(1). Ananormausivm obpasom | R (1) < 37 |ejl ¢l n
2
S leillegul = (D lesl)” < oo
Ly J

CuesoBaresnbuo, oi — o2.

11



2 OueHuBaHue CPEJHEro

1)
Teneps, yT00OBI HCIIOIB30BATH JlemMMmy JOCTATOYHO IOKa3aTh, IYTO 6,(6 5k ., PABHOMEPHO II0 70 CXOAATCS
n

1)

10 BEPOATHOCTH K Hyo npu k — co. Jokazkem sto qa B, . HeiicruresbHo,

2

D /E‘l’r)L - chjejfl :% Z E ansa,l ZCﬁgﬁ,m =

=1 35>k l,m=1 a>k B>k
1 R
= ﬁ § § CaCp Ega—lgﬁ—m = E E § CaCa—ltm <
l,m=1«a,f>k I,m=1 a>k,a—l+m>k
1 n 1 n
S ﬁ § § ‘C(xl |Ca—l+m| S E g § § |Ca| |ca—l+m| S
I,m=1 a>k,a—l+m>k =1 a>k m:a—l+m>k
1< ’
Sﬁ § § |cal § s = § cal | —0
=1 a>k B>k a>k
o 2
PaBHOMEPHO I10 n CJIy"IaI/I Bl(c 7),L aOCOJIIOTHO aHAJIOTUYCH. yTBep}KﬂeHI/Ie JO0Ka3aHO. O

3ameuanune 2.3. U3 yrsepxienus Teopembt [2.2] cremyer, aro ecom HaM yIACTCS HOCTPOUTH COCTOSITENBHYIO
OIIEHKY f ( ) uncia f(0), TO MBI CTAHAAPTHBIM 00PA30M TOJIYIUM BO3MOXKHOCTH CTPOUTH ACHMIITOTUIECKHE JI0BE-
pUTeJIbHBIE HHTEPBAJIBI JJI CPEIHEr0 CTAllMOHAPHOI'O IIPOIEeCCa.

2.2.4 O coxpaHeHWM OpeJeJbHOl HOPMAaJBbHOCTHU NPHU JIMHETHOM Npeodpa3oBaHUU

Teopema 2.3. IIycmo Z1,...,Tp,... — CAGO0 CTNAYUOHAGPHAA NOCAEOOBATNEAVHOCTNL C HYAEEHIM CPEOHUM U KO-
HEUHVLMU BMOPHIMU MOMermamy. TIpu j > 1 paccmMompum 6eUeCMEerHble YUCAA C;j, YOOBAEMEOPAIOULUE YCAOBUIO
> lejl < oo. Obosnanum

n = E CiTntj, n > 1.
Jj21

L((x1+ ...+ zn)/0n) = N(0,1),

E((yl + ...+ yn)/an) — N(0,G?),

2de G =) ., ¢

Joxazamenvcmeo. Bceerga MOKHO CIMTATD, YTO CYIIECTBYET TAKasd OPTOrOHAJbHAA CTOXACTUIECKAA MEpa fi, UYTO
Ty = f(—mﬂ] e u(d)). Torma y, = f(_mﬂ e g(ANu(dA), tie g(A) = Y5, e’ smasiercs menpepbisHOi Ha
[—7, 7] dynkuueir. Ormerum, uyro G = g(0).

IIpenmonoxum cuagasa, aro ¢; = 0 npu [ > N. Torza

N n
— (4. +y) = ZZCWHZ%ZQZ%HZ
=1

n 1 n

ch +—ch ZxJH ij = Ji(n) + J2(n).

deno, uro L(J1 (n)) = N(0, G?). Toxaxkem, 9To 1pu bUKCHPOBAaHHOM N MOC/IE0BATEILHOCTD J2(1) CXOMUTCS O

def
BepoaTHOCTH K Hysio. JleficTsuresbro, Tak kKax npu n > N 5 pasnocrn Ix(n,1) = Y20 1 — > x; ne Gosee

1l_IpI/I JA0Ka3aTeJIbCTBE IMOCJICIHUX JIBYX HEPABECHCTB IIOC/IEI0BATE/IbHO CHUMAIOTCA OTPDaAaHUYCHUsA Ha M.

12



2 OueHuBaHue CPEJHEro

2N pasiIMvHBIX CIAraeMblX BHJIA £, T0 DIs(n,l) < 4N?Day, D(I2(n,l)/0,) — 0 us-3a yciaosust o2 — oo u,

P
caiesioBarTesibHo, Ja(n) — 0.

Iepeitnem k obuemy ciydato. Oupenemnm gy (A) = >,y e u

0= [ e (@) = Y e
(—m,m) I<N
Takum 06pazoMm, Y, = YnN + 2nN, TI€
v = [ @0 = () = X ey
—T,T l>N

Scno, uro gy (A) cxomures K g(A) paBHOMEDHO 110 A.

Kak yxe nokasano, L((yin + ... + ynn)/0n) = Pn = N(0,¢%(0)) npu dbuxcuposarnnon N 1 n — 0.
Opmospemento Py = P = N(0, g%(0)).

Temepb, YTOOBI cocnaTbes Ha Jlemmy HY2KHO JIOKA3aTbh, UTO 2, N TpuH N — 0O CXOIUTCS TI0 BEPOSITHOCTH
K HyJIIO paBHOMepHO 110 1. Ho

2 _ _ 2
By = [l —axO)m(@,

rIe m — CHeKTPabHAs MEPA MOCJIEIOBATEILHOCTH &y . IIOCKOIBKY 9Ta Mepa KOHEYHA, & §N CXOIUTCS K § PABHO-
MEpPHO, TO yTBePKJeHNe JJOKA3aHO. O

13



3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

3 OneHnBaHMe KOBapMaAIIMOHHON (DyHKIUN

3.1 Pazamunbie onenku. CmMerrenue

Teneps Hama 3a/ada — MOCTPOUTH U M3YUIUTH CBONCTBA OIEHKN 3HadeHust R(k) MO 0Tpe3Ky Tpaek-
TOPUU X1, ..., Ly CTAIIMOHAPHOT'O IIPOIIECCA.

Cy1recTByeT HECKOJIBKO CTaHIAPTHBIX BAPUAHTOB TAKUX OIEHOK. BO-IIEPBBIX, B TEOPHH IaCTO YI0OHO
CUNTaATh, YTO MaTeMarmdeckoe oxkumanue Exri = a usBectHo. B sTrom ciaydae npu 0 < k < n MOXKHO
HCIIO/Ib30BaTh CTATUCTUKY

]?E(O) = (Tjpr —a 3.1
Eciu a HensBecTHO (3TO NpaKTHYECKasi CUTYAIlMs), TO aHAJIOrOM oreHKu Ry’ (k) siBisiercst

n—k

D (@) — Zn) @)k — Tn), (3.2)

j=1

1
n—k

RV (k) =

rje Tn = (x1 + ...+ xy)/n. Ouenku (3.1)) u (3.2]) Mmoo HazZBaTL IMNUPUNECKUMU.
Nuorya y06HO UCIOIB30BATH HECKOJIBKO JPyTHe OIEHKH. A MMEHHO, Jajbliie Mbl Oy/1eM UMETh JIeJI0
U CO CTATUCTUKAMU

n—k
ROM) = 23 (0~ a)(ayui —a) = " RO (33
j=1
n
_ 1 n—=k n—k ~
Rgzl)(k) = n (Tj — Zp)(Tjk — Tn) = n R%l)(k)’ (3.4)

ormmaatomumucst or (3.0) u (3.2) Tonbko muHOokuHTENEM 1/1 BMecTo 1/(n — k) mepes 3HAKOM CyMMBL
PaccMoTpuM BOIIPOCHI CMEIIEH s STUX OLEHOK. flcHO, 4To IER(O)(k) = R(k), Tak 4T0 OIECHKA R%O)(k:)
HecMmerreHHasi. COOTBETCTBEHHO, ERg)(k) = (1 — k/n)R(k) u upu k/n — 0 ecrb acummrornieckasi

HECMEIIIEHHOCTb.
. 501 1
ITepeiiem Tenepb K CTATUCTHKAM R,(q,)(k) u R )(k:) 3/1ech, Kak Bcerja, MOYKHO IOJIOKHATL a = 0,

., ¢
TaK KaK OT BBIYMTAHHUsA JII000I KOHCTAHTBI U3 BCEX T; BeJIMINHA R; )(k) HE MEHSICTCH.

ITpensioxkenue 3.1. ITycmo A2 Y Z |IR(j)| < 00 ua=0. Toeda

1. ER(I)(k) R(k) 4+ O(1/n) pasromepro no 0 < k < n.
2. Ecau k/n — 0 npun — oo, mo

lim 7 (ER(l)(k) R(k)) = —27£(0).

n—oo
3. E’ﬁg)(k‘) — | = O0(1/n) npu mobom Purcuposantrom k.

Hoxaszamenvcmeo. 1. Pacimimem Rg)(k).

RY®) —n_kz s - ) =

n—k 1 n—k
> ap | Zn - — > ik | Tn+ 7 (3.5)
i=1 j=1

14



3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

Corutacno IIpennoxennto , Ez2 = O(1/n). Hanee,
n n o0
_ 1 1 ‘ _ 1 9
Ez;z, = - g Exjz,, = - E R(j—m), |Bx;z,|< - E |R(m)| = A /n,
m=1 m=1 m=—00
U [OITOMY MaTeMaTHYeCKOe OXKHJIAHKE BTOPOIO M TPETHEro cjiaraeMoro B npasoit dacru ([3.5) onennsa-
ercs ceepxy depes AZ/n.
Bropoe u Tperbe yTBepiKIeHue JOKaXKeM OJHOBpeMeHHO. [T0CKOIbKY

1 n—k ) n B B
p—" ij :cn:n_k(q:n—(:cn+k_1+...+:zn)/n):zn
j=1

_ k Ty ftl + oo+ Ty _
::Jc,%—i-n_kx%— b +n—k = T,

1 aHaJIOTUYIHO

1 n—=k ) n ) )
g | 2o | B = T (@ () ) =
j=1

k. r1+...+x1 _
%_'_ 2 1 k

=z
To (3.5)) mosyaaem, aTo

. - 2% e T _
n(R;U(k)—R,(E)(k)):—nfimn_k@%—n (z ’“jﬁ_k e xn> —n <W"”n) (3.6)

Paccmorpum dernipe ciiaraembix B paBoit gactu ((3.6[). IIpex e Bcero, us Hpe,[I;JIO}KeHI/IH cJIe/IyeT,
aro nEz2 — 27 f(0). Ecu k = o(n), to k/(n — k) ~ k/n u nk/(n — k)Ez2 ~ 27 f(0)k/n.
OcrasbHble Ba caraeMbix B IIpaBoii dact (3.5)) paccmarpusatorcst onnrakoso. BosbMem BTOpOe n3
nuX. [IoCKOTbKY BeJTMYINHDI jEi? OrpaHUYEeHbI 110 j, TO 1npu k = o(n)
r1+...+x _
1 k ’-’En}> <

1+ ... txp nk
E(H T )| < E
”‘ < n—k :U)‘_n—k ( i

LU PR p—_—,
Sn—k kEz; nExZ = O(\/k/n).

Tosromy mpu k = o(n)
n (mg})(k) - R(k)) = En (fzg)(k) - fz;f)(k)) ~ =27 f(0) + O(k/n) + O(\/k/n) — —27 f(0)
u mpu cpuxenposatron k
lim sup ‘ﬁ;ﬂ(/s) - fzg))(k)‘ <27 f(0).

YTBep:KIeHUE JIOKA3aHO. OJ

Bameuanue 3.1. 113 noka3aHHOrO cpasdy ke cieuyer, 9ro npu k = o(n)

ERW (k) — (”‘k) ERW (k) ~ (” —k > (R(k) — 21£(0)/n) ~ (1 _ > Ry = O 5

n n
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

3.2 CocTodaTeJIbHOCTh OIIEHOK KOBAapUAIMOHHOU (PYHKIHNHU. ACUMOTOTUYECKHUE JIVC-
Hnepcumn

3.2.1 OO6mmii B3ras,

Ilyctb x1,...,%y,,... — CTAMOHAPHBIA B Y3KOM CMBICJIE IIPOLECC C HYJEBLIM CPEIHHM M KOBapHha-
monHoi dyukIwmeii R;(m). Pacemorpum onenky }/%,(ZO)(I{) 3HAYEHUsI KOBApHAUOHHON (pyHKuu R, (To
€CTh IPeJIIoJIaraeM, 9To Cpe/lHee U3BECTHO. DTa OleHKa sIBJISETCs HeCcMelleHHoi. /Ipyrue onenku 6yyT
paccMoTpeHb 11032ke). Vrak,

RY(k) =

n

1 n—k
n—Fk Z LTjThtj-
j=1

Baduxcupyem k. Torga mociejoBaTebHOCTD Yj = yj(.k) = ZjTj4) ABIISETCS CHIBHO CTAIMOHADHOI, & ee
cpennee pasao R, (k). Bosee Toro,

_ 1 =

Yn—k = [ (y1 +...+ yn—k) = Rﬁ,,o)(k)-

HoaTOMyH €CJIN KOHEYEH BTOPOIl MOMEHT Eyz = Ex%x%, TO 00mIMit 0TBeT M3BecTeH u3 IIpemoxkenns
B 0003HAYEHUAX

Ry(m) = R?(Jk)(m) = Ey1ymr1 — Ri(k‘) = ExorirmTmsk — R?E(k)

¥ 1P BBINOJIHEHHH yestosust Y |Ry(j)] < 00, Bompoc o cocToATeIbHOCTH U ACHMITOTHYECKO tuctepcun
OlEHKNI ﬁ%o)(k) PEIIaeTCsl OUY€Hb IIPOCTO:
5(0 k k
nDRP (k) — RF(0) +2 ) R (m). (3.8)
m>1
Hy?KHO OTBETUTH Ha HECKOJIBKO BOIIPOCOB.

1. Ilpu Kakux pa3yMHBIX yCJIOBHSX y IIPOILECCA Y; CYIIECTBYIOT KOHEYHbIE BTOpble MOMeHTEI! (3zech
OTBET sICEH: JOCTATOYHO MOTPe6oBaTh, uTobbl Ex] < 00.)
2. s KakuxX pasyMHBIX MoOjiejiell BbIpazkeHue B mpaBoii dactu (3.8) Moxker ObITH KOMIIAKTHO 3aITd-
cano?
3. I RO (k 6
. Ilpn kakux ycmoBusx st Ry’ (k) BBIIOTHSETCS HE TOJBKO 3aKOH OOJIBIIAX YHCES (9TO CIEIyeT
u3 (3.8)), no u Lenrpanbuas Ipenensuas Teopema? Bosee Touno, obozuaunm A? mpasyio dacTb

(3-8). Ipu kakux yciopusx C(ﬁ(A%O)(k) - Rx(k:))> = N(0,A?)?

4. Yro NpOUCXOIUT CO CTATHCTUKAMUI fzﬁ})(k), éq(lo)(k:) u Eg)(k‘)?

Bynem pemarh 3Tu 3a/1a9u mMOC/I€10BaATEIHHO.

3.2.2 IlpeaeabHble AUCIIEPCUU JJid JIMHEMHOTO Mpoliecca

Teopema 3.1. ([1], Teop. 8.4.2, c. 518, Cuencrs. 8.4.1, c. 521)

IIyemo xy, umeem eud (1.1), 2de €; — odunaxoso pacnpedenenrvle He3AEUCUMDBLE CAYHATIHVIE BEAUNU-
Hbl, UMENWUE HYAEB0€E cpedhee, eOUHUNHYIO QUCTLEPCUIO U KOHEeuHbT vemeepmbiti momerm. Ob6o3nauum
R, (m) xosapuayuonnyro gyrnkyuto npouecca Tp,. Ecau Zj lej| < 00, mo npu n — oo

nDRY Z ( (k + DRy (k — 1) + Ri(l)) + (Bt — 3)R2(k). (3.9)

231ech HaM y/I06HEE CUMTATH, YTO PSIJL Ty HAUMHAETCS] C HYJIEBOTO MOMEHTA BPEMEHM.
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

ﬂonasameﬂbcmso Cornacuo , HaM JIOCTATOYHO JIOKAa3aTh, YTO B 0DO3HAYECHMAX Yj = T;Tjyk DAL

PP R ( /) abCOJTIOTHO CXOUTCS U ITO
STRPG) =3 (Rx(k ORy(k—0) + Ri(é)) + (Bt — 3)R2(k).
j ¢

ITockosbKy 06a J0Ka3aTe/IbCTBa IPOBOAATCS HPAKTHIECKH OJMHAKOBO, OCTAHOBUMCS TOJIBLKO HA BTOPOM.
" k), -
Haiizem BBIpazkeHue st Ré )( j). o onpexenennto,

RM(j) = Eyoy; — R2(k) = Exozyzjzysy, — RE(k) =

=E (Z Cn%) (Z Ci2+k€z‘2> <Z Cz‘3+j€z‘3> (Z Ci4+j+k5i4> — Ri(k) =
i1 i i3 i4

2
> Ciy Ciptk Cig 45 Ciaths BEiy EinEig iy — Ra(k) =
11121314

- Y o+ Y ot Y oy Y 0-RM-

11 =12=13=14 11=12,13=%4 11 713 11=13,12=1%4 11 F£12 11=14, 12=13 11712
= Ee'11(5) + (L2(5) — RL(K)) + I5(7) + L)),

rje 3Ha490K [ 3aMEHSICT BBIPAXKEHUE Cj; Ciytk Ciz4j Cigtk+j e€i1 Ein€isCiy - JLOKAZKEM, ITO

Zh(j) = R;(k), (3.10)
> (12<;> — (k) = Rz (k),
i:]?’ 232 (), (3.11)
> L)) ZR k+1)Rp(k —1) — R2(k).
J

ITockombKy

L(j) =) CititkCitjCirjt

i

U psif Y, |em| cxomuTes, To ¢ yuerom pasencTsa (|1.2))
~ 2
> D) =D cicivr Y CivjCivgrk = Y Cicik ) aaciir = Ra(k).
j i j i !

Tem camev (3.10) mokazano. Jasee, Tax kax Ee? = 1, To

Y (LG) —RiK) = > | D cicivneirmCiemen — Z CiCitk ) CiamCitmtk | =

j j i#m m
= — Z Z Czcz—i-kcj—i-zcg-i-z—l—k == Z Il _Ri(k)

[Tepeitnem x I3. IlockombKy

I3(j E CiCmtkCitjCmtjtk = § CiCmtkCitjCmtjtk — E CiCitkCitjCitjthk =
i#m i,m i

= E CiCmtkCitjCmtjrk — 11(J),
i,m
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

TO

ZI3U) = chici—i-j (Z Cm+kcm+j+k> - Zh(j) =

J

= ZRx(j) (Z Cici+j> — Ry (k),

)

u MbI IpuxouM K Bbipazkenuto (3.11]). Hakonerr,

I4(j) = Z CiCm4-kCm+jCitjtk-
i#m

[TosTomy
Z L(j) = Z Z CiCm+kCm+jCitjt+k — Z Z CiCitkCitjCitj+k (3.12)
J Jj o&m Jj oot
Kax y»Ke ToBopuIoch, Bropoit wien B (3.12) paesn —R2 (k). PaccMOTpHM MepByIo CyMMy.

E CiCmtkCm+jCitjt+k = § CiCitjtk E CmtkCm—+j = E ciCipjriRa(k —j) =

%,7,mM 2y

1,] m
= Re(k =) cicivjor =Y Ra(k— j)Ra(k+ ).
J i J

[Ipennoxkenne moKa3aHoO. ]

Sameuyanue 3.2. AGCOJIFOTHO AaHAJIOTUYIHO JIOKA3bIBaeTCs 6osiee 00Iee yTBepKIeHne. A UMEHHO, B IIPeJI-
nonoxkennax [Ipegmoxkennst [3.1| ayist 100bIX (bUKCHpOBaHHBIX k, M

n cov(fzg@(k), RO (m)) 3" (Ro(k + DRy(m — 1) + Ry(k + ) Ro(m + 1)) +
l
+ (Ee* — 3) Ry(k)Ry(m) (3.13)

IIpu n — Q.

3.2.3 pyroii Bua npeaejabHbIX KOBAPUAIAI

Beipaxkenne B mpasoit gactu (3.13)) (u, B wactHOCcTH, B npasoit wactu (3.9))) siBisiercst j10BOJILHO
rpoMozakuM. OKa3bIBaeTCsd, ero MOXKHO 3HAYUTEILHO yIPOCTUTD.

Ipennoxenne 3.2. Ecau ), [Ry(j)] < 0o, mo

3 (Rx(k + D) Ro(m — 1) + Ry(k + ) Ru(m + 1)) = 4 / " cos(Mk) cos(Am) F2A)dA, (3.14)
l -7

2de f(A) — cnexkmpasvran NAOMHOCTID NPOUECCH, Ty, .

Aoxasamenvcmeo. Kax yke rosopuiiocs, B 1pefnosoxenun, 1ro - [Ry(j)| < 0o cuexrpaibhas mior-
HOCTH f HEIpepbIBHA U OrPaHUYEHA ¥ [I09TOMY MHTerpas B npasoit dactu (3.14]) xoneuen. IIpeoGpasyem
3TO BbIpaskeHme. Tak Kak

FO) = 5= S RGY™,
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

rie R(j) = Rx(j), To

PO =15 O RORE PR,
Jp=1

T )P dx = i ZR(j)R(p) /ﬂ MI=p=3) g\ — 1 Z R(j)R(p),

, . 27

7P ]-I—p:l
u
1, . , . .
COS()\k) cos()\m) _ 1 (ez(k+m)/\ + ez(kfm))\ + 61(7k+m))\ + 671(k+m))\> 7
TO
47 F2(X) cos(Ak) cos(Am)dA =
1 . . . .
=5 | 2 EGER@+ Y, RGOE@P+ >, RHOEM+ Y RGRE) | =
p+j=k+m ptj=k—m ptj=—k+m ptj=—k-m
= Y. RGR@+ Y RORE) =) RGRE+m—j)+Y REGR(EK-m—j). (3.15)
ptj=k+m p+j=k—m J J
Henasi B 0boux ciaraembix mpasoii gactu (3.15) sameny j +— [ = j — k, noaydaem tpebyemoe. O

ITpumep 3.1. ITocmorpuM, Kak BbINIIUT npaBast yacThb (3.13)) B ciyuae, korga z, = o0&y, TO eCTb Korjia
HCXOJIHBIN s — Gestblii myM ¢ jcnepcreit o2 > 0. Ilpu aToM 6yieM MoJIb30BaThCs 1IPEICTABICHIEM

(3.14)). Ipesxne Beero, f(\) = 02 /2m. Tostomy tpu k,m > 0

@ 4 T . . . .
477/ cos(Ak) cos(Am) f2(\)d\ = g (el(k+m)’\ emilkrmIA g pi(=htmA el(kfm))‘)d)\ =

o T ),
4 | 8™ mpm kE=m=0, 204 upn k=m =0,
:Z%T 47 upu k=m#0, =< ot upu k=m # 0,
0 upu k # m; 0 upu k # m.
Taxum obpazom, mjist 6e0ro myma
0'4(E€4—1) apu k=m =0,
n Cov (E%O)(k), E;O)(m)) —< ot upu k=m #0,
0 upu k # m.

Ecan xe I1ocC/jIe 10BaTE/JIbHOCTD 6]' ABJIdEeTCA ele n FayCCOBCKOfI, TO ]E€4 =3u

20 mpm k=m =0,
n Cov (ﬁg))(k‘), }Azg?) (m)) —<o*  upu k=m#0,
0 upu k # m.
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

3.3 O nuenrpaJjbHOII IpeaeJbHOII TeopeMe
3.3.1 MIIT nnsa ormeHOK KOBapuAIIMOHHOI (pyHKITUU

Nnmeer mecto ciepyromiee yreepxkaeane. Obosnadnm mpu K > 1

Wi = Y (Ro(k + D Ro(m — 1) + Ry (k + ) Ry (m + 1)) + (Ee* = 3) Ry (k) Ry (m), (3.16)
l

Wi = {wen} o n 67 = Vi (B ()~ Ba(d) ).

Teopema 3.2. B ycaosuax Teopemoi ons mobozo K > 1 npun — 0o
n n T
L ((gg e ) ) — N(0, Wg). (3.17)

Zoxazameavcmeo. Mbl He OyJeM IPUBOINUTH J0KA3aTE/IbCTBO 3TOI0 yTBEpXKjeHUusi. OTMETHM TOJIBKO,
9TO OHO MOYKeT OBbITh IIPOBEMEHO TeM Ke criocobom, uro u llenrpasibaast [penenbuas Teopema JLTs
CPEJIHEro: CHAvaJ a IPOUCXO/IUT «yPe3aHUe» JIMHEHHOrO IPOIECcca &y [10 KOHEYHON JIMHeHHON KoMOuHa-
MU HE3ABUCUMBIX CJIyYaiiHbIX BejmduH, 3areM npumensercs [T mis koHeuHO-3aBUCHMBIX CTydailHbIX
BEJIMYUH U, HAKOHEII, UCIIoJIb3yeTcs Jlemma [2.4 O

Ob6cymum Teneps pesynbrar [Ipemnioxenns |3.2

Bameuanmne 3.3. 1. U3 (3.17)) cienyer omnomepnas IIIT Buma
L(v/n(RO (k) — R(k))) = N(0, wgy,)- (3.18)

n

2. Crenyer o6paTuTh BHUMAHKE, YTO KOBAPUAIMH IIPEJIEIHLHOTO TayccoBcKoro pacupesenenns N(0, Xy )
COBIIQIAIOT C IIPEJEeIbHBIMU KOBapUallUsIMU B .

3. B crarucruke mpenesbHbIE TEOPEMBI THIIA HCIOJIB3YIOTCS JIJI IIOCTPOEHUS JIOBEPUTEJIHHBIX
MHTEPBAJIOB, MOKPBIBAIOIIUX OlleHUBaeMbIil mapamerp. O6Cyum ¢ 9TOo# TOuKM 3penus. g mo-
CTPOEHUsT ACHMIITOTHYECKOTO JIOBEPUTEIHLHOTO MHTEPBaJa 3HAUEHHsI KoBapualnoHHoi dyHkimn R, (k)
JIOCTATOYHO UMETh COCTOSITEIbHYIO ONEHKY Wik JAUCIEPCHN Wik. Torua (B 06JerdaoneM Kus3Hb PeIio-
JIOXKEHUH, 9TO Wy, > () 9TOT JOBEPUTENIbHBI MHTEPBAJ YPOBHS 1 — Y BBIVISIIUT KAK

(B (k) = v/ / v/, B (k) 4+ 2V o/ V)

rae x, — pemenne ypasaenns ®(z,) — ®(x,) =1 — v, a & — dyHKIUA pacnpeseseHns CTaHIAPTHOIO
HOPMAJIBHOTO 3aKOHA.

Corumacuo (3.9) u (3.14)),

wy =3 (Rx(k: F DR (k— 1) + Ri(l)) 4 (Bt — 3)R2(k) =
l

=41 / ! cos(Ak) cos(Ak) f2(\)dA + (Ee* — 3)R2(k). (3.19)

—T

Bropast (comepzaiiasi ClieKTpaabHYIO IJIIOTHOCTD) hopMysia B npasoit actu (3.19) npeacrasisiercs 60-
Jiee yIoOHOM JJIsi IOCTPOEHUsSI COCTOSITEIBHOI OIEHKH JINCIIEPCUH Wy. JleficTBuTenbHo, mycTh fr () —

Takas (M3MepuMasi M0 \) OIEHKa CIIEKTPAJIbHON MJIOTHOCTHU, YTO SUP ) ‘]?n(/\) - 5 0. Torna

]P’<' ﬂfn(/\)d)\— :f()\)d)\’ >€> gP(/ﬂ

—r -7

Fa) = FO)|dx > e) <

<P <2mip | Fa V) — FOV)| > g> — 0.
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

Opmako cmaraemoe, cojepxKaliee deTsepThiii MomenT Ee? Gemoro myma e,, TpecTaBasgeTcs Topasio
OoJiee CJIOXKHBIM JIJIsl OIEHUBaHUS, TaK KaK 9TOT OeJIbIil IIIyM HEIOCPEJICTBEHHO He HaOJII01aeTCs.

CTaHIapTHBIM BBIXOJIOM U3 3TOIO IIOJIOYKEHHUS! SIBJISIETCSI IIPEJIIIOJIOZKEHIE O I'ayCCOBOCTH 0eJIoro IIy-
Ma €, U, CJIEJIOBATENBHO, O TAYCCOBOCTH CAMOTO TIporecca Tp. B atom ciayuae Ee? = 3 u npemesnbubre
KOBapUAIUK Wy, BBIPAXKAIOTCS TOJILKO Yepe3 KOBapHAaIlMU caMoro mporecca (B 6osee cxkaroit hopme —
Yepes ero CleKTPaJbHYIO MJIOTHOCTD ).

Takoe npeo/I0KEHNE, OJIHAKO, sIBJISETCs IIPOU3BOJILHBIM M YaCcTO HApyIIaeTcs HA IpakTuke. BoJee
HMPAKTHIHBIM METOJIOM OOPBOBI C 9TON CJI0KHOCTBIO SIBJISIETCS IIEPEXO]T OT KOBAPHAIMOHHON K KOpPpeJsi-
IIMOHHON (PYHKITUN.

3.3.2 MIIT nnsa oreHOK KOPPEeJasAIUOHHON (pyHKITUN

Jnsa nepexona ot HIIT misa Beibopounbix koBapuaruii K [T maia BeIOOPOUIHBIX KOppessiuil HaM
[TOHATO0SATCS CIEYIOINIEe IIPOCTOE YTBEPKIEHNUE.

Jlemma 3.1. Paccmompum nocaedo6amessnocme CAYHalinir 6exmopos &, € R* maxuzx, wmo L(&,) =
N(0,%) u mampuyy A : RF s R™. Tozda L(AE,) = N(0, ALAT).

Joxazameavemeo. O6o3HAMNM (o, XapaKTepHCTHIECKYI0 BYHKIMIO BekTopa &y,. o yenosuio, ¢, (1) —
e~ (CLD/2 1ig moboro t € RF. Orciona, mockosbKy xapakrepucruieckas GpyHKIUs BEKTOPA AE,, B TOUKe
5 € R™ umeer sug ¢, (AY5), To

(Pn(ATg) N 6—(2AT§,AT§)/2 _ e—(AZATg,g)/Q

9
9TO U JIOKa3bIBaeT yTBEPXKIACHUE. O

ObozHaunM Ternepb

»O) /-
R (0)

7 TIOJIOXKUAM 17](") = \/ﬁ(ﬁno) (J) — P(j)), rie p(j) = R(j)/R(0).

Teopema 3.3. B ycaosuax Teopemvi ons moboeo k > 1

c ((ngm, . ,mgm) ) — N(0, U),

2de anemermu, mampuuwvt Uy, umerom eud

wje = R‘j?o) / " (cos(A) — p(7)) (cos(IA) — p(0)) F*(A\)dA =

—T

= 22 (ol 3) 0l =0 = 2000(r)) (plr +) + ol = 3) = 2000 (3.20)

Hoxazameavemeo. [ljist IPOCTOTHI JOKAXKEM 9TO yTBEPKJIEHUE B €r0 OJHOMEPHOM BapI/IaHTeE Wnaue
TOBOPsI, JTOKAYKeM, UTO s J1Ioboro k

£ (VA (k) = plk)) ) = N(O, ). (3.21)

3060611eHre HA MHOTOMEPHBII CiTy9ail He IpeCTaB/IseT TPY/a, TAK KaK BCE CBOAUTCS K JIMHEHHBIM IIPe06pasoBaHmsIM
B CJIabo0# CXOAMMOCTH K MHOIOMEPHOMY IayCCOBCKOMY pacupenesnenuto. Uuorma dopmyny (3.20) zasbsator dbopmysioi
Baprierra.
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

3aMeTnM, 9TO

U PACCMOTPHM CHadaJIa IIPeJe/IbHOe PACHPE/ETICHNE I0C/IeI0BATEIbHOCTH CIIy IallHbIX BEJIMIHH
Vi (RO () = p(k) R (0))
Corutacno Teopeme L (ﬁ(/\%o)(k) — R(k), R (0) — R(O))T> = N(0, W), tae

Wi = (Wrk ko
wor  Woo )

a qmcsa wy oupenesensl B (3.16). Tem caMbinM, Tak Kak

RO (k) = p(k) R (0) = RY) (k) — p(k) RLD(0) — (R(K) - p(k)R(0)) =

n n n n

n

= RO(k) — R(E) — p(k) (B9 (0) - R(0)) = 27 (RO (k) — Bk RO(0) ~ R(O))
rie Z = (1, —p(k))T, To, cornacuo Jlenme
£ (Vi (R ®) = pk)BD(0)) ) = NO.2" Wi 2),
Jlerxo Bugern, uto Z ' WioZ = woop® (k) — 2worp(k) + wiy. OrMerm, uto cormacuo [Ipemoxennio 3.2

woo =47 [ fE(N)d) + k4 R2(0),

—T

wor = 4w /7T cos(Ak) f2(N)d\ + kaR(0)R(k),

Wiy, = 47 / cos®(\k) f2(N)dX + kaR%(k),

rae kg = Ee* — 3. TTosromy

™

woop? (k) — 2worp(k) + w = Am / (P2 (k) — 2cos(Ak)p(k) + cos®(Ak)) f2(A)dA+

—Tr
™

+ra (R*(0)p*(k) — 2R(0)R(k)p(k) + R*(k)) = 4= / (cos(kA) — p(k)) F2(A)dA.

—T

[Tockonbky o Teopeme ﬂ ]%(10)(0) cxoauTest o BepositHoctu K R(0), To JTOKA3aHO, IPUIEM JIUC-
Hepeus Wy HUPEJCTaB/IeHa B MHTerpajbHoil dopme. Ilepexom OT npeicTaBIeHUsT Wi, B MHTErPAJIbHOM
dopMe K IpeICTaBICHIIO B BUJIE CYMMBI IPOU3BEICHIN 3HAYCHUIT KOPPEJISIMOHHON (DyHKIIUN IIPOBOINT-
cd TaK ke Kak B [Ipenmoxkennn (3.2 O

IIpumep 3.2. Ecim ncxonneril mporece — Oemblii IIyM, TO, KaK HETPYIHO BHJETD, U = 0j_¢, TO €CThb
OIIEHKN KOPPEJIAIMOHHON (DYHKIIMK OEJIOro IyMa B IpeJesie sIBISIOTCA HEe3aBUCUMBIMU U MMEIOT CTaH-
JlapTHOe HOpMaJibHOe pacrpeneneHne. Ha aroM dakTe OCHOBAH OJUH U3 IMOIYJISIPHBIX KPUTEPUEB IIPO-
BEPKHU TOI'0, YTO CTAI[MOHAPHASI IOCJIEIOBATEILHOCTD SIBJIAETCA OEJIBIM Iy MOM.
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

IIpumep 3.3. PaccMoTpuM IpOIECC CKOIB3SAMIEr0 CyMMUPOBAHMIS
P
Tp = Ep + Z Qj€n—j-
j=1
s rakoro nporecca p(¢) = 0 upu |[¢| > p u, KaK HETPYIHO BUJETD,
P
ugk =1+ 2202(j)
j=1

upu k > p.
IIpumep 3.4. Vcnonb3ys paBeHCTBO

upk =Y (p(r +k)+p(r—k) - 2p(k)p(7“)>2,

r

MOKHO JIEFKO COCYUTATh IIPEJIe/IbHbBIE JIMCIEPCUI OIIEHOK KOBapHUAIIMOHHON (PYHKIUN Pealn3yeMoro IIpo-
1ecca aBTOPEerpPecCuu MepBOTO MOPIKa

Tp = pTp_1 + 0o/ 1— p2e,

¢ p(t) = pl¥!. B srom ciryaae

(1=pM)(1+p?)

— 2kp?k.
1— p? P

Ukk =

B wactrocTH, U1y = 1 — p?, ugs = (14 3p?)(1 — p?) m ups, — (1 + p?)/(1 — p?) mpu k — oo.

3ameuanne 3.4. 1. YunrsiBas 11. 3 BaMeanI/Iﬂ MOKHO CJIeJIATh BBIBOJI, YTO MMesl TIOJIXO/ISILY O (Ha-
IpuMep, PABHOMEPHO MO A CTPEMSIIIYIOCS 110 BeposaTHOCTH K f(\)) OIEHKY CIIeKTPAIbHOIT IIIIOTHOCTH, MBI
MOKEM MMOCTPOUTDH ACUMITOTUYIECKUIT JTOBEPUTEIbHBIN HHTEPBAJ JJIsi 3HAUEHUS KOPPEJISIIIMOHHON (DyHK-
18078

2. Kak nokazano B [1], yreepxkenue Teopembl OCTAeTCs BEPHBIM U 0€3 IPEIIIOIOXKEHHSI O KOHEYHO-
CTH YETBEPTOr0 MOMEHTa 0OeJIoro IMyMa, HO 3aTO ¢ 0ojiee OrpaHUINTEIbHBIMU YCJIOBUSIMU Ha TJIAIKOCTD
CHEKTPAILHON IUIOTHOCTU. A MMEHHO, IMEET MECTO CJeAYIOIIee YTBEPKIEeHHe, IPUBOIUMOE 31eCh 0e3
JIOKa3aTeTbCTBA.

Teopema 3.4. ([1l/, meop. 8.4.6).

IIyemwv x,, umeem sud (1.1), 2de €; — nesasucumvie 00UHAK060 PACHPEIECHHIE CAYIATHDIE BEAUNUHDL,
uMewue HYyAesoe cpednee U edunuynyto ducnepcuro. ITompebyem, wmobo Zj lcj] < oo u Zj ]j]c? < 0.
Toeda umeem mecmo ymeepotcdernue Teopemot[3.3

Koneuno, ¢ amcTo MareMarudeckoll TOYKHU 3PEHUs OTKA3 OT TPeOOBaHUs KOHEUHOCTH YETBEPTOIO
MOMEHTa — 3TO Cepbe3HOoe ocyabjeHne ycaoBuii TeopeMmbl. C TOYKM 3peHMsS NPAKTUKH, TEeM He MeHee,
9TO He TakK BakKHO. Hy»KHBI cepbe3Hble OCHOBAaHMUs, IYTOOBI CIUTATD, UTO, HAPUMED, MIPEIIOJIOKEHUE O
KOHEYHOCTHU YETBEPTOI0 MOMEHTA I ITOBTOPHON BBIOOPKHU HE BBIITOJIHEHO.

3.3.3 dpyrue olleHKM KOBAapUAIIMOHHOI M KOPPEJISIHUOHHO yHKIImii
(0)

Kak yzke rosopmiiocs, orienka Ry’ (k) 3nauenust kopapuarmonnoit yuknun R(k) umeer ckopee Teo-

(0)

H RO (k RV (&
peruyeckoe, deM IpakTudeckoe 3Hadenne. Ha npakruke smecro Ry’ (k) ucnonbsyiorcs onenku Ry, (k)

u Ng)(kz), onpenenentbie B (3.2) n (3.4). Ham nmonagoburest Takzke OreHKa E%O)(k;) BBelennas B ([3.3)).
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3 OrneHuBaHHe KOBAPHAIIHOHHON (DYHKIITHH

IIpennoxxenue 3.3. Ecau 6 meopemax u 3amerumo ET(LO)(]{:) HQ ﬁg)(k‘), Rg)(k:) uAu

p(0)
Ry’ (k), mo ymeeporcdenusn smux meopem ne USMEHAMCA.
el
Hoxazameavcmeo. Bynem nokasbiBaTb 3TOT (hakT JJIsi CTATUCTUKT Rgl )(k') n TeopeMmbr OCTaJIbHbIE
CJIydal pacCMaTPUBAIOTCS aHAJIOTHIHO.

Cormacuo TperbeMy nynkry IIperoxennst , E}f%if) (k) — RY (k)| = O(1/n). Hosromy

»(1) ~ no)
_ VAE[RD k) - BYW)| _

P (Vi |RO®) - RO (k)] > ¢) < - (1/v/n).

H(1 (0 P
Nupivu cioBamu, \/n (Rg )(k:) — R )(k:)) — 0 mpu n — o0.
[TosroMy 10CII€I0BATEIBHOCTH PACIIPE/ICJICHUH CITyYailHBIX BEKTOPOB

v (1?2720) (0) — Ry(0), ..., RO (k) — Rg;(k)>

UMEIOT OJIMHAKOBBIN c1abblil pejiest (ecsm oH, KoHeuHO, cyriectyer). Coruacao Teopeme [3.2/3roT nipesen
cymecrByer u paser N(0, Wy). O
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4 IlepuomorpaMMbl 4 HX CBOHCTBa

4 IlepuojgorpaMmbl 1 UX CBOCTBA

4.1 CyMMbI MHUMBIX 3KCHOHEHT U si;ipo Peiiepa

IIycts B € R un > 1. Obosnaunm

1 n - B n upu S =2ml, L€,
n(8) V2mn ]; V2mn 671.671 nHaJe.
e—if _
is [ npu (B =2ul, L€,
- —i(n—1)8/2 sin(nf3/2) .
2mn | e (372 (3/2) nHadge.

Koneuno, ‘Pn(_ﬁ) = @n(ﬁ) Kpowme Toro, Spn(/B + 277) = @n(/@) u
A7 1 n At
_ iBk 3o _
| o= =" [ eap—o

| 2

1t joboro A € R.

Anpom Deitepa nasviBaercst byukius Py, (8) = |p,(6)|°. Uubivmu cioBamu, supo Peiiepa 3amaercst

dopmyitoit
1 n 2 K npu B =2nl, L€ Z,
d — —iBk| _ ~ 22 2
n(8) 2mn Z c 21 stM nHave.
k=1 nsin® (3/2)

fAcuo, aro ®,, — HeoTpuUIATEIbHAS HENPEPLIBHAST dYeTHas 27-miepuogandeckas Gpynkius. fAapo Deitepa
obJrasiaeT caeayIONUMI CBOMCTBaMM.

JlemMma 4.1. 1. Jlas a06020 A

T+ T
/ Bu(B)dB = | (A +a)da = 1.
—7T+A —7
2. Jlas a06020 m > By > 0 npu n — 00 umeem mecmo crodumocmo

sup  ,(8) = O(1/n).

m>|B8|>po

3. Ipu X\ € [0, 7] obosnawum P pacnpedenenue, coomsememeyrowee naommocmu, pasnoti dyrryun
D, cyorcennoti na [—m + N\, 7w+ A. Ecau X € [0,7), mo P = & npu n — oo. Ilpu A\ = m umeem

mecmo czodumocmn PLY = 30/2 + 02 /2.

Zloxazamenvcmeo. 1. Tak Kak

n

/H/\ ®,(8)dB = 1 Z /WJFA e"BE=0g8

—rA 2 S

YTBEPZKJICHUE OYEBUIHO.
2. OrmernM, 9TO Ha TpoMexyTKe [Bo, 7] dyukuus 1/sin(5/2) He Bospacraer. ITosromy Ha sTOM IIPOME-
JKYTKE

Pn(f) < 5 sin?(8/2) = 27n sin® (6o /2)
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U BTOPOE yTBEDXKJIEHHE TOXKe JIOKA3AHO.
3. Pacemorpum crauana caygait A = 0. [Tycrs g € BL(R), |g] < M u |g(B1) — g(B2)| < L |81 — B2|. Torma

]/ B)5 — (0 ] ‘/ (0)) . (5)d5| <

- /ﬂ|<,6’o [9(5) = 9(0)|@n(B)d5 + /77>|B|>Bo 19(8) — 9(0)|®n(B)dB <

2M (m — Po)
= L/|ﬁ|<6o 8I2n(P)df +2M >8>0 Balf)af < Lbo + nsin®(Bo/2) ’

9TO ¥ JI0Ka3biBaer yrBepKaenue st A = 0. Qs A € (0, 7) moka3aTeabCTBO aHAJOTMYHO: HY?KHO pac-
CMaTpUBaTh BBIParKEeHUE

A+
A (4(8) — 9(0))®,(8)d

—Tr

U OKpyZKaTh HHTEPBAJIOM JyinHbl 2y Touky 0, rie By < |\ — 7.
Jast citydast A = 7 Hy»KHO pacCMaTpUBaTh BHIPAsKEHHE

/O " G(B)Ba(8)d8 — (9(0) + g(2m) 2|

21 T
/ B,,(8)df = /0 B, (B)df = 1/2
27 T T
/ 9(8)®,(8)df = /0 9(2r — B)®, (27 — B)df = /0 9(27 — B)B,(B)dB,

Tak kak

u, 6oJiee TOrO,

TO
T 271'
B < | [ (0l8) - 900 >><I>n<5>d/3\ | s - 9(27r))<1>n(6)d5’ <
/ 19(8) — 9(0)|®n(8)dB + / lg(27 — ) — g(2m)| B ()dB.
[ToBTOPSAS MpeabIAyIIe PACCY>KIACHUS, TOAYIaeM, YTO 3Ta CYyMMa CTPEMUTCA K HYJIIO. O

CaencrBue 4.1. Ilycrs g — HenpepbiBHasi orpanuyentas dyukuust u A € [0, 7]. Torma npu n — oo

. o - g(=)) npu A € [0,7),
/_7r Qp (A + a)g(a)da = /_7r+)\ D, (8)g(B — N)dB — {g(ﬂ)/2 +g(—7) npm A=

Hoxazamesvbecmeo. DTO yTBEpXKJIeHNE HEIIOCPEJICTBEHHO CJIEJyeT U3 TPEThEro ImyHKTa JleMMbl O
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4.2 llepuomorpaMMbl 1 BBIOOPOYHBIE OIEHKU CIIEKTPAJIbHON IIJIOTHOCTH
Haunem co ciemyrormero onpeeieHus.

Ounpenesnienne 4.1. [lycrs a = (ay,...,a,) — HEKOTOpBIE BelleCTBeHHBIE Tuca. Torma GyHKIms

1| »
Ia()\) = % Z ame iAm
m=1

Ha3bIBacTCA nepuodoepammoﬂ IIOCJICJOBATECJIBHOCTH aA.

Bameuanue 4.1. 1. Hora B ompeie/leHIn TIepHOIOTPAMMBI HCIOMB3YIOT OTIMIHBIH oT (27n) ™! HOp-
MI/IpyIOH_H/Iﬁ MHOZKUTEJIb.
2. Ecim mosoxkuthb ay, = 1 npu Beex k, 10 okaxercst, 910 I(A) = @, (N), rme @, (A) — sapo Deiiepa.

[Tepuomorpamma J1r000ii TIOCIEI0BATELHOCTH (A1, . . . , Gy ) OOJIAJAET CIIEIYIOIIUME CBOWCTBAMIU.

Jlemma 4.2. 1.

Ia(\) = Zak +2 Z le Z ag apm cos(mA) | . (4.1)
m=1

2. Iy asasemes HeompuuyamenoHot Yemmnoth 02paHueHHOT HeEnPepbisHOT GyHKkuuel, ydosiemeoparouet
yeaosuto nepuodusnocmu In(A + 2m) = I4(N).

3. Obosnavum I nepuodozpammy nocaedosameavrocmu a* = (a1 — @,...,a, — a), ede @ =Y 1 4 aj/n.
ITycmo X\ = 2nk/n, 20e k/n ¢ 7. Toeda I (\) = In()N).

,HO’KJCLSCLm@JL’bCTnGO. HepBoe YTBEPXKACHNUE JOKA3bIBACTCA HEIIOCPEICTBEHHO:

1 | ’ 1 [
— g ame”"m| = E apage 0N = E ai%— E apage k=0
2mn ‘ 27rn 2mn

m=

k=1 k=1 ke
1 n n—1 n—¢
Z ay + 2 Z agag cos (k=X | = Cy— az +2 Z Z gy (k—g)cos (b — O | =
1<l<k<n k=1 (=1 k—(=1
n—1 n—/{ 1 n—1 n—m
Z ay + 2 Z Z agaprm cos(mA) | = oy z Z Z gyt cos(mA)
/=1 m=1 k=1 =1 /=1

Bropoe He HyXK1aeTcs B crienuaJbHOM JloKa3aTebeTBe. JlokaxkeMm Tperbe yrBepKaenne. [pu A # 27/l ¢

LeZ

n

—iAn
Z p—iAm _ l1—e oI
 l—eA '

m=1
[Tocrenee BbIpazKeHUE MPEBPAIIACTCSA B HOJb, €CJIM JIONOJTHATEIBHO OTPEOOBATh, YTOOBI A = 27k /n,
k € Z. llostomy B yciaoBusix JIleMmbr

n

n n
§ :(am _ = —Mm § ame —iAm __ a § e—z)\m — § ame—zkm'
m=1 m=1

m=1
JlemMa mokaszaHa. ]

n

Bameuanne 4.2. Ecim B3ate A = 0, 10 okazkercs, uro I(0) = (Yon_; an)z/(27rn), B TO BpeMs Kak

I:(0) = 0.
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[Tepeiimem Temeps K ONEHUBAHUIO crieKTpasbHoil miorHocTH. CorsacHo IIpemtoxkennio [pU BBI-
HoJHeHHNn ycsiosus y . |R(m)| < oo

=5 Zeﬂm)‘R =5 Zcos (Am)R(m). (4.2)

EcrecrBenHO cunTarh, 9T0 BHIGOPOUHBIM aHAJIOrOM (4.2)), TOCTPOEHHBIM 10 PEAJIUBAIUH X1, . . . , Ly, CTa-
IIMOHAPHOTO IIPOIECCa, ABJSAETCHA Caydaiinas OyHKIns

n—1 n—1 n—1
~ 1 R PRI I~ ~
f\) = o _;_1) e R(m) = 5 _;_UCOS()\’/TL)R(WL) =5 R(0) + QmEZI cos(mA)R(m) | ,

riae R(m) — TIOJIXO/ISAIIASI OTeHKA KOBAPHAI[HOHHOM dbyukiun. /g nammx mesieit Mbl OyIeM UCII0Ib30BATH
JIBa BapuUaHTa OIEHOK R( ) — orneHkH . u . Unaue rosopst (B npesnosioxkenuu, aro Exy = 0)
MbI OyJieM Ioj1araThb

R(m) =RV _!

n—m
LjLj+m
1

Jj=

n—m

~ 1
j:l

B nepsom ciayuae BMecTo f()\) MBI OyjIeM MucaTh IT(LO)()\), a BO BTOPOM — IT(LI)()\). Koneuno, onenka

O

" O
n (A\) GoJee yobHA J1JIsl TEOPETUIECKUX PACCMOTPEHUit, B TO BpeMsi Kak I’ (A) — JIst IpAKTHIECKUX

HPUMEHEHUN.
0 ..
Cornacuo pasencty (4.1)), IT(L )()\) ABJISICTCA TIEPUOJOIPAMMOI MTOCJICIOBATEILHOCTH L1, . . ., Tp, &
1 N _ _
IT(L )()\) — HEepPUOLOIPAMMON IIOCJIEI0BATEILHOCTH £ — XL, ..., Ty — Tp. TAKAM 00pa30M, MbI HOJIY YU

JIBa TIPEJICTABIEHUS OJJHAX U TEX YK€ OIEHOK CIEKTPAJIbHON IJIOTHOCTHA — Yepe3 OIeHKN KOBAPUAITMOHHBIX
yHKINN U Yepe3 MepUoIOrPaMMBbI.
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4.3 CpeaHee 3HaYEHNE MEPUOIOTPAMMBI

ITpengioxkenne 4.1. ITycmo A € [0, 7]. Tozda
1.

n—1 n—1

EIO(\) = % Z ( _ ‘7“|> R(r) cos(\r) = % (R(O) + QZ (1 - %) R(r) cos()w*)) . (43)

n
r=—n-+1 r=1

T T+
EIO()) = / B, — ) f(a)da = / B,(8)f(\— B)dp.

—7 —T+A

3. Ecau cnexmpanvnas naomnocms f nenpepuiera 6 mowke X, mo
EIO(\) — f(N).

4. Ecau ) |R(r)| < 0o, mo ]EITSO)(A) — f(A) npu mobom .

5. Ecou Yy, |r]|R(r)| < oo, mo

n (EIS))()\) ) - —— ZTR cos(Ar). (4.4)

Jloxaszameavcmeso. 1. PaBeHCTBO cienyeT m3 TOro, 4TO, IO OIPEIEIEHUIO

n—1

100 = o= 3 costr RO (),

r=—n+1

aERV(r) = (1 — |r|/n)R(r).
2.

n

2mnEI Zf” e ~iA Z Expae DX — Z Rk — 1)e~i(-DX —

k=1 k=1
n n ’
_ Z/ =00 f () day e I-DA — Z z‘(k—l)(a—k)f(a)da:/ Ze—i(k—a)j f(a)da.
=177 T =1 =1

Tax xkax ®,(8) = |¢n(B)]?, To Bce moKazano.

3. O6oznaunm gy(B) = f(\ — B). Cormacuo CirescrButo upu A € [0,7)

T+A
[ )15 - 020 = 100,
—m+A
B To ke Bpemst ipu A = 7
2
| @u(8)ax(808  (0) + r(2) /2 = (1) + £(=m) /2= ()
tak Kak f(m) = f(—m).

4. B npuHIuie, 3T0 yTBEPXKIAEHUE CJIedyeT U3 Ipeablayiero. Mbl, 0JHAKO, JTOKaXKeM ero emie pas, He
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HCII0JIB3YsI cBOCTB sifipa Peitepa. JeiicTrBuressno, cormacuo Jlemme (2.1)) a3 Toro, uro Y~ |R(r)| < 0o
cpasy e CJIeJlyer, ITo

n—1 n—1

Z (1 —r/n)R(r) cos()\r)) — ZR(?’) cos(Ar),

r=1 r=1

9TO U 3aKAHYUBAECT JOKA3ATEILCTBO.
5. Tak Kak

fN) = S R(0) + ZZR(T) cos(Ar) |,
r>1

TO U3 CJIeaAyeT, 9TO
[e%s} n—1
n (EI,(LO)()\) — f()\)) = —% <n > R(r)cos(Ar) + > rR(r) cos(/\r)>
r=n r=1

[TepBasi cymma cTpeMuTCsl K HYJIIO, a Bropast — K mpasoii qactu (4.4)). ]

O cmemennn onenkn 1. VMeer MecTo cie/tyroree yTBepsK ieHie ([T, Teop. 8.3.6 . 8 §8.3]).

Teopema 4.1. Ecau cnekmpasvbHas nAOMHOCTS HENPEPLIBHA 8 HYAE U MOYKE X, MO
limn(EIM () —EIPY(\) — 0.

Takum obpazoM, aCUMIITOTHYECKNAE CBONCTBA HECMEIIEHHOCTH ODEMX OIIEHOK COBIIAIAOT JIJISI HEIIpe-
PBIBHBIX CHEKTPAJTbHBIX MJIOTHOCTEN.
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4.4 IlpenenbHoe pacipeejieHHe IIepPUoJorpaMM
4.4.1 IlpenenbHble KOBapHUaluU MePUOIOTPAMMABI

Hawunem ¢ omnolt Teopembl, KOTOPYIO puBeieM 06e3 goKa3zareabcTrsa. [lycTs x, — JuHeiHbIi mporecc
(1.1), rme €; — He3aBUCHMBIE CIIydaiiHble BEJIIHHBI, IMEIOIINE HYIEBOE CPeIHee, eIHHIIHYIO TUCIEPCHIO
¥ KOHe'HBIH 1eTsepThiit Moment. Kpome toro, mycrs ), [¢;] < oo,

Teopema 4.2. IIpu X € [0,71] un — oo

()\)_f(A))2_>{2f2()\) npu A=0 wuwu A=,

E(1{Y ’
2(A)  npu e (0,7).

n

IIpu smom, ecau A1, A2 € [0,7] u A1 # A2, mo npun — o0

E(I (A1) — FO) (I (X2) — f(A2)) =0

U3 Teopembr [4.2] cieyer, 9TO CpeHEKBAIPATUHYECKOE OTKJIOHEHUE TIePHOJIOIPAMMBI, BOODIIE TOBODS,
HE CTPEMUTCSI K HYJIIO JIJIsl JITHEHHOTO IIPOoIecca. XOTsl U3 9TOr0 YTBEPXKIEHUS U He CJIeyeT HECOCTOsI-
TeJILHOCTE IIEPUOAOTPAMMBI KaK OIEHKH CIIEKTPAJILHON IIJIOTHOCTH, TaKasl HECOCTOSITETbHOCTD CTAHOBUT-
Cs1 BEChbMa ITPaBJIONO00HOI.

4.4.2 Pe3yabTaThbl U 00CY>KACHUSA

Ilenp HACTOSIIIIETO pasjiena — JI0KA3aTh CJAEIYIONIYIO0 TEOPEMY.

Teopema 4.3. [lycmo x, — auxetiHbll npoyece, 3anucartvil 6 sude
Ty = E Cm En—m,
m

ede Y, |em| < 00, u e, — nocaedosamenvHoCb HEZABUCUMBLEL 0OUHAKOBO PACTIPEOENEHHBIT CAYUATIHYIT
seaunun makaa, wmo Ee, = 0, Ee2 = 1. Tozda npu X € [0, 7] koneunomepnvie pacnpedeserus npoyecca
IT(LO)()\) cAabo cTOOAMCA K KOHEUHOMEPHDIM Pacnpedeseruam cayuatnozo npoyecca I(N) makozo, wmo
1. Ecau X € (0,m), mo L(I(N)) = L(f(N)E), 2de & € EXP(1).
2. Ecau A =0 uau w, mo L(I(X)) = L(f(N)E), 20e & € x*(1).

3. Bnavenus I(\) npu passuunvls X\ HE308UCUMDL.

Bameuanue 4.3. 1. Pesynbrar Teopemsr [4.3] B HEKOTOPOM CMBIC/IE MOXKET CJIy’KUTH OObSICHEHHEM pe-
sysbrara TeopeMbl HeiicrBuresnbho, B obonx ciydasx EE =1, a

fA(\)  mpm € € EXP(1),
2f%(A) mpu & € x*(1),
tak Kak E(¢ — 1)2 = 2 npu € € x%(1), B To BpeMs Kax E(f — 1)2 =1 gz cayqas § € EXP(1).

2. Uz Teopemnl [4.3] ciieryeT HeCoCTOATEIBLHOCTD MEPUOAOTPAMMBI KAK OIEHKH CIeKTPa/IbHOIl ILI0OTHOCTH
B Tex Toukax A, rje f(A) > 0. [eiicTBUTebHO, IPH N — 00

P([I(N) — FN)| > 8) = P(|f(NE = fF(N)] > 8) =P(|¢ — 1| > 6/f(\)) >0,
rie € € Exp(1) npu A € (0,7) u £ € x*(1) unave.

lﬂﬂ&f—ﬂ»fzf%»E@_QQZ{

Pesyssrar Teopembt [1.3] Mbl BBIBeIEM 13 CJIEIYIONIETO YTBEPZKICHUsI, NMEIOIIEr0 CAMOCTOITEbHbII
naTepec. Obo3HAYNM

1 — 1 —
An(N) ==Y zpcos(kN), Bp(A) == ) xpsin(k)).
= "=
fAcno, uro E A, (X)) =E B,(\) =0.
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Teopema 4.4. B ycaosusax Teopemot Koneurnomeproie pacnpedesenus npoyecca /n(An(N), Bn(N)),
2de X € [0, 7], crabo cxodamea & KOHEUWHOMEPHHIM PACTPEEACHUAM 08YMEPHO20 24YCCOBCKO20 MPOUECCA
(Z1(N), Z2(X)) makoeo, wmo

1. Cayuatinoe npouecco, Z1 U Lo HE3ABUCUMDL.

2. Ilpu X € [0 7] npoyeccor Z1(N) u Za(N) A6AAIOMCA NPOYECCAMU € HE3ABUCUMBIMY ZHAYEHUAMU, NPU-
wem Z2(0) = Za(m) = 0.

3. EZ1(\) = EZ3(X) = 0 npu scex .

4. DZ1(N) = DZy(N\) = 7 f(N) npu A € (0,7).

5. DZ1(N) =27f(A) npu A =0 uau .

ITokaxeM, kak u3 Teopemst [£.4] ciienyer pesyasrar Teopemsr

CaencrBue 4.2. Ecau das npoyeccos (Ap(X), Bp(X)) umeem mecmo npedeavhviti pesyavmam Teopemot

mo 0AA NPOUECCO8 L(zo)()\) umeem mecmo npedeavHuli peaysvmam Teopemul .

Joxasameavcmeo. 3aMeTUM, 9TO

n
§ : xkeflk)\

21
k=1

2

1 = @0+ BO) = o (Vi) + (VaB.()?). (45)

n

Orciona cpa3dy ke ciejyer ciaabas CXOIUMOCTh KOHEUHOMEPHBIX PacIpejiesieHuii mporecca 17(10)()\) K KO-
HEYHOMEPHBIM pacupeserenusy nponecca I(A) = (Z7(X) + Z3(N)) /2w, Koneuno, sror npornece nmeer
HE3aBUCUMBIE 3HAYEHHUS.

Eciu A € (0,7), T0

L) = £ (5 (rf0NE +7F0E) ) = L(100(6 +)/2)

rae &1,& € N(0,1) u nesaBucumbr. Tak Kak (5% + f%)/2 € Exp(1), To nepsoe yrBepxjierune TeopeMbr
JIOKA3aHO.
[Tycrs reniepp A = 0 wim A = 7. Tak kak Z2(\) = 0 npu s1ux A, TO

LIW) =L (;ﬂ 2wf<A>§%> = £(fe),
970 U TPebOBAJIOCH JIOKA3aTh. O

4.4.3 oxkasareabcTBO TeopeMbl

Haunewm ¢ JOKa3aTeJIbCTBa HECKOJIbKUX JIEMM.

1. BcnomoraresbHBIE yTBEP2KICHUS.

Jlemma 4.3. 1. Tycmov w,w,ws € (0,1/2).
Ob6osranum cos;j(y) = cos(2mwj + ), sin;(y) = sin(2nwj + 7), cos;1(y) = cos(2mwij + ), cosja(y) =
cos(2mwaj + ), sinjq(y) = sin(2rw1j + v) w sinjo(y) = sin(2wwaj + 7).

Toz0a
B sm(mun) B
Z cos;(y Sn(re) cos(mw(n — 1) + ),
B sm(mun) , B
Z sinj(7y Sin(mw) sin(rw(n — 1) + ),
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n—1 )
jzo cos;j1(71) cosj2(72) = ;1;;725:(’;14‘5227;; cos (m(wi +wa)(n — 1) + 71 + 72)
sin(m(w —wa)n) (m(w1 —w2)(n — 1) +m —2) upn wy # wy
+= Sin(Tr(wl — UJQ)) ’
ncos(y1 — v2) o 1 — o,
n—1 ]
JZ; sinj1(y1) sinja(72) = — ;1:117;;"‘2;?:"2;% cos (m(w1 +w2)(n — 1) + 71 +72)
sin(m(w —wa)n) (m(w1 —w2)(n — 1) +m —2)  1upH wy # wy
42 Sin(r(wr —w)) |
reostn =) IpHa wy = Wz,
u
n—1 )
> cosji(y1)sinja(r2) = ;1:151725:&;2"5})5; sin (m(w1 +w2)(n — 1) + 71 + 72)
=0

sin(7 (w1 — wa2)n)

. B . -
—={ sin(m(w; — wo)) sin (m(w1 —w2)(n —1) + 71 —72)  upm wi # wa,
nsin(y — 72) P W) = wo,

ﬂO?CCLSCLm@/L’bC?’nSO. yTBep}K,ZLeHI/Ie JIEMMBI JIETKO JOKa3bIBACTCA IIPEICTaBJICHHEM CHHYCa W KOCHHYCa B
BU/Jie CyMMbl MHUMBIX 3KCIIOHCHT. ]

CaencrBue 4.3. 1. lnsa Ay, A2 € [0, 7] upu n — o0

Lo 0 nupu A; = Ao = 0 win m,
lim - Zsin()\lf) sin(Aof) = ¢ 1/2 npu A\ = Ay € (0, 7),

=1 0 npm A1 # Ag;
Lo 1 npu Ay = Ao = 0 win m,
lim - Zcos()\lf) cos(A2f) =< 1/2 mnpu Ay = Ao € (0,7),
=1 0 1pu A1 # Mg,

a TaK>Ke

lim % Z cos(A1/) sin(A2f) = 0.
/=1

2. Ecnu A\ = 271']{1/71, Ay = 27rk2/n u /\1,)\2 S [O,W], TO

Lo 0 nupu Ay = Ao = 0 winm ,
E Zsin()\lﬁ) Sin()\Qﬁ) = 1/2 npu AL =Xy € (O,W),

=1 0 mpu Ay # Ag;
Lo 1 upu Ay = Ao = 0 win ,
- ZCOS(AM) cos(A2f) = < 1/2 mpu Ay = X2 € (0, 7),
=1 0 mpu A1 # A,

a TaK>Ke

1 E cos(A1£) sin(Agf) = 0.
n
(=1
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Hoxazameavcmeo. 1. Eciu A1, Ay = 0 wim 7, TO yTBepKJieHnEe CTAHOBUTCH O4eBUIHBIM. [yt pacemor-
penust ciydasi A\, Ay € (0,7) gocTarouHo nepeiit B K 0603HaYeHUsAM A1 = 27Tw1 U A = 27Tws, a TAK¥Ke
TTOJIOXKUTE Y1 = Y2 = 0.

2. Eciiu Ay = 27k /n u Ao = 27ke/n, 1o (cMm. Bropoit nynkr CiejcrBust

sin (W(wl + wg)n) = sin ((/\1 + )\g)n/2) =sin (7r(k:1 + k:g)) =0,
OTKyJla HeMeJIJICHHO BBITeKaeT TpebyeMoe JIJIsl BeeX CIydaes. O
Jlemma 4.4. Ilycmov €1,...,6pn,... — HE3ABUCUMDBLE 00UHAKOGO PACNPEOCACHHDLE CAYUATIHBIE GEAUMUNDL

¢ Ee,, =0 u De,, = 1. Pacemompum nocaedo8amesvHocmsd Gy, U MOAOHCUM Ey = AnEn, G MAKHCE Bg =

a3+ ...+ a2. Ecau |ay| < ¢ un/B2 = O(1), mo nocaedosameavnocmy &, nodwunsemea Llenmparvnoti

IIpedeavroti Teopeme, mo ecmv umeem Mecmo crooUMOCD

L((&+ ...+ &)/Bn) = N(0,1). (4.6)
Ecau donoanumenvno B2 ~ a*n, mo npuobpemem eud

L((&1+...+&)/vn) = N(0,0%). (4.7)

Loxazameavcmeo. JokazkeM, 4TO IOCIEI0BATEILHOCTD &, YIOBJIETBOPET yeaosuio JIunnebepra, To eCTh
aTo fJ1st Jiroboro 6 > 0 pu n — 00

1 n
52 DB, &l > 0B,) — 0. (4.8)
noy=1
Tak kax B, — oo, TO
E({%, |&e| > 0B,,) < CQE(Q%, clee] > 0By,) = CQE(EQ, le| > 6B, /c) — 0.

[TosTomy

% SE(E Il > 0B,) < £ PE (&, |e] > 0Ba/c) 0,
" og=1

n
9TO U Tpe6OBaJIOCb J0Ka3aThb. OJ

JIemma 4.5. Iycmo &, = (&1m, .- . ,fd,n)T — NoCcALI08AMENLHOCTNL d-MEPHBLT CAYHAUHBIL SEKMOPOS.
Jlas moeo, wmobv, nocaedosamenvrocms L(E,) caabo croduracs K d-mepromy 2ayccosckomy pacnpede-
aenuro N(@, YD), neobzodumo u docmamouno, wmobo, das mobvix T = (t1,...,tq)T nocaedosamenvrocmo

L'( EZ:I §k7ntk) cAa00 CTOOUAACH K 0OHOMEDPHOMY HOPMAALHOMY PACTLPEICAEHUIO N((a, t), (Xt, f))

Joxasameavemeo. 1. Heobxomumocts. O6osnauum & = (t1,...,t4)" . Ecm L(€,,) = N(@, ¥), To 1o cpoii-
CTBaM MHOI'OMEPHOT'O I'ayCCOBCKOIO PACIPE/Ie/IeHHs]

d
£(D ntn) = N((@D), (5L1)).
k=1
2. Jlocrarounocts. U3 ycioBuii ciemxyer, aro gjs joboro 7 € R
Eei‘r(gnj) — e‘l’(a,f) 677-2(257{)/2 .

ITomaraa 7 = 1, momydyaeM HYKHBIH pe3yabTarT. O
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2. Cayyaii rayccoBckoro 6eJyioro rryma.
Terteps yoeaumcsi, aro Teopema BEpHA B CJIydae, KOTJA T, SBJISETCs] TayCCOBCKUM OEJIbIM IIIyMOM.

IIpennoxenne 4.2. [lycmv T, = &, — eayccosckuti beAbili WYM C HYACEHIM CPEOHUM U eOUHUMHOT
ducnepcueti. Toeda koneunomeprve pacnpedeserus deymeprozo npoyecca /n(Ap (), Bn(X\)), A € [0, 7],
CAa00 CTOOAMCA K KOHEUYHOMEPHUIM PACNPEOEACHUAM 08YMePHOo20 2ayccosckozo npouecca (Z1(N), Za(N))
MaKoz0, ¥mo

1. Z1 u Z9 — Heszasucumot.

2. Ipu X\ € [0, 7] npoueccor Z1(N) u Za(A) umerom nesasucumwvie snavenus, npusvem Z2(0) = Za(m) = 0.
3. EZ1(X) = EZ3(\) = 0 npu scex A.

4. DZy(N) =DZy(N) =1/2 npu A € (0,7), DZ1(X) =1 npu X € {0, 7}.

Jlokazamenvemso. Tlpexe Beero 3ameruM, yro B Hamem ciaydae f(A) = 1/(27), tak uro IIpemioxe-
uue [£.2] neficrBuresbHo siBasiercst yacTHbIM ciay4daem Teopewmst [1.4]
IIycts 0 = Ao < A1 < ... < Ay, = 7. Coryuaiinbiit BeKTOD

\/E(An(AO)a Bn(AO)v s An(Aj)v Bn(>‘j)7 s An(Am)a Bn()‘m))a (4'9)

OYEBUJIHO, UMEET I'ayCCOBCKOE PACIPEIEICHNE C HYJIEBBIM CPEIHUM, KOBAPHAIMOHHAS MATPHUIA KOTOPO-
ro onpegensiercst sesmanaamu uga nE(A, (X)) An(Ag)), nE(Bn(Aj)Bn(Ak)) u nE(Ay(Aj)Bn(Ag)). Ho-
CKOJIBKY X, — O€JIBbIil IIyM, TO IIpPEJeJbl STUX BEJIUIHH OIpeneseHbl B epsoM myHkTe Ciencrsus [4.3
JeiicTBUTEIBHO,

nE(An(A\j)An(Ag)) = % E <Z Em cos(m)\j)> (Z Y, cos(ﬂ)\k)> = % Z cos(mA;) cos(mAyg).
m=1 /=1

m=1
Amnasornuno

nE(Bn(X\)Bn(Ak)) = % Z sin(mA;) sin(mAx) u nE(A,(A;)Bn(\)) = % Z cos(mA;) sin(mAg).
m=1 m=1

Ucnonszyst Cnencreue IIPUXOJIUM K HY2KHOMY Pe3yJIbTaTy. O
Bameuanue 4.4. Ecim Bce paccMmarpuBaeMble A; UMeEOT Buji \j = 27k;/n, TO, COIVIACHO BTOPOMY

nyakTy CrencTsust

Lo 1 upu \j = A\, = 0 nm ,
nE(An(Xj)An( X)) = - Z cos(mAj) cos(mAg) =  1/2 upu \j = A, € (0,7),
m=1 0 npu \j # .

Anajornyno

0 upn \j = A\, = 0 nm 7,
nE(Bn()\J)Bn()\k)) = 1/2 npu )\j =\ € (O,W),
0 upu \; # A

u nE(An(Aj)Bn(Ag)) = 0.

ITosToMy ciydaiiHbBIi BEKTOD I/IMeeTE| rayccoBCKOE PACIIPEETIEHNE ¢ HYJEBbIM CPEJIHAM, IPUYEM
KOMITOHEHTBI 9TOT0 BEKTOpa He3aBUCUMBL, By, (Ag) = By (M) = 0,DA, (o) = DA, (M) = 1, a qucnepcun
BCEX OCTAJIbHBIX KOMIIOHEHT BEKTOpa PaBHbI 1/2.

46e3 BCSKOTO 1IPEJIeIILHOTO TIEPEXOJIA
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IIpu 9TOM KOHKPETHBIN BBIOOP A1,. .., Ay—1 He BaskeH, JIMIIb Obl OHH uMesn BUI \; = 27wkj/n €
(0,7) npu pasnuusbx kj. B wacrHOCTH, eciin 1 OymeT MEHSTBHCS, TO 4UCIa kj TOXkKE MOTYT MEHATHCH B
3aBUCUMOCTH OT 7.

Kpowme Toro, u uuciio m MoxeT 3aBuceTb oT n. B wactHocTn, eciu noaoxuth kj = jupu 1 < j <m,
TO MOYKHO IIpH He4YeTHOM N B3sTb m — 1 = [n/2]. Torma \p—1 = 27(m — 1)/n = 2x|n/2|/n < 7. llpu
YETHOM 1 HyKHO 6paTh m = n/2.

3. Ciryyaii npou3BOJBLHOTO OejIoro mryma.
Cureyromuit mar — jokasaresnserso Teopewmst [A.4] 1yist mponssosibHOro 6es10ro Iyma.

ITpennoxxenue 4.3. Ymsepowcdenue Ilpedroorcerus 0CMACTNCA BEPHBIM, ECAU Ty = Ep, 20€ € —
HE3ABUCUMDBLE 00UHAKO0B0 pacnpedesettbie cayuatinve seaununvs ¢ Exy, =0 u Dz, = 1.

Jlokazamenvcmeo. PacemorpnM cHadasia OJHOMEPHBIT CIydail Ha mprMepe Hocaea0BaTeabHoCTH Ay ().
Coruacuo Crencreuio u Jlemme HOCJIeIOBATENILHOCTD & = cOS(¢\)ey YIOBIETBODSIET YCIOBUIO
JImnyebepra ¢ B2 ~ o2, tne o> =1npu A =0 wm 7 u 02 = 1/2 npu X € (0, 7).

Orcrozia cpasy ke cieyer Tpebyemas HOpMaIbLHOCTH (¢ napaMerpamu 0 1 0°2) IpeeIbHOrO pacipe-
JIeJIEHUS] TI0CJIeI0BATeIbHOCTH /N A, (N). AHaIOrWYIHbIE PACCyKIeHUsT BEPHBL U JUIst /By, ().

Iepeitnem Teneps K 0bmemMy ciaydaro. Corsacao Jlemme ILJIsL TOrO, 9TOOBI IOKA3aTh CJIA0YIO CXO-
JMMOCTb KOHETHOMEPHBIX pacupesesennii apymepHoro npouecca /n(Ay(A), By())) K HyzHOMY MHO-
FOMEPHOMY TayCCOBCKOM PACIIPEIEICHNIO, HOCTATOYHO IOKA3aTh I IPOU3BOJBLHOTO HabOpa 4acToT
O0=X <M <...<Ap_1 < A =T U JJIs IPOU3BOJIBHBIX BEIECTBEHHBIX TUCEIT UQ, - - - , U, V0y - -+ Um
IpEeAeNbHYI0 HOPMAJbHOCTD IIOCJIEI0BATEILHOCTH CIyYaiHBIX BEJININH

My = \/E(An()\o)uo + Bn()\g)vo + ...+ ANy + Br(Nj)vi 4+ .o+ Ap( M) um + Bn()\m)vm) =
Z Z (COS(f)\k)uk + Sin(ﬁ)\k)vk) Er,
ﬁ 1 \k=0

a TakKzKe IIPOBEPUTH, YTO CPeHee U JIUCIEPCHUs IPEJIeTbHOTO HOPMAJIBHOTO PAacCIIPe/ieIeHusT TaKue, KakK
HYKHO

Koneuno, mpoBepka mnpeie/ibHON HOPMAJILHOCTU CBOJIUTCS K IIPOBEPKe ycaoBus JIunmgebepra st mo-
CJIeJIOBATETHHOCTHU CJIYIalHBIX BEJIMIUH

m

Sr=apep = Z (cos(f)\k)uk + sin(ﬁ)\k)vk) ¢
k=0

Ouesmno, |ag] < ¢ = Y 7% (Jug| + |vg|). Haifizem Teneps npenensnoe nosesenue ornomenus B2 /n,
OrpaHMYUBA JIJIS IIPOCTOTHI CIYIAEM Uy = Vg = Uy, = Uy, = 0, TO ecThb paccMarpuBast TOIbKo A € (0, ).
Torga cornacuno Caencrsuio [4.3]

2

n m m—1 n
B%/n = 1 Z Z (cos(OAp)uy + sin(Cr,)vg) | = Z uy 1 Z cos®(EA)+
"= \k=o = =
Z Z sin®(0\g) + 2 Z UpVy — Z cos(fXp) sin(€X,) + Z UpUy % Z cos(€Ap) cos(fA, )+
k= p,r=1 pFET /=1
m—1 m—1
+ Z UpUp — Z sin(f),) sin(€\,) — A? = Z (u2 +v3)/2 (4.10)
p#ET E 1 k=1

5Co CPeJIHUMU 3]IECh BCE B IIOPSIJIKE.
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npu n — oo. CormacHo Teopeme JInnmebepra sro ozmadaer, uto L£(n,) = N(0, A?). IlockoabKy mepe-
MEHHBIE U, V) [IPOU3BOJIBHBI, TO 110 Jlemme CJIy9aifHBIII BEKTOP

\/H(An(/\l), Ba(M)s oy An(N)s Ba(A), -+ An(n1), Bn(Am_1)>T

UMeeT B IpeJesie TayCCOBCKOE paCIIpeIeIeHIe ¢ HyJIeBbLIM CPEJHUM U JIUMArOHAJLHOI KOBapHUAIMOHHOMN
MaTpureil, Ha JUaroHaJdu KOTopoii crosT jaucuepcun, pasable 1/2. Posro sro (mias A € (0,7)) u yrBep-
KJaercs B JoKasbiBaeMoM Bapuante Teopewmst [£.4]

Cayuait, korma ug # 0 u/wmm v, # 0 npu k = 0 u/umu k = m abCoIOTHO aHAJIOIMYEH. O

Sameuanue 4.5. CHoBa 06CY UM CUTYAIHIO, KOT/Ia BMECTO (PUKCUPOBAHHBIX \; 6epyTCs, BOOOIIE rOBOPH,
3aBUCSAIINE OT N YacTOTHI BuJa Aj = 27k;/n. HerpynHo Busers, 4T0o Bee npepliyInne paccysienus (i,
CJIEZIOBATEJILHO, PE3YJILTAT) OCTAIOTCSI B cujie (HAIIPUMED, BMECTO CXOIUMOCTU MBI TIOJIYIUM [IPOCTO
pasencrso B2 /n = 315 (uf 4 03)/2).

4. O6muii ciy4aii
O6mwmii ciayyait TeopeMbr OyzleT CJIe/I0BaTh U3 CJAEIYIONIETO MPeTOKEHNSI.

IIpeanoxxenue 4.4. Paccmompum aunelinwidi npouece T, sanucanmnvili 6 6ude
Tn = E Cm En—m,;
m

ede Y, |em| < 00, u gy — nocaedosamenbnocms HE3ABUCUMBL 0OUHAKOGO PACTIPEOCACHHDLL CAYIATLHDOLL
seaunun maxaa, wmo Ee, = 0, Ee2 = 1. O6osnavum

_ b - 2 eih _ 1 . o—itA
Jn,x()‘) - \/ﬁ Ez:; l Jn,s()\) \/ﬁ ZE&g .
Tozda
= (Zc e ) FEOVERACY (4.11)

2de |V (N)| pasromepro no A ecmpemumes no epoAMHOCU K HYAIO NPU T — OO.

Zloxazamenvcmeo. Ilomoxxkum ipu m =1,...,n

nge g Z g™ (4.12)

l=1—-m

Vu(\) = \}ﬁ > eme ™A Uy m(N).

Torma, nenas zameny j = £ — m, MOJYIUM, ITO

n n
me()\) = L’IZ Z Zcm €oem e WA — \},ﬁ ;cm de_me—if)\ _

=1
n—m

= (D eme ™) Jne(X) + Va(A). (4.13)
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Hetrpy/Ho Bujers, 4TO mMocse cokpaiinenns nogo0HbIX dieHoB B cymme ((4.12]) ocranercst posro 2|m)|
HE3aBHUCHMBIX CJIAraeMbIX [IPU [m| < n 1 POBHO 2n HE3aBUCHUMBIX cjaraeMbix 1pu |m| > n. [Tosromy

E|Upm(N)|* < 2min(jm|, n).

Jasee, 3aduKCUpoBaB HEKOTOPOE 7y W B3SIB 1 > N, MOJIYIUM, ITO
1 1 o\ 1/2
BV < 77 D len ElUwn0)] < 2 3 fen (ElvmmF) " <

V2 . V2
< U 2 leml min(ml, )2 < S5 37 feml i 42 37 feml.

[m|<no |m|>no

[TosTomy nipu dukcupoBannom ng

limsupIE’Vn()\)’ <V2 Z lem |-

Im|>no

Tak Kak m( IPOU3BOJILHO, TO E‘Vn(/\)‘ — 0 pasaomepHno 1o A. CiesroBarensao, Vi, (A) crpeMuTest K HYJTHO
110 BEPOATHOCTH PABHOMEPHO 110 \. O

Bameuanne 4.6. [TockoibKy cxoauMocThb Vi, () 110 BEPOSATHOCTH K HYJIIO SIBJISIETCSI PABHOMEPHOM 110 A,
TO

Jn,z(Aj) = (Z Cmeim)\j> Jn,E(Aj) + Va(4) (4.14)

rae A\j = 2mj/n € [0,7], a V,(j) cxomurcs 110 BePOATHOCTH K HYJII0 PABHOMEDPHO II0 j.

Bameuanue 4.7. 13 npeanoxenns .4 moxkno cpasdy nostyants pedysbrar Teopemst [1.3] eciu sameTnts,
9TO I,(lo)()\) = |Jo(N)?/27m u ’ Yom cme_im)"2 =2 f(A). Ilosromy
IO = FOVILN) + Wa(N), (4.15)

rje W, (A) — Hekoropslii ocraTok. IIpeensroe osejeHme I,g?g()\) HaM y»Ke U3BECTHO, TaK Kak Teopema
y2Ke JoKazaHa Jjisi Oejoro myma. B yacTHOCTH, IPU Pa3JIMYHBIX A C/IyYaiiHble BeJIUIUHbBI I,(l?g)()\)
ACHUMITOTHYECKN He3aBucuMbl, a npu A € (0, 7) pacupezenenue I,(l?g)()\) cabo cxomures K Exp(1).

Kpowme Toro, MoxkHO J1oKa3aTh (310 akTHIECKN yKe CJeIaHO LIPU JoKaszareaberse IIpeokennst
[4.4), aro supy E[W,(A)| — 0 u, crenosarensuo, Wy, (A) — 0 10 BepOSTHOCTH PABHOMEPHO IO .

Orciozma cpasy ke OyieT ciieoBaTh obmmuii pesysbrar Teopembr Bouee Toro, tak kak E|W,,(\)| —
0 paBHOMEPHO II0 A, TO, UCIOJIB3yst 3amedanue [4.5] MbI osyauM caeayoomumii pe3yabTar.

Teopema 4.5. IIycmw 6 ycaosuax Teopemwi[4.3 cnexmparvras naomuocmo f AGAAEMCA NOAOHCUMEND-
noti. Toeda nobozo r > 1 u mobwx kj = kj(n) maxux, wmo 1 < ki < ky < ... <k, < n/2 npedeavroe
pacnpedenenue CAYHAtH020 6EKMOPa

(T LF O IO XN L)) o ALY = 2m/m,

cO6NaAdaem ¢ COBMECTNHHIM DACTPEIEACHUEM T HE3ABUCUMBLE CAYUATHDIT GEAUNUN, UMENOUWUT pacnpede-
sernue EXP(1).

3ameuanune 4.8. Yreepxkiaenue Teopembl COXPAHUTCS, €CJIA BMECTO IIEPUOJOIPAMMBI «TeOpeThYe-
. 0 1
CKOIt» I,(L )()\) paccMaTpUBaTh «PeaJIbHYIO» II€PHUOJIOrPaMMy IT(L )()\).
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Haun 1ian, oiHako BK/IOUaeT jJoKa3aresabcTBo Teopemsl [4.4] nmeroreii camocTosiTe/IbHbII HHTEDEC.

Caencrue 4.4. (oxasameavcmeo Teopemui |4. )
Ecnu nast koMInreKcHO3HATHOTO mporecca Jy, »(A) mMeer Mecro pesysbrar IIpenioxkerns , TO st
IIPOLIECCOB

An(N) = Apa(N) = % Y wpcos(kN), Bn(A) = Bns(A) = % >y sin(kA)
k=1 k=1

UMeeT MeCTO Pe3yJIbTaT TeopeMbl

Zoxasameavcmeo. O6o3HAUNM
Ap () = 2 zn:e cos(k), Buo(\) = zn:g sin(k\)
n.e _ — 5 n.e = — 11 .
7 n k=1 ) 7 " k=1 )

[Mockombky Redy, z(A) = /Ay z(X), ImJy, »(A) = —/nBy, z(\) 1 anasorudHbIe paBEHCTBA HMEIOT MECTO
st Redy, (X)) 1 ImJ, .(A), To pasercrso (4.11)) nepemnucsiBaercst B Buge

VidAne(\) = (Z Cm cos()\m)) VA, - (\) — (Z Cm sin(Am)) VnBn:(\) + VI,

m m

VB .(\) = (Z Cm sin(Am)) VA, c(\) + (Z Cm cos()\m)> VnBn:(\) + VAN,

m m

rje Vrfl)()\) u Vn(z)()\) CXOJISATCS 110 BEPOSITHOCTU K HYJIIO PABHOMEDPHO II0 .

Ucnonbsyst pesyabrar Ilpemjioxenust MBI Cpa3y K€ BUIMM, YTO KOHEYHOMEpHLIE pacIpeme/ie-
HUsI JIBYMEPHBIX IIPOIECCOB /N (An@()\), anz()\)) €800 CXOIATCS K KOHCYHOMECPHBIM PACIIPEICICHATIM
JIBYMEPHOIO IIPOIECca (Zl,x(/\), 2271-()\))7 rie

Z1.(\) = (Z Cm cos(/\m)> Z1-(\) — (Z Cm sin(Am)) Za.o(N),
Zy2(N) = (Z Cm sin(Am)) Z1e(N) + (Z Cm cos(Am)) Zy£(N),

a IBYMEPHBII rayCcCOBCKUII IIpoLecc (ZLE()\), Zgyg()\)) 001aJ2€T CJIeLyIOIIAMHI CBOMCTBAMME:
1. Ilponeccer Z1 . u Z2 . — HE3aBUCUMEL;
2. Ilpu X € [0, 7] mpoueccol Z1 . 1 Za . UMEIOT HE3aBHCHMble 3HadYeHust, upudeM Z (0) = Zy (7)) = 0;
3. EZ1 .(A\) =EZy.(\) = 0 upu Bcex A,
4. DZ1(A\) =DZy.(N\) =1/2upu XA € (0,7), DZ; .(\) =1 upu X € {0, 7}.
OTcrona, KOHEYHO, Cpa3y ¥Ke BBIBOJSTC BCE Hy KHBIE CBOICTBA, KOHEIHOMEPHBIX PACIIPEICICHUI TIPO-
ecca (Zl,x()\), ZQ@()\)). A umenno,
1. DTOT TMpoIEce ABIAETCA rayCCOBCKUM, TaK KaK JMHEHHOE IIpeodpa3soBaHue rayCCOBCKUX BEKTOPOB SIB-
JISIETCS TayCCOBCKUM BEKTOPOM.
2. Ilponecest Z1 z(A\) n Z »(\) uMeroT He3aBUCHMbIEC 3HAYCHUS.
3. Z5.0(0) = Zyg(m) = 0.
4. EZ1 4(\) = EZo4()) = 0.
5. ITpu A € (0, )

2 2
DZy o (N\) =DZ3 5 (N) = % (Z Cm cos(Am)) + % (Z Cm sin(Am)) = %
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6. lpu A\=0wm A =7

2
DZ; (A = (Z Cm cos(Am)) =

7. IIpm Ay # Ao citydaiiible BesUIUHbL £ 4 (A1) B Z3 5 (A2) HEKOPPEIHPOBAHHBI U, CJI€I0BATEIbHO, HE3a-
BUCHMBL.

8. lna moboro A € (0, )

EZ12(N)Z2z(X) = (Z Cm cos(Am)) (Z Cm sin(Am)) - <Z Cm sin(Am)) (Z Cm cos()\m)) = 0.

CrnenoBaTesIbHO, CIydaiiHble IPOIECCH £ » U Z ; He3aBUCHMBI. TeM caMbIM yTBepzK/IeHue JJOKa3aHo. [

2

= 21 f(\). (4.16)

Z c e—im)\
m

m

Bameuanue 4.9. IIpemonokuM, 4To CleKTpajbHasl JIOTHOCTH mojoxkuTenbha. Torga npu A € (0, 7)

N 0
CJTy9aifHBIN POTIECC IT(L%()\) /f(\) acuMmToTrUecKn MMeeT HE3aBUCHMBIE 3HAUCHIS, [OKA3ATEIbHO PAc-
IPeJIeJIEHHBIE € TTapaMeTpoM 1. DToT (akT MOXKET CJIy’KUTh OCHOBAHUEM JIJIsl IPOBEPKH M'MIIOTE3bI O TOM,
qaro f(A) = const.

3ameuanmue 4.10. Pesymbrars TeopeMm COXPAHSIIOTCSI, €CJIN PACCMOTPETH BMECTO IIPOIIECCOB I,(ZO) (N
[POIIECCHI I,(LU()\) upu A € (0, 7).

Bameuanme 4.11. s uponecca (A, (N), Bp(\)) HerpyaHo chopMynInpoBaTh U JI0Ka3aTh Pe3yJbTarT,
aHaJOrH4IHbI Teopeme [4. 5|}

Bameuanne 4.12. Honoxue A = 08 (4.16) u A, () n ncnonszosas ciabyio cxomumocts L(1/n(A,(0))) =
L(ZLZ)7 MbI cpagy npuyeM K (2.5), To ecrs ¥ IIIT jyist cpesiHero paccMaTpuBaeMoro JIMHEIHOTO MPO-
1ecca.

8Cnemnaiite aro.
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4.5 JlnmckpeTu3arus MepuogorpaMMbl

0
B sToM paszernie MBI pACCMOTPHM He BCIO IIEPHOIOIDAMMY I xax byHKIWIO, 33/IAHHYI0 Ha OTPE3KE
[0,7], a ce 3HAUEHNS B HEKOTOPBIX CIEIUAJIBHO BBIODAHHBIX TOYKAX )\](ﬂn) , JIUCJIO KOTOPBIX Oy/IeT yBesIH-
YUBATHCSA C POCTOM 7. A UMEHHO, TTOJIOXKIM )\,(cn) = 27k /n mus Tex 1esbx k, Hpu KOTOPBIX /\én) € [0, 7].
fdcno, aro k = 0,...n/2 upn wetnom n u k = 0,...(n — 1)/2 upu nedernom n. B obmem ciaydae
(n)
k=0,...,|n/2], npuuem A\’ € (0,m) mpu k =1,...,[(n —1)/2].
Bu160p nMeHHO TAKHX TOYEK JANCKPETH3AINN EPHOJOTPAMMBI OOBITHO CBSI3BIBAIOT C BO3MOZKHOCTBIO
IPUMEHEHHsI B 9TOM CJIydae O6bicTporo npeodbpasoBanust Pypbe, TO €CTh ¢ BBIYUCINTELHBIME BBIIOIAM.
0 1
Kpowme Toro, I )()\](fn)) = 1§ )()\,gn)) upu k # 0. Teopema u 3ameuanne [IOKA3bIBAIOT, 9TO JIJIsI
9TOro ecTb U OoJiee TJIyOOKHUE IPUYHUHBI.
PaccmorpuM Terneph Tak Ha3BIBAEMYIO JUCKPEMHYIO NEPUOI02PAMMY.
st kazxoro A € [0, ] 0603HaMMM vy, (A) wmciio Buga 27k /n, 6amzkaiiiee Kk A. B cirydae, koria rakux
qrcest 2, OyieM B KadecTBe oy, () 6parh Menbiee u3 Hux. [lomoxkum oy, () = ap(—A) mpu A € [—7,0]
IIPOJIOJIZKUM (DYHKITUIO (v, 110 27-IIEPUOANTHOCTH Ha BCIO IpsiMyto. Torma dyHKIMs

DI, a(\) = La(an(N)

HA3BIBAETCsl JuCkpemmot nepuodozpammoti ocaenoBareabHocru a = (aq, . . ., a,). Coryacuo Jlemme
¢

DI, v(X) = DIya(X),ecm A€ (0,71l ub= (a1 —a,...,ap —a) ca= (a1 +...+ap)/n.

Teopema 4.6. Ymseporcdernue Te eopemm (u, caedosamenvro, ymeepocoenue Teopemwi|s.5) corpans-
EMCA, CCAU BMECTNO NEPUOJOZDAMMDL Ino) pacemampueams duckpemuyro nepuodoepammy DI %0) .

Jokazamenvemeso. JTokasareabCTBO HOYTH JOCAOBHO HOBTOPsieT Jokasareaberso Teopeme 1.4 u mosro-
My He npuBoauTCs. MOXKHO 3aMeTUTh TOJIBKO, 4TO (hakT paBHOMEpHOIl mo A cxoxumoctu |V, (A)| — 0,
He UCIOoIB30BaHHbI B Teopeme (TaM HCIOJIB30BAIACH TOJIBKO MOTOYETHAS CXOUMOCTD ), 3/16Ch OKa-
3bIBACTCH CYIICCTBEHHDLIM. Il

4.5.1 OrienuBaHue JUHENHBIX DYHKIIMOHAJIOB OT CHEKTPAJIbHON IJIOTHOCTH

o n
PaccmoTpuM Tenepb cBOiCTBa I1€PUOJOIPAMMBL B TOYKaX )\,(€ ) = 2rk/n, k =0,...,|n/2| nnsa mw-
HeNHOro mpoiecca.
Teopema 4.7. [lycmov x,, — Aunetinoii npoyecc

o0

Tm = E Cm+j5E5

j=—o0

npunem Y, |ll|ce| < 00, en nesasucumw, Ee, =0, Ee2 =1 u Ee}l = my < co. Tozda
1. EI,(IO)()\;n)) = f(A§n)) + O(1/n) pasromepro no j.
2. Ecau )\;n), /\én) € [0, 7], mo

2f2()\§.n)) +0(1/n) npu )\gn) = )\,(Cn) € {0,7},
Cov (1—7(10)()\571))’1—7(10)()\;71))) =< f? ()\g-n)) + O(l/n) npu )\gn) = )\,(gn) #0,m,

O(1/n) npu )\g.n) # )\Ln),
npusem ocmamounvie waenv, O(1/n) pasnomeprv, no j, k.

oxasamenvcmeo. Cornacuo Jlemme [L1], u3 yenosus Y-, |¢||ce| < oo caenyer, uro Y |s||R(s)| < oco.
HOSTOMy Ipu JoKa3aTeJIbCTBE II€ePBOT'0 YTBEPXKJACHUA MBI MOXKEM COCJIaTbCs Ha 9Y€TBEePTOe yTBEP2KIAeHUE
[Ipeoxkenust [£.1] Bropoe yreep:ienne ocraBuM 6e3 JI0KA3aTEIbCTBA. O
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4 IlepuomorpaMMbl 4 HX CBOHCTBa

Ha ocnoBannn Teopewmbl [£.7] MOXKHO CTPOUTH COCTOSITENILHBIE ONEHKH JIMHEHHBIX (DYHKIMOHAJIOB OT
CIIEKTPAJIbHOU IIJIOTHOCTH.

Jlemma 4.6. ITycmo h : [a,b] — R asasemea dynxyued oepanusernot eapuauuum Paccemompum mouru
a=x0 <1 <...<zp=>buobosnawum A; = x; — x;_1. Kpome mozo, nycmo y; € [x;—1,x;]. Tozda

b P
/ h(z)dx — Z h(yi)A;j

i=1

< maxA; Var(h).

Hoxasameavcmeo. 3abukcupyem nekoropoe € > (0. Obosnauum hy = SUPiciy; ;2] h(z) u BBIGEpEM
TOUKy 27 € [vi-1,%;] Takywo, uto hi — h(2]) < e. Amanormuno, myctb hi* = infyep, | o h(z) u t] €
[i—1,zi] ¢ h(t]) — h}* < e. Torna

/ab h(x)dx — 'p

‘Z/ yz dZL‘ <Z/ yz}d:v<
< Z/ max (hy — h(y;), h(yi) — hi*)dz = Zmax (h; — h(yi), h(yi) — i) A <

< (miax A) Z max (h(z}) — h(yi), h(y;) — h(t})) + (b — a). (4.17)

[TockombKy Kazkioe caaraemMoe Ioj] 3HaKOM CyMMBbI B mpaBoit dactu (4.17) npeacrasiser coboit MOTyIb
pasHocTH 3HaveHnit GyHKIMN A, BHIYUCICHHBIX B JABYX TOYKAX WHTEPBAJIA [T;_1,T;], TO BCs CyMMa He
upesocxonuT Var(h). Yerpemisist € K HYJIIO, TIOJIy9aeM Tpebyemoe. O

st mro6bix dbyukimii g u h, onpenenenusix Ha [0, 7], u 06010 1 > 2 BBeJeM 0003HAYEHIE

Sulg.h) =25 30 B()g ().

0<j<[n/2]

Teopema 4.8. ITycmo g : [0, 7] = R asasemes dynrkyuets oeparnuuennot sapuayuu. Ob6osnawum

=1A”funxndA

ES, (g, 1) = (g, f) + O(1/n) (4.18)

Toeda 6 ycaosuax Teopemovi[4.7]

nE (Sulo. 1) —{9.1))" = O(1). (4.19)

Jlokasamenvemeo. st mpocrorsl GyieM paccMarpuBarh ciydail Hedernoro n. Torga Sy(g, f) sBis-
eTcst HO9IeM MHBIM, Kak cyMMoii Pumana ¢ mocrostnubIM mmrarom 27 /n mst uarerpana (g, f). CormacHo
CaencrButo u Jlemme CIIEKTpaJIbHAS IUIOTHOCTE f 0OJIajlaeT HEIPEPBIBHOM pon3BoiHoi. [ToaTo-
My OHAa SIBJIeTCs (DYHKIHEH OrpaHnmIeHHO Bapuwarmu. JIerko mokasaTh, UTO Tpou3BeeHne (OyHKIH
OTPaHUYIEHHOU Bapualnd — ToxXKe (PyHKIUs orpanndennoit sapuanuu. [losromy n3 Jlemmbr CJIeJIyer,
q9TO0

def —1
"Tlo onpenenenmio 3to ozHaxaet, ato Var(h) = sup > 7 |h(zi+1) — h(z:)| < oo, T cympemym 6epeTcst o BCeBO3MOK-
HBIM pa3buenusiM oTpeska [a,b] ¢ y3mamu pasbuenus a = zo < 21 < ... < Zp = b C BCEBO3MOXHBIMHU P > 2.
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C apyroit croponbr, Tak Kak ES), (g, IT(LO)> = Sn{g, EI}LO)% TO U3 IEPBOI'O YTBEPKJICHUST TeOpeMbI cpazy

K€ Caeayer . Hamee,
1 (S0l 1)~ (9.1)) " = nD (800, 1)) 4+ (ESulg. 1) ~ (g, 1)) = D (Sulg, 1)) +0(1/m).

[TosToMy BMeECTO CpemHEKBaAPATUIECKOIO OTKJIOHEHHSI HaM JO0CTATOYHO PACCMaTpPUBATh JIMCIIEPCHUIO.
n
Ob6ozHavast st KPATKOCTH Ay = /\é ), ITOJIy9aeM COIJIACHO BTOPOMY YTBEpzKIeHUIO TeopeMmbl , qTO

D (S(g. 10)) = 2 3 g0)a(he) Cov (1O, 100 =

n oL
= 422 Z g>(\)D (IT(LO) ) Zg g(\)Cov (Ino)(/\j)Jr(LO)(/\k)) _
0<k<n/2 J#k
2 2
= 47 ST (PO +0(1/n)) + %gQ(O)f (0) + O(1/n) + 0(1/n2) 3~ g(A)g(M).
0<k<n/2 7k
Tak Kax
21 2 2 i 2
> PO [ PN
" 0<k<n/2 0
a ik 9(Nj)g(Ae) = O(n?), moy1aem Tpebyemoe. O

Sameuanue 4.13. 1. AHajloruaabiM 06pa30M JOKA3BIBAETCSI, 9TO JJIsi (DYHKIHI OrpaHUIeHHO| Bapua-
o gi, g2

nCov (Sn<gl, 10, sn<gg,17g°>>) - 0(1).

2. BoJjlee akKypaTHBIIT aHAJIU3 [TOKA3bIBAET, YTO

D (S0(9. 1)) = (9. 1) = 27 [ POV + (g ),
0

nCov (Sy(an. 1), Sulge, 1)) = olon, 2 ) =27 [ an(Naa(N 2N+ (g,

rze nocrosiunbie Z1(g, f), Z2(g, f) obpamarorcs B mynb npu Eeg, = 3.
3. MoKHO TakzKe JIOKa3aTh BAPUAHT IEHTPAJbLHON IIPEIEJIbHON TEOPEMBbI s CJIyIaifiHbIX BEKTOPOB

VI (Salor, 1) = (g1, 1), Sulga, 1) = (92.1)) )

COBMECTHOE PACIIPE/IEJIEHUE ITUX BEKTOPOB CJIaA00 CXOJINTCS K JIBYyMEPHOMY IayCCOBCKOMY PaCIpeIe/IeHUI0
C HyJICBBIM CPEJHUM M KOBaPHAIMOHHON MaTpHIleii, onpeesennoi mucuepcusmu o2(gy, f),0%(g2, f) n
Kosapuanueit o(gi, g2, f).

Takum 06pa3oM, XOTs IEPUOJOTrPAMMA, HE SIBJIAETCA COCTOATEILHON OIEHKON CIIEKTPAJbHON ILIOT-
HOCTH, OHA IIO3BOJIIET CTPOUTH COCTOSTENIbHbIE OIEHKHM WHTErPAJIOB OT 3TOiH ItoTHOCTH. B wacTHOCTH,
s TpyOOil OIEHKM TOBEIEHUsT CIEKTPAJIbHON IJIOTHOCTA MOXKHO WCIIOJIB30BATH <IIEPUOJOTPAMMHYIO
TUCTOTPAMMY », AHAJIOTUYHYIO OOBIYHOI rHCTOrPaMMe B CJIydae IMOBTOPHOI BHIOOPKH.
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4.5.2 Vrounenne Teopembl

MokHO 3aJ1aTh BOIIPOC: KAKOBA B MPEIBLIYIINX PACCYKIEHUSIX POJIb MCIIOJIb3YyEeMOI TUCKPETU3AIINN
repuogorpaMmbl? OIMH U3 OTBETOB YK€ IIPUBOIUIICS — 9TO BO3SMOYKHOCTH BBITUCICHU C ITOMOIIBIO OBICT-
poro npeobpazoBanus Pypre. Bosiee rimybokme coobparkeHust COAEPKATCA B CJIEAYIOMEM IIPEIOXKEHNH,
[IPUBOAUMOM 6€3 J0Ka3aTeIbCTBA.

IIpengioxkenne 4.5. [Iycmo 6 ycaosuax Teopemwi[f. 7] wucao € > 0 npoussoavro. Tozda pasromepro no
eE<AFu<m—e¢

) 2
Cov (10 (), 1 (1) ) = (2(1122 - i;}f) F) () + O(1/n). (4.20)

Ob6cymum pesysbrar sroro [Ipemyoxkennsi. Koneuno, on nunrepecen Tosibko mpu 6sim3kux A u . Io-
3TOoMYy 3aUKCUPYEM A, TOJIOKUM [t = A 4 2, U OyJeM cUuTaTh, 910 vy — 0 pu n — o0o. Torma BBUY

riakoctn dyukmun f (4.20) npeBparuTes B

Cov (10 (X). 10 (1)) = (“““”) FOV+ 200 f() + O(1/n) ~

nsin(ay,)
o (2atom)

nsin(ay,)

sin(naoy,)

2 2
> (fQ(A)+0(an))+0(1/n)~< > PN +0(1/n). (4.21)

nsin(ay,)
PaccMOTpUM Terepb pasindHble MOBEJIEHUs OCAeI0BATEIbHOCTH (v, cautast, 910 f(A) > 0.

1. Ecnmu na,, — 0, TO

Cov (I}}” (A), 1 (u)) = 2N,

Takwim 06pa3oM, ecu A U (1 OYeHb OJIN3KY, TO KOBaPHUAIUs [IEPUOIOIPAMM B 9THX TOUKAX B IIpeJIese
BeJieT cebsl TaK Ke, KaK €CJId OBl j1 = A.

2. Ecim noy, — 00, To nepsbiit wien ({.21]) mmeer nopsaok yoesamna O(1/(nay,)?). Bynem yciosao
CUUTATD, UTO (yy ~ n P, Tiie 0 < p < 1. Toria mOpsiIoK IEpBOro WiIeHa 3anumercs Kak n~ 2P,

Tem cambiv pu p > 1/2 (TO ecTb KOIyia [t M v BCe-TaKH JOCTATOYHO OIM3KHU) KoBapuanus Oyier
yobiBaTh Mejiennee, yeM O(1/n) (u wem 6imrke p K enuHUIE, TeM MeJjieHHee), a npu p < 1/2

nopsyok yobsanms (4.21) 6yzer O(n~1).

3. Temnepsb camprit naTepecuslit ciy4ait. Ecim na, — ¢ > 0, To Bce 3aBucut oT Beauuunbl c. [Ipu

c#wk

)
Cov (1 (\), 18 (1)) — = PO >0,

TO €CTh CXOIUMOCTH K HYJII0 HeT. Ecim ke ¢ = 7k, 10 ectb pt— A\ ~ 27k /n, To KoBapuaius yobIBaeT

kak O(1/n).

Takum 06pa3om, BBIOOD Iara 27 /m IpH JUCKPETH3AINE 0ObICHSIETCST IIle M TEM, 9TO UMEHHO IIPH TaKOM
(caMOM MaJICHBKOM IO TOPSIJIKY) Iare JIOCTUTAETCs ONTHUMAJbHAST CKOPOCTH CXOJAUMOCTH KOBapPUAIHN
(4.21)) x myJIIO.
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59 OI_IeHI/IBa.HI/Ie CHeKTpaJII)HOﬁ IIJIOTHOCTHU: OKHa CIJIa>XKNBaHNA

0 . o
Wrak, Mbl yOEIUIUCDH, ITO IEPUOIOTPAMMA, L(I )()\) He SBJISIETCS COCTOSTEHHON OIEHKOU CIIEKTPaJIh-
HOIT mtoTHOCTH f(A), XOTSl PM pPa3yMHBIX YCJIOBUSIX OHA ACHMIITOTHYECKH HecMmereHa. To ke camoe

1
UMeeT MECTO U JIJIsl IEPUOJIOTPAMMbI IT(L )()\). Tlorpobyem moHATH, B 4eM 371ech j1esio0. Kak yxke yka3biBa-

Q)

n0ckb, I’ (A) MoKeT ObITH IIpeJICTaB/IeHa KaK B BUE
n—1
1 - 1 [~ -
O\ = — (0) -mA _ = [ R0) (0)
I (N) 27T| |<§ y R, (m)e 5 <Rn (0) + 2m§:1 cos(mA) Ry, (m)> , (5.1)

TaK 1 B BHUJIE

n 2
1 § —1
k=1

«Hemocrarkuy npemcrapieHns IIOHSATHBI, TaK KaK JUCIIEPCUsT En(m) npu m, OJIN3KUX K 71, JOIKHA
OBITH TOpPa3/10 GOJIbIIe, TeM [IPH MAJIEeHBKHX 17, BBILY HEOOJIBIIOrO YHCJIa OCPE/IHEMBIX CJIATAeMbIX BH/IA
Zjj4+m Hanpumep, npu m = n — 1 onenka Ry, (n — 1) cOCTOUT TOJIBKO U3 OJHOIO CIATAEMOIO XLy /M.

EcrecrBenHoii ujieeii ucripapiiennst 3Toii curyanuu sipisiercs Beejerne dbyHkuuu ky, (m), Koropas Obl
yOBIBaJI& IIPU POCTE M, ¥ PACCMOTPEHUH OIEHKH

n—1
7)) = % (kn(())ég?) (0)+2 3 cos(mA)on(m) B (m))

m=1

BMECTO . EcrecTBento, sta pyHKIMA HOKHA OBITH ITOI00paHa TAKAM 00pa30M, ITOOBI COXPAHSIIACH
aCUMIITOTHYECKasd HECMEIIIECHHOCTb OIICHKH.

[Ipencrasienune HABOJIUT HAa Jpyrue Mbicju. [[oCKoJIbKY, KaK y2Ke U3BECTHO, 3HAYEHUS LSO)(/\)
IPU PA3JIMIHBIX A ACUMITOTHYECKU HE3aBUCUMBI, a (BBUJLY HENPEPBIBHOCTH f) Ipu OGJU3KAX A elie u
PUOIM3UTETHHO OJIMHAKOBO PACIPEEIeHbI, TO, OCPEIHIB I,(LO B HEKOTOPOI OKPECTHOCTU MHTEPECYIOIIe-
IO HAC 3HAYECHUS 3HAYEHUsI A C MOJIXOJSIIMMHI BECaMU, MOXKHO HAJeAThCS Ha MMOJIyYEHHUE COCTOATEIbHOM
OITEHKH CIIEKTPAJIBbHON IJIOTHOCTHA B 3TOH TOYKE .

OKaBI)IBaeTCH, 9THU JBE HUJICU IIPpU Haﬂﬂemameﬁ peasmm3ann IIPOCTO COBIIA/aIO0T.

5.1 OkxkHa criiakuBaHmud

Bosbmem gernyo cymmupyemyto dbyHkiuio w(A), onpenesnentyio sHa R u Takyo, 4ro fR w(A)dA = 1.
Kpowme Toro, nycrs Ly, — 400 1 wp(A) = Lyw(LyA). Torma [ wp(A)dA = 1.
ITostoxkum

7o) = /R walh — ) IO (a)da u FH(N) = /R wal) — )10 (a)da.

CaydaiiHble BEJIMYUHBI TAKOTO BUJIA U OYJAyT CJIy»KUTh OIEHKAMH CIEKTPAIbHOM 1oTHOCTH. OTMETUM
cpasy, 9To B CJIydae, Korjua (DYHKIUS W HEOTPUIATE/bHA, ST OIMEHKU TOXKe OYIyT HEOTPUIIATEIbHBIMI.
OyuKIMa w OyIeT HA3BIBATHCI YACMOMHBIM OKHOM Caaadicusarus. 11ycThb

k(x) = /R e w(N)dA.

1o — upsimoe npeobpazosanne Pypove byukun w. Ouesugno, k(0) = 1, k(—x) = k(x) u k(z) — 0 upn
r — oo. Ecim k — cymmupyemast pyHKIusI, TO

w(A) = % /Rei)‘zk(m)da;.

45
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(oGparnoe mpeobpazosanme Pypoe). Ecmn [ w?(A\)d\ < oo, TO
/ w?(\)d\ = 27 / K (x)dx
R R

JIlemma 5.1. HUmerom mecmo pasencmea

(pasencrBo Ilapcesadis).

FOY (A Z k(r/Ln) RO (r)e™ (5.3)

r—fnJrl

FH (A Z k(r/Ln)RWD (r)e™, (5.4)

T——n—i-l
Jloxasamenvcmeo. Tlo neppomy u3 pasencts (5. 1))

A(O) A) = 1 A — E(O) —ira do = 1 — ﬁ(O) A 7i7“ad
RO =5 [wi-a) | ¥ B Jda= 5 R0 [ w0 -a)e o

r=—n-+1 r=—n-+1 R

Kpowme Toro,
/ Lyw(Lp(X — a))e_imda = / Lyw(Lpv)e ™ dy =
R R
_ e—ir)\/ w(ﬁ)eirﬁ/Lndﬁ _ e—ir)\k_(r/Ln)’
R
YTO W JIOKA3bIBACT HYKHBII HAM (hakT st f ( ). s fn ( ) BCE aHAJIOTUIHO. O
Dynkuus k HA3BIBAETCH KOBAPUALUOHHIM OKHOM C2AAHCUBAHUA.

5.2 KoBapuaimoHHble OKHa criiakuBaHus. CMelieHue

Paccmorpum orparnyenHyo dernyo dbyHKIMO k, cocpeoroueHnyo Ha [—1, 1] u paBHyio ejunuie B
nyse. Kpome Toro, 6yiem canrars, uro L, < n — 1. Torma (/5.3 npesparurcs B

Ln
RN =5 Z k(r/Ln) R (r)e™™ = % > k(r/Ln) R (r) cos(r)). (5.5)
r=—"Lp, r=—"L,

IIpennoxenue 5.1. IIpednoroorcum, wmo 1 — k(x) ~ klz|?, 2de kK > 0 u q > 0. ITycmo, Kpome mozo,
Yo TP IR(r)| < oo npu nexomopom p >0 u Ly, — 0.
1. Ecruqg<puaubop>1uLi/n—0, aubop<1u L%_pﬂ/n — 0, mo

L%(Eﬁ(lo)()\) —f(N) = —% Z |r|9R(r) cos(r\) = ——ZT‘IR cos(TA). (5.6)

2. Ecaup < qu.aubop>1ulh/n—0, aubop<1ulL,/n—0, mo

L2 (EfON) = f(N) = 0. (5.7)
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Zloxazameavcmeo. Tak kak p > 0, To

[TocKoIbKY ER(O)( ) = (L= |r|/n)R(r), To

EfY(\) = % > R(r)(1 = |r|/n)k(r/Ly) cos(Ar) =
|r|<Ln
— Z k(r/Ly) cos(A\r) — — Z r)|r| k(r/Ly) cos(Ar).
\r|<Ln |'r'|<Ln

1. Paccmorpum cayqait ¢ < p. Torma

1

LIE(fON) — (V) = LY o > R(r)(k(r/Ln) — 1) cos(Ar)—
[r|<Ln
—Le % ré R(r)cos(Ar) — LI % |T|z<; R(r)|r| k(r/Ly) cos(Ar) = J1 + Jo2 + J3. (5.8)

Tak xax ), |r|? |R(r)| < oo, To Jo — 0. Pacemorpum Js. Ecou p > 1, To, nockoinbky |k(x)| < c,

\J3|<CerR \Ir\<CfZ!R )Ir <ot Z\R )P — 0

r|<Ln r=—00
BBHTY yeosus L /n — 0. Ecim p < 1, To

Lq p+1
|J31<Cf > IR(r)|Ir<C > IR,

[7|<Ln [r|<Ln

—p+1
9TO CXOIUTCS K HyIIo u3-3a yeaosust L P /n — 0.
BaiimMeMcst IEPBBIM ClIaraeMbIM. fICHO, 9TO

Jy=1L% % Z R(r) <k(r/Ln) — 1+ k|r/Ly|? )cos()\r Z R(r)|r/Ly|? cos(Ar)=1I1 —Is.

[r|<Ln |r\<Ln

Koneumo,

[e.9]

K

I, — by Z R(r)|r|? cos(Ar).
r=—o00

Hanee, k(x) —1+k|z|? = |z|9(x), tae ¢(x) — 0 upu & — 0 1  — OrpaHUIEHHAS IO MOJLYJIIO (DYHKITHSI.

CrenoBaresibHO, Tak Kak p > ¢, 10 pag » . |R(r)| [r|? cxonuress u yrBepxkaenne cienyer u3 Teopembr

Jlebera o MaxKopupyemMoil CXOAUMOCTH.

2. [epeiinem k cy4dao p < ¢. Anamornano (5.8)),
1

LZT’LE(]/”;(LO)()\) - f(N) =L% o Z R(r)(k(r/Ly) — 1) cos(Ar)—
|r|<Lp
—LP % rszn R(r) cos(Ar) — |T;n R(r) |r| k(r/Ly) cos(Ar) = Uy + Uy + V3.
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Cxomumocts k Hymmo Ws 10Ka3bIBAETCS TOMHO Tak ke, Kak cxomumocts Jo B ([5.8). Herpyano sugers,
aro |Uy| = O(LL™Y).

Baiimemcst cnaraembim 3. Ecom p > 1, 1o pax Y., |R(r)||r| cxomures u U3 = O(LY /n). Ecom xe
p < 1, To jyist HEKOTOPOIt TocTosinaoi C' > 0

Lk Lk
|0 SCFH > IR Ir| :c% > AR P <C Ll P> R [P = O(Ln/n).
|r|<Ln |7"§Ln [r|<Ln
VTBep:KaeHne TOKA3aHO. O

Cornacro Ilpemtoxenuto [5.1] ycaoBust aCHMITOTHIECKONH HECMEIEHHOCTH M CKOPOCTB CXOJUMOCTH
Eﬂo)(A) K f(A) 3aBucaT Kak or oT BbIOOpaA Ly, Tak u oT mapamMerposB p, q. O6cy M poJib STUX Hapamer-
pOB.

[Tapamerp p onucbiBaeT (rapaHTHPOBAHHYIO) CKOPOCTH CXOJMMOCTH KOBAPHAIMOHHON (DyHKIMH K
HyJII0 (MJIM, 9TO TOXKE caMoe, FapaHTUPOBAHHYIO CTElleHb IJIaJIKOCTH CIIEKTPaJIbHOIl moTHOCTH ). TakmM
00pazoM, p SABJISETCH XapaKTEPUCTUKON HADJIIOmaeMoro mporecca. dTo KacaeTcs mapaMmerpa ¢, TO OH B
HaIIel BIacTH.

Ecim canrarh, 90 9110 p HaM U3BECTHO, TO, Kak caeayer u3 [peiokenusi[5.1] npu p > 1 cmemenne
BeJieT cebsi CIIeIYIONUM 00pa30M B 3aBUCUMOCTH OT (:

e IPU poCTe ¢ OT HyJIs JIO P BKJIOUUTENbHO, cMemenne umeer nopsiok O(L,?), a yciosue na Ly,
npuobperaer Bux L = o(n);

e 1pu ¢ > p cmerenue umeet opsiok o( L,”), a Ly, 10/KHO yioBaeTsopaTh yeaosuio L, = o(n).
Ecmm xke p < 1, T0o

e IPU pOCTe ¢ OT HyJd JIO P BKJIOUUTENbHO, cMemenne umeer nopsiiok O(L,?), a ycnosue na Ly,
—p+1
npuobperaer Buy L P = o(n);

e 1pu q > p cMemienne umeet nopsaok o(L,’), a Ly, 10/KHO yioBieTBopaTh yeaosuto L, = o(n).

DT coobpazkeHHsl TOKA3BIBAIOT, YTO BHIOOP ¢ > P IPUBOJUT K MEHBIIEMY aCHMITOTHIECKOMY CMe-
menuio, 1em Boibop ¢q € [0, p|.

B T0 »Ke BpeMms [l MHOIMX CTaIlHOHAPHBIX IHocjenoBaTesnbHocTedi »  |rP |R|(r) < oo mus mobo-
ro p > 0. Hanpumep, 970 nMeeT MeCTO JIst IIPOIECCOB ABTOPEIPECCHU U ABTOPEIPECCUH-CKOJIB3SIIIEr0
cymvuposanus, e |R(r)| < ce~®"l mpu mexoToprx mosoKuTebHBIX €, v,

Orcrofia MOsIBIIsIeTCsT Wiesl, 9TO JIJIsl TAKUX IOC/Ie0BATEIbHOCTEH HYYKHO BBIOMpATh siipo k ¢ ¢ =
+o00. HanboJsiee ecTeCTBEHHBIM B 9TOM CMBICIIE SIBIISAETCS NPAMOY20ADHOE OKIH(ﬁ k(z) =1 opu |z| < 1
(mamomuuM, a0 k(z) = 0 npu |z| > 1). Jokaxkem Jyist 5T0ro OKHa CJIeyonmii hakt

Ipepnoxenne 5.2. ITycmo |R(r)| < ce™®"l L, < n u L,/Inn — oco. Paccmompum ouenxy (5.5) c
k(x) =1 npu |z| < 1. Tozda

n(EFON) - F(N) —>—sz ) |r| cos(Ar). (5.9)

Joxasameavemeso. JeiictByst Tak ke, kak B IIpenmoxennn 5.1} mosyanm, aro

E(-]/[';(LO)(A) - fN) = —QE Z R(r) cos(Ar) — % Z R(r) |r| cos(Ar). (5.10)

T

SI/IHOI‘,ZLa €T'0 HAa3bIBAIOT TAK>KE OKHOM 'Ha,HI/ISJ'IH.
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5 OnenuBanue CIIeKTpaJIbHO IIJIOTHOCTH: OKHA CIJIAXKHBAHHST

Bropoe ciaraemoe B mpasoii gactu ([5.10]), oueBumno, crpemurcsa k npasoit gactu ((5.9). Uro kacaercs
[IEPBOIO CJIAraeMOT0, TO, HOCKOJIBKY

> IR)| < creb
[r|>Ln

npu HeKoTopoM ¢1 > 0, a L, = B,Inn ¢ B, = 00, TO OHO CTPEMUTCST K HYJIIO. O

Sameuanmue 5.1. I[Ipokommentupyem yciosust [Ipemyioxkenust [5.1] canrast, aro p = ¢ > 1 — 1esnoe.
1. U3 ycnosus Y, |R(r)| |r|? < oo ciemyer, 9T0 crieKTpasibHas INIOTHOCTD f SIBIISIETCS ¢ Pa3 HEIIPEPBIBHO
nuddepenipyemoii. Bosee Toro, npu yernom ¢ dbopmyiia ([5.6) npuobperaer Bu

LIEFON) — fFN) = (~1)¥2 k fD ().
B wactrOCTH, TTpT ¢ = 2

LLESON) = F(N) = 5 fP ).

DTO 03HAYAET, UYTO BOJU3U JOKAJIBLHOTO MAKCUMYMa CMEIEHIe OTPUIATEIbLHO, 8 BOIU3N JIOKAJIHHOTO MU-
HIMyMa — HOJIOXKUTEIbHO. Hatde roBopst, MPONCXOANT (B CMBICTIE CMEIIEHNsI) CIIIaXKUBAHIE JTOKAJTBHBIX
9KCTPEMYMOB.

2. Tlepeitimem OT KOBAPUAIIMOHHOIO OKHA k K YACTOTHOMY OKHY W:

1
w(\) = / N h(2)da.

Ecnu nmonyuennas gpyHkmus w cymMmMupyema, TO
0 .
k(x) = / e (N)dA,

u ycaosre k(0) = 1 coorsercryer yeaosuio [w(A)dA = 1.
3. B ciywae ¢ = 1 nonyuaercs, uro 1 —k(x) ~ k|z|, 1o ectb dbynkius k He siBisiercs: muddepeHimpyemoii
B HyJte. IIpocreiimuit npumep sroro — okuo k(x) = 1 — |z| upu |z| < 1 (TpeyrosbHast MJIOTHOCTD), TOLA

5 1 — cos(A)

20

w(A) =

[TocsieiHEE HEPABEHCTBO, KAK Y2KEe TOBOPUIIOCH, 06ECIIeINBAET HEOTPHUIIATEILHOCTD OIEHKH ﬁ(lo). DyuKus
k(z) =1 — |z| masbBaercsa moduduyuposanrvim okrom Bapmaemma.

4. Iycrs [ A2|w(N)|d\ < co. Torma k — aBaskapl HempepsIBHO MuddepertmpyeMas hyHKIS, TPITeM
E'(0)=0mn

E'(0) = — /_oo Naw(N)dA.

Eciu nocsequuit mHTErpal He paBeH Hy/o, 10 ¢ =2 u K = [ A2w(N)dA.
5. PaccmorpuM Tenephb cayuait ¢ > 2. Torga, ouesnano, k”(0) = 0 u, caenosarensio [ A2w(X)dA = 0,
YTO MOXKET OBITH TOJIHKO MPHU 3HAKOIIEPEMEHHOM 0.

PaccmoTpum Tenephb cirydait oneHKu fél)()\).

Ilpennoxenue 5.3. 1. I[lycmv 6 ycaosuax Ilpednrooicenusn q<p p=>1lu L?L+1/n — 0. Toeda

umeem mecmo cxodumocms (5.6) ¢ 3amenotll 6 ae6ol wacmu Imozo paseHcmea f,SO)(A) HQ f,sl)()\).
2. Ilyemo npu mexomopom a > 0 evinoaneno nepasencmeo |R(r)] < ce="l. Eeau L, — oo u
Lp/n — 0, mo das npamoyeonvrozo oxna k(z) =Ty 1)(z)

EfSY(A) = F(A) = O(Ln/n).

49



5 OnenuBanue CIIeKTpaJIbHO IIJIOTHOCTH: OKHA CIJIAXKHBAHHST

Uoxazamenvcmso. 1. Ilockombky E}NZ,(})(]C) =(1- k/n)Eﬁ,(ll)(k) u corytacto (3.7)), mpu k = o(n)

ER( (k) — R(k) ~ 2 f(0)/n,

TO
2
ERW (k) ~ (1 - k) Rk — 2O (5.11)
n n
[Tosromy pasercrso ((5.8) nmpesparaercs: B
LIE(FDO) = F(N) = Ji + o+ J5 + Ja, (5.12)

rie Jp, Ja, J3 Takue xke, Kak B ([5.8]), a

Jy ~ —quff) (2L, + 1) = O(LZ™Y /n).

n

ITockosbKy mpesesst J; npu 1 < j < 3 rtakue ke, kak B Ilpemnoxkenun [5.1} a Jy — 0, T0o 1mepsoe
YTBEPXKICHNE TOKA3AHO.

2. Beumy
EfD(A) — =—— Z ) cos(Ar) — — Z ) |r| cos(Ar) + 2*(2L —1)O(1/n).

|T|>Ln \r|<Ln
ITepBoe cimaraemoe SKCIOHEHITHAJILHO OBICTPO CTPEMUTCA K HYJII0, BTOPOE MMEET IOPSIOK O(n_l), a

tperbe — O(Ly/n). O

5.3 llpenenbHble AUCIIEPCUN W KOBapUAIUN

Teopema 5.1. ITycmv wemnasn gynryus k 3adana na [—1,1] u nenpepwena na amom ompesxe. IIpedno-
p0otcum, wmo Ly — oo u L, = o(n). Ecau cmayuonaphvil npoyece Ty, AGAACMCA MUHETHbIM ¢ KOIPPu-
YUEHNAMU Cj, YOOBAELMEOPAINOULUMU YCAOEUIO Zj lcj| < o0 u beavim wymom €5 — n.o.p. c.6. ¢ Eej =0,
Ea? =1u Ea? < 00, mo na ompesxe wacmom [0, 7]

2f2 f kX(z)dz npu A=Ay =0,T,
Li Cov(fIV (M), FV () — SHA k:2 Yz  mpu A = A € (0,7), (5.13)
" 0 npu A1 # Asg.

Cnenacrsue 5.1. i Toro, 9robbl B yCJIOBHSIX IIEPBOro IyHKTa llpemioxkeHust u Teopembl

CPEeIHEKBAAPATHIECKOTO OTKJIOHEHNE ﬂll) (A\) or f(A) uMesto ONTUMATBHBII TOPSIIOK CXOAUMOCTH K HYJIIO,
2 _

ny2kH0, aro6br L2t = n. Ipu stom E(/}Ll)()\) — f(N)” =< n~20/CatD),

Jlokazamenvemso. Pacemorpum cityuaii A € (0, 7). Tlockosbky
E(fV () = FN)* =DFEV M) + BV () — f V),

1
TO CPEJIHEKBaIPATUIECKOE OTKJIOHEHUE Oy/IeT CTPEeMUThCs K HyJI0, eciau L, = o(n) u Litt = o(n), upn
TOM

BTV~ F0) = 22 o0ee + ;f (), (5.14)
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5 OnenuBanue CIIeKTpaJIbHO IIJIOTHOCTH: OKHA CIJIAXKHBAHHST

e 0% = fil k%(z)dx

1 [e.e]
Cq(N\) = — Z_; |7|YR(r) cos(r ).
Ormerum erre pas, 9To Ipu ¢ = 2
1
-~ 72
C(A) = o [T,

-2
Ecin Ly, /n < L, ", To nopsxu 060ux caraeMbIX COBIHAJIAIOT U ABJSIOTCH ONTHMAJLHBIMHE.
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5 OnenuBanue CIIeKTpaJIbHO IIJIOTHOCTH: OKHA CIJIAXKHBAHHST

5.3.1 HekoTopble cTaHJapTHbLIE KOBapUAllMOHHLIE OKHAa
st A € (0,7) mpu L, = [n'/(24+t1)| pagencreo (5.14) npuamvaer Bz
E(FDO) — FO))? = it (P26 4 K2C2N) + ofn20/Ce1)
(n - ) = 24/at1) + K70y )+on .

Hockombky f2(A\) u Cy()\) 3apanee HEH3BECTHBI, TO TIPEIETLHBIMA XapPAKTEPUCTHKAMH CPE/THEKBA, IPATH-
YeCKOIr0 OTKJIOHEHUs! sIBJISIOTCS BEJIMYUUHBI ¢, K 1 02 = f_ll k%(z)dz. TIpu aToM ¢ OTBedaeT 3a CKOPOCTh
CXOJIUMOCTH, Kk — 3a cMerenue, a 02 — 3a pas6poc.

JList IpsIMOYTOJILHOTO OKHA, B YCJIOBHUSIX BTOPOro myHKTa [Ipesioxkenus u Teopembr

E(FDO) — FO)? ~ 222 20,

TaK KaK JUCIIEPCHUA U CMEIIEHUE B 9TOM CJIydae UMEIoT O,ZLI/IH&KOBBIP‘I IIOPAJIO0OK, a 92 = 2.
HpI/IBe,ILeM CBOAKY KJIACCUIECCKHNX KOBAPHUAIMMOHHBIX OKOH BMECTE C 3TUMU XapPaKTEPUCTUKAMU.

Hassanue k(z), |z| <1 q K 07 sign | L, | Order
IIpsMoyroIbHOE OKHO 1 —00 2 + | o(n) | Ln/n
Momud. okno Baprierra 1—|z| 1 1 2/3 + | a3
Yceuennoe okuo JlaHnamisa sin(mzx)/7x 2 /6 ~ 0.9 + | ot/ | n72P
Oxkno Burskmena-Trioku (BT) 1 —2a + 2acos(mz) 2 ma 2(1—4a+6a?) + | nt/5 | 70
OkHo XeHHHHTA BT ca=0.25 2 7 /4 0.75 + nt/5 | 725
OkHO XeMMUHTa BT ca=0.23 2 0.2372 ~ 0.79 + n'/® | n=2/°
IIepsoe okno Ilapzena 1—z? 2 1 ~ 1.07 + nt/5 | nT2/0
Bropoe okno Ilapzena {1_6$2 _6‘30'3 le]<1/2 2 6 =~ 0.54 + nt/5 | n=2/5
20 —Jaf’)  |2[>1/2

Tabnuna 1: Kopapuannonnnie oKHa, yCaoBus Ha L, U IOPSAOK YyOLIBAHUS \/ E (ﬁ(ll)()\) —f ()\))2

[IpokoMMeHTUPYeM STy TAOIHILY.

Bameuanne 5.2. [Ipsmoyrosibaoe oOKHO (1y1s1 OGBICTPO yOBIBAIOIIEH KOBAPUAIMOHHON (DYHKIMU U 1pu
BbIGOpE Ly, ~ \/N) obecrieqnBaeT JIydIiyo CXOAUMOCTb K HYJIIO CPEJIHEKBAJPATUIECKOTO OTKJIOHEHUSI.

Jns mopudurmpoBantoit onenku baprierta ¢ = 1. CrenoBare/ibHO, CPETHEKBAIPATHIECKOE OT-
KJIOHEHUE WMeeT BU]L O(n’l/ 3), aTomy coorBeTcTBYeT BBHIOOP L, = n/3. JIns ocTaabHBIX OKOH ¢ = 2,
CpEeJ/IHEKB. OTKJIOHEHHE PABHO O(n_Q/ Y u L, = n/5. Tem cambIM 1pu ¢ = 2 CKOPOCTL CXOIUMOCTH

HEMHOT'O BBIIIE, 9eM IIpHu ¢ = 1.

Bosuukaer Bompoc: mouemy Obl He B3Th OOJIBINOE ¢ (BEIb IPU ¢ — 0O CKOPOCTH CXOJMMOCTH CPEJTHE-
KBaJIpATHYECKOr0 OTKJIOHEHUsT cTpeMuTest K 1/4/n, a 3anars k(x) = 1 — |x|? muaero ue crout)? U Bropoii
BOIIPOC — 3a4eM IPUJIYMAJHA TaK MHOI'O BCAYECKUX OKOH Jisd ¢ = 27

OTBeT Ha 9TH BOIPOCH OCHOBBIBAETCS Ha JIONPEIEIbHBIX COOTHOMeHnsIX. 11ycTn, craskem, n = 103,
Torya jas ¢ = 1 rIaBHBIL WieH cpeIHeKBaIPATHUECKOIl OrPeIHOCTH nMeeT nopsanok 1071, a coorser-
crBytomee L, ~ 10'. Ing g = 2 9Tu Ke IOPSAKH UMEIOT BHL 1076/5 ~ 0.063, a L, =~ 103/% ~ 4. Ecim
2Ke B3ATb ¢ > 2, TO L, ellle yMeHbIIUTCS.

Ho Bce mamm paccy»KJieHust 6bLIM OCHOBaHBbI HA TOM, 4T0 L, Gosbmoe (L, — oo)! Ilosromy mpu
KOHEYHBIX N OpaTh ¢ CAUMIKOM OOJIBITUM HEIb3s.

Bribop ¢ = 2 obyciioBiien erre oiHON BazkHOi (0COOEHHO MpH He OveHb OoJbIuxX n) npuanHoil. Kak

1
YKa3bIBAJIOCh B pazJiejie OIIEHKA ﬁ(l )()\), KpOMe KOBapHalMoHHOIo mpescrasienus (5.4)) mveer u
1IepUOJOrpaMMHOE IIpeJIcTaB/IeHre

) = /R wn (A — )10 (a)da,

92
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e wp(A) = Lyw(Ly\) n

1
w(A) ! / e~k (z)dx.

1
W3 sroro npejcraBiieHUs CTAHOBUTCS OUEBUIHBIM, UTO OLEHKA ﬂl )(/\) ABJIAETCA TapAHTHPOBAHHO HEOT-
purareapHoil, ecim w(A) > 0. A HEOTPHUIATENTLHOCTD SIBJISIETCS BECHMa KEJIATEILHBIM CBOICTBOM, 0CO-
GEHHO 1IPH OTHOCHTEJILHO HEOOJIbIMX 1 (1Ipu GOJBIIMX 7 9TO HE TaK CYIIECTBEHHO, IIOCKOJIBbKY JIJIst

. . 1 P
HOJIOKUTEJLHOM CIIeKTPAJIbHON IJIOTHOCTH ﬁ(L )()\) — f(A) > 0).
Kax y»ke roBopmsiocs, ciydaio Hejoro ¢ > 2 COOTBETCTBYET PaBEHCTBO

/ Mw(\)dr =0,
R

YTO HEBO3MO2KHO IIPU ITOJIOZKUTEJIBHOM W.

st IpsSIMOYTOJIBHOT'O OKHA OIEHKA [IEPUOJIOIPAMMBI, BOODIIE MOBOPS, SIBJISETCSI 3HAKOIIEPEMEHHOI.
Hns okna Bapriuerra w > 0 (4ro u obyciaaBinBaer ero *KU3HECIOCOOHOCTH HECMOTPsI Ha HEGOJIBIIYIO
ckopocTh cxopumoctn). 13 Beex mpumepos Tabmuiet [5.3.1) oTHOCsIIXCS K ¢ = 2, TOJIBKO BTOPOE OKHO
[Tapzena obecreunBaer HeOTPUIATEABLHOCTD W(A). [IJIst OCTAIBHBIX OKOH 9TO CBOMCTBO HE BBIIIOJIHSIETCS.
Obusne pa3IUYHbIX OKOH C ¢ = 2 O0'bsICHSIETCS MOIBITKAMHI YMEHBIIUTD BJIUSHAE STUX OTPUIIATEHHBIX
sHadeHnit w(N\).

3ameuanue 5.3. Ha camowm jiejie BO MHOTUX CTATUCTUIECKUAX IMAKETAX PEAJTM30BaHA HECKOJIBKO JIPyTrasi
JIOTUKA 3a/IaHKsI OKOH CIVIaKUBaHUSA. A UMEHHO, TaM 3a/Ial0TCsl (HEPEJIKO C aHAJIOTUIHBIMY HA3BAHUSMHN)
ClleKTpaJibHble OKHA w(A), IPUYEM 9TH OKHA COCPEIOTOYEHbl Ha KOHEYHOM OTpe3Ke [—7, 7| b siBisitorcst
HA HEM I0JIOKUTEJIbHBIMEI. DTO IPUBOJUT K TOMY, YTO COOTBETCTBYIOIIUE KOBAPUAIMOHHBIE OKHA k()
y2Ke He UMEIOT, BOOOIIE rOBOPsi, KOMIIAKTHBIX HOCHTeJIef/'IH KaK B pPaCCMOTPEHHBIX HaMH CJIy4dasdX, HO 3aTO
ABTOMATHYIECKU 0DECIIEUNBAETCs] HEOTPUIATEILHOCTD OIEHOK CIIEKTPAJIbHBIX IIJIOTHOCTEH U BO3MOXKHOCTD
npuMenenusi ObicTporo mnpeobpazopanus Pypbe pu mepexojie K JUCKPETUZ0BAHHBIM OIEHKAM.

5.4 IlpeneabHble TeopeMbl U JI0BepuUTeJbHbIe UHTEPBAJIbI

Teopema 5.2. Ilpu A € [0, 7] 6 ycaosuax [pedaosicenusn u Teopemot KOHEUYHOMEPHDIE PAcCNpe-
denenus CAyatinoeo npouecca

&0 =7 () ~ERY )

CAa00 CTOOAMCA K KOHEYHOMEPHDIM DACTPEJENCHUAM 2AYCCOBCKO20 NPOUECCH C HYAEEBIM CPEOHUM, HE3a-
BUCUMBLMU 3HAYEHUAMU U QUCTEPCUAMU, ONPEJENEHHbIMU NPasol wacmbto pasencmea (5.13)).

Teopemst [5.2] 117151 TOCTPOEHUSI OBEPUTEILHBIX HHTEPBAJIOB, KOHEUHO, HEJIOCTATOYHO, TAK KakK B 9TOMH
1 1 1
TeopeMe PacCMaTPUBAETCsI PA3HOCTh ]‘"}Z )(/\) - Eﬂl )()\), a HE Pa3HOCTH ﬁ(z )()\) — f(N).

3ameuanune 5.4. PaccMoTpuM ciiydaiiHbIi mporecce

) =7 (B0 = 100) = 1= (0 - EFOW) + [ B0 - ). 55)

[pu A € (0, 7) mepsoe ciiaraemoe B pasoit gact ((5.15) mveer mpeesbHoe pactpesenenne N(0, £2(\)0?),
rie 0 = fil k%(z)dz. Ecrm

\/Z (EFD) = f(N) =0, (5.16)

9“ITO HECKOJIbKO 3aTPpYAHACT aHaJINU3 CMEHICHUA OIEHOK
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TO ITOT Ke CJIA0BIN IpeJIesl UMeeT U Ccaydaiinas Beauansa 17(\).

Cwmerienne Eﬁ(LI)()\) — f(\) B ciiydae npsIMOYTOJIBHOIO OKHA U OBICTPO YOBIBAIOIIEH KOBAPUAIIMOHHOM
dbyuknun numeer mopsioK Ly, /1, TO3TOMY 9TO yCIOBHE BBIIOTHEHO.

B ycnosusix mepsoro myukTa IIpemmoxkenns 9T0, BOODIIE TOBOPsI, y2Ke HE TaK, MOCKOJIbKY

Li (Eﬁo)()\) ) = —— quR cos(rA)

U II03TOMY

\/Z(Eﬂ”@)—fu»:,/ﬁﬁﬂ 1 (EFDO) - 70) ~
== 2q+1 quR cos(r\).

Tem cambiv Ji1s coxpanernust pefenbroro pactpeenenns N(0, f2(A)6?) smecs myxm0o moTpe6oBaTh,

2g+1
9T06bI N/ L 0. 910 yCJI0BHe, KOHEYHO, OTJIHYaeTcs oT yciosusa Ly’ X m, KOTopoe BOZHUKJIO U3

TPeOOBAHUST ONTUMAJILHOCTH T10 MOPSIIAKY CPEIHEKBAIPATHIECKOIO OTKIOHEHUS ﬂll)(/\) or f(A).
[ycts Tenepsb L£(1,(N)) = N(0, f2(A)6?) u npeamonoxum, aro f(A) > 0. Torma

1 [ (AP0
ﬁ(e\/l( oy 1)) =N,

P (1 — 2,07/ Ln/n < FON)/FN) <1+ xWH\/Ln/n> 1~

(31€Ch, KaK OOBIMHO, T~ sABiIseTCs perenHneM ypasHenns ®(z) — ®(—z) =1 — v, rae ®(z) — dbyuxuns

1
pacrpe/iesieHusi CTaHJIaPTHOIO HOPMAJILHOTO 3aKOHA), U B HPEIIOJIOKEHUHN, UTO ﬁ(L )()\) > (), nojiygaem
ACMITOTHYECKUIT JOBEpUTENIbHBIN HHTEpBAJ HajeHocTu 1 — v st f(A):

Y VISR - ol CY N BN
14+ 2,0\/Ly/n 1 —a2,0\/Ly/n '

DTOT JIOBEPUTEJIbHBIA HHTEPBAJI MOXKET, TEM He MeHee, OKa3aThCsl He OYeHb YI00HBLIM, €CJIM, HallpU-
Mep, 01/ Ly/n > 1 npn OTHOCHTENBLHO HEGOBIIHX 1.
AJIbTepHATHBHOE IOCTPOEHNE MOXKHO OIMCATDL CAeAyIomuM obpaszoM. Tak Kak

£ ({2 (00 - 1) ) = N2,
i

n (A) IOJIOXKUTENIbHBI), TIOJIydaeM, ITO

To (cumrasi, uro f(A) n

£ (/2 (m o) -m () ) = N0,

OTKYyda JIETKO BBIBOJIUTCHA, ITO
P(FOO) e mnm < f(3) < FD () efmrbn/n) 51—

Takoit qoBepUTENIBHBIN NHTEPBAJ SIBJISIETCsST OOJIee CTAHIAPTHBIM.
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6 OnenuBanue crekTpaJjbHoil miorHocru: mMeros MEM

6 OueHmBaHHME CIIEKTPaJIbHOI IJIoTHOCTU: MeToa MEM

6.1 ABTOperpeccCuoHHOE IPOJOJI2)KEHNEe KOBAPUAIIMOHHBIX DYHKITUI
6.1.1 IIporieccol aBTOpPErpeCcCUu

OcHoBHBIE NTOHsATHUS U cBoiicTBa. Ilycrs &,, n =0,+1,+2,... — cTannoHapHas B IIUPOKOM CMBIC/IE
II0CJIC/IOBATE/IBHOCTD, MMEIOIas HyJIeBOe CpejiHee, KOBApHAIMOHHYI0 GyHKIMIO Re¢(n), CIeKTpaIbHyio
Mepy Mg ¥ acCOIMUPOBAaHHYIO0 CTOXACTUICCKYIO MEPY [i¢.

Ecsm cymecTBytor Takne narypasabnsie ¢ > 0 u p > 0, uncna ao, . . ., ap, bo, . . . , by, yI1oBIETBOpPSIONTIE
yesoBuio agboapby # 0, a TakxKe Taxoit Oe/bIil IIyM &, 9TO JIJId JII0OOro 1N

bokn + b1ép—1+ ...+ bqfn_q = apén + a1€n—1 + ... + ApEn—p, (6.1)

TO porecc & Ha3bIBAETCS NPOUECCOM ABTMOPEZPECCUU-CKRONDIAULEL0 CYMMUPOSAHUA Nopadka (q,p), Co-

KPAaIIEeHHO — APCC(q,p)m
[porece (6.1) HA3BIBaeTCS peau3yeMbIM OTHOCUTEIBHO GEJIOT0 MIyMa €, €CJIU £, OPTONOHAIBHO &,

npu m < n.
B caayuae, korpa p = 0, &, HasbIBaercst poreccoM (4ucToii) aBroperpeccun u obosnadaercss AP (q).
C kosdbdunuenramu (ao, . ..,ap) 1 (by, ..., by) CBAZLIBAIOT CJIEyIOIINe OJIMHOMBI KOMIIJIEKCHOII ITe-
pemenHoit. Brenem obo3HadeHns

Q(z) = b2 + 0127 .. b1z +by m QF(2) =by2 +bg127 + .+ biz+ by

U aHaJormdHble ObosHadeHust P u P* g nommHOMOB ¢ Kodbduimentamu (ao,. .., ap). Ilockoabky
boby # 0, To KopHHE HosIMHOMOB (), Q* B3auMHO 0OpaTHBI. /lelicTBUTE/IBHO, TaK KaK

q q
)= Zbkzq_k =21 Z bz F = 21Q* (271, (6.2)
k=0 k=0

To 3 Q(20) = 0 cienyer Q*(1/29) = 0 u mHaobopor. B wacraoctu, uz (6.2)) ciemyer, uro nosmmHoMbl QQ 1
Q* OJTHOBpEMEHHO UMEIOT KOPHU WJIM He MMEIOT KOPHeH Ha eJMHUYIHON OKpyzKHocTH |z| = 1.

B nanbmeitimem Mpr Oygem cauTarh, 9To Kodddurmentst (ag, ..., ap) 1 (by, ..., by), a Takxke Gesblii
IIyM £, BENIECTBEHHDI.

IIpengioxkenne 6.1. [Tycmo Q(z) # 0 npu |z| = 1. Tozda npouece (6.1]) umeem cnexmparvryro niom-
nocmo fe, evipasicarougyrocs dopmy.aoti

1 [P e ™)
2 |Q*(e= )2’

Jlokazamenvcmso. Obosnauum 1, jesyio (1 npasyio) dactb pasenctsa (6.1]). Tak kax 7, siBasercs -
HeHHbIM TpeobpazoBaHneM &, , TO MBI MOYKEM CTAHJAPTHLIM CIIOCOOOM BBIYHC/INTDL CHEKTPAJLHYIO MEpy
sToro mporecca. JleficTBuTenbHo,

q q IS
T =Y brn k= Zbk/ AP g (dA) =
k=0 k=0 -

™

T q )
— / el)\n Z bke—l)\k‘ M{(d)‘) — / el)\nQ* (e_ZA)Mf(d)‘)a
- k=0

fe(N) = A€ (—m, . (6.3)

—T

TIpu ¢ = 0 (6.1) oxaspIBacTCA IPOIECCOM CKOJIB3AMEI0 CYyMMHUDPOBAHES, CJIOBO «aBTOPErPECCHS» MOIPA3YMEBAET, UTO
g>1

95



6 OnenuBanue crekTpaJjbHoil miorHocru: mMeros MEM

TAK 1TO
A) = Q% (e7)|Pme(dN).
Anastornuno u3 npasoit sacru (6.1) mosyuaen, 4o
A) = |P*(e ™) [Pme(d)) = \P*( “N) Pan.
Iosrony
Q@ () Pre(@n) = 5 [P (e ) Pax
1, ecmm Q* (=) # 0 1m npn KakoM A, T

L PP
o QP

VTBep:KaeHne JOKA3aHO. O

me(dX) =

B pmasnbHeiimemM, eciim He OrOBOPEHO IIPOTUBHOE, MbI BCEI/Ia IIPEIIOJIAraeM, 9TO ITOJIUHOM () He hMeeT
KOpHEH Ha €IUHUYHON OKPY2KHOCTHU.

Bameuanne 6.1. Tak xak |Q(z)| = [29Q*(1/z)| = |Q*(1/z)| upu |z| = 1, TO ceKTpa/bHAS IIOTHOCTD
fe Mozker GBITH IIpe/ICTaBIIeHA TAKKe B BHJE

L |P(e™)f
2m Q(eM)?

[TokazkeMm Tenepb, uro usydenue mnporecca APCC ([6.1)) MoyKHO cBeCcTH K U3y9YEHHUIO TPOTECca IUCTOM

fe(A) =

aBTOPErpecCur ¢ TeMH ke Kodddumumenramu by.

IIpeanoxenue 6.2. ITycmo 1, — npouecc wucmoti asmopezpeccu, umenwut 6ud

bonn + b1Mn—1 4+ ... + bglin—g = €n (6.4)
u

§n = A0Nn + Q1Mn—1 + ... + QpTin—p- (6.5)

Tozda 1. IIpouecc &, ydosaemsopsem (6.1). 2. Ecau npouecc 1, ABAAEMCA PEANUSYEMBIM OTMHOCUMEADHO
€., MO MaKum stce ceoticmseom obradaem u &,

loxazameavcmeo. eificTBUTENBHO,

p
Zbkfn k —Zbk (Zazﬁn k- z) Zae (Z bk —k— z) = weEn
k=0 =0 =0

Bropoe yrBepxaenne odeBuaHbIM 06pasom caemyet u3 (6.4) u (6.5)). O

Beuay Ilpeoxkenus [6.2] nanbHeiimume paccyKeHnsi IPOBOJATCS JIsl IIPOIECCOB YUCTOH aBTOpe-
rpeccun

bo&n +b1&p—1+ ... + bqfnfq = @p&n, (6'6)

o6



6 OnenuBanue crekTpaJjbHoil miorHocru: mMeros MEM

UMeIoIIell ClIeKTPaJbHYIO IIJIOTHOCTD

1 |ag|?

fg()\) = % W , A€ (—7T,7T].

BameruM, UTO 3Ta ClEKTpaJsbHasl ILUIOTHOCTH HE ODpAINAeTCsl B HOJIb, HOITOMY (COIVIACHO O0IIeMy
PE3yJIbTaTy TEOPUH CTAIMOHAPHBIX B ITHPOKOM CMBICTIE [OCJIEI0BATEILHOCTEN ) TIpotece &, SABJISeTCs JIi-
HEHHBIM peoGpa3oBaHmeM HEKOTOPOTO 6eJIoro TTyMa, MpHuHa yierKamero sambikannio B L2(dP) Bcesos-
MOYKHBIX JIMHEHHBIX KOMOUHAIUN CTYIalHBIX BeTUINH &,,. [l MpoIieccoB aBTOPErpeccun 3TOT Pe3yIbTaT
MO2KHO YTOYHUTD.

IIpennoxkenmne 6.3. [Ipouecc asmopezpeccuu ABAAEMCA NUHETHDIM NPEOOPA308AHUEM DENO20 WY-
M Ep .

Loxazameavcmeo. He ymaiisist obmaocTH, OyjieM caurarh, 910 ag = 1. CorytacHo
en = / "M Q" (e7) pe(dN),
(_ﬂ':ﬂ-]

10 ectb s (dN) = Q*(e7) pe(dN). C npyroit cropoHs,
b= [ eean= [ e @ e M = [ e .
(7] (cra] Q@ (™) (cra] Q(e7?)
[Mockonbky dyukims 1/Q* (e‘“‘) npunaexut L2(—7,7), To Bce 0Kaz3aHo. O

CaencrBue 6.1. /s sroboro Gestoro iryma €y, un st mobbix wuceds (b, ..., by) Takux, 410 boby # 0
1 nojmHOM (Q* He mMeeT KOpHEH Ha eJIMHUYHON OKPY>KHOCTH, CYIIECTBYET IIPOIECC aBTOoperpeccuu &,

YZI0BJICTBOPAIOIIN I .

Jlokasamenvecmeso. CHOBa 10CTATOYHO paccMOTpeThb ciayuail ag = 1. Torpma uz jgokasarenscersa [Tpeio-
Kenus [0.9] CIelyeT, 9YT0 B Ka4eCTBe NCKOMOI'O IIPOIECCa aBTOPErPECCHU MOYKHO B3SATh

Y= a1 d\ 6.7
5 /(_mﬂ—] € Q* (671'/\) ME( )7 ( )

YTO U JIOKA3bIBAET CJIE/ICTBHE. ]

Pea.m/layeMbIe IIponeccbl aBTOpEerpeccun.

Teopema 6.1. ITyemv Q*(z) # 0 npu |z| = 1. Jasa mozo, wmobu npouecc asmopezpeccui 6oL
PEAAUSYEMBIM, HEOGLOOUMO U DOCTMAMOUHO, ¥Mobv, 6ce KopHu noauroma Q*(z) aesrcanu ene eduHuHO20

KpYaa.

Hoxazamesvbcmeo. 3amnuiieM ycJioBUe peaju3yeMoCTH B sBHOM Bujie. CKaJIAPHO yMHOXKUB Ha &,
1pu m < n, NOJIYYHUM, 9TO PEAJN3yeMOCTh SKBUBAJIEHTHA OECKOHEYHON CHCTEME

boRe¢(n —m) +b1Re(n—1—m)+ ...+ by Re(n—q—m) =0, n>m.

O603Haqaﬂ k = n — m nojay4uMm, 4TO IIPOIECC caIl3yeM TOIJIa M TOJILKO TOIJa, KOr/a IIPU JI000M
I n I
kE>1

boRe(k) +b1Re(k —1) + ...+ bgRe(k — q) = 0. (6.8)
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6 OnenuBanue crekTpaJjbHoil miorHocru: mMeros MEM

[TockostbKY

[, |ag|?
k)= [ ™ —d\
Bie(k) 27/46 PRI

a KO3(MDUINEHTHI IOJIMHOMOB BEIECTBEHHBI, TO 9KBHUBAJIEHTHO TOMY, 4TO Iipu JitoboMm k > 1

1 1 1 1
- b i(k—L)\ A= — zk:)\ b —il\ - d\=
T . Z ) GemE e Z © ) I@Ee e
1 —iA 1 T 1
- lk)\ Q*(i/\)2 d\ = — ezk)\ : d\ =
L Q*(e™)] 21 ) Q*(e=P)

1 "o 1 1 / -1 1
= — et ——— dA = — z dz
2r ) _n Q* (€Z)\) 2mi |z=1| Q*(Z)

Kak xopormo m3BecTHO m3 Teopuu (PYHKIUH KOMILJIEKCHONW ITEPEMEHHONW, MWHTErpaj OT MepOMOpQHOI
GYHKINN 110 3aMKHYTOMY KOHTYPY pPaBeH HYJIIO, €C/IA BCe HYJIU 9TON (PYHKINUNA PACIOI0KEHbI BHE KOH-
rypa. Takum obpasom (rak Kak k > 1), mporecc aBroperpeccun OyeT peajn3yeMbiM, ecian (yHKIUs
Q*(z) He MMeeT KOpHEH BHYTPU €MHUIHOIO KPyTa.

JlokazaTebcTBO HEOOXOAUMOCTH JjIsl IIPOCTOTHI IIPOBEIEM OT IIPOTHUBHOTO B CJIydae, KOTJa BCEe KO-
HU 21,...,2m (M > 0) nomunoma Q*(z), Jiexkariue BHYTPH €IUHUIHOTO KPYTa, SIBJISIIOTCS TPOCTBIMU.
[TockobKy cpeu duces zp HET HyJisl TO, 0003HaUYNB H TponsBoAHYIO MYHKIME (Q*, MOIyduM, 9TO

1/ Zk’*l ZRQS <k1>_iz§.1_
27 Jyoy, Q “\Q () = H()

)T

upu jobom k > 1. Droro, KoneyHo, OBITH He MOXKET, TaK Kak BekTopa (1, zg,...,2])" 1uHe#HO He3aBHCH-
MBI TIPU JOCTATOYHO OOJIBINX S. B cilydae KpaTHBIX KOPHEH J0KA3aTeIbCTBO COXPAHSETCs, HO JIMHEHHO

HE3aBUCHUMbBIE BEKTOPA BBITVISIISAT 0O0Jiee CIIOXKHO. O

Bameuanue 6.2. B repmunax nosmnoma @ yciaosust Teopembl 03HAYAIOT, YTO BCE KOPHU 3TOIO
HOJITHOMA, JIesKaT BHYTPH €JIMHUYHOTO KPYTa.

CaencrBue 6.2. Ilycrs Q*(z) # 0 npu |z| = 1. IIponecc aBroperpeccun ((6.1]) siBiisiercst peanusyembim
OTHOCHTEIBHO 6GEJIoro HiymMa &, TOIJa W TOJBKO TOIJA, KOTJA OH MOXKET OBITh IPEJICTABICH B BUJIE
peasim3yemMoro puIbTpa OEJI0To MIyMa £y.

Jloxaszamesvcmeo. Jlocrarodnocts yciaoBust odeBuana. s qokaszarebeTBa HEOOXOMMMOCTH JIOCTATOY-
HO paccMoTpeTh cirydaii uncroii aproperpeccuu ((6.4]). Torma nommuaom Q*(z) ne nmeer kopweii pu |z| < 1
u BepHO paseHcTBo (6.7)). IosTomy &, = > cren—i, re

£, = Q*(e_i)‘)eim‘,ug(d)\)

—T

"
B ik 1
cp = et —— dAN =0
k /ﬂ_ Q* (efz)\)
npu k < 0. O
IIpengioxkenne 6.4. Ilycmov by, ..., by u ag,...,ap, — nexomopvie wucaa, npuvem bobgagag # 0. Obo-
snavum Q*(2) = 30_ bzt u P*(2) = S0 _  apz®. Ecau Q*(2) # 0 npu |z = 1, mo das arbozo berozo

WYMa £, cywecmsyem cmayuonaphan nocaedosamensvrnocms APCC(q,p), peasusyemasn ommocumesvro
En U UMEIOWAA CREKMParvhyto naomuocms ((6.3)).
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6 OnenuBanue crekTpaJjbHoil miorHocru: mMeros MEM

Loxazameavcmeo. Bo mepBbIX, HaAM JOCTATOYHO JIOKA3LIBATL PE3YJIbTAT JIMINL JJjIs IPOILECcca YHCTOR
perpeccun, T0 ecTh B ciaydae P*(z) = 1. lasee, ecin Bce KopHu nommHOMa Q™ (2) JieXKaT BHE €JMHUTHOIO
KpyTa, TO HAM JIOCTATOYHO OIPEeNETuTh &, dopmymoii (6.7]).

Pacemorpum ciywaii, korga Q*(z) = <H§l:1(z — zj) ) R(z), tae Bce mynu dbynkimn R(z) gexar BHe

eIMHIYHOrO KpyTa, a |z;| < 1 mpu j =1,...,d. Haiee,

d
Q" ()] = Q*(2)Q*(2) = [R(2)* [ [ (z = 2)(z — 7).
j=1

BameTnM, 9T0 B (hOpMYyJIe JJIs CIEKTPATbHO MIOTHOCTH moJuHOM (Q*(z) HyzKeH TosbKO mpu |z| = 1.
[Mosromy mpwm |z| =1

(2 = 2)(2 = 25) = |21 |27 (1/ 2 — 1/2)(1/Z; — 1/2) = |2 (2 — 1/2) (2 = 1/%;),

1 Mbl IIPDUXOJUM K ITOJIMHOMY

d d
Qi) =]1= | [I¢-1/2) | R,
j=1 j=1
KOTODBI coBnaaer ¢ Q*(z) npu |z| = 1 1 Bce KOpHE KOTOPOTO JIeXKAT BHE €JMHUIHOrO Kpyra. [lomoxus
inx___ L
€n = /(—mr] € W pe(dA),
roJiyaumM Tpebyemoe. O

ABToOperpeccusi mepBoro mopsjagka U MapKOBCKHE rayCCOBCKHE CTallMOHAPHbIE MOCJIed0Ba-
TEJBHOCTU. PaccMOTprM BeIeCTBEHHBIN Pean3yeMblil TIPOIIECC YUCTOM ABTOPETrPECCHH IEPBOTO MOPSIKA, KO-
TOPBII MOYXKHO 3aIliCaTh B popme

é—n = aé-nfl + bEny (69)

rae a,b € R u E({,e,) = 0 mpu m < n. I3 sTux ycuosuit cpasy xe crenyer, 4t0 Re(n —m) = aRg(n — m — 1)
npu moGeIX 1 > m, To ectb Re(k) = a¥Re(0), k > 0. Tem campbiv pg(k) = a* u, crnenosarensuo, |a| < 1. s
HAIVISIHOCTH 3ammcu OymeM BMeCTo a ynoTpebiaaTs OykBy p. Takske momozkum Re(0) = 0% U BBIPA3UM Yepe3 p u
o auciio b.

Homuoxus obe qacTu Ha &, 1 B3sB MaTEMaTHIECKOE OXKUJIAHUE, TOJIYIUM, ITO
2 2 2
0% = pRe(1) + VEE, e, = p~0° + DE(§pen)-

C apyroit CTOPOHBI, JOMHOXKHUB HA €y, HOJYIUM HOCJIE ocpenrenus, 910 K(&,e,) = b. Tem cambiM nipuxomum
K pasercTBy b? = 02(1 — p?). Bribupas 3HaK “mmoc” Tiepe; KBaIpaTHBIM KOPHEM, TPHXOINM K TIPeICTABIICHITO

n = pln_1tov1—p2e,, |p|<1, o>0, (6.10)
KOTOPBIM U 6yJIeM I10JIb30BaThCsd B jajbHeiimeM. Pasbepem cuadgasna cayuait [p| = 1. Ecom p = 1, 1o &, = &,—1
U CHeKTpaJbHasg Mepa Mg mpomecca &, cocpenorodena B Hyne. llpu p = —1, momyuaem, 410 &, = —&,_1 H,

CJIEJIOBATEINIBHO, Mg COCPEJIOTOYEHa B TOUKe m. B 060uX ciIydasix CIeKTPaJIbHON INIOTHOCTU HE CYIECTBYET.

Jljist IpOBEPKY yCJIOBHI CYIECTBOBAHUS CIIEKTPAJILHOM 110THOCTH obparuMes K [Ipeniokenuro [6.1] B namem
citydae nojmHOM Q* mmeer Bux Q*(z) = 1 — pz, To ectb ycsosue Ipeokenust upuobperaer Bug |p| # 1. C
YIETOM TOTO, UTO MBI HCCIIEYEM DEATA3YeMBIE TIPOIIECCHI, TIPHXOIMM K BBIBOJLY, ITO HEOOXOMUMOE M TOCTATOTHOE
YCJIOBHEM CyIIECTBOBAHUS CIEKTPAJBHON IUIOTHOCTH Y TPOIECCa aBTOPErDECCHI SIBJISIETCST HEPABEHCTBO
lp] < 1, u upu sToM
1oA—p*) 1 o*(1-p?)

= LA ) 6.11
21 |1 — per2 2w 1+ p? — 2pcos(A) (6.11)

fe(N)

99
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Jlerko BujieTh, uTo crekTpasbHast I0THOCTD ((6.11) MoHOTOHHO yOBIBaEeT 1pu p > 0 1 MOHOTOHHO BO3PACTAET IIPH
p < 0 Ha orpeske [0, 7] (a mpu p = 0 mOCIENOBATEIBHOCTD &, TIPOCTO ABJIAETCS GesIbIM IyMoM ). IIpu sToM

1 o?2(1—p?) o21+p o2 1—-p
0) = — - ="
1e(0) 2w (1 —p)? 2r 1—p i fe(m) 2r 14p

IIycts p — 1. Herpyzamo Bugers, uro torga fe(A) — 0 mpu A > 0 B To Bpems kak f¢(0) — co. D10 03HaUAeT,
9TO B CHEKTPAJIHLHOM PA3JIOKEHUH TPOIECCa upu p ~ 1 OyayT JOMUHUPOBATH HU3KKE YACTOTHI (& HA YPOBHE
peasimzaluii nporecca — HU3KOYACTOTHBIe Kosiebanus). II0CKOIbKY B ONTHKe Takas CATYaIUsl XapaKTepHa st
KPACHOTO I[BETA, TO IIPOIECC ABTOPEIPECCHH C p, OJIM3KUM K +1, HA3BIBAIOT KPACHHLIM UYMOM.

Ecmu p &~ —1, To curyarusi aHaJOTUYIHAS, TOJBKO PEATH3AIINH POIecca GY/IyT MOXOIUTh HA TOCIEI0BATE b
HOCTB C IIEPHOIOM 2.

Jlerko HaiiTu siBHOe mpejcTaBieHne mporecca aproperpeccun (6.10) kax nmHetHOrO TpeobpazoBaHus H6EI0T0
6esoro myma ¢,. Pazmaras dynxmuo 1/Q*(e™™), kax 10 oboznaueno B CegacrTsun [OJIYIUM, 9TO

= VTS en k= oV e o T 2 S e s =
k=0 k=1
=0\ 1— pe, +opy/1— p? Zpk_len,k =0\ 1— ple, +op\/1— p? Zpegn,l,g =01 — p?en + p€n_1.
k=1 £=0

HaKOHeL(, O6paTI/IMCH K CB4A3U MeEXKJYy peajiM3yeMbIMU ITPpONECCaAaMU aBTOPErpecCrun ImepBoro mnopdjaxka u Map-

KOBCKHUMH I'ayCCOBCKUMHU CTalIlMOHAPHBLIMHA IIOCJI€I0BATEIbHOCTAMU.

ITpengioxxenme 6.5. Ilycmov &,, n = 0,1,..., — sewecmeennas 26Ycco8Ckas CMAYUOHAPHAA NOCAEIOBAMEND-
HOCTD € HYAEBBIM cpedHuM. Jlaa mozo, umobv, ona 6vLAG MAPKOBCKOU, He0bTodUMO U docmamouno, 4mobwv &,
O peasudyemots asmopezpeccueti nepeozo NoOPAJKa OMHOCUMEABHO HEKOMOPO20 2aYCCOBCK020 HEA020 WYMA.

Loxazameavcmeo. Ilycrs mocaenoBaresbHOCTD &, MapKoBCcKas. PaccMoTpuM pasiioxkeHune

gn = E(gn ‘gn—la e 760) + On€n,

rue Ee,, = 0, De,, = 1 u €, oprorosasbHa J11000ii corydaitnoii Besmaune suga (o, . . . ,§p—1), IMEIOIEH KOHEYHBIIT
BTOPOIl MOMEHT.

ITockonbKy BekTOD (&0)s - - - 4 &) — TayCCOBCKUiL, TO €, € N(0,1), E(&y | €1, -- -, &0) = Z;:ol ¢;&; u citydaiinast
BEJIMYUHA €, He 3aBucut ot (o, .. .,&).

MapkoBoctb nocsenoBaresnbuoctu &, o3uadaer, 410 P(E, € Al&,—1,...,&) = P(&, € A|&,—1) u nosromy
E(&n&n-1,---,&) = E(&n|&n—1) = cn—1&n—1, Tax Kak BekTop (&,—1,&,) rayccopckuii. Hakouern, us cranuonap-

Hoctu &, CIAeyeT, YTO YUCTA 0, U Cp HE 3aBUCIT OT N.
IIycTb Temephb rayccoBCKasl CTAIMOHAPHASI [TOCJIEI0BATEILHOCTD &, UMEeT BH/L

§n = a§n—1 + ben, (6.12)

rjie &, oproronanet &, npu m = 0,...,n — 1 u Ee2 = 1. Ecim B pexyppentnoit dopmyane (6.12) sty oproro-
HAJILHOCTb MOYKHO 3aMEHUTH HA HE3aBHUCHMOCTH, TO MAPKOBOCTH MTOCJIEJ0OBATEILHOCTH CTAHOBUTCS OYEBUTHON 110
nocrpoernto. Ho, mockosnbky BekTop (&,-1,&,) —Tayccosekuit, To &, € N(0,1) u &, He 3aBucHUT OT &,. JoKasa-
TEJIbCTBO 3aBEPIIEHO. O
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6.1.2 VYpasaenus FOua-Yosakepa

ITycrs R(0),..., R(p) — Hekoropble BemecrBennble unciaa u R(—k) = R(k). Ilpu ¢t < p + 1 o6osHaunm
Zt = {Tkl}z,l=1 CTr] = R(k — l)

Jlemma 6.1. Ecau mampuuya Ypr1 HEOMPUYAGMEALHO ONPEJEAEHE, G MAMPUUGE Xp NOAOHCUMENDHO ONPEJeseHa,

mo cywecmeyem eduncmeennoe pewenue A = (ap,...,a1)T cucmemw
P
R(m)—&—Za;JE(m—k)zO, m=1,...,p, (6.13)
k=1

NPUYEM IMO PEWEHUE YIOBAEMBOPAEM, HEPAGEHCMEY
def U
o> Z R(0)+ Y arR(k) > 0. (6.14)
k=1

Ecau x momy oice mampuua X,11 noaodcumeavno onpedeaena, mo o> > 0.

_ T _ T
Joxazamenvcmso. Obosumatum B = (R(1),...,R(p))” u obozmaaum A = (ai,...,ap) . Torma cucrema (6.13)
nepenuiercs B sugie B 4+ X,A4 = 0. ITockospKy MaTpuia ¥, — HEBBIDOXK/IEHHAsI, TO €JIMHCTBEHHOCTh BeKTOpa A
OYEBHTHA.
Hawm Gyner ymo6uo npu uzydenun (6.13) u (6.14) nepeiitu na BeposTHOCTHBIN s3bIK. Bo3bMeM CiiydailHbIH
T - =
BeKTOD (N, ---,7p) ¢ pactpesesnennem N(0, X, 1) 1 ycmosHOe MaTemaTnaeckoe oxumnanue E(ny, [7,_1) ¢ 7,1 =
(Mo, - - - ,np_l)T, KOTOPOE, KaK XOPOIIIO U3BECTHO, ABIACTCA TNHEHHOH DyHKITHEl CIyIJalfHBIX BeINTHH 1), . . . , Np—1-
Bammrmiem 310T GaKkT B BUJE PABEHCTBA

p
]E(np | 7oy - - - anp—l) - Z CeMp—k-
k=1

Torma pazHocTh
def !
€
e = M= > Chllp—k (6.15)
k=1

OymeT He3aBHCHMA CO CILyIalHbLIMU BEJIHIHHAME 7),_y, It m = 1, ... p. Jomuoxkus npasyio dacts (6.15) ma 1,_,

U B3fB MaTeMaTHIeCKOe OKUAAHNE, MBI IOMyInM B TounocTH cucreMy (6.13) ¢ ¢ = —ag, Tak xaxk Enp_pnp—m =
— T

R(m — k). Taxum obpasom, e, =1, + A7, 4

0 < Dn, = R(0) —EA™, 7, ;A= R(0) — ATS,A = R(0)+ B"S'S,A = R(0) + BT 4,

tak Kak A = =X ' B. Tem campiv (6.14) noxasamo. Eciu marpuua ¥4 1 HEBBIPOXK/IEHA, TO «OCTATOYHAS JUCIIED-
cust» D, mosmekHa GBITH CTPOrO HOJIOKUTE/IBHA. O

JIemma 6.2. ITycmo R(n) — Henyaesas 6ewecmsennas HeompPuyamesbHo onpedeaeHnas GyrKuua uw m — co-
0MBEMCMBYIOWAA CREKMPArbHan mepa. Ecau m obaadaem cnexmpaivrol naomuocmvio f, mo daa awobozo p > 1

Mampuya Xy, = {R(l —k) ABAAENCA NOAOAHCUTNEALHO ONpPedeneHHol.

p—1
k,1=0

Hoxaszamesvcmeo. PaccMOTPUM KOMINIEKCHOBHAYHBIE 20, . . ., Zp—1. LaK KaK

R = | " F(Nd,

—T

TO
p—1 e p—1 x |p—1 2
R(k — )25 = / D et zm | f(N)dA = > ez f(N)dA.
k,l=0 T \ k,l=0 T k=0
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TlockonbKy dyHKITHST

p—1
_ ik
g(\) = E ez
k=0
IIPEJICTABIISIET COOON TPUIOHOMETPHYECKNUIT IIOJIHHOM, TO OHA (KPOME TPHBHAJIBLHOTO CIydail 2o = ... = 2p_1 = 0)

HMeeT Ha OTpesKe (—7,7) JIAIIb KOHeYHoe 4ncyo KopHeit. CieoBarebHo,

p—1
E R(k—1)zz1 =0
k,1=0
JIIIIb B CIy4ae 29 = ... = 2p—1 = 0, ¥ yTBePKIeHNE JOKA3AHO. O

PaccymoTpum peasnsyemblit BeleCTBEHHBIN aBTOPErPECCUOHHBIN MTPOIECC TOPSIIKA P:

p
én + § akfn—k = 0¢&p, (616)
k=1
rue 0 > 0 u &1,...,6y,,... — (HODMUDOBAHHBII U IEHTPUPOBaHHBIA) Gesblii mym. Kak Beerma, mpesmosaraercs,

aro E¢, = 0. Peamusyemocts &, (oTHOCHTENBHO GeJoro mmyma &,) o3Hadaer, 9ro K, &, = 0 npu m > n. Yucio
D olpefiesiseTcsl ycaosueM a, 7# 0. KoaddunuenTs! a,, npemonararorcs: BelleCTBEeHHBIMU.
CriekTpaJibHas IIOTHOCTD Tpotiecca aproperpeccun (6.16]) nmeer s

1 o2

T L S e

fe(N)

5, A<

IIpensoxkenue 6.6 (Ypasuenus IOua-Youkepa). ITycmo Re(n) — kosapuayuonnas dymnryus npovecca (6.16)).
Tozda

1. IIpum >1
p
Re(m) + > arRe(m — k) =0, (6.17)
k=1
2. Queaa ay, . . ., Gp 00K03KGwHO onpedeastomes cucmemot ypasrerud (6.17) npum = 1,...,p u ydosaemsoparom
HeEpasEHCMBY
p
Re(0) + > aiRe(l) = 0* > 0. (6.18)
=1

Joxasameavcmeo. Ileppoe yrBepxienue yxke nokasano B Teopeme [6.1] Tokazkem BTOpoe yTBepiKeHHe. Y MHO-
kuM ob6e gactu (6.16) Ha &, 1 BO3BMeM MaTemaTHUecKoe oxkupaHue. [Tosyunm, 4ro

p
Re(0) + > aiRe(l) = 0E&pe,.
=1
C npyroii croponsl, gomuoxas (6.16) €, 1 cHoBa Gepsi MareMaTHYeCKOe OXKUJIAHUE IPUXOIUM K DABEHCTBY

p
Eénen = — Y wB&n e, + 0Bl = 0.
=1

Tak Kax 02 > 0, TO yTBepK/ICHIE JTOKA3AHO. O

Bameyanne 6.3. 1. [TonoxurensrocTs JeBoii yacTn ((6.18) HemocpeCTBEHHO CileyeT U3 JleMM
2. Cucrema ypasuenuit (6.17) upu 1 < m < p nazeiBaerca cucmemot FOaa-Yoaxepa.
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6.1.3 ABTOperpeccuoHHOe IIPOAOJIXKEHNE CTAIMOHAPHBIX IIOCJIe0BaTEeIbHOCTEN
TeopemMma 06 aBTOperpecCHOHHOM ITPOIOJIXKEHUHN.

IIpengoxxenue 6.7. Iycmo 0, (n > 0) — sewecmeentvill CMAUUORGPHBIT 68 WUPOKOM CMBICAL MPOUECC C KO-
sapuayuonnol gyrkyuetd R,(m) u cnexmpasvrolt naommocmoto fn(X). Toeda dasn arbozo p > 0 cywecmeyem
PEANUSYEMBLT NPOUECC ABMOPEZPECCUL NOPAJKA P Mmarol, wmo Re(m) = Ry(m) npu m =0,...,p — 1.

Loxazameavcmeo. Konedno, MOxKHO cauTarh, 9To En, = 0.

p+1
k=1
Hoii. TTosromy (cm. Jlemmy koBapuarun R, (n) yJI0BIE€TBOPSIOT paBEeHCTBAM

Corstacuo Jlemme JI7I JTI000TO P MaTPHUNA Lpt = {Rn (I1—k) ABJISIETCS TIOJIOYKUTETHHO OIIPEIeTIeH-

P
Ry(m)+ Y apRy(m—k) =0, m=1,...p, (6.19)
k=1
mpudeM npu (GUKCUPOBAHHOM P UHUCIA A1, . . . , Gp OIPEIEIAIOTCS OJIHO3HATHO, a
def k
op = Ry(0) + > arRy(k) > 0. (6.20)
k=1

IToctpoum mporece &, caeaytomum obpazom. Ilpu n =0, ..., p — 1 monoxuwm &, = n,. llpu n > p — 1 oupenesnm

p
fn = - Z akén—k + OpEn,

k=1

rje (IeHTPUPOBAHHBI 1 HOPMUPOBAHHBII) GeJtbil mym €, oproronasen §; npu 0 < j < n.
Ham jrocTarodso mokasarhb, 9To jid Jo0bIX 1, | Takux aro max(n,l) > p, Maremarndeckoe oxuiganue EE, &

a) 3aBHCHT TOJBKO OT MOJYJIsl pasHocTH |n — | n
b) npu |n — 1| < p coBuamaer ¢ R, (|n —1I).

Bynem jiokaspiBaTh 3TOT QakT HHAYKIEER no s = max(n,l) > p. Ha4e roBopst, HHJYKIMOHHOE MTPEJIIOJIOKEHIE
Ag OylieT cocToATh B TOM, YTO YCJIOBHE @) BBIIOJHsETC g Beex (n,l) ¢ max(n,l) < s, a ycioBue b) — mis
Beex (n,l) ¢ max(n,l) < s u |[n —I| < p. Ormernm, 9ro npu max(n,!) < p oba STH YCJIOBHUs BBINOIHSIOTCS
ABTOMATHIECK.

dAcno, utonpun >pul<n

P
E&n& == anBén 1&. (6.21)
k=1
C pyroii CTOPOHBI, IIPH 1L > P
P
EE2 == axBénbn i + 07 (6.22)
k=1

(3roT hakT TOKA3BIBAETCS TOYHO TAKUMU YK€ PACCYKJICHUIMHA, KAK PABEHCTBO B IIpeoxennn . Kpowme
Toro, o mocrpoernto K¢, & = En,n = R, (|n —1|) mpu 0 < n,l < p.

Bosemem n = pu 0 <1 <n. Tak kak p —k € {0,...,p— 1} mpu 1 < k < p, 10 B 310M Ciryqae E, & =
Enp—xm = Ry(p — | — k) u dbopmyia HoKasbIBaeT, 4To K&y 3aBUCHT TONBKO OT 1 — [, IpHYeM COIJIacHO
(6.19)

P
E&pé =~ Y axRy(p—1— k) = Ry(p — 1), (6.23)
k=1

Tak Kak 1 < p—1<p.
Ananormansiv o6pasom u3 (6.22)), (6.23) u (6.20)) BeITEKAET, UTO

p p
B& == aBépby i+ oy == apln(p— k) + 05 = Ry(0). (6.24)
k=1 k=1
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CuemoBaresbao, 6a3a MHIAYKIUU 1IpH § = p npoBepena. Tak kak max(n,l) > max(n — k,l) upun > p,n >l u
1 < k < p, TO MHAYKIMOHHBIN IEPEXOJT JIJIS JOKA3ATENbCTBA TOro, 9To E&,&; 3aBUCAT TOJIBKO OT |n — |, MTHOBEHHO
cJleyer JUisi m # | U3 paBeHCTBa .

IIpu n = | > p npuMeHeHnEe AHAJIOTUYHBIX PACCYXKIEHUI K PABEHCTBY nokasbiBaet, uTo EE2 He 3aBuCHT
or n > p. Crenosarensro (em. (6.24)), EE2 = R,(0).

Takum 06pa3oM, ocTantoch HoKa3aTh, 910 By &, —m = Ry(m) mpun > pu 1l < m < p—1. Ilpumensis paBeHCTBO

(6.21]), MBI BrEM, 9TO

p
Egngnfm - — Z ak]Egnfkgnfnr

k=1

Tockonbky max(n —m,n —k) <nu|(n—k)— (n—m)| = |m — k| < p— 1, T0 npuMeHeHNe MHIYKIMOHHOTIO
MIPEJIITOIOKEHNST JIAET

p
Enén-m = — Y axRy(m — k) = Ry(m).
k=1

YTBepKIeHnEe JOKA3AHO. O

Bameuanune 6.4. Kax nokaszano B IIpenioxennn [6.7] nponece &, SIBIseTCsl pealn3yeMbIM HIPOIECCOM aBTOpe-
rpeccun. IIopsAmoK 3To# aBTOpPerpeccun MOYKET OKa3aThCs MEHBINE P, eClH a, = 0.

ITocnenoBaTenbHOCT Re (M) MOKHO HA3BIBATE G6MOPEZPECCUOHHbIM Npodossiceruem oTpeska R, (0), ..., Ry(p)
KOBapHAIMOHHO} (byHKIUN Hporecca 1,. OdeBuHo, KoBapuanun Re(m) mpu m > p ONPeIeIsOTCs PeKypPPeHT-
ueiMu pasercTBamu FOua-Youkepa, (6.17)).

3ameuanue 6.5. [Ipenmosoxum, 9To mporecc IIpenmoxkenns ABJIAETCS PEaJM3yeMbIM IIPOIIECCOM aBTO-
k) n
perpeccun mopsizika d:

d

n = — Z bknnfk + O-E{n'
k=1

Ecmu B IIpenioxkennn BBIOpaTh p = d, TO aBTOPErPECCHOHHBIM IpomoszkeHueM pama R, (0),...,R,(d) 6y-
ZleT caMa KoBapuanuonuas ¢yskunus R, (n). JelicTBurensHo, B 3TOM ciaydae kodddurnuenTs! aj B (6.19) 6yxyr
2 2
paBHbI by, a wucyio o, B (6.20) pasno o°. [losToMy TOCTeOBATENHHOCTD ([2.7) MOYKHO PACIEHMBATH KAK JIPYTYIO
(OTyIMYAIOILYIOCH JIMIITL BHIGOPOM 6eJIoro IyMa) PeaTu3aliio UCXOAHOTO [IPOIIECCA Ty, -
Eciu p < d, 10 9710 y»Ke HE TAK IPOCTO IIOTOMY, 9TO 110 onpeesnenuio by # 0, a nporecc aroperpeccun (2.7))
HMeeT NOPAMOK, MEeHBINH d.

Paccmorpum cotyuaii p > d. Coruacuo (6.17)),

d
Ry(m) = 3" bRy (m — k)
k=1

upu m > 1. B 1o ke Bpems Boinoareno (6.19), upudem koaddunuentor ap omHozHauHO onpejesensl. Orcooma
cpa3y xke cieayer, 910 ay = by npu k < d u ar = 0 upu k > d. llosromy Jg = o u (Kak u B ciaydae p = d)
aBTOPErPECCHOHHBIM IpOIo/KenneM orpeska R, (0),. .., R, (d) 6yzer koBapuarmontast dbysknus R, (n).

CriekTpaJsibHbI€ MJIOTHOCTUA ABTOPETrPECCUOHHBIX MPOIOJIXKEeHu. Ilycts p — oo. Pacemorpum mo-

CJIEJIOBATENILHOCTD {Rép ) (m), m > 0} aBTOperpecCHOHHBIX IIPOAOJIKeHHil oTpe3kos R, (0), ..., R,(p — 1) xoBapua-
()

IMOHHON (PYHKITUU TIPOIECCA 1), . ECTECTBEHHO OXKUIATH, YTO CIIEKTPAJIbHBIE IIJIOTHOCTH f5 (M), cooTBercTByIOIINE

KOBAPUAIMOHHBIM (DyHKITUSIM Rép ), OyLyT CXOOUTHCS K CHEKTPANIBHON INIOTHOCTH fy(A) HCXOIHOTO HIPOLECCa My,.
JIerko oKka3aTh, 9TO 9TO UMEET MECTO B HEKOTOPOM CJIa00M CMBbICTE. [Ij1s 9TOr0 HaM TOHAIOOUTCS CJIETYIOTIAsT
JIeMMa.

JIlemma 6.3. Ilycmo R, (k) — nocaedosameavrocmyd x06apuayuoniolt GynKEUut €O CNEKmparvHbMU MEPAMU
My, cocpedomonernvimu na (—m, 7|, Ecau das mobozo k umeem mecmo cxodumocmo R, (k) — R(k), 2de R(k) —
KOBAPUAUUOHHAA PYHKYUA CO CNEKMPArLHOT MePOTE M, cocpedomouentotl 6 (—m,T), Mo My, = M 6 MOoM CMBICAE,
Mo f(_mr] gdm,, — f(_mr] gdm. daa moboti oeparunennoti nenpepuierot 6 (—m, 7| Pynruuy g.
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Joxazamenavcmeo. TlepeiizieMm or KOBapUaIMOHHBIX (DYHKIMI K KOPPEJIAMOHHBIM. A UMEHHO, IIOJIOXKUM pp, (k) =
R, (k)/R.,(0) u p(k) = R(k)/R(0), a taxxe P, = m,/R,(0) u P = m/R(0). fcuo, uro P, u P aBidiorcs
pacipeie/IeHusIMA U OJIHOBPEMEHHO — CIIEKTPAJBHBIMU MEPaMK MOCJIEI0BATEBLHOCTEH P, U p COOTBETCTBEHHO.
Kpowme Toro, cxomumocts R, (k) — R(k) sksusajenrna cxomumoctu p, (k) — p(k), a ciabasi cxomuMocTb m, = m
— caaboit cxopumoctu P, = P. Takum odpa3oM, Mbl UMeeM

pn(k) = / eFAPL(dN) — p(k) = / eFAP(dN).
(—m,m] (—m,m)
I[Iycts &, — cydaiinas BeamdHHa, IMeromas pacrpeenerne P, a L(£) = P. Tem cambim Eet*én — Eet*¢. Bpegem
citydaiiable Benmaussl 1, = (§, +7)/2m nun = (&, +m)/2x. fcno, aro pacupeaenenne Q, = L(1,) cOCPeIOTOICHO
ua (0, 1], a pacupenenenne Q = L£(n) — ua (0,1). Kpome Toro,

Pn(k) — Eeik‘in — Eeik(Qﬂ'nn—W) _ e—iﬂk‘EeiQﬂ'k'f]n, N p(k) — Eeik& — Eeik(27rn—7r) — e—iﬂkEeiZWkn.

[lostomy Ee?? ™ — Rei?™k. 113 Teopembl 0 XapaKTepH3almu CXOMUMOCTH Ha equaudnoM Tope ciaemyer (|18,
o 7 §7]), uro Q, = Q. IlosTomy (Tak Kak JuWHeHOe Mpeobpa30BaHue HENMpepbIBHO) P, = P U yTBepXKJeHue
JIOKa3aHo. 0

CaencrBue 6.3. B cayuyae, Korja y 1pejebHONR Mepbl M HET HArPY30K HA BCEM IIPOMEXKYTKe (—, 7|, u3 a3roro
YTBEPXK/IEHUsI CJIEyeT B YACTHOCTH, UTO JIsi Jiroboro orpeska A = [a,b] C (—m, 7] uMeeT MeCTO CXOMMMOCTH

my(A) = m(A4).

Kpome Toro, jierko gokazars, 90 Jitobasi HepephIBHAsT OTAE/IEHHAS OT HYJIs CIIEKTPaJIbHAS IIJIOTHOCTD MOYXKET
OBITH PABHOMEPHO MPUOJIMKEHA CIIEKTPAIBHOM IIOTHOCTHIO HEKOTOPOTO MPOIECCa ABTOPETPECCHH.

ITpengoxxenune 6.8. ITycmo f(\) — cnexkmpaavnas naomuocms HEKOMOPOU BeUWECMEEHHOT CMAUUOHAPHOT NO-
caedosamenvrocmu. Ecau f uenpepwena u omdesena om nyas, mo cyuecmeyem makot peasudyemuiil npoyecc
a8MOPELPECCUL, YWMO €20 CNEKMPANLHAA NAOMHOCTD OMAUNAEMCHA 0OM [ CKOAL Y200HO MGAO 8 PABHOMEPHOT MeMm-
puKe.

Joxasameavcmeo. Ilycts 0 < m? < f(\) < M?. O6oznauum h(A) = 1/4/f(A). Torma 1/M < h()\) < 1/m.
@ynkiua b, O9€BUHO, HENPEPHIBHA W MOXKET OBbITh MPOJIO/KEHA HA BCIO BEIIECTBEHHYIO OCh 110 MEPHOJIUYHOCTH,
NPUYEM TPOJIOJIZKEHHE TOKE OYJIeT HENPEPBIBHOM (hyHKIHEH.

ITo Teopeme Beiiepmrpacca 0 TPUTOHOMETPUIECKUX MOJIUHOMAX QYHKIUIO f MOKHO DABHOMEPHO NIPUOJIN3ATD
€ TOYHOCTBIO JIO CKOJIb YTOJIHO MAJIOTO € € IIOMONIBIO TPUIOHOMETPUYIECKOTO HOJMHOMA () epnona 27. fcno, aro
/M —e<Q(\) <1/m+e.

[TockonbKy Beeria MOXKHO IIPeJICTaBUTh () B Bujie

q q
Q(A) _ che—ikk _ che—ikk ,
k=0 k=0

TO B ODO3HAYCHUAX

~ 1
\) =
TN =107
l_IO.J_[yLH/H\l7 910
N | 11 1 h(A) — Q(N)
7 = f] < ‘Q(M - hw‘ ‘Q(A) * hw‘ < mex(1/A(3) +1/Q() ‘ e ' <
< 2 eM
S1M—c 1M —¢
Tem caMbim fpaBHOMepHO aImpokcumMupyer f. O

IIpennoxenue [6.8 roBoput 0 TOM, 9TO HEIPEPBIBHASL CTPOTO MOJIOKUTEIBHA CHEKTPAIBHASL IITIOTHOCTD MOKET
OLITL TPUG/INIKEHa CKOJIbL YTOIHO TOYHO C HOMOIIBIO CIIeKTPaJIbHOM IJIOTHOCTH HEKOTOPOTo IIPOIlecca aBToperpec-
cun. B To Ke BpeMsl OCTaeTCsl HEIOHSTHBIM, MOYXKHO JIH 9TO CIEJaTh ¢ HOMOIILIO 00CY:KIaeMoil CIeruaIbHOl
IPOLIELy PhI.

Jlemma HAIIPOTHB, PACCMATPHUBAET (B TOM WHCJE) 3Ty CIEMUATLHYIO MPOIEIYPY, HO TADAHTUPYET JIUIIhH
CIabYIO CXOIMMOCTD CIIEKTPAJLHBIX MEP BMECTO PABHOMEPHOM CXOAMMOCTH IIOTHOCTEIA.

Ha camom nene mmeer mecro cepytromuit pesynbrat [13] pasm. 3.5].
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Teopema 6.2. ITycmo R, (k) — K08apuayuonnas Gyrkyua Hekomopoeo 6eUecmeernozo CMAYUOHAPHO20 NPOYEC-
Ca, UMENULE20 HENPEPBIEHYID 02PUHUNEHRHYIO U OMOCAEHHYIO O HYAA CNEKMPANLHYI0 NaomHocmy fn(X), ydosae-
meopaowyro ycaosuro Leavdepa c noxazamenem y. Obo3navum fg(p ) (N\) enexmpaavryio naommocms peasusyemo2o
NPOUECCA ABTMOPEZPECCUL, NEPEbIE P 3HAYEHUT KOBAPUAUUOHHOT PYHKUUL KOMOPO20 COBNAJAI0OM CO 3HAYEHUAMU
R,,. Tozda cywecmeyem makaa noaosicumenrvras nocmoannas C, sasucawas om fy, wmo

1£P ) = f,0] < Cp.

Ora TeopeMa 00bCHSET HOLYIAPHOCTE 00cyzK TaeMoro Merona. Ho Joka3aTesbcTBO TeOPEMBI JOBOJIBHO CJIOXK-
HO U IIO3TOMY OILyCKaeTCs.

ABTOperpeccnoHHbIe TPOJOJXKEHNUSI M CUCTEMA OPTOTOHAJIBHBIX MOJIUHOMOB. Marepuas 3Toro
pasjiesia TECHO CBsI3aH C TeOpUell OPTOrOHAJBHBIX [OJIMHOMOB Ha OKPYXKHOCTH, Bocxofsmei k [16] ra. XI, XII].

IIycts R u f — coorBeTCTBEHHO KOBapUAIMOHHAS (DYHKIINS U CIEKTPAIbHAS IJIOTHOCTH HEKOTOPOIA CTAIMOHAD-
HOIT TIOC/TeIOBATEILHOCTH. 11 KOMIITIEKCHO3HAYHBIX (PYHKIN 01, O, ONPEIeIEHHBIX HA eINHITHON OKPYKHOCTH
|z| = 1 u yZ0BIETBOPSIONIUX YCIOBHUIO

/ 66N F(N)AA < 00, k=12,

OIIpeJIeJIUM CKaJIgpHOE IIPOU3BE/IeHIE PaBEHCTBOM

(01,02) = % /91(6M)92(eiA)f(A)dA. (6.25)

CooTBercTByIOIIEe TUIBOEPTOBO MIPOCTPAHCTBO 00O3HAYUM ]L?. Torna R(m) = 2w <ei’\”, e”‘m+n> f VA JIFOOOTO N,

TO B 9TOM cayaae 01(z) = 2™ m Oa(2) = 2™

s moboro p > 1 pacCMOTPUM CUCTEMY

P
R(m) + g aprRm—k)=0, m=1,...,p, (6.26)
k=1
Koropast, cormacto Jlemve [6.1} umeer e uHCTBEHHOE PEMIEHHE Gy 1, - - - , Up,p, 1A KOTOPOTO BBITOIHACTCH

P
02 CR0) + 3" apiR(k) > 0.
k=1

BBezeM 10IMHOMBI KOMILIEKCHOl HepeMeHHON Q) () paBeHCTBOM
Qp(2) =22 +ap12P7 + .. Fapy,
JonoTHITeNbHO TIoNoKNE 0g = /R(0) 1 Qo(2) = 1.
JIemma 6.4. Jlas noaunomos Qp 6bin0OAHEHDL PABEHCTNEA
(@p:Qq) =0, p#a Q] =0p/2m.
Jlokasamenvcmeo. Pasencrso [|Qol|7 = 0§ /27 Bemonmeno no onpeenenmio. Iepermmen B BUJIE

™ P p
0= / ei'rn)\ + Z ap,kei(m_k))‘ f()\)d)\ _ / e—i(p—m)A eip)\ + Z ap’kei(p—k)h f()\)d)\ —

-7 =1 - k=1

= [ Q) FNN w1 <m<p,

—T

s

Orcrona caenyer, uro npu p > 1 nosmaoM (), OPTOrOHAJICH B IL? JIIOOOMY TIOJIMHOMY CTEIeHW, MEHbIEel P, u,
CJIeJIOBATEJILHO, opToronasnen (g mpu 0 < ¢ < p.

66



6 OnenuBanue crekTpaJjbHoil miorHocru: mMeros MEM

Hamee, mpu p > 1

27| Qpl} = Qp( M)Qp(e™) f(N)dA = ) Qp(e™) (e + ) apre” PR F(N)dA =

k=1

= _” Qp(ei/\)e*ip/\f(/\)d)\ :‘/_ (1 + Zap,ke zkz\) f(N)dX = R(0) + Zap rR(—

Jlemma JOKa3aHa. |

ITosmuomer (), naspiBator nosmuomamu Cere.

3ameuanue 6.6. O6ozHaunM = . Torma crexkTpaJjbHas IJIOTHOCTH ABTOPEIPECCUOHHOTO IPOJIOJIZKe-
P p pllf
Hust € (®) paBHA

w1 B X R = A sor
O T e ™[ 1@ @5 gyl ™ o0

OrMeTuM HEKOTOPbIE CBOMCTBa IOINHOMOB Q) U ¢, (mampumep, [16], . 11]).

IIpennoxenne 6.9. 1. Ilycmo v, p = 0,1,... — nexomopas opmoHOPpMUPOCAHHAL 6 ]Lft cucmema PyHKuu,
npunem P, ABAAEMCA nosunomom cmeneny p. Tozda 1, = £¢p.
2. Ecau noaurom P cmenenu p opmozonanen 6 ]L?c A060MY NOAUHOMY cneneny, mervweld p, mo P(z) = cQp(z).

3. Ecau noaunom P cmenenwu p opmozonanen 8 IL? aobomy moromy 24 npu j om 1 do p, mo P(z) = czPQ,(1/2).
4. Hoaunomw, Q, npu |z| = 1 ydosaemeopsiom pexyppermmvim COOMHOUEHUAM

QP+1<Z) = ZQP(Z) + Apt1,p+1 Zpr(l/Z)- (6.28)

Hoxazamensvcmeo. 1. OueBunHO, g = ¢g. Ilycts 9, = ¢, ipu p < po. Torma cymecTByIoT Takne HeHyIEBBIE @, [3,

def o
UTO Yp, = 0Pp, — BPp, ABIAETCA TOTMHOMOM CTETIEHH, MeHbIIel, JeM py. IIoCKOIbKY ITOJTMHOM Y, OPTOrOHAJIEH

¢p U p < Do, TO atppy = By, . Hakonen, tax Kak ||¢p, || = ||@p, || £, TO || = |B].
2. DT0 CBOICTBO CTAHOBUTCS OYEBUIHBIM, €CJIM PACCMOTPETH pasJioxKeHue P = Zi:o cp Q.
3. Jlis moka3aTesbCTBa 3aMETUM, UTO JIJIs JIIOOBIX TTOJMHOMOB Py, P 1 jiioboro k > 1 BBIIOSIHAETCS TOXKIECTBO

(Pi(2), Pa(2))p = (2" Pa(1/2), 2" Pr(1/2)),

HeiicTBuTepHO,
(FPy(1/z), 2 Pl(l/z = 7/ e Py(e7™) ek Py (e f(N)dA =
— o | PR 0 = (P2 Pa(2)
Teneps MBI BUAMM, 9TO U3 PABEHCTBA <P(z), zj>f = 0 ciexgyer, 9TO <z’3"P(1/z)7 zp_j>f =0mj=1,....,p— 1.
Tak kak 2P P(1/z) — nosmmnom crerenu p, oproronabublit 28 nia k =p—j=0,...,p—1, 10 2PP(1/2) = cQp(2).

Orciona cpagdy ke cieayer TpebyeMoe.
4. To oupenenennto, Qp41(2) oproronanen z? npu 1 < j < p. Kpome Toro,

(2Qp(2) z>f (Q (z),zj_1>f:O

npu Tex xe j. Crregosarensno, momuHoM @Qp41(2) — 2Q,(2) oproronasnen 2/ npu Beex 1 < j < p. [Ipumenss yrsep-
JKIeHne . 3 BUIUM, 9TO MONMuHOM (Qpi1(2) — 2Qp(2) mponoprmonanen 27Q)p(1/z). Ilpupasuusas ko3bduImeHTHI
DY CTEIIEHAX ITUX IIOJUHOMOB, II0JIy9aeM BHUJL IIOCTOAHHOM C. O

Pasencrsa (6.28)) HazbiBatorca pekyppenthbiMu cootHomenusmu Ceré. TTokarkeM, KAk 9T COOTHONIEHUS MOXK-
HO UCIIOJIb30BATH JIIs PEKYPPEHTHOTO 110 P HAXOXKIEHUs KO3 (DUIIEHTOB aBTOPEIPECCUH Gy -
ITpupasuuBas K03bGUIMEHTHI IPU OJMHAKOBBIX CTEIIEHAX B IPaBoii u jieBoil yactax (6.28) u yunrbiBas, 4ro

P P
2Qp(1/2) =1+ Zapszk =14+ Zapﬁpik+12p—k+l7
k=1 k=1
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nosyanm, ato ipu 1 < k < p

Ap+1k = Op,k & Gp+1,p4+1 Opp+1—k; (6.29)

B TO Bpemst Kak wiensl ¢ 2P cokpamaiorest, a npu k = p + 1 Mbl IPUXOIUM K TOXKIECTBY Ap i1 pi1 = Qpilpil-
Tem caMBIM UHCTA Qpi1,; PEKYPPEHTHO BBEIPAXKAIOTCH U€PE3 Apiti1p+1 U Gpj, J = 1,...,p. Temeps, moacraBiss
(6.29) B ypaBHEHHE

p+1

Rp+1)+ Z apt1xR(p+1—k)=0
k=1

U PeIIasi ero OTHOCUTENIBHO Gp 1 p+1, HAXOJIUM BCe KOIP@MUIMEHTHI Ap-1,5. DTOT IIPHEM B CTATUCTHKE CTAIIMOHAD-
HBIX [IPOIIECCOB HOCHUT Ha3BaHUE aszopumma Jlesuncona, cMm., Hanpumep, [I1l pasx. 3.8.1].

OHTponuiiHas XapakTepu3alius aBTOPErpPecCCUOHHOTO IIPOAOJIXKEHUSI. ABTOPErpecCHOHHOE IIPO-
nmommkenne orpeska R, (0),..., R,(p) koBapuanuonuoil GpyHKIUN IIPOIECCa 1), HE SIBJISETCs] €INHCTBEHHBIM HEOT-
PHULIATEIBHO OIIPEJIEICHHBIM ITPOJIOJIZKEHAEM 3TOTO OTpe3Ka. JIeHCTBUTENbHO, €C/Iu B3ATh ¢ > P, TO aBTOPEIPECCH-
OHHOe TIpojioszKenne orpeska R, (0),. .., R,(q) Gymer aBroMaTndecKn mpojoskeHneM orpeska Ry (0), ..., Ry, (p).

ITpusejeM npumep JAPYrux IPOJOJIXKeHui, ciemysi [4], rjae ucmoab3yeTcss HECKOJIBKO 0oJsiee aHAIUTHIECKUIT
SI3BIK.

Tlockonbky marpuna ,11 = {1 R, (1 OJIOXKUATEILHO OIpeaeieHa, TO IPU JOCTATOYHO MaJioM [t > 0
P+ yl )

P
k)}k,l:O
MaTpHUIa E( 1 = Ypp1 — pul Toxe 6y;1eT HOJIO)KI/ITG.HBHO oupezeiena (3gecb I — equununas (p+ 1) x (p+ 1)
MaTPUIIA). CJ‘Ie)ILOBaTeJ‘II)HO BMECTO u MBI TOJIY IUM

p
R (m) + 3 a’ R (m—k) =0, m=1,...p
k=1

o2(1) € RW(0 +Za(”) R (k) > 0,

rae Ry (k) = Ry(k) upn 1 < k < p u R (0) = R,(0) — u > 0.

3aa M 110CIe/10BaATeTbHOCTD fn " CJIEJYIOIIUM 0Opa30M: CJIyYaiiHbIe BEJININHBI 5(()“ ), .

(1)
HOJIb ¥ KOBAPHUAITMOHHYIO MATPHUILY Ep 1, & IPU N > P 33/1a10TCs PABEHCTBOM

&

UMEIOT CcpeJaHee

Zak/t)g(/ik_’_g (1) €n,

rze (IeHTPUPOBAHHDI 1 HOPMUPOBAHHBIN) GeJIblii IIyM €, OPTOrOHAJIEH 55” ) mpu 0 < 5 < n.

IMoBropsis paccyxaenus IIpeaioxenus MBI [IOJTy9HM, 9TO f,(fl ) apnsterca ABTOPErPECCUOHHBIM CTAIMOHAD-
HBIM TIPOIIECCOM, a €ro KOBapHuaIMoHHast (OyHKITHS Ré” ) (n) gBJIsIETCH TIPOIOJIZKEHUEM OTPE3KA R%” ) 0),..., Rg,” ) (p).

Nnave rosops, Ré“) (0) = R, (0) — p, a Ré“)(k:) = R,(k) upn 1 <k <p.

Eciu teneps nmpubaBuTh K fﬁf‘ ) HesaBHCHMbIi ¢ FTHME CJIyIafiHBIMY BeJTMIUHAMU O€JIbIN IITyM 55# )¢ IE&SL“ ) =0

u Ds(” ) = = [4, TO MBI TIOJTyunM IpojosKkerne orpeska R, (0),. .., Ry (p).
3ameuanue 6.7. CrekrpajbHas IOTHOCTD IPOIECCA C,(L” ) = & 4 5(” ) mveer BUJT
1 o2
A i p(/ti) ., s (6.30)
T30 ay e
JI1s1 onmCcaHua MeCTa aBTOPErPECCUOHHOTO IIPOIOJIKEHHAA OTPE3Ka, R%“ ) 0),..., Rg,” ) (p) cpenau Beex mpomoJIKe-

HOU HAM [TOHATOOUTCS ITPOIUTUPOBATE JBA KJIACCHYECKUX, HO HE IMPOCTHIX JJIs TOKA3aTEIbCTBA yTBEPKICHUIA.
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Teopema 6.3 (Konmoropos, cm. [B], erp. 622). ITycmos 1y, n € Z — cmayuonapHoill 6 WUpoKoM CMBICAE NPOUECC
co cpedHum Hoav. Jlas mozo, wmobvl cyulecmeosans 6eavils Wym €, marxol, 4mo

T =Y Cotkh (6.31)
k=—oc0

HeobLoduMO U JOCTNAMOUHO, YMODbL CYWECMNE06A.AA CNEKMPANLHAA NAOMHOCTL fr(N) npouecca 1, maxas wmo

S(f) = S, (f) / " n £, ()N > —oc. (6.32)

—T

B anriosispranoit sureparype BeauunHa S( f) MHOTIA HA3BIBAETCS SHMPONUlinviM urmezpaiom (entropy integ-
ral).

IMpouece, ynosnersopsitomuit (6.31), Ha3bIBaeTCA pe2yAApHLM OTHOCUTEIHHO 6EJIOro MyMa €,. OTMeTHM, 9TO
peasu3yeMble TPOIECChl aBTOPETPECCUM, KaK W CTAIIMOHAPHBIE MPOIECCHI CO CHEKTPAJBHON MIOTHOCTHIO ,

YAOBJIETBOPAIOT HepaseHcTBY ((6.32)).

Teopema 6.4 (Kommoropos-Ceré, cm. [6], crp. 257). ITycmo 0, — nauaywwut (6 cpednexcadpamurieckom)
AURETHT NPOZHO3 CAYUGTUHOT BEAUNUHDL Tpt1, TOCTPOEHHBLT NO CAYYATHBM BEAUNUHGM N, Npu —o0 < k < n.

Ecau ny, ydosaemeopsaem (6.31)), mo

* 2 I
E(nnJrl - 77n+1) = QWeS"(f)/z . (633)

IIycts mama xoBapuarmonHas GyHKIus R, (n). 3adukcuposas orpesok R, (0),...,R,(p) sroit KoBapuaim-
OHHO (byHKL[I/II/I, paCCMOTpI/HVI TE ee HeOTpHHaTeHBHO OHpe)le.HeHHbIe IIpOJ:[‘OJ'I)KeHI/IH, JIJISL KOTOprX BBIIIOJTHEHO
HEPABEHCTBO . SHauuT, /1t HUX OyJIyT BBITOJTHEHBI AHAJIOTH .

Hauunaga ¢ pabor Bepra [7], [8] (8 unreprere mocrynma muccepraius Bepra [J], B xoropoit uznoxeHsr pe-
3YJILTATBL 9TUX CTATEH) JJId XapaKTepU3alul aBTOPErPECCMOHHOIO MIPOJIOJIXKEHUS UCIIONb3YeTCsl IIPUHIAIL “MaK-
CHUMaJIbHOl cirydaitHocTu” (IIOCKOJIBKY B KQYeCTBE MEDBI CJIyYaillHOCTU OOBIYHO UCIIOJIB3YETCsl SHTPOIUS, TO ITOT
IpUHOUN 00bIMHO Ha3bBAOT [Ipunyunom Makxcumarvrnol Fnmponuu).

Hemuoro uamenns s Hamux neseit dpasy usz [10] (murupyercs no [11L i 7.4]), npuHIMOD MaKCUMAJBHOL
CJIy9alHOCTU MOYKHO C(POPMYJIUPOBATH TAaKUM 00PA30M:

ecau Mol deaaem w800, HA 0CHOBE HENOAHOT UHPOPMAUUL, MO JOAAHCHDL onupambcﬂ HA MAKYIO 8EPOAM-
HOCTHYIO MOJEAD, KOMOPAS NPUBOOUM K MAKCUMAAGHOT CAYHaATHOCTY, donyckaemols Hawet unpopmayued.

B mamem caydae mepoit “cirydaitnocTr’’ mporiecca MOYKHO CIUTATH OIMUOKY HAMIYYINEro MPOTHO3a Ha, OIUH
[Iar OpU yCJIOBUM, YTO BCe IIPeJBLIyIas TPAeKTOpUsl Iporecca n3pecTHa (dem Gosiee “cayduaeH” mporece, Tem
TPY/IHEE €ro IPOrHO3UPOBATD ).

Ecin Mbl IpUHSIM TPUHITAI “MaKCUMAaJILHON ciiydaiiHocTn B JAHHON MOCTAHOBKE JIJIsl HAIIEH pPeJaKIiu, TO
MPUILIA C yIETOM K CJIeIyIomell 3aade: Hatimuy 0As Gurkcupo8arHo2o p makoe HEoOmpuuamesvsHo onpede-
sennoe npodossicerue ompesra R, (0),..., Ry(p), daa xomopozo swmponuiinsdl urmezpas MAKCUMANEN.

OK&SBIB&GTCSL q9T0 peHIeHI/IeM TaKoOu OHTI/I]\{I/IS&IH/IOHHOﬁ 3a/[a91 U ABJIACTCA aBTOpereCCI/IOHHOe IIpO,ZLOJDKeHI/Ie.
Buepsbie 310 3amerns Bepr, XoTsi B ero 10Ka3aTebCTBe U COIEPXKATCA HEKOTOPhIe pobesibl. CIIMCOK CCHIIOK Ha
JIPyTHe MOJIXObI M JI0KAa3aTeJbCTBa 9Toro dhakra MOKHO Hafitu B [12].

C cobcTBEeHHO SHTpPOMKEN 3831y MAKCUMHU3AIUN (DyHKITHOHATIA CBS3BIBAIOT CJIEAYIONINE COOOPAYKEHUS
(3TH coobpazkeHus U NPUBOIAT K TEPMUHY “METOJ MAKCUMAJbHON SHTpOIUH).

[ycts caywaiineiii BexkTop & = (£1,...,&,)T uMeer pacnpenenenne P ¢ miorHocTRIO p(X), X € R™. Torma
(muddepennmanbHoit) swmponued, n-MepHOro pacupeeseHns: P Ha3bIBaeTCs (HDyHKIMOHAI

He = H(P) =~ [ 1 (o) plx)ax

rae 01n(0) = 0.

He ocranasimpasich Ha TPUYMHAX, IO KOTOPBIM SHTPOIUS MOYKET CJIyKUThb MOJIXOAIIEH Mepoil crydaiiHoCTH
(kcTaru, 310 cuuTaercs obmenpuaaThiM, cM. [10]), IpuBesEM HEKOTOPBIE €€ CBOHCTBA, HEOOXOIUMBIE I U3JI0XKE-
HUS.

Y namee B [I0]: ... Ha Taxkoe BEPOATHOCTHOE PACIPE/IENCHHE, KOTOPOE MMEET MAKCHMAJIBHYIO SHTPOIHIO, JONYCKACMYIO
Hareil anpuopHoit nadopmarmei.”
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dcHo, 9TO ecau caydaiHble BeININHBI £} HE3aBUCUMBI C SHTpomuaMu Hj, TO

n
He =Y Hy.
k=1
HerocpeicTBenHo J10Ka3bIBaeTCA Cle Ty Ionuii mpocToii bakt. Ecym ciyuaitnbiit Bektop € = (€1, ...,&,)T nmeer
IVIOTHOCTD pacipeneieHus p(T1, ..., %,) 1 suTpomuio He u ecnu A : RY — R — HeBBIpOXKIEHHAS MATDHIA, TO

JUIsl CILy9aifHOro BeKTopa 7] = A SHTPOIMS UMeeT BUJL
H, = H¢ + In(| det A). (6.34)

Orciofa cpa3y ciiefyeT BUJ, SHTPOINNA MHOIOMEPHOI'O T'ayCCOBCKOI'O DACIPEIE/ICHUSI C HYJIEBBIM CPEIHUM U
HEBBIPOXKICHHOI KOBapHUAIMOHHON MaTpurieil. JleificTBUTEIBHO, /1Tt OMHOMEPHOI TayCCOBCKON CIIyJailHON BETMIN-
HbI ( CO CPEJIHUM HOJIb U HOJIOKUTEIBHOMN JUCHepcheil 02 SHTPOINS JIETKO CYMTACTCH W UMeeT BHT

1 1
H; = 5 In(27e) + 3 In(0?).

Iosromy, ecau &1, . . ., &, He3aBucumbl u & € N(0, ai), TO UX COBMECTHAas SHTPOIUS PaBHA
n 1 i
He = — In(2we) + = In o2
¢ =5 In(2me) + 5 k]i[l i

OTcro/ia CTaHIAPTHBIM IPUBEIEHUEM KOBAPUAIIMOHHON MATPHIIBI K JUATOHAIBHOMY BUJLY C UCIIOJb3oBaHueM ((6.34)
cpa3y MOJIyvdaeTCs, YTO JIJIS T'ayCCOBCKOTO BEKTOPA 7] C HYJIEBBIM CPEJHUM U HEBBIPOXKJICHHOU KOBAPUAITMOHHOMN
MaTpuIEei 2

1
H, = g In(2me) + 3 In (det X).

Paccmorpum renepb 6eCKOHEYHYIO TOCJIEN0BATEBHOCTD 1) = (1)g, - « - 3 T, - - -) TAKYIO, 9TO JJIs JIHOOOIO 1 BEKTOD
(N0, - - -, Nn) UMEET IUIOTHOCTD PaCIpeeieHus Py, (X) u suTpormio H,. Eciu cymecrsyer upemes h mocseoBaresib-
Hoctu h,, = H, /n npu n — 00, TO 9ncyio h Ha3BIBAETCs Ydeavholi snmponuet; MOCae0BATEIBHOCTH 1).

IlycTh 17 — rayccoBckas CTaIMOHApHAs II0CJIEI0BATEILHOCTh CO CPEJHUM HOJIb M KOBApUAIMOHHON (byHKIIU-
eit R,(m). Obosuaunm 3, KOBApHAIMOHHYIO MATPHUILY CJIydYailHOrO BEKTOPa (7o, .. .,Np—1) U HOTpeOyeM, ITOOBI
upu JiboM m 3Ta MaTpuna OblLia HeBbIpOXKJAeHHONH. Torma aBroMarundecku BeKTODP (1o, ..., Nn—1) OyJeT UMeTb
IJIOTHOCTD PACIPEIETIEHIS W, CJIEIOBATEIHHO, SHTPOIINIO

1
H, = g In(27e) + 3 In (det 3,,) . (6.35)

Oxa3biBaercs (IpH HEOOPEMEHUTEIBHBIX OIPAHIYECHHX ), B 9TOM CJIydae /e bHas SHTPOIHS CYIIECTBYET U UMeET
)

JIOCTATOYHO IPOCTOMN BHJI, CBI3aHHBIN C SHTpOIUIAHBIM uHTerpaioM (6.32)). A umenHo, umeer Mecro cieiyioniee

YTBEDPK/IEHHE.

Teopema 6.5. IIycmo 2aycco8ckas cmayuonapHai NOCA008aAMENLHOCTNG 1] UMEEM 02PAHUMEHHYIO CEEPTY U OM-
deaenmyro om HYyss cnexkmpansvhyto naomuocms f. Tozda ydeavhas snwmponus amot nocaedosamenvrocmu h
cywecmsyem u

1 1 (7 1
h= 3 In(2me) + ym [W In (27 f(N\))d\ = 1/2 4+ In(27) + o Sy, (6.36)

ede Sy onpedeneno e (6.32).

Hoxazamenvemeo. OrpaHUIUMCST JIMIIH U3JI0KEHUEM X0/Ia JIOKA3aTe/IbCTBA TEOPEMbI OHo ocHOBAHO Ha KJ1ac-
cuaeckoM pesyibrare I. Ceré o mpene/ibHOM IOBEIEHNN CIIEKTPA SIPMUTOBBIX TEILIUIEBbIX MaTpull. [Ipusegem sTo
yTBepKIeHne B yI00HOM 11 Hac (popme.

ITycrs R(n) — KoBapuarmonHast byHKIHs, MEOIIasl CIIeKTPAIbHYIO II0THOCTD f. O6o3Haunm %, = {R(k —

n—1
) k,1=0
9rCesT MATPUIIBL Y, PABEHCTBOM

T Tp,05---3Tn,n—1 — COOCTBEHHBIE UHCJIa MATPHIEBI X,. HakoHer, BBelleM pacmpenereHne COOCTBEHHBIX

_ [ ™0 oo Tpn—1
P"_<1/n 1/n>
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Teopema 6.6 (Ceré, [13], r. 7). Ecau cnexmpaavraa naommnocms f ozpanuuena, mo pacnpedeserue Pp caabo
cxodumes npu n — 00 K pacnpedeaeruto P cayuatinot seaununv 27 f (o), 2de o pasromepro pacnpedesera Ha
[—7, 7).

I[Ipu gononHATENBHOM (M YHPOIIAIOMEM) IPeAIoIoKeHHl y_ _ _ |R(m)| < oo mokasarenbcrso sToro dak-

ra ussioxkeno B [14, reop. 9 pasu. 4.4]. Ciuemyer TOJBLKO OTMETUTH, YTO B IIOJOOHOI JiuTeparype, He MMEoNIeil
HEIIOCPEJICTBEHHOI'O OTHOIIEHU K CJIyYailHbIM IIpoIleccaMy, KOBapHAaIlUU IIPeJICTaBJIeHbl B BUJIE

1

T or

Rim) = 5= [ 7 e g,

e (byHKIMs g CBsI3aHA CO CIEKTPAJIBHON MJIOTHOCTHIO f PABEHCTBOM

2r f(w) mpu 0 <w <,
2nf(w—2m) mpn 7 <w < 27,

g(w) =

Hanpuaeimuit xom paccyKaeHnii TakoB. 1Ipexkie Bcero, mMeer MeCTO CJIeyIONIee yTBEPKICHUE.

JIemma 6.5 ([14], nemma 6 pasn. 4.2). Obosnawum my = essinf f u My = esssup f. Tozda dan mobvix n u k
2rmy < Tpp < 2 My

Tem caMbIM U pacnpejiesieHnst P, U paclpeiejeHne ciydaiinoil senuaunsl 27 f () coCpeIOTOUEHbI Ha OHOM
U TOM K€ KoMIakTe [2mm g, 2 M ).

IIpearnosoKumM Terneph, 9To CHEKTPAJbHAsA IIJIOTHOCTh HE TOJIBKO OIpaHuYeHa, HO W OTJeseHa oT Hyas. Torma
dyuxnus F'(z) = Ina mempeprlBHA 1 orpanudeHa Ha oTpeske [2mmy, 2mMy] u, ciemoBarensuo, o Teopeme Ceré

n I

n—1 n—1
1 1 In (det 2,,) / 1 /”
FdPy =~ S n(rap) =~ In | [T rwn | = S 20) o [ pgp = — [ I (2nf(\))dA.
/ ”z;:o (Tak) = ~ k|:|0 k 5 (27 f(N)

Yanresas (6.32) u (6.35)), momygaaem (6.36]). O

Takum obpa3zoM, 3aJa9M MAKCUMU3AIUN JUCIEPCUNM HAWIYYIINEero IIPOTHO3a U YJIeJIbHOU SHTPONUU
lim H,, /n jjisi 1ayCcCOBCKOrO CTAIMOHAPHOIO [POIECCa € OrPAHMYEHHON M OTIEJEHHOH OT HyJs CIEKTPAJbHOI
IJIOTHOCTBHIO OKa3bIBAIOTCA SKBUBAJIEHTHBIMU.

Kak y»xe roBopmsioch, peleHHeM ITUX 33/1a49 IIPU YCJIOBUH, UTO IEPBbIE P KOBAPHAIUI [IPOIECCA M3BECTHHI,
SIBJISIETCSI AaBTOPETPECCUOHHOE TIPOIOJIZKEHNE KOBAPUAIIMOHHON (hyHKITUHU mporiecca. KcraTu, TeXHUIeCKu mpocToe u
OCHOBAHHOE Ha TEOPETHKO-MH(MDOPMAIMOHHBIX COOOParKeHNsIX J0KA3aTeIbCTBO ITOro (hakTa MOXKHO Hafitu B [12].
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6.2 Merox MEM

IIycts xg,...,xN—1 — OTPE30K PEAJM3AINN BEIIECTBEHHOTO CTAIIMOHAPHOTO IPOIECCa C HYJIEBBIM CPEJTHUM U
KoBapualmonuoit gpyukuumeii R(m), obnagamomeil ciuekrpaibaoii mioraoctbio f. Obmasa cxema IpUMEHEHUsT pac-
CYZKJICHUIT IIPEJBIAYIIETrO pa3aesa K aBTOPErPECCHOHHOMY CTATUCTUYECKOMY OICHUBAHUIO CIIEKTPAJIBHON IIJIOTHO-
cru [ BIOJIHE IIPO3PAYHA U COCTOUT M3 HECKOJIBKUX IIATOB:

1. Beibop nopsijika p anmpoKCUMUPYIONIEH aBTOPErPeccun. DTa aBTOPErPECCHsT UMeeT BHU/I

p
gn = - Zakgnfk + oen.

k=1

2. IlocTpoenne oreHOK }Af(m) KoBapuaionHoi gyukiwu R(m) upu 0 < m < p;

3. Haxoxxnenne ko3pPUINEHTOB G U3 BLIGOPOYHOro aHajora cucreMsbl HOua-Yoskepa

P
R(m)+zakR(m—k):0, m=1,...,p; (6.37)
k=1

4. Brruucienue kosdduiuenTta o2 1mo GopiyIe
~ p ~
52 = R(0) + > _apR(k); (6.38)

5. Haxowern, mosiyuenne ONEHKN CIIEKTPAJIBHON IJIOTHOCTH f:

~ 1 52

2m |1+ Zzzlake—mx‘?

A < . (6.39)

B ciayuae, Korja Hac mHTEpECyeT TOJIBKO (DOPMa OIEHUBAEMOIl CIIEKTPAJIbHOM UIOTHOCTH (HAIIpUMED, pac-
HOJIO’KEHHE €e OCTPBIX IMKOB Ha OCH A), MOXKHO HCIIOJIB30BaTh 60Jiee IPOCTYI0 CTATUCTUKY

~ 1 1
Fo =5 .
T e

Al < . (6.40)

6.2.1 Cuay4ait PUKCUPOBAHHOIO

Bynem canrarh, 9T0 YHCIIO0 P 3apUKCUPOBAHO U OOCYIUM CTATUCTHYECKHE CBOMCTBA ITOH IIPOIEIYPHI.

2 "
Corusacao Jlemme [6.2| maTpuna X, 1 = {R(k: =1 | ko ABIAETCS HEOTPHUIATEIBHO ONPEIeIeHHO 1, ClIe0-

BaTesbHo, cucreMa (6.13) mMmeer emmHcTBenHOE pemenne, a umcio o2, onpenenennoe B (6.14]), momoxkuTenLHO.

Iostomy, ecam R(m) upu 0 < m < p ABISIOTCH COCTOATEIbHBIME oueHKamu R(m), To upu N — oo marpuna
S 5 P .
Ypt1 = {R(k - l)} 1 k=0 OyJIeT MOJIOXKUTEIHLHO OIPEJIeSIeHa C BEPOITHOCTRIO, cTpeMsiIieiics K 1.

CuaeproBaresibao, npu 6oabimux N ¢ 6osbmioii BeposTHOCThIO cucreMa ((6.37) Oymer uMeTh eJIuHCTBEHHOE pe-
menwe, a "ucio o2, onpejerennoe B (6.38), Gymer monokuTeTBHO.

~ P ~ P
Bonee Toro, kak HETPYHO BUAETDH, IpU 9TUX yCJIOBUAX A — Ak U 52 = 02. D10 3HAYUT, 4TO UpU DUKCH-
POBAHHOM P, 1. — 00 M COCTOATEIbHBIX OleHKax R(m), m = 0,...,p, onucanHas 1mponeaypa OyJer COCTOATEIHHO
OIEHUBATD CIEKTPAJHHYIO IIOTHOCTH
1 o2

2 L S e P

)

. AL

aBTOPErPECCUOHHOTO TPOTiecca, 00CYKIABIIErOCs B IIPEIBIIYIIEM pa3ere.

OsHAKO OJIHOM COCTOSITEILHOCTH OIEHOK R(m) He J0CTATOYHO Kak s Toro, 4tobsl cucrema (6.37) mmesa
€JIMHCTBEHHOE PeIlleHre, TaK U JJId TOro, 9Tobbl npasas 9actb ((6.38) OblLia nosioKuTe bHA IPpU HDUKCUPOBAHHOM
N.
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Haunb6osee nomyisipHoii oneHkoil KoBapuanuu R(m) 1o peajusanuu o, . .., TN_1 ABIAETCS
1 N—-m—1
Ri(m) = Ri(-m) = —— kZ_O (2 — Z)(Thym — T). (6.41)

Omnako MaTpuia f]z(izl, IIOCTPOEHHAS IO TAKUM OIEHKAM KOBApUAIMOHHON (PyHKIMH, HEe Oymer, BooOIe ro-
BOpsI, HEOTPULIATEILHO OIpeIeeHHol. TeM He MeHee OLGHKU 2 (m) nerko mcopaBuTH (HECKOJIBKO YXYJIIINB),
obecIeYnB HEOTPHUIATEIBHYIO OIMPEAeIeHHOCTh Hy2KHOM HaM KOBAPHAIMOHHON MATPHUITEL.

JlokazkeM CHavaJsIa CJIeLyIONLyIO JIEMMY.

Jlemma 6.6. ITycmo zg,...,z2nv—1 — sewecmaennvie wucaa v 1 < L < N. Obosnarwum
N—m-—1
Um = § RkRk+m
k=0
u esedem Tenauuesy L X L mampuyy S c saemenmamu s;j = uj—j|, 2de i,j = 0,..., L — 1. Tozda mampuya S

bydem neompuuamenvro onpedesena.

Hoxazamesvcmeo. Obo3HAIIM

zr, mpu 0< K< N -1,
2 =
0  wuHadge
u pacemorpuM L X (N 4+ L — 1) marpuiy X co crpokamu
Xk:(zikazik.:,.lw-~,Z?<V+L_2_k), k=0,...,L—1.
Hanpumep, npu N =4 u L = 3 31a MaTpuria numeer BUJ
zZ0 <1 k2 Z3 0 0
X = 0 zZo k1 %2 Z3 0

0 0 zg z1 29 =23

IIycts 0 <7 < 7 < L — 1. Ecan moka3aTh, 9TO XinT = u;_;, TO Bce OyJeT JOKa3aHO, TAK KaK ITOJIyIHTCs,
gro S = XXT.
Bamernm, uro 2z, = O0npul < jul > N+ j. B ocrampubx ciayvasx 2° ., = ;. Tak kax j > 4, 10

2%y =z-iupul>jul < N+i—1. Creroparenbto,
N—L-2 N+i—1 N+i—j—1
T * *
Xin = E Z—i+lz—j+l = E 22—+l = E ZmiZm-4j—i-
1=0 =4 m=0
VTBepxKaeHne T0Ka3aHO. O

Ecsmm reneps B Jlemme [6.6] nonoxuts L = p+1 1 2, = T — &, TO MBI MTHOBEHHO TIOJLY9HM, 9TO B O003HAUCHUAX

N—m-—1
(2 — Z)(Thpm — T) = N—m Ry(m), (6.42)

- N N

=
Il

0

MaTpHuIa flz(i)l = {ﬁg (1— k)}szo OyzIeT HeOTPHUIATeIbHO onpeeennoil. Ha npakTruke, KOHEYHO, HEOTPUIIATEb-
Hasl OIPeIeIEHHOCTD TepeiieT B TIOJIOZKUTEIBHYIO OIPe/IeIeHHOCTD.

O6cynum craTucTudeckue cBoficTa oreHok Ri(m) u Re(m). Xopomo ussectro (Hanpumep, [II, pasa. 8.3.2]),
4TO 1pH y2Ke 00cyKaasmeMcs yeaosun y oo |R(k)| < oo st dpukcnposannoro m

oo

ER (m) — R(m) ~ —% R(m) = —21£(0)/N.

k=—oc0

73



6 OnenuBanue crekTpaJjbHoil miorHocru: mMeros MEM

CoOTBETCTBEHHO,
~ N —m ~ m
ERy(m) — R(m) = (B (m) - R(m) ) + 2 R(m) ~ (= 2mf(0) +m) /N.
Buamo, uro onenku El (m)u ﬁg (M) acUMIITOTHYECKH HECMENIEHHbBI, HO MAJIO IPUTOIHBI JIJIsl OIICHUBAHUA A1, . . . , ap

U o2 IpU OTHOCUTEIHLHO HeGOIbImX N .

IlosTomy masbitie MBI Oy/IeM pacCMaTPUBATDL TOJBKO ciaydail 6oapmmx N. [t TocTpoeHus: aBTOPErpecCuoH-
HBIX OIEHOK CIIEKTPAJIBHOM IJIOTHOCTH B Ciiydae MaybiX N HCHOJB3YIOTCSA JIPYTHE METObI OIEHUBAHUS aBTOPE-
IPECCHOHHBIX KOI(DDUIUEHTOB a1, . . ., Gp. C 0030pOM U CpaBHEHHEM TAKHX METOIOB MOXKHO O3HAKOMHUTLHCI B [11]
1. 8]. Ormerum, 4ro B npuMepe pasdzena 8.6 9T0il KHUIU Jyis WLIIOCTPAIMA IIPUMEHEHUs HEKOTOPBIX U3 ITHUX
anropuTMoB (cM. puc. 8.5) BeIGpaH IIPOIECC aBTOpPerpeccur mopsaaka 4 npu odenb nebosbiom suadenun N = 40.

Paccmorpum tipesieibHbIE pacIpeiesieHnsi OIEeHOK ﬁl(m) u Ry (m). Kpome TOro, mOCKOJIbKY B yPABHEHUSX
MOXKHO 3aMEHUTh OIEHKHU KOBAPUAIMOHHOM (hyHKIMN ﬁ(m) Ha, OUEHKH KOPPeJIIUOHHON dyHKimu 7(m) =
R(m)/ P:(O), TO HAC MOI'YT MHTEPECOBATH IIPEIEIbHBIE PACIPE/IeIeHHs OEHOK 71 (m) u Ta(m).

Nmeer mecro crenyrommee yreepxkaenne ([I, Teop. 8.4.2, ciencts. 8.4.1, pasn. 8.4.5]). O6ozHaunm

Ay(m) = Ry(m) — R(m), As(m) = Ry(m) — R(m).
AHaJIOrUYHO, ITOJIOKUM
01(m) =r1(m) —r(m), da(m) =72(m) —r(m).
Teopema 6.7. IIpednonoorcum, wmo npoyece T, npeidcmasum 6 sude

o0
Tn =a+ E CkEn—k ,

k=—o0

2

— 4
»=1uEe, <oco. Ecau

2de €}, — mesasucuMble 00UNAK060 pacnpedescrnvie cayuatinve ceauduns, ¢ Ee, = 0, Ee
Y ore o ler] < 00, mo npu purcuposarom p u N — oo
1.

L(\/N(Al(O),...,Al(p))T) ~ ﬁ(\/N(AQ(O),...,Ag(p))T) — N(0, Wy,

20e Wpy1 = {wl,k}ikzo u
wip = 4 /7r cos(Al) cos(Ak) F2(A)dA + <Higfl — 3) R(1)R(k). (6.43)

—T

L(VN(31(0), . 0:0)) ") ~ L(VN(5:(0), - 2(p) ) = N(0, Hpa),

20e Hpyq = {hl,k}ik:O u

hig = % /7; (cos(A) — 1) ((cos(Ak) — 71.) F2(A)dA. (6.44)

3ameuanue 6.8. Kaxk Bumano us , upe/iesbHble KOBApHalul BHIOOPOYHBIX KoBapuarmii oreHok Rq(m) (u
R3(m)) 3aBuCAT HE TOJBKO OT CIEKTPAJBHON IUIOTHOCTH f, HO M OT PaCIpeJeJieHus Gesioro myma &,. Ecin stor
myM rayccosekuit, To Ee? = 3s? u sra saBucumocts nponasiaet. B To e Bpemst J1jist KOPPeJISTIHii, KaK ITOKa3bIBAET
, TaKue HeNMPUSTHOCTH OTCYTCTBYIOT.

Ucnonb3ys pesyibrar (1 MeToz, JoKa3aTesbeTBa) Teopembl MOKHO JIOKA3aTh CJIEAYIONLYIO0 TeopeMy (CM.

I15]).

Teopema 6.8. IIpednosootcum, wmo npovecc x,, npedcmasum 6 gude

oo
T, =a-+ E CkEn—Fk ,
k=0
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ede € — mezasucumvie 00uHAK060 pacnpedenentvie cayHatinvie eeaununv, ¢ Be, = 0, Ee2 = 1 u Ee} < oc.
Obosnawum R(M) K08aPUAUUOHHYI GYHKUUI NPOUECCH Ty, U NYCTND NPU HEKOMOPOM HUKCUPOSAHHOM D HUCAQ
ar u 0% onpedeasmea pasencmeamu (6.13) u (6.14). Kpome moezo, nosostcum

1 o?

fo(N) = o~ ;
b 27 |14 3P ape=ikA|

5. A<

Iyemv menepo ﬁ(m) — ouenka (6.42) xosapuayuonnol dynryuu, nocmpoernas npu m = 0,...,p no om-
Pe3Ry To, - .., TN_1 pada T,. Onpedesum ay, . .., adp, 62 u f,(A) pasencmeamu (6.37), (6-38) u (6-39). Obosnamum
AA= (Eil —al,...,?ip - ap)T.

Ecau Y 72 o ek| < oo, mo npu durcuposarom p u N — 0o

1. cayuatined eexmop \/N(&Q —0% @ —ay,...,ap— ap)T 8 npedese umeem (p + 1)-meproe 2ayccosckoe pacnpe-
desenue;

2. cayuatinve eesuvunse V N(62 — 02) u VN (@, — a) acumnmomuyecku nekoppesuposars. (U, cAedo6amenvHo,
ACUMNIMOMUNECKY, HE3ABUCUMDL);

3. L((62 —0?)/0?) = N(0,Ee;, — 1);

4. L(VNAA) = N(0, 02 ¥,1), 2de ¥y = {R(l —m) f,:nlzo;

5. npu X € [0, 7] koneunomeprue pacnpedesenus Npoyecca

FoO) = fo(N)

CAGO0 CTOOAMCA K KOHEWHOMEPHBIM DACTPEIEACHUAM 24YCCOBCKO20 CAYUATHOZ20 NPOUECCA C HYACEDIM CPEIHUM U

KOBAPUGUUOHHOT, PYHKUUET

6472
2

1
R\ p) = —5 (Eep — 1) +

=2 FoN foln) CrE, 1 CY, (6.46)

2de C\ — p-Meproill 8eKmMop ¢ K0OPOUHAMAMU

»
cos(\j) + Zak cos(Mk—14)), j=1,...,p.
k=1

3ameuanue 6.9. 1. Eciin ucronb3oBaTh B Ka4ecTBe OIEHKN KOBAPUAIMOHHON (DYHKITNYM CTATUCTUKY BMe-
cro (6.42)), To dopmasbHO pesyibrar Teopembr HEe U3MEHUTCsI, OJJHAKO MPU (PUKCUPOBAHHOM N caMu OIEeHKH
Oy/LyT CYIIECTBOBATH C BEPOSTHOCTHIO, BOOOIIE TOBOPsI, MEHbIeH 1.

2. Ecim coryuaiiible BeTUIUHBI &, UMEIOT HOpMaJIbHOe pacipejienenue, To Eet = 3, u dbopmyiibt , o3~
BOJISIFOT CTPOUTH aCUMITOTHYECKHUE OBEPUTE/IbHBIE HHTEPBAJIBI JjIs 3HAYEHUN CIIEKTPAJILHON IIJIOTHOCTHA TOJIBKO
yepes3 OIEHKU KOBAPUAIMOHHOW (DYHKITUN.
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